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ON ORDERED GROUPS.*# 
By B. H. NEUMANN. 





Certain axiomatic questions in geometry lead to the study of ordered 
division rings (cf. Hilbert [8]), and these in turn to the study of ordered 
groups: I-only mention (without proof) that every ordered group can be | 
embedded in (the multiplicative group of) an ordered division ring. 

F. W. Levi [9], [10] has given necessary conditions (not sufficient), 
and also sufficient conditions (not necessary), for a group to be capable of 
being ordered. In the first section of this paper the necessary conditions are 
generalised, a typical result being: If two elements of an ordered group are 
not permutable with each other, then none of their powers are. A similar 
result is also proved for certain higher commutators. Just how far one can 
proceed in this direction remains an open question: Some light is thrown 
on it by an example. . 

The sufficient conditions of Levi (loc. cit.) can also be generalised. In 
the second section we derive a very general sufficient criterion. (which is also 
necessary, but only trivially so). An order is actually constructed in a group 
when the criterion applies; if the group possesses an ordered factor group, 
then its order can be utilised in the construction. 

The general criterion is an unwieldy weapon. It can be specialised in 
: various ways (3). From one of these specialisations one sees that all free 


, “groups can be ordered. (This result has also been obtained by G. Birkhoff 


and independently A. Tarski; cf. G. Birkhoff [3].) More generally we show 
that the order of any ordered group can be refined to an order of a free 
group of which the given group is a homomorphic image. Some special 
constructions of new ordered groups from given ordered groups are also given. 

In the fourth and final section these constructive methods are used to 
construct an ordered group which coincides with its commutator group. Such 
an example throws some light on the limitations of the various criteria and 
other results; it may also be of interest in itself, and is given in some detail. 


1, Necessary conditions for ordered groups. We éall a group G an l 
0-group if it can be fully ordered, i.e., if a transitive binary relation a < b 
can be defined in G, such that of the three alternatives a < b, a=b, b< a 
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we 
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one and only one takes place, and a < b implies at < bt and ta < tb for all 
a, b, t in G. If Gis an 0-group, and an order relation has been chosen for 
G, we call G-simply an ordered group.? The group consisting of the unit 
element only is an “improper” ordered group (with void order). 

We write G multiplicatively, denote the unit element by 1, and the order 
relation by <, even when dealing with several groups simultaneously: 
different order relations will be distinguished by the context. We also use 
the commutator notation of P. Hall [7]; thus 


Le, y] = ayy, 
Lx, Y, z] Pe L[2, y|,2], 
and so on, with the corresponding notation for subgroups. 

We call a group “locally infinite” if every element +41 in it is of 
infinite order. The group which consists of the unit element only ‘is 
“ improperly ” locally infinite. | 

Levi [9] shows that an 0-group is locally infinite, and more generally 
that the equation gz” == q for ae G, m a natural number, has at most one 
solution v. One can show more generally: 


1.1 LEMMA. Ifa, b are elements of an 0-group G, and [a", b] = 1 for any 
integer ms£0, then [a,b] =1. 


Proof. Assume that [a,b] s4 1, and that [a,b] > 1 in some order of G. 
Now 


=m— 


[amd] = FI (ala, b10) 


and 


[a b] = TI (a[a, b] tar) 
p=-m F 


for all m œ> 0. Hence [a”,b] is a product of conjugates of [a,b]; each of 
these is > 1, and therefore [a”,b] > 1. Also [a™,6] is a product of con- 
jugates of [a,b]; each of these is < 1, and therefore [a,b] < 1. Hence 
if [a,b] 41, then [a”, b] £1, and the lemma follows. 


1.2 COROLLARY. If two elements of an 0-group are not permutable with 
each other, then none of thew powers (1) are permutable with 
each other. 


*This is, of course, a special case of the o-groups of Everett and Ulam [4] and 
t-groups of G. Birkhoff [2]. 

* A group has a property locally if all its subgroups of finite rank (generated by a 
finite number of elements) have the property. 


ON ORDERED GROUPS. ' 8 


We can further extend 1.1 by ‘establishing the following necessary 
condition for 0-groups. 


1.3 LEMMA. If a, b are elements of an 0-group G, and [a™,b,a] ==1 for 
any integer m z£ 0, then [a, b,a] = 1. l 


Proof. Let m again be a positive integer. Then we expand ` 
ae E 
[ar b, a] =[ IL (a*[a, ba”), a] 
B=m—1 


= TI (,“[o[a, bla, a]t,), 


=7n—1 


| P 
where ta are certain part products of tl (a#[a, bja*). ‘Then 
A =m] 


(amb, a] = ÎI ((attn)*La, b, a] (atu) ; 


hence again [a”, b,a] is a product of conjugates of [a, b,a], and therefore is 
Z 1 if [a,b,a] 21. Similarly 


4 [a,b a] = [TT (ofa, b] 0), a] 


= TI (Ca [at[a, b]}"a4, alta) 
u=-m 


|l 


a = TL (at's) [La D], (ts) 


I 


ig (([a, b] tart p) [a, b, a]-*([a, b]*0"t,)). 


Thus [a-”, b, a] is a product of conjugates of [a, b, a]! and therefore is $ 1 
if [a,b a] 21. The lemma follows. l 


1.4 COROLLARY. If a, b are elements of an 0-group G and their commutator 
[a,b] is not permutable with a, then no commutator [a", b] of a 
power (41) of a and b is permutable with any power (341) of a. 
Or: if [a, b,a] s£1, then [a”, b, a"] £1 for any m £0, n0. 


This follows by applying Lemmas 1.1 and 1.3. 

One will naturally look for further generalisations of these necessary 
conditions for 0-groups. Two directions suggest themselves: One, to decide 
whether [a”,b,a,a]—1 (m50) entails [a,b,a,a]=-1; the other, to 
decide whether [a”, b,c] =1 (m0) entails [a,b,c] = 1. The first of 
these questions I can not answer; the second is answered, negatively, by the 
following example. 
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1.5 Erample. Let the group H be generated by elements 
OTe Ts b-1, Do, bi, ba,° aa 
`t g Gury Cos Gry C2,* * * 


with the defining relations 


1.51 [Ops bu] = Cy, ep 0, £l, ER, 
RE: = t-Bls 

1. 52 . Baste =4, Oneal 
y= 2,8,- °° 

1, 53° [bum cv] = 1, prel ce lR 

1. 54 [eu cv] = 1, phy a | en i ie le Pe 


We define an order in H such that 
1. 55 GUE CE CONGO E a 


where «<< y means that all powers of æ lie between y* and y. Thus any 
element of H is >1 if the highest-suffix by in it appears with positive 
exponent, or if there is no bp in it, and the highest-suffix cy in it appears 
with positive exponent. One can satisfy oneself without difficulty that in 
this way H does become an ordered group. The mapping 


bu -> Duss Cu m> Cui 


clearly defines an automorphism of H qua group, and this automorphism 
leaves the order of H invariant. We now define G by adjoining this auto- 
morphism to H, i.e., we form G = {H,a} with the relations 


1. 56 abpa a Duri; a * Cutt == Cys 5 y = 0, =r 1, =e 2, Stan 


and we order G by making a >1 and a>>A for all he H. It is again easy 
to see that G thus becomes an ordered group. _ 
Now in G 


[a, Bo, Be] = [abo tabg, Bo] = (B10, bo] = 16177, bo] == co < 1, 
but when m> 1 
[a™, bo, Bo] == [a-™bota™do, bo] = [bm tbo; bo] == 1. 
This example, therefore, proves 


1.6 LEMMA. In an 0-group, a, b, b] 41 is compatible with [a”, b,b] = 1 
for m>1. 


and thus a fortiori 
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1.7 COROLLARY. In an 0-group, [a,b,c] 41 is compatible with [a", b,c] 
=] for m>1. . 


2. Sufficient conditions for ordered groups. We use the following 
criterion for 0-groups, adapted from one given by Levi [9]. 


2.1 Lemma. The group G is an 0-group if (and only if) it contains two 
subsets st and S such that 


2.11 s$ U s = G— {1}, 

i.e., every element of G, except the unit element, lies in s* or in S; 
2. 12 stet C st and s-s Cs, 

1.€., St and S are semt-groups ; 
2.18 tst C st for all te G, 

t. e., st (and therefore also s~) is self-conjugate in G. 


Proof. Let G possess two such subsets. Then, as they are semi-groups 
but do not contain the unit element, neither of them contains an element 
simultaneously with its inverse. But between them they contain all elements 
of G except 1. Hence of a pair of inverse elements one always belongs to s* 
and the other to s”. Now we define an order relation in G by 


~ 


2.14 a <b if and only if ab e s. 


Then if a < b, bae s, and therefore b + a; also b s£ a, as the unit element 
is not in s*. Hence of the three alternatives a < b, a = b, b <a, not more 
than one takes place. But one of them does take place, as of the two inverse 
elements qab, ba one lies in st, unless ab = 1. Also if a < b and b < c, 
then ab e st, be e st; hence ae es*, by 2.12, and a < c; which shows transi- 
tivity of the order relation. Finally if a-*b e s* then also (at)~bt e s* because 
of 2.18, and (¢a)"tb © s* trivially; i.e. if a < b then at < bt and ta < tb. 
Hence @ is ordered. 

The converse is also true; for if G is an 0-group, we choose an order of G 
and then denote by s+ the set of all elements > 1, by s the set of all elements 
<1. Then 2.11-13 are easily checked. 

We shall also use the following sufficient criterion, due to Levi [9] 
(q.v. for a proof) : 


2.2 THEOREM. A locally infinite abelian group is an 0-group. 


The most general sufficient criterion that we derive is the following. 
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2.3 THEOREM. Let the group G possess a set of subgroups linearly ordered 
by inclusion: 


2. 30 (Gayaa He Han 
(not necessarily all diferent) with the following properties: 


2.31 Hach Ha is self-conjugate in G, i.e., 2.380 is a generalised normal 
series of G. 


2,82 Each Ha except {1} has an immediate successor Hy in the sertes 2. 30. 
2.33 For all terms of the series, 
LG, Ha] © Ha, - 
t. €., 2.30 is a generalised central. series of any one of its terms. 
2.384 If 2.30 has a first term H, then G/H, is an 0-group. 
2.385 He/Ha is (properly or improperly) locally infmite. 


2.36 To every element ge H, if 2.30 has a first term Hı, or to every 
element geG if 2.30 has no first term, there is a minimal Ha 
containing it, i. e., g ==1 or there is an Ha with ge Ha — Ha. Then 
G is an 0-group. 


Proof. By 2.33 and 2.35 each Ha/Ha: is abelian and locally infinite, 
hence, by 2.2, an O-group. In each Ha/Ha we choose * an order. We denote 
by aHa (Sala) the set of all elements of Ha which are greater (smaller) 
than the unit element (mod Hw) in this order. If 2.30 possesses a first 
term H,, we also choose an order of G/H,, and define soHi (SoH) 
accordingly. Finally we introduce the union s* (s) of all s*aHar (s"aHa’) 


2. 41 st ea Bre a’s s = jas alla 


Now let gs41 be an element of G; then (by 2.36) either there is an Ha 
such that ge H,—H,,, or 2. 30 has a first term HM, and geG—H,. Hence 
g is greater or smaller than the unit element (mod Ha or mod H,) in Ha 
or G: hence ges*taHa U sala (or steH U SoH). In any case gest Us, 
and 

2. 42 s*U ss= G— {1}. 


3 Note that the series 2.30 need not be well-ordered; its order type is finite or made 
up, additively, from order types w and *w 4- w, with a finite tail. (For the notation 
cf. Fraenkel [5]). 

*The axiom of choice is used. 2.2 requires well-order for its proof. 
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Let now g and h be two elements in s*. Let ge Ha — Has, he Hp — Hp, and 
HaC Ha, say. Now if Hg Ha, i.e, Hg C Has, then gh is congruent to g 
(mod Ha); then gh €staHa and ghest. If Hg— Ha, then g and A are 
both in the same s*aHa, hence their product is. Hence again ghes*. 
Correspondingly if g or h lies outside Hi. In any case 


2.43 st st C gt, 


Similarly one proves 
aa ae, ea 


Finally let gest, let us say gest,H; and teG arbitrary. Then’ 


tigt =g; [gt] eg: [Hu C] Cg: Hw. 
Thus 
Hgt: Hy =g: Aa, 
and so 
tgt E Staar. 


If, on the other hand, 2.30 has a first term and ges*)H, then also 
tigt esto T 


for s*y is self-conjugate in G/H,, and H, is self-conjugate in G; hence stoH 
is self-conjugate in G. ‘Thus we see that 


2. 44 Etsi C gt for all te G. 


Combining 2. 42-2. 44 and 2.1, we see that G is an 0-group and the proof 
of the theorem is complete. 

If G is an ordered group, H a self- P subgroup of G, and 
K == G/H is ordered so that aH = bH in the order of K whenever a < b 
in the order of G, then we call the order of G a “refinement” of the order 
of K. Then the proof of Theorems 2.3 also shows: 


2.5 COROLLARY. If under the conditions of the criterion 2.3 the series 
2.30 has a first term H, then any order of G/H: can be refined 
to an order of G. 


ë This is the only step in the proof which fully uses 2.33. One easily sees that 2. 33 
and 2.35 can be replaced by the following condition (which is not, however, equivalent 
to 2. 33, 2. 35) 

2.33’ Each H,/H,, is an O-group, and in particular possesses an order which 

admits all inner automorphisms of G. 
Then for the purposes of the proof such an order has to be chosen in each H altar 
This modification of the theorem generalizes another criterion due to Levi [9]. 
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8. Special methods for constructing ordered groups. Theorem 2. 3 is 
somewhat unwieldy. Some special cases may, however, be of interest. 
Let G be a group and denote by "G@ the terms of its lower central series: 


| G=G, "G = [QG Q]. 

Further denote by Z„ (Œ) the terms of its upper central series: 

Zo(G) = {1},  Zan(@)/Z„ (G) the centre of G/Z,(G@). 
3.1 THEOREM. If G ts such that°® 
3.11 Aa *G = {1}; 
3.12 "G/*"G is locally infinite for n—=0,1,2,-- > ; then G is an O-group. 
38.2 THEOREM. If G is such that? | 
8.21 Un Zn(G) =G; 


8.22 Zas(G)/Z,(G@) is locally infinite for n=0,1,2,: >>; then G is an 
0-group. 


Both these theorems are easy consequences of 2.3. The set of groups 
Ha, consisting of the terms of the lower or upper central series, is here finite 
or of order type w (3.1) or “w (3.2), so that 2. 32 is satisfied. The definition 
of the central series assures 2. 31, 2.33. Assumptions 3.11 and 3.21 entail 
2.36, 3.12 and 3.22 are simply 2.35. 2.34 is also satisfied, as a consequence 
of 2.2. Hence 2.3 applies. 

3.3 COROLLARY. (Cf. Birkhoff [3]) All free groups (of finite or injinite 
rank) are 0-groups. — | 

8.4 THEOREM. If the ordered group G is represented as a factor group 
of a free group F with respect to a relation group R, 

3. 41 G = F/R, 
then the order of G can be refined to an order of F. 


Proof. We use the intersection of R with the terms ”F of the lower 
central series of F, putting 


3.42 Ro (RF) R, BRa=RN*F, ee eee 


Now as R is self-conjugate in F, En is also self-conjugate in F, and 


*3. 11 means that G is an NV -group in the terminology of Baer [1]. 
73.21 means that @ is a Z-group in the terminology of Baer [1]. 
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3. 43 (P R CRER. : 
Also 

[Po Bal C [FF] =r. 
Hence 
3. 44 (ERa), Ri 


Let-ae F have a (proper) power in Ens 
a* & Busty k 5£0. 


Then a*¥e™ 7’; but as F'/**F is locally infinite, ae ”*tF, Also a®e Rh; but 
as F/R is an 0-group and therefore locally infinite, also ae R. Hence 


CEP eS Rest: 


This means that F/Rn is locally infinite, and therefore a fortiori Rn/Rn 

is locally infinite. 
Finally : 

3. 45 | n Bn C fln ”F = {1}. i 


Hence every element re R, r5£1 is in a smallest En, 
Te Ra — En 
The theorem follows now simply from Theorem 2.3 and Corollary 2. 5. 


We now give some fairly obvious results which can be used for con- 
structing new ordered groups from given ordered groups. Detailed proofs 
are omitted. 


3.5 The (complete) direct product of any set of 0-groups is an 0-group. 
For we can well-order the direct factors, and chose an order in each. 
The direct product is then simply ordered by the convention that an element 
is 21 according as the first component (in the well-order of the direct 
factors) s£1° of the element is 2 1 in the chosen order of the factor. 
The following construction dispenses with well-order. 


3.6 Given an ordered set of 0-groups, their restricted direct product +° 
can be so ordered that the direct factors appear in the given set order. 


For we can choose an order in each direct factor. .The restricted direct 


I.e. without restriction upon the number (or cardinal) of components ~ 1 of an 
element. l 

°] stands for the unit element of all the groups that occur; similarly s applies 
to the order chosen in the factors as well as to that under construction in the product. 

1° I,e that in which every element has only a finite number of components = 1. 
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product is then simply ordered by the convention that an element is 21 


according as the last component +41 (in the order of the set of factors): 
of the element is 2 1 in the chosen order of the factor. 


8.5 and 3. 6 are in fact only special cases of known results. Cf. Hahn [6]. 


As an application of 3.6 we give, in some detail, the following construc- 
tion, which will be used in the next section. 


3.7 Starting from an ordered group B we form the restricted direct product 


of an ordered set of type *o +o of factors Br, n==0, + 1, + 2- -- each 
isomorphic to B: 
| B® =: -X BaX By K BK Ba Mo *:., 
The elements are of the form | 
3. 71 BY == + + X Br X boo X Orr X bee XK, 


(where the first suffix distinguishes the direct factor in which the component 
lies, the second suffix the element of B which appears as this component) ; 
only a finite number of the components bn,» are different from the unit element, 
and the last one of these determines whether b* 2 1. Now B* possesses an 
obvious automorphism (relating to its order as well as to the group operation), 
viz. that mapping each component Ba on its successor Ba. We denote this 
automorphism by a and extend B* by means of it; i.e. we form all the 


products 

3.72 g = gaeh 

with the transformation rule 

3. 73 aba ==: X B_y,-2 X bo,-1 X bio X ba1 K+ 


(where b* is given by 8.71). The elements 3.72 form a group G, which 
we order first according to the power of a in it, then according to b*. Thus 


3.74 gZ2iifa20, or if «0 and b* 2 1. 

If B is given by a system of generators b, b’,- - - and defining relations 
r(b, 0’, + +) =r (b, b, - +) = ++ +==1, then we can give G in the same 
manner 
3. 75 G = {a,b, b, > +3 7(b, 07,5 + =r O, o m = 1, 

> [a*ba, atbar] == [a>ba", abat] = + +I, 
(A p)}. 


The commutator relations are formed for all pairs of generators b,b’, 
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of B, but may then be restricted to à == 0, p > 0. If G is defined by 3. 75, 
the order in @ can be described without reference to B*, solely in terms of 
a,B. To this end we represent an element of G in the form 


f izm 
3.76 g =a [[ rba 
4-1 
where py > pe >* * * > pm, all b; 541.1" This is possible because transforms 


of elements of B by different powers of a are permutable with each other; 
& is the sum of exponents with which a appears in g.2? Now the order is 
defined in G by 


3. 77 g21ifa20 or ¢=—0 and b 21. 


N 


This construction can be extended by replacing the powers of a by the 
elements of an arbitrary ordered group A. 


3.8 Let the ordered groups A and B be given by 


3.81 A= {a,a’,--+; ¢(a,0,-°-) =g (ayy ++) m ll, 

8.82 B= {b,5-- +3 7(b, V, + +) =r (b, V, =)= + = 1}. 

Then we form the group 

3. 83 G = {a,a’,- + +,b,b’,-- +3 3.84—.86} 

where the relations are 

3.84 glaa °° -) mq (a,0,°--) =) + =, 

3. 85 r(b, b, + +) =r (b,b, + +) mee tee, 

8.86 ` [b, a: tba.) = [b, aba] =: - = [b, aba] =' > + 1. 

In the commutator relations 3.86 i, &2,' © * range over all elements >.1 
of A, and the elements of B involved range over all pairs of generators 
b,b’,- + +. An element ge G can be represented in the form 

3.87 g = ao TÅ (abua) 


with a, > ds >` + + > dm in A, and with all by Æ 1. This is possible because 
transforms of elements of B by different elements of A are permutable with 
each other. Then G is ordered by the convention 


“If m = 0, the product is void. 
12 Easily seen to be an invariant as long as a and elements of B are chosen as the 
generators of G. 
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3. 88 g È 1 if ao 21 or ao = 1 and bh, 21. 
The proof that in this way G becomes an ordered group is omitted. 


Finally we mention, without proof, a construction principle due to 
Steinitz [11]. 


3.9 Let a system. of ordered groups Ga be given with the property that 
to any two groups Ga, Gg in X there is a group Gy in 3 which contains both 
Ga and Gg as subgroups 1° and continues the order of both. Then there is 
an ordered group G containing as subgroups all the groups in 3, each with 
its order, and generated by them. 


4, A perfect ordered group. Levi [10] shows that if an 0-group G 
is: finitely generated then it is different from its commutator group G’. To 
show that the finiteness of the number of generators can not be dispensed 
with; to illustrate the limitations to our various sufficient criteria for 0-groups 
(2. 8, 3. 1, 3.2); and to demonstrate the application of our various construc- . 
tive principles: we now construct an ordered group which is perfect,** i.e. 
coincides with its commutator group. 

Starting from an infinite cycle 


4, O1 H, = {ba} 
we first define a series Hn of groups by repeated application of 3, 7. 
4., 02 ila == {bis be, Be a Sa bn; [br ba bebed E 1 (q > T, $3; À zE 0 P] }. 


Clearly Hn is obtained from Hy, by adding the generator bn and relations 
which entail that two elements of Hx, transformed by different powers of bn 
are permutable. The method of 3.7 can also be used to order Hn, when it 
can be seen that the order of H, continues that of Hn-1; but we do not 
require the order at this stage. 

We now consider the elements 


4., 03 Cy == [ by, bn | == byt ° by *bybn, y == 1, Qs mee n —- 1, 


and denote by Kn-ı the subgroup of Hn generated by these elements. We 
proceed to show that 
4., 04 " Kaa = Hr; 


more particularly, the mapping 


18 A group G, may contain different subgroups isomorphic and similarly ordered to 
G3 but G, must be one of the subgroups of G.. 

t4 We use “ perfect ” in its group-theoretical sense. 

15 Here as later A may be restricted to positive values. 
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Cy <> by, . y= 1,2,-°-,n2—l, 


defines an isomorphism between Ky, and Hn». To see this we form any 
word w(bi, b2,- * *, n+) In the generators of Hn 1. Then 


4, 05 wes, C2, t "5 Cn-1) == wbt, bat, EEA a Ona) s bn7*w(b1,02, me ty baa) bn: 


for the expressions in cy permute with those in bn*bybp. The two factors 
on the right-hand side of 4.05 lie in different components (viz. Ha-ı and 
bn Hn-1bn) of a direct product. Hence the left-hand side of 4.05 can equal 
the unit element only if both factors on the right-hand side do. Thus 


wer; C25 a ag Cn-1) = 1 
entails 
l w (bi, be, ° i +, bn) =I, 


and Hn is,a homomorphic image of Kn. under the mapping cv —> br. 


Conversely let w(bı, b2,° * +, O0n-1) =1. Then w is a product of con- 
jugates (in Hn-ı) of the left-hand sides of the defining relations for 
bi, bo, + +, bn-1. Now these defining relations express the permutability of 
transforms by different powers of bg, of any two elements expressible in terms 
of bi, be,° + *, ba- From these relations then follows also the permutability 
of transforms by different powers of bg’, of any two elements expressible in 
terms of 0,7, b27,- © +, ba. Thus if 


| w (bi, ba,’ + +, On) = 1 
is a relation connecting the generators, then 
w (bt, brt, + +, bn) = 1 


is a relation connecting their inverses. Hence in.this case the whole right- 
hand side of 4.05 equals the unit element, and 


w (C1; C25 oe Cn-1) ==] 
follows from 
w (di, be, oy hy bn-1) = Í}, 


The mapping cv <> by generates, therefore, an isomorphism between Kn-ı and 
Haz 


*5 Note that K,_, does not, in general, contain all the elements g, 41b 1I n10 
Thus it contains 


nr’ 


0,0, = b,-1b,-1- 6-16, 6,5, 


but not 
(6,5,)-1- b (bba) ba 
and H 


The intrinsie reason for the isomorphism of K,,_ n-1 is interesting, but beyond 


the scope of this paper. 
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Now similarly H »-ı contains in its commutator group a subgroup iso- 
morphic to Hn:25 hence Ka-ı contains in its commutator group a subgroup ** 
Dn- isomorphi¢ to Hn-2; and so it goes on. The idea of the construction is 
now to consider a sequence of groups :::, l,i, rather than that of the 
groups H; in this: way we ensure that each en of the sequence lies in the 
commutator group, of its successor. To do this we define groups Gn each . 
isomorphic to Ha; but such that an isomorphism from Gn to Hn maps Gni 
‘on Kana, not on Hn- We define 


4,06 Gn = TAP az, G22, Q31; Q32; &33,° ° * > Anis’ © * 5 Onn; 4., 07, 08} 
with the relations 


4.07 [ Apr, Opg Gpelpg’| = 1 for n= pZ=q> 7,8; AN; 
4. 08 [@pq, Upp | = Ap-1,q for n= p> q. 
It is seen from 4.08 that Gn» can be generated by Qni; Gno,° * *, Gun} 


and those relations 4.0% for which p—n are the same as the defining 
relations of Hn in 4.02. Therefore the mapping 


by —> Oni, O2 —> Ana,” ` +» On —> Ann 
generates a homomorphism of Hy onto Gu. 


To show that this homomorphism is an isomorphism we prove that all 
the relations 4.07 follow already from those for which p = n, together with 
4.08. The set of relations 4.07 for which p has acertain fixed value, p = m, 
say, will be denoted by 4.07m for short; similarly we denote by 4. 08m those 
relations 4.08 for which p = m. We show that 4.07m-1 follow from 4. 0% 
and 4.08m; then 4.07%, for p=1,2,---,2—1 follow from 4.07, together 
with 4. 08. 

Consider any word w formed of m — 1 generators, w(a1,2,° * *,%m-1). 
Then, using 4. 08, 


wW (äm-1,13 Am-1,2 © * Am-1,m-1) == W ( [am ämm], | dme, Omm |; no LAER Om | ) 
= W (am1* * Omm *Gmidmm, Omo * ` mm *Amedmm,* ` * 5 hmm’ Omm Amm-ilmm) . 
By 4.0%m each Gmm™"Gmsdmm permutes with each amr, for r,s = 1;2, =, 


m—1. Hence 


T Dao 18 not a subgroup of H 
of Ka- to H. 
se & two sequences of groups are given 
A CAC... and B,C B, 
such that A, =: Bp A, = By't t’ and if A and B are the groups generated by these 
sequences by the Steinitz method (cf. 3.9), then A and B need not be isomorphic. 


n-13 Hence its relation to H,_, is not the same as that 
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4. O09 ` Wam, Los ae . » Amai m-i). — . W(ami*, sa "5 Wea x) ie ‘(das ad s Amm- Jamm 


We apply this in particular to the left-hand side of 4: m-i and obtain for 
m—1=q>r,s; 450, T 


?4 m“ 
.” * 
° 
rm 3 j 


pe A 
pY 4 


O10. EE Admi otma] 


=== | amr, Ama Ams tamg | ` Amm™ | amr, Omg Ansdmg | Amm. 


Here both commutators on the right-hand mag cae the unit element by 
4.0%m, and 4. 07%m_, follows. 

Hence all the relations in Gy, follow from 4.07» and 4.08. The latter 
‘are only explicit definitions of the generators apa, p < n, one for each, and 
no relations between Gn1, Qn2,° ` *, Ann can follow from them. If we generate 
- Gy by means of anı, Ong,‘ * *, Gan only; then 4.07, form a complete system. of 
defining relations. Therefore the mapping generated by 


4.11 i lni <> bi, Ang <> be, l * ann <> Da 


is an isomorphism between Gy and Hy. It is seen without difficulty that 
this isomorphism maps Gn- on Kn-13 but the groups Hn and Ky. are now 
no longer needed. | 

To define order in G@» we proceed as in 3.7; but in order to show that 
this order continues the order correspondingly defined for a subgroup Gm C Gn 
(m < n), we define the order simultaneously in the subgroup. To order Gm 


we form the chain of subgroups j 
4.12 Gm = {€m}, Gm = {äm Gma}s* * +> Gmm = {üm Am2 * `, Amm}. 
Then 

4. 13 Gant C Gme Cos oh Ginm paren Gin. 


We proceed by induction. Gm can be trivially ordered: am:* 2 1 according 
as A Z 0. We assume that Gim,¢-1 has been ordered already. Now let g <1 
be an element of Gmg Then g can be expressed in the form (cf. 3.7) 


4.14, g = ngs [Li Omg giam, 
where p, > p > ' -e and all gi &:Gm,g-1° Then we define 
4.15 gZiif AZ0or t A= 0 and gı Z 1 (in Gmaa)- 


It is easy to confirm the usual properties of this order relation, and we omit 
the proof. 


+1 The product I, may consist of a single factor, or be absent. 
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To compare the order relations in Gm and Gn let, g © Gm-~ı be expressed 
as a word noO SP ae eS 
4., 16 g =w (Qm-1,15 Amel" °° 3 Ümimi ye: ` 


+ 


Then in Gm» it can be expressed in the form 4.09, or preferably in the form 
4,17 g = Amm W (amis or My Amm-1) ämm ' W (ami, tta Amm- ) » 


This is of the form 4.14 with q == m, à= 0, two factors in the product, 

p= 1l, p= 0. Hence g 21 according as W(ams' * `, amm) Z 1. But 

it is clear that ; eoi 
W (amis Sok > Imm-1) Z 1 

according as 

W (dm-1,1)° ane > Gmn-1,m-1) Z 1; 


for the first suffix m of the generators does not enter the definition 4.15 at all. 
Hence g 21 qua element of Gm according as g Z 1 qua element of Gn. _ 
By induction one then sees that the order of Gna coincides in Gm (m < n) 
with the order of Gm. ; 

We now have all the material together to construct the example, by 
applying Steinitz? method 8.9 to the series. 


Ga, Go, + +, Gas: 
4.2 Example. Let Gy be the group generated by 

B11) Gory Gee, gi, Aga, aa," © "y my* © “y Anny? >’ 
with the defining relations 
4, 21 [ apr, Apg “Apsteg | = 1 for p= q > r,s; A540; 
4, 22 [apa Opp | = Ap-1,q for p >q. 


Relations 4.22 ensure that Q'o = Gw. Let G. be ordered by the definition 
4,15 when the element ge Gaw is expressed in the form 4.14. Then Ga is a 
perfect ordered group. 

As G. coincides with its commutator group, its lower central series is 
stillborn. So is its upper central series, for the center of G is easily seen 
to be {1}. One can show even more: 


4.3 Lemma, Every element >1 in Gau has arbitrarily large conjugates: 
if l<g<h in Go, then there is an element teGy. such that 
gt >h. 
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Proof. Let m beʻsuch:that g and % both lie in Gm+. We express them 

in the next higher group“Gm, using the representation 4. 17, but abbreviating 

it to . k wf «fe 1 
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4,31 5 & ef oe Amm * Gsm i Jus eg 

4,32 h == Amm *hidmm ‘ha, 

where gi, 91, Mis hy are words in the generators ami, dma)" * *, Amm-1; and we 
also know that gı > 1. We put t= amm. Then 

4.33 tgi. M Qinm "91mm" Omm g hr amm hy* > 1, 


because g, > 1; and the result follows. 
From this we see immediately: | < 
4.4. Lemma. If the self-conjugate subgroup H C- Qo contuins with any 
element h also all the elements between h and tts inverse, then 

H = {1} or H = Gy. : 


This lemma allows us to show that Gu (in the given order) is what one 
would call “ ordinally simple”: » 


4,5 THEOREM. If Gu is mapped homomorphically on an ordered group G” 
such that g < h in Go imphes gë = h* for the homomorphic images 
of g and h in G*, then etther the homomorphism is trivial, i. e., 
G* = {1}, or the homomorphism is an isomorphism. 


Proof. Let the kernel of the homomorphism be the self-conjugate sub- 
group H of Go. If H {1}, 1< heH, and 1<g<h, ge Gy arbitrary, 
then 1S g* <h* = 1; hence ge H. Then H = Go by 4.4, and the homo- 
morphism.is trivial. On the other hand, if H == {1}, then the homomorphism 
is an isomorphism; which proves the theorem. 
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ON UNIFORM SPACES WITH A UNIQUE STRUCTURE.* 
By Raour Doss. | 


Let # be a separated uniformisable space (see [1] and [2]). We first 

prove, as a lemma, that if F is a filter on # without contiguous point (point 
adhérent), then there exists a uniform structure, compatible with the topology 
of E, for which ¥ is a Cauchy filter. 
_ We propose next to characterize the uniformisable spaces for which there 
is only one structure. In the space Æ we shall say that two closed disjoint 
sets A and B are normally separable if there exists a real function f(z), 
continuous on ff, taking the value 0 on A and the value 1 on B. With this 
definition, in order that the separated uniformisable space # have a unique 
structure it is necessary and sufficient that of any two normally separable sets 
one at least be compact. 


Lemma. Let E be a separated uniformisable space and & a filter on E 
without contiguous point. Then there exists a uniform structure’ UÙ, com- 
patible with the topology of E, for which F is a Cauchy filter. 


Proof. Let abe any element of # and V’, an arbitrary neighborhood of a. 
Since a is not contiguous to F there exists an F e ¥ such that a is exterior 
to F. Let W, be a neighborhood of a contained in V’, and having no point 
in common with F and let f(z) be the continuous function taking the value 0 
at a and the value 1 outside Wa; in particular f(z) = 1 for ve F. 

Let e > 0 be arbitrary. Since f(x) is continuous, to every x corresponds 
a neighborhood V,° such that ye Vo‘ implies | f(z) —f(y)|<« We shall 
take V2‘ to be the set of points y for which | f(x) —f(y)|<« Put 


Ve == LJ F£ x P gê. 
ggE 


We have FX FC Ve In fact, let be F. Then f(b) ==1 and f(y) == 1 for 
yeF. According to the definition of V, we have FC Vif i.e, FX FC V.. 

The family of the Ve, (e > 0), generates a family of entourages for the 
set W. In fact, the V. are symmetric and the intersection of two Ve is a Ve 
and contains the diagonal A. Moreover, Ver O Fea C Fe; for, the relation 
(£, y) © Ves is equivalent to the existence of a z such that se V,+ and 
ye Vt; in that case | f(x) —f(y)| < </2; similarly (y, z) © Vey, implies 
| f(y) —flz)| < «/2; whence | f(x) —f(z)| <€ and (2,2) eV. 


* Received January 15, 1948. 
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Finally, for e < 1/2, Vela) C V'a and V.(x) is a neighborhood of x. 
In fact, Ve(a) is the set of all z for which (a, z) eVe For such an v, 
| f(a) —f(x)| < 2e < 1; whence f(x) <1, te Wa and Vela) C WaT V'a 
On the other hand, let ye Ve; since ge V: we have (z,y)eV.; whence 
ye V(x) and VC Vef), which shows that the V.(2) are neighborhoods 
of x. | | 

We, have started from a fixed point a and a fixed neighborhood K'a of a 
(and a corresponding function f(z)) to obtain the filter generated by the 
family of the 

ou VoVo), 


Consider the set ¢ of these filters obtained from all the points a of E and 
all the neighborhoods Ve. Let U be the filter generated by the union of the 
filters of d. U is a filter of entourages for the set E. The sets 


(1) y == Va N F e22 e.. A) Vep 
where we write Va instead of Vate, constitute a base for the filter U. 


We shall show that the topology induced by the uniform structure whose 
filter of entourages is U is exactly the topology of E. In fact, for every m, 
V (æ) is a neighborhood of z; moreover, given the arbitrary neighborhood Ve 
of a, there exists a V. e U for which VY,“ (a) C V'a. 

We shall show, finally, that ¥ is a Cauchy filter for the uniform structure 
U, i.e. that for every Ve U there exists an element of F small of order Y. 
It is sufficient to consider a V of the form (1). If, therefore, P2,» - - p% 
are the elements of F for which 


Paw X Ra) C Yal, Fw) x Fa) CY, @), 


then the set F == F ()---f) Fese is small of order V, for it is small 
of order Va,- > + Ve. The lemma is now proved. 

We shall study now the uniformisable spaces which have one structure 
compatible with their topology. 


THEOREM. In order that the separated uniformisable space E have a 
unique structure, it is necessary and sufficient that of any two normally 
separable sets one at least be compact. 


Proof. Necessity. If E has a unique structure U, this must coincide 
with the uniform structure of Weil (see [1], p. 16) for which every continuous 
function taking values in a uniform space is uniformly continuous. Suppose 
that A and B are two closed, non-compact, normally separable sets and let 
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f(x) be the function mentioned in the definition. Since A is not compact 
there exists on A a filter ¥ without contiguous point in A. &F is also without 
contiguous point in #, for, the closures of the sets of # in A and in E are 
identical, since A is closed in Ẹ. Similarly, there exists on B a filter $ 
without contiguous point in #. The filter 9 generated by the sets H of 
the form H == F U G, with F&F and Ge &, is also without contiguous point. 
By the lemma, 9 is a Cauchy filter for the unique structure U. f(s) being 
uniformly continuous, the image of ® by f must be the base of a Cauchy 
filter in the space of the real numbers. But this is not so, for, the image of 
2 by f has at least two contiguous points 0 and 1. The existence of the two 
non-compact sets A and B is thus impossible. 


Sufficiency. We shall show first, that if the condition of the theorem 
is satisfied then Æ is precompact for each of its structures. In fact, if E is 
not precompact for a structure U there exists an entourage Uo e U such that 
there is no finite covering of # by sets small of order Uy. (We shall consider 
only symmetric entourages). This means that we can find an enumerable 
sequence 2, Los '* La,” ** of points of E such that we never have (£n, £m) € Uo 
for ms4n. Let U, be such that U, O ULC U,; we conclude that the sets 
U, (£m), U1(%n) are disjoint for m s&n. Take U, such that U O U: C Ui. 
The neighborhood U2(a,) of £n contains an open neighborhood Gn of a, and 
Gn contains a closed neighborhood F'n of æn. Let fu(#) be the real continuous 
function such that fan(£n) == 1 and fa(£) =Q for ve CF, and let 


f(a) = > fan (2). 


Then f(z) is continuous. In fact, at a point se Gen, f (£) is continuous since 
it coincides with fon() in some neighborhood of v. (Gən is open and the Gen 
are disjoint). For any v, in particular for reC U Gen, Ua(s) has points 


in common with one U,(Tən) at most. In fact, if, for a certain ven and a 
certain y we have ye U2(ten) and ye U2(x), then (£n, ©) € Ui. If the same 
were true for another Zam it would give (Lam, £) € U1, whence (Xen, am) € Uo, 
which is excluded. Thus U(x) has points in common with one U2(en) 
at most, say with U2(aen,). If ceC UJ Gen, œ is exterior to Fon, and there 
exists a neighborhood H of x such that H C U.(x) and such that H and Fon, 
are disjoint. This neighborhood H meets no Fy». We conclude that in H 
the function f is always zero. Since H is a neighborhood of x the function f 


is continuous at z. 
N 
NA 
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If we put 
A= {ti Tas’ * *Ven-1y" * * } 


B = {tz ta ` ' Tons ` n a 


then f(x) = 0 for ve A and f(z) = 1 for ce B. If we show that A and B 
are closed and non-compact this would’ contradict the assumption of the 
theorem and we should have proved that # is precompact for each of its 
structures. It is almost evident that A, for example, is closed, for if we A, 
then, as before, U(x) would have points in common with one U2(en-1) 
at most and would contain one element of A at most; whence we. 
Similarly, A is not compact, for, the sequence gı, %3,° * * Gən- °° © has no 
accumulation point in A. | 

Suppose now that Æ had two different structures U and W. It is 
impossible that H=H(U) or E= Ê(W), (L£(U) denotes thé separated ` 
completed space of E for the structure U and we identify # with the every- 
where dense subspace of (U) with which it is isomorphic).- In fact, in such 
a case, Æ would be compact and would have one structure only. Hence £#(U) 
and (W) have each at least one point more than Æ. It is impossible that 
E(U) and (UW) have each one point only (o and w respectively) more 
than FW. In fact, in such a case, U and W would be identical. To see this, 
let (Vw) be the trace on E of the filter of neighborhoods of o in (U); 
this filter has no contiguous point in Æ but it must have at least one con- 
tiguous point in #(W’) ; the only possible point is «œ; since Ê (W) is compact, 
we conclude that (Va) converges to w’ i.e. is finer than the trace (Vu) on E., 
of the filter of neighborhoods of œ” in #(U’); in the same manner (Vew) 
is finer than (Ve). The two compact spaces #(U) and (W) are thus 
homeomorphic, which implies that they are isomorphic; the equality of the 
two structures U and W’ follows. 

Hence we must suppose that (U), for example, has at least two points 
a and b more than #. Let V’, and V'a be two closed disjoint neighborhoods 
of a and b and let Va and Vr, respectively, be their traces on F. E(U) being 
compact, hence normal, there exists a real continuous function taking the 
value 0 on V’, and the value 1 on V’y. Its restriction to Ẹ takes the value 
0 on Ve and the value 1 on Vy. Va and Va which are closed in # are thus 
normally separable. If we show that neither V, nor Vy is compact, this would 
contradict the assumption of the theorem and the existence of the two 
different structures U and W will be impossible. | 

If Vae were compact it would be closed in #(U). But we have a2 Va 
and ae Fa. To see that a is contiguous to V, in F(U) it will be sufficient 
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to consider the neighborhoods Vg of a contained in V's. All these neighbor- 
hoods meet Ẹ since H is everywhere dense in (U), so that all of them 
meet Ve = V’,[} E. Hence Va cannot be compact and the theorem is proved. 


Remarks. 1. We deduce easily from what precedes that if # has a 
unique structure then Æ is locally compact. In fact we have seen that when 
E is not compact, its unique structure U must be such that #(%) has one 
point only, œ, more than E. Let xe H# and let Vz be a closed neighborhood 
of x in #(%), not containing o. Va is compact since #(U) is compact; 
its restriction to # is still Fa, which proves that x has a compact neighborhood. 


2. In the case of a metrizable space E the existence of a unique structure 
implies that E is compact. In fact, by a theorem of J. Dieudonné, [8], 
E has a uniform structure U for which it is complete: E == A(U). Since 
E(U) must be compact, then E is compact. 
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ON THE ACCESSORY PARAMETERS OF A FUCHSIAN 
DIFFERENTIAL EQUATION.* 


By ZEEV NEHARI. 


‘Tt was shown by Schwarz in his classical memoir on the hypergeometric 
series [1] * that the ratio w—=y,/y. of two linearly independent ‘solutions 
y, and Y of the Fuchsian equation 


n-3 
ni-8 4 =e 5 À poet 4- Ágn3 
(1) y } B = ! y+ = 0 
m II (a) 


(all constants real) effects the conformal mapping of the half-plane à {z} > 0 
onto a curvilinear polygon, composed of n circular arcs, in the w-plane. 


TA © * » n+, TAn are the angles of the polygon, where a, is defined by 
n=1 
Gn arena On — A as A —< hint as ee -f an -}- ` Ay = 7p Qs 
pol 


and the points z = &y are mapped onto the vertices with angles a. The 
n— 3 real parameters Ay,° - -,An-s——called by Klein the “accessory para- 
meters ” of equation (1)—correspond to n— 3 geometrical variables deter- 
mining a polygon with given angles in a unique manner (apart from a linear 
transformation of the w-plane). 

The object of this paper is to investigate the functional relationship 
between the geometrical variables defining the curvilinear polygon and the 
accessory parameters A1,° * *,An-3 of equation (1). A number of particular 
cases of this problem were discussed—either with the help of Hilbert’s theory 
of integral equations or using Klein’s method of continuity—by Hulbert [2], 
Koenig [8], Klein [4], Hilb [5] and others. In all these cases the main 
geometrical condition imposed on the curvilinear polygon is the existence of 
an orthogonal circle, a condition fundamental in the theory of automorphic 
functions. Another case (n = 4, special values of the angles and an addi- 
tional geometrical condition) was recently treated by v. Koppenfels [6]. 

We shall begin with the discussion of the case n= 4 in which the 


* Received, July 1, 1947; revised January 21, 1948. 
+The numbers in brackets refer to the bibliography at the end of the paper. 
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_ required analysis is particularly simple but. which nevertheless shows all the 
characteristic features of the general case. | i 
1. The case n==4. Equation (1) reduces ‘in this case to 
1—a ,1—f 
eee a 


Z2—t g= z 











Pe 8 oe E S: 
Oo w+] =t + D a 
with 


G+ B+ y+ Ot m=, A= dO", 


and obvious changes of notation; B is the accessory parameter. (2) is some- 
times called “ Heun’s equation ” ; it has recently been studied—from a different 
point of view—by Svartholm [7] and Erdélyi [8]. 

The angles of the quadrilateral upon which &{z} > 0 is mapped by the 
` ratio w(z) = Yı/Yz of two linearly independent solutions y, and yz of (2) 
are na, mB, my, 7d respectively, where § == 8 — 8”; the vertices are situated 
at the points w(a), w(b), w(c), w(«). In order to keep the discussion as 
simple as possible, we shall assume that 0< a, £, y, 8< 1, thus confining 
ourselves to polygons with corners pointing outwards. Unless a restriction 
of this kind is introduced, there exists quite a surprising variety of different 
types of curvilinear quadrilaterals, as was shown in detail by Schoenfliess [9 | 
and Ihlenburg [10]. 

Before we proceed to formulate a statement describing the general func- 
tional dependence of the accessory parameter B on the geometry of the 
quadrilateral, we shall introduce a few notations needed in the sequel. The 
full circle, part of which coincides with the conformal image of the stretch 
a<z <b, will be called Ka, and similarly for the other circles. We shall 
characterize the relative position of Ka, and Keo by the cross-ratio of the 
four points in which the two circles are cut by the straight line connecting 
their centers. As there are six possible values of this cross-ratio, we shall 
have to choose one particular value in order to make things definite. This 
will be done in the following way: 

Among these six values there are two, say 0 and 6*, which become infinite 
if one of the two circles Kav, Ke» reduces to a point. These values obviously 
satisfy @-+- 0* — 1. It is furthor easy to see that in case Kas and Ke. do not 
intersect, one of the cross-ratios is negative and the other > 1; if Kay and Kew 
intersect, both cross-ratios are positive, one of them—say 6—-satisfying 
0< 64 and the other $= 0* < 1. If Ka and Kea touch, the cross-ratios 
reduce to 0 and 1 respectively and if Kas and Ke.» are orthogonal, both @ and 
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é* reduce to $. In order to define the cross-ratio in question in a unique 
manner, we shall first assume that Kas and Ke, do not intersect. Then there 
are two possibilities: Either we can, by moving continuously the four vertices 
on the circles Ka, and Kee respectively and varying continuously the four 
angles, convert the given quadrilateral into another quadrilateral (likewise 
composed of four circular arcs) with four right angles, or we cannot. If this 
continuous reduction to a “rectangle ” is possible, we shall take the negative 
cross-ratio; in the other case we shall take the positive. If Kay and Ken 
intersect, there are two ways of detaching them from each other in a con- 
tinuous manner: Either the two circles will pass through a position in which 
they are orthogonal to each other, or they will not. If we take the second 
alternative and, while detaching the circles from each other, allow any con- 
tinuous change of the quadrilaterals which leaves its vertices on the respective 
circles, there are again two possibilities: Either the new quadrilateral thus 
obtained is continuously reducible to a “rectangle” in the sense indicated 
above, or else it is not. In the first case we choose that value of the cross-ratio 
which is between 0 and 4; in the latter case the value of the cross-ratio has 
to be taken between 4 and 1. 

We have thus defined the value of the cross-ratio in a unique manner 
in all possible cases (provided the angles are all positive and smaller than r). 
This particular value will be denoted by 6,. The cross-ratio defined in the 
same manner with regard to Key and Kae will be denoted by 62. 

With the help of these notations, the general result we shall establish 
may be stated as follows: 


The ratio w(z) = Y1/Y of two linearly independent solutions of (2) maps 
the half-plane 3{z} >0 conformally on a curvilinear quadrilateral with 
angles na, nB, wy, 78. If the cross-ratio 6, is defined as above and the 
parameter à is introduced by 


A= 4B + ((a +b + 0)/3){(2—a—B—y)*— è) 
(3) +2(1—a—B—y){(aa t+ dB + cy) —$(a+b +e) («+8 -+ y)) 
+ aa? + bR? + oy? + ((a-+b + ¢)/3) (è +B + 7°); 


then à is a root of the equation 


(4) D(A) = A, 


where D(A) is the absolutely converging determinant | Anv| defined by 
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ir? (n —.v) grr? 
n? ( — gre) 


grear) +. (1) [g -8 —9(4 ee 


Any = 


Nr =O 
(5) Amp 1 — (oyn) {A + (m/o) (1— a? fp? —8)} (m0) 
Ay = eat) + (1) YD) 


Ago = Aw,” + om (1 — a? — 2? — y — 8). 


Here, 2w, and 22 (w, real, wœ purely imaginary, X{o2/o,} > 0) are the 
periods of Weierstrass Q -function defined by 


P” (u) = 4{P (u) — e1} {P (u) — e2} {P (u) — es} 
with 


e, = a—(a+b+c/3); e> = b — (a + b + ¢/3); 
€ = C — (a + b + ¢/3) ; 


q denotes, as usual, exp {riws/w1} and qı ts the increment of Weierstrass’ 
-function if 2w, is added to the argument. 
If 0, is gwen, X is a root of 


(4a) DI(d) = 6, 
where D' (à) is obtained from D(A) by interchanging w, and wz. 


If neither 6, nor 62, but another invariant property of the quadrilateral 
is gwen—e. 9., the existence of an orthogonal curcle—this property can always 
be expressed by an identical relation between 6, and b. If this relation is of 
the form 

F'(6;, 82) = 0, 


then à is a root of the equation 
(6) F{D(x), D'(A)} =0. 


In all these cases, the equations for à have an infinity of roots, although 
not all of them necessarily real. To all real roots correspond quadrilaterals 
with the required properties. There is always one particular real root which 
gives rise to a quadrilateral not overlapping itself provided, of cowrse, such a 
quadrilateral 1s geometrically possible. 


Before we prove this statement, we shall transform equation (2) by 
introducing elliptic functions, as in the usual treatment of Lamé’s equation. 
Writing 
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z = Z; + (a+6+¢/3), , 
a— (a+ b+ 0/3) =e, b—(atb+6/3) = es 
c— (a+b + 6/8) = es (e, + ea -+ 6s = 0), 


we set 
2 =p (u), 
(dzı/ du)? = 4 (2, — 61) (21 — 22) (Z1 — és), j oe 
the elliptic function @ (u) having one real and one purely imaginary period. 


We then write 
y = s(u)v(u) 


with a suitably chosen s(u) so as to make v(w) satisfy an equation of the 
form 


(7) v” + r(u)v = 0, 


the primes now denoting differentiations with respect to u. Since zı = Ẹ (u) 
maps a rectangle on the half-plane A{z,} > 0 and 


Y:/Y2 = Vi1/V2, 
where v, and v, are two linearly independent solutions of (7), the function 
w= f(u) = v (u) /v2(u) 


will map a rectangle on a curvilinear quadrangle, the corners of the rectangle 
corresponding to the vertices of the quadrangle. 

By carrying out the required calculations it is found that the exact form 
of (7) is 


(8) + {(4—8&) @ (u) + (4— 2) (u—a) + (4— y) P (u 
+ (4— 8") @ (u — os) + A}v = 0, 


where A, the only constant remaining undetermined, is the accessory 
parameter. 

This parameter is, of course, not identical with the accessory parameter 
B of equation (2). By equating the first two coefficients in the expansions 
of the solutions of (2) and (8) in the vicinity of one of the singular points 
and remembering the transformation connecting z and u, A and B are found 
to be connected by (3). . 

In order to remove the singularities from the real and imaginary axes— . 
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for reasons which will become clear presently—we make one last trans- 
formation, writing w= t -+ (01 + 2/2) and v(u) =7(t). (8) thus becomes, 


(9) 4” + {(4— @) @ (t — 1/2 + 02/2) + (4—8) (t — 01/2 — 2/2) 
+ (EPP (t + o/2— 0/2) + ($ — 8) (t+ 01/2 + 02/2) 
5 -Ajy = 0, | 


which, for short, we shall write 
(9a) q” + (g(t) + ày = 0. 


We shall now assume that the circles Ka and Kea do not intersect (the 
case in which they do will be dealt with later). In this case, we can find a 
linear substitution transforming Ka» and Kec» into two concentric circles with 
their common center at the origin. The radii of these two circles will be 
denoted by p and r (p< r). 

We then choose the two independent solutions y, and ya of (9) in such a 
way as to make the ratio 


Oy. « w(t) == 4/42 


map the fundamental rectangle on the particular quadrilateral thus obtained. 


Two sucessive inversions of the rectangle along the two sides parallel to 
the imaginary axis will result in a point ¢ being shifted by 201; two corre- 
sponding inversions with respect to the two concentric circles of radii p and | 
r respectively will transform w into (p/r)?w (or (r/p)?w, if the order of 
inversions is interchanged). By Schwarz’s symmetry principle, we have 
therefore 


(11) w(t + a) = (p/r)*w(t). 


On. the other hand, g(t) having the period 2w,, equation (9a) is unaffected 
by replacing by t+ 2w. Both y,(¢-+ 20;) and ye(f-+ 201) will therefore 
also be solutions of (9a) and consequently be of the form 

q(t + 201) = Am (t) + Baz (t) 

ne (t -+ Rex) = Cy (t) + Dne (t) 
with constant A, B, C, D. In view of (10) and (11) this yields 


Am (t) + By(t) e ae 
Oey Desay = (0/2) (n(4)/m2(4)). 





This is only possible if we have 
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B= CU =0 
A/D = (p/r)?. 
Now any two solutions of (9a) are connected by a relation 
M(t) 2(t) — ne (t) (t) = const. 
Substituting ¢ + 20,, for t, this leads to 
| AD — BC =1, 
whence, in view of B = 0 = 0, A/D = (p/r)’, 


Å =+ p/T, 
D = + rfp. 


Tt is clear that although both the positive and negative values of A and 
D so far fulfill all the conditions, one set must be discarded in each particular 
case, as otherwise we would be led to four linearly independent solutions of a 
linear differential equation of the second order, which is absurd. In order 
not to interrupt the argument, we shall postpone the decision as to the correct 
sign to take, and shall, for the time being, carry both signs in the formulas. 

The two solutions singled out by our particular location of the quadri- 
lateral have thus the following transformation properties: 


mt + 01) = + (p/r)m (t) 
| no(t + 20) = + (1/p)ne (t), 


i.e. they are the well-known multiplicative solutions forming the subject of 
Floquet’s theory of differential equations with periodic coefficients. Their 
further discussion will accordingly be modelled on Hill’s treatment of his 
equation with periodic coefficients occurring in the lunar theory. 

If s is one of the solutions of 


(11a) 


+ p/ T; 
the function 
g(8/2w) t 


is also multiplied by + p/r if t is replaced by ¢ + 213;-m:(¢) is therefore of 
the form 
(12) q(t) = ee) th (t), 


where. $(t) -is a periodic function with the period 2u;, i. e. 


p(t + 201) = ¢(t). 
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The function g(t) in (9a) is regular in the strip — å {0/2} < A {t} 
< A{w./2} and the same is therefore true of any solution of (9a). Hence, 
both g(t) and $(¢)—having the period 2,—may be expanded into Fourier 
series converging absolutely in the interior of this strip: 


= = 
g(t) zm >, Cn (rinja t, 
n=-00 
= s 
$ (t) — > Ane (minj) t, 
N=-OO 
By (12), we have further 


Ni (t) — Sane rin lorte/2u1) t 
n=-00 


Inserting these expressions in (9a) and equating the coefficients of the powers 
-of exp {(at/w,)t} to zero, we obtain the system of equations 


l o0 
An{ (rin/w, -+ 8/201)” + A+ co} + È; AvCn-v = 0, n=O e 
w=-60 À 


where the prime indicates that the term involving a, has to be omitted from . 
the summation. Writing for short 


is/2m—o, — (wifr)*(A+ co) =m (01/7)? = dr, 
this becomes 


On { (n — o)? — p} — SY Gyda- = 0. 


p=-00 


' In order that this system of homogeneous linear equations be consistent, its 
determinant must vanish provided, of course, it converges. Convergence 
being easily secured by dividing the n-th equation by (n — ey? — p, o and p 
are thus connected by the equation rs 


D (o, p) = | An | = 0, 
where the elements of the determinant | Anv | are defined by 
| pe PI eae Aa, 
Ann =1. 


The functional dependence of this determinant on the parameter o can 
easily found by an artifice going back to Hill [11]. Using his procedure, 
it is found thatthe equation D (s, p) = 0 is equivalent to the equation 


Di (u) = Sin? zo, 
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where D,(z) denotes the determinant Bay defined by 
Bry = — dnv/n* (nÆ v, n = 0) 
Bun = 1— (p/n*) (n 0) 


Bov — adv, Boo = te 
o having been defined by 


o = 18/20, e? = + p/f, 
we have 
Dı(p) = — (r — p)°/4er, 


if e? = S$/fr, or 


D, (u) = (r + p)?/4pr = 1 — [— (r — p)?/4pr], 
if es = — s/f. 


-The expressions — (r—p)?/4pr and (r + p)?/4pr have a simple geo- 
metrical interpretation. They are two values of the cross-ratio of the four 
points at which a straight line passing ##rough the common center of the 
two circles—of radii p and r respectively—intersects these circles. It is 
further obvious that both these cross-ratios become infinite if either p or r 
reduce to zero. As these cross-ratios are invariant with respect to an arbitrary 
linear transformation, we can make our result independent of the particular 
location of the quadrilateral assumed in the course of the proof. Since—in 
this particular case— —-(7—p)*/4pr or (*-+-p)?/4pr each coincide with 
one of the cross-ratios 0 and 6* defined above, u will therefore always be a 
solution of 

Dy (u) = 8 
or 
D, (u) = 0 =1—8. 


In order to decide which of these two equations is to be taken in a given 
case, we recall that the negative cross-ratio corresponds to the periodicity 
factor p/r while the positive one belongs to the factor — p/r. ‘We now assume 
that the fundamental quadrilateral is continuously reducible to a “rectangle ” 
in the manner described further above. This reduction will result in «, £, 
y, ô all taking the value 4 and à tending continuously to a value A». (9) will 
then take the form 


q” + Aon = 0. 


The two multiplicative solutions of this equation are 
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yi pana eV~Aok Ye — e7V—ot , 
In view of 


M(E 201) = e% (t), 


ào must be negative, since the periodicity factor exp {2w V— Ao} is necessarily 
real (the two circles are assumed not to intersect). Hence both y, and ye 
are multiplied by positive factors if 2%, is added to the argument. Now p 
and + were kept constant during our process of continuous reduction; more- 
over, the periodicity factors being continuous functions of all parameters 
entering the differential equation, a discontinuous jump from positive to 
negative values is impossible. Hence, the periodicity factors were positive 
from the beginning. We have thus proved that in case the quadrilateral is 
continuously reducible to a rectangle, the negative value of the cross-ratio 
has to be taken. On the other hand, it is easy to see that in case the 
periodicity factor is positive (and, consequently, the cross-ratio negative), 
such a reduction must always be possible. If it is impossible, we shall there- 
fore have to take the positive cross-ratio. Recalling our definition of the 
cross ratio 6,, p will accordingly in all cases be a solution of 


Dı (p) = 41. 


Using the Fourier expansions of the @ functions constituting g(¢)—in 
(9a)—viz., 


p (? T (w1 F 2/2) ) = m/o1 — (m/w) j $Y (mirg"/1 — g”) eltin/en) t 


and the analogous expressions for p(t = 01/2 + w:/2), and remembering 
that u = do + (w:/7)?A, we have thus established formulas (4) and (5). 
(4a) follows in exactly the same way, the only difference being that parts 
of w, and ws have now to be interchanged and the solutions of (9) have to be 
considered in a strip parallel to the imaginary axis. 

So far, we have assumed that the pair of circles forming two opposite 
sides of the quadrilateral, e.g. Kay and Keo, do not intersect. If they do, 
under an angle e, say, the argument has to be but slightly modified. The 
linear transformation now to be applied to the quadrilateral will be such as 
to transform the two point of intersection of Ka, and Ke, into the points 0 
and co respectively. Kay and Ke will then become two straight lines inter- 
secting at the origin under the angle «. Two successive inversions with 
respect to these two lines will result in a point w being tranformed into a 
point we**#*, where the positive sign may without loss of generality be taken. 
By Schwarz’s symmetry principle, we shall therefore have, similarly to (11), 


3 
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w(t + 201) = °w (t) 
and consequently 
m (t+ 201) = + etm (t), 


n2 (t -+ 2o) = + ein (t), 


which again are the multiplicative solutions of Floquet’s theory. The rest 
of the argument can be repeated all over, the only difference being that 
instead of the cross-ratios 6 and §* there now appears sin*e/2 or cos? «/2 
according as the periodicity factors are taken as + e*t or — e*s, 

Now sin? ¢/2 and cos*«/2 each coincide with one of the cross-ratios 0 
and 6* defined above. If the two circles are orthogonal, both cross-ratios 
reduce to 4. If the two circles touch, the cross-ratios reduce to 0 and 1 
respectively. For reasons of continuity it is therefore clear if the correct 
value of the cross-ratio is between 0 and $ and the two circles are detached 
from each other in a continuous manner without passing a position in which 
they are orthogonal, the cross-ratio must become negative; if the cross-ratio 
is between 4 and 1 and the circles are detached in such a manner, the cross- 
ratio will necessarily become > 1. It is therefore seen that the number @, 
defined above will give in all cases the correct value of the cross-ratio. 

As shown in the foregoing, we are able to deduce a transcendental 
equation for the accessory parameter if one of the geometrical quantities 6, 
or ĝa is given. This, however, will not always be the case. For instance, 
in the theory of automorphic functions, the fundamental condition imposed 
on the quadrilateral is the existence of a circle orthogonal to all its sides. 
In the most general case, any condition invariant with respect to an arbitrar 
linear transformation may be given. i 

Now a particular type of curvilinear quadrilateral with given angles and 
known “ modulus” (i. e. the cross-ratio of the points a, b, c, œ) is characterized 
by one and only one invariant condition (there is only one accessory para- 
meter). Accordingly, any invariant condition imposed upon it must be 
expressible as an identical relation between 6, and 62; independence of 8, and 
6. would mean the possibility of imposing two independent invariant con- 
ditions. If this identical- relation is of the form 


F (0, 02) == 0, 
the accessory parameter A will be a solution of the equation 
FIDO), D’(A)} = 0. 


The exact form of F has to be determined separately in each particular case 
by elementary geometry. 
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As an example, we shall consider the case of a quadrilateral with zero 
angles and an orthogonal circle (this leads to an automorphic function with 
four “holes ”—the most immediate generalization of the elliptic modular 
function). We may assume that the orthogonal circle coincides with the real 
axis; this can always be brought about by a suitable linear transformation. 
Since all angles are equal to zero, all the vertices of the quadrilateral must 
lie on the orthongonal circle, i.e. on the real axis, and the same will be true 
of the centers of Kes, Kic, Ken, Koc. Both cross ratios 6, and 62 will there- 
fore refer to the same four points, viz. the four vertices. 6, and 6, are, how- 
ever, not identical. By transforming each pair of circles into concentric ones, 

it is seen that we must have 010 == 1. A will therefore be a solution of 


DJD (A) = 1. 


As shown by (6), D(A) takes a particularly simple form in this case 
(% = 8 = y == $= 0), all non-vanishing terms of the determinant being real: 
We now make some remarks as to the general character of the solutions 
of equations of the type of (4), (4a), or (6). 
A determinant 


| Anv + dav | (Snv = 0, 25403 Snn = 1) 
being bounded by 


IL (1 +> | Any |); 


it can easily be shown that D(A) is an integral function of A of order not 
exceeding 4. Since an integral function of order < 1 cannot have excep- 
tional values, equations (4) and (4a) will have an infinity of solutions. 
The same will be true of (6), as the relation F(6,, 6.) = 0—arising from 
elementary geometrical constructions—as algebraical and the equation deter- 
mining A can also in this case be written in the form P(A) ==0 where P(A) 
is an integral function of order = 4. 

In the general case not all of these solutions are necessarily real. Indeed, 
it may-be shown by elementary examples that an equation of the type 
D(X) = 6, may have only one real solution. 

To each real solution àA there corresponds a -pair öl solutions of (9) 
leading to quadrilaterals with the prescribed angles and satisfying the addi- 
tional geometrical conditions. These solutions differ by the number of times 
and the particular manner in which the quadrilateral overlaps itself; a full 
discussion of the various types of quadrilateral obtainable in this way will 
be found in the papers of Klein and Koenig quoted above. There is one 
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particular value of » leading to a quadrilateral in the ordinary sense, i. e., 
one not overlapping itself, if such a quadrilateral is geometrically possible. 


If there is an infinity of real solutions A, say: + + A-1, Ao, An © © * (Ann SZ An), 
some indication as to their asymptotical behavior is given by the fact that 
| An es (e > 0) 
n 


converges, the values An being the zeros of an integral function of order = 4. 


2. The general case. We shall now consider the functional relation- 
ship between the n—- 3 accessory parameters à’ ` *,Àn-3 appearing in (1), 
and a set of n—3 geometrical variables completely determining the curvi- 
linear polygon mapped by the ratio w(z) = y,/ys of two linearly independent 
solutions of (1) onto the half-plane A{z} >0. This set of geometrical 
variables will consist of n — 3 cross-ratios of the same type as those employed 
in the case n = 4. 

In order to define the cross-ratios in question, we shall assume that the 
real numbers ay appearing in (1) are ordered by their magnitude, i.e., 


det Oana SO. 


The stretch av < 2 < da (1 SvSn—2) is mapped by w(z) = 4:/y2 on a 
circular arc forming part of a circle, say Ky; the ray da. < z < œ is mapped 
on an are belonging to a circle Ky... @ will then denote the cross-ratio of the 
four points in which the straight line connecting the centers of Ky and Kni 
cuts these circles; the particular value of the cross-ratio to be chosen is 
defined in a similar way as in the case. = 4, the only difference being that 
the two sides of the reduced “rectangle” not coinciding with Ky and Kn- 
will be obtained by letting the other sides of the polygon coalesce Into two 
circular ares. 

As before, we shall not use equation (1) in its rational form, but 
transform it by the introduction of elliptic functions. However, unlike the 
case n == 4 in which one single transformation was sufficient, we shall have 
to apply to (2) n— 3 different transformations, each featuring a different 
quadruple of singular points a which is being made to correspond by the 
elliptic function to the four corners of the rectangle of half-periods. 

Taking, e. g., G1, de, Gn-1, ©, We write 


= 2, + (G1 + de + Gns/3), 
Ay — (Qi + Gz + On-1/3) = 61 Qz — (dy + dg + Qnr/3) = eo, 
Qn- — (ay + Ge + On1/3) = 6; (@, + l2 -+ e = 0), 


é 
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and set 
2 = Q (u) 
(da/du)? == 4 (2, — 61) (4, — e2) (2, — és). 
We then write 
s{u)v(u), 
where s(u) is to be chosen in such a way as to make v(w) satisfy an equation 
of the form | 
(13) v” +-r(u)v == 0. 


The ratio w == v,(u)/ve(u) of two linearly independent solutions of this 
equation will map the rectangle [0, wi, ws, w2] (21, 22 being the periods of 
Q (u), w, real, w purely imaginary, ws = w, +- w2) on the curvilinear polygon, 
the four corners of the rectangle corresponding to the vertices of the polygon 
of indices 1, 2, n— 1, n. 

Carrying out the necessary calculations, it is found that the function 
r(u) appearing in (13) is of the form 


(4) = E E E + (4— a") 9 (u— oy) 
aa) Fe) (u— o) + Eat) P (u) 


+E (g — ap (u +b) +P (u—b)) 


NB 
-- 2 mdt (u + by) — E(u — by) } + m, 
where by is a solution of 


av — (dy + dg + An-1/3) = P (bv) 

and ¿(u) is Weierstrass’ ¢-function. The »—3 unspecified constants 
appearing in (13), viz., py Has Has’ °°» #n-2, May easily be linearly expressed 
in terms of the constants Àn ' © -,An-3 in (2) by comparing the expansions 
of y(z) and v(u) and observing the formulas connecting z and u. 

r(w) is a periodic function of u with period 2w, and may therefore be 
expanded into a Fourier series converging absolutely in the interior of a 
strip, parallel to the real axis, in which 7(w) is regular. This is certainly 
the case for 0 < A{u}< A{w:}. In order, however, to be able to operate 
on the real axis, we write 


u=t + (ot 02/2), v(u)—=n(t),  r(u) = g(t) + p 
thus replacing (13) by | 
(15) a’ + {9(t) + uj = 0. 
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The Fourier series 


co 
g(t) = > Cpe (Tin/w) t 


n=-00 
will then converge absolutely for — à {w:/2} < A {i} < A {uz/2}. 


(15) can now be treated in exactly the same way as (9a). The egui- 
valent of (4) will then be an equation 


(16) D (p, Hay" * * » Bn-2) = O, 

where D(, Has * *, Mn-2) 18 again an absolutely converging determinant of 
Hils type, built on the Fourier coefficients, cy of g(t). These coefficients cy 
are linear functions of the parameters ps, ys,‘ °°, m-2 and can easily be 
written down explicitly with the help of (14) and the well-known Fourier 
expansions of the functions @ and ¢ As observed above, the numbers 


ig,’ °°» pn-2, & are linear functions of the accessory parameters Àn’ * -,An-3 
of (2). (16) may therefore be replaced by an equation 
(17) dD, (Ais sorts Nn~2) = b. 

(17) gives a relation between the accessory parameters à, ' > *, Àn-3 and 


the geometrical variable 6,, all the other quantities entering (17) being 
expressible in terms of the singularities a and the angles za. As in the 


case n= 4, it is easily seen that D(ys3,---,pn-2,h) and, hence, also 
Dy(A1,° * *,An-3) Is an integral function of order = 4 in all its arguments. 
Accordingly, if ð, and n— 4 of the accessory parameters, say As, * `, Àn- 


are known, there is a discrete infinity of values A, satisfying (17). 

If the process resulting in (17) is repeated with the quadruple ay, avs 
n-i) O(v<nm—1) taking the place of a, Ge, an- ©, We arrive at an 
analogous equation 
(18) Dy(da,* + + Ana) = Ov. 


Since there are altogether n— 3 equations (18), they will suffice to deter- 
mine the possible sets of accessory parameters when the cross-ratios 0y are 
known; as before, we are of course only interested in real solutions of (18), 
as only these give rise to curvilinear polygons in the ordinary sense. There 
may be an infinity of sets of real solutions of (18) but there is one and only 
-one set leading to a polygon not overlapping itself, if such a configuration 
is geometrically possible. 

If instead of the cross-ratios 6, another set of n — 3 invariant conditions 
characterizing the curvilinear polygon is given, we proceed as follows: In 
addition to the quadruples of points ay, dvs1, Gn-1, © We also consider the 
sets 00, Qi, Ga, Qu. (2 Sh S n—2) and define the cross-ratios 6; related. 
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to these sets in the same way the cross-ratios 6y were defined with respect to 
Qv, Avy; An- ©. By the same procedure as before, we then arrive at a system 
of equations 

(19) D'rf àt + e An-3) = Ok (k= 2,  -, n — R) 


similar to (18). Now if a set of n— 3 independent conditions determining 
the geometrical configuration of the polygon is given, it is clear that there 
must exist n— 3 independent identical relations of the type 


(20) Fg( 41, 62, -~w oe On8) O'r) == 0, 


as there cannot exist more than n— 3 independent cross-ratios. The par- 
ticular form of the functions Fẹ, has to be determined in each case by 
elementary geometry. By replacing, in (20), 6 and 6’, by the expressions 
(18) and (19), we thus arrive at n— 3 independent equations for the n — 3 
unknowns. 
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ON THE MODE OF INCREASE OF THE PRODUCT OF BASIC SETS 
OF POLYNOMIALS.* 


By M. NASSIF. 


1. The mode of increase of a basic set of polynomials is determined by 
its order * » and type y; thus a set of order w” and type y’ will be of smaller 
increase than the above one if wo’ < w or if o=o and y < y. The aim of 
this note is to give an upper bound for the increase of the product set of 
two basic sets of polynomials of given increase. Concerning this point of 
view, two results are already known. The first concerns the product of two 
simple sets of given order and gives an upper bound for the order of their 
product.’ 

It states that if the simple sets {pu(z)} and {gn(z)} be of order œw, and 
wz respectively then the product set {wn(z)} of the sets {pn(z)} and {qn(z)} 
in the given order,’ is of order not exceeding w, -+ 2w:. However, to give a 
more complete solution of the problem in this case we must take into account 
the type of each constituent set as well as the type of their product. In fact 
it is here shown that the upper bound for the increase of the product set of 
two simple sets, is independent of the types of the constituent sets, provided 
that these types are finite. This result is demonstrated in the following 


THEOREM I. Let {pn(z)} and {qn(z)} be simple sets of polynomials 
of order w, and w, respectively and let each be of finite type. Then the 
product set {tn(z)} ts of increase not exceeding order w + 22 type zero. 


The second result is given by J. M. Whittaker and is concerned with the 
product of two sets of which the inner set {qn(z)} is of the form {(Az-+ B)*}. 
In fact Whittaker * has shown that if {pn(z)} is of order w and type y then 
the product set {tn(z)} of {pn(z)} and {qn(z)}, as given above, is of order o 
type y | A | 7%. 

This result suggests the study of the increase of the product of two sets 


* Received October 22, 1947. 

1J. M. Whittaker, Interpolatory Funetion Theory, Cambridge (1933), Ch. I, p. 11. 

2M. Nassif, “On the order of the produet of simple sets of polynomials,” Pro- 
ceedings of the Mathematical and Physical Society of Egypt, vol III, 2 (1946), pp. 43-47. 

* We shall always take the set {u,(z)} to be the product set of the sets {Pa (2) } 
and {4, (z)} in the given order, unless it is otherwise stated. 

4 Loc. cit. (1), Ch. I, p. 12. PEA 
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the inner one of which is simple and of zero order. Let z” be expressed by 
the basic sets {pn(z)} and {qn(z)} in the forms: 


(1.1) gn a x nips (2); 

and 

(1.2) ah == $, Amigi (2). 
Write i 


on) (R) =X | wns | 4: (E), 


where Aa( E) =n | Pn(z)|, and denote by on) (R) the corresponding 
2K 


expression for {qn(z)}, writing B,(R) for the maximum value of | gn(z)| 
in |2| SR. 

Now if {pn(z)} is simple then according to the result given in the 
above quoted paper, the order of the set {un(z)} will not exceed that of 
{p.(z)}. In order to give a precise upper bound for the increase of the 
product set {u,»(z)} in this case we have to take the type of {pn(z)} into 
account and, for the inner set {qn(z)} we consider the behaviour of 8°) (R), 
given by 

8) (R) = lim {wn (R) p. 
n->00 


In fact we shall confine ourselves to the case where 8 (R) is finite 
for finite values of R; and since {qn(z)} is simple and consequently 6° ( R) /R 
is monotonic decreasing, as given by Whittaker, then 8 (R) = 0 (EF) as 
R tends to infinity. We shall further impose the condition 


(1.3) 0 < c Z lim | qnn |" S Tim | qm |" < œ. 
n00 n>00 


For the set {pn(z)} we shall assume that it is a Cannon set. Under these 
conditions the followmg theorem can be considered as a generalisation of 
Whittaker’s result: 


THEOREM II. Let {pr(z)} be a Cannon set of polynomials of order w 
type y and let {qn(z)} be a simple set, satisfying (1.3), for which 8 (R) 
is finite for finite values of R. The product set {u,(2)} will then be of increase 
not exceeding order w type y(k/c)*/%, where k = lim 8) (R)/R. 

->00 


The problem is then considered for a wider class of basic sets of poly- 
nomials. It is however shown that no upper bound for the order of the 
product set is obtainable if the order of growth of the coefficients of the 


5 Series of@Pdlynomials, Edited by Fouad I University, Cairo (1942), § 4, p. 13. 
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polynomials of the inner set {qn(z)} is unrestricted. In fact we impose the 
restriction : : 
(1. 4) | qni | = O(n#”), for all 7s, 


t 


where u is a positive finite number. Then the following theorem shows that, 
with this restriction, no generalisation can be affected in the class of constituent 
sets beyond the class for which Da == O(n), where D, is the degree of the 
polynomial of highest degree m (1.1) and (1.2). 


THEOREM III. Let w, and w: be respectively the order of the basic sets 
{pn(z)} and {qn(z)} for which lim Da/n = k, and kz respectwely, and suppose 
Ne? CO 
further that {qn(z)} satisfies (1.4). Then the product set will be of order 
not exceeding how, + we + pakiko. 


2. Proof of Theorem I. Let f(z) = 3a,z" be an integral function of 
order 1/ (w, + 202) and type a, where «æ is any positive number. We shall 
prove that the set {un(z)} represents f(z) in any finite region of the plane. 

Now since the set {p,({z)} is of order w, and of finite type then we can 
choose a number k, > 1 and a positive integer n, such that 


(2. 1) won) (R) < krne (n > m). 
Similarly two numbers k, > 1 and nz > m, are chosen in such a way that 

(2. 2) | Ang | Be(R) < on P (BR) < karnon (n > na; all 4). 
Also for a number a, > g, there exists a positive integer na > nə such that 

(2. 3) | On | < {ae/m (wy + 202) Jre (n > n). 


As f(z) is of order < 1/w. then according to Whittaker ° the set {gn(z) } 
represents f(z) in any finite region of the plane in a series of the form 
Sbngn(z), where by (2.2) and (2.3), bn can be easily seen to satisty 


(2. 4) | Bn | Ba(B) < Rhea” /n” (ortua) {218/ (w1 + 202) priert2@e) (n > na). 
Also since we can always take qun to be unity then (2.2) implies that 
Ba (R) < knon (n > na). 


Hence if Ma (R) is the maximum value of | un(z)| in |z | = R, then, for 
R=1 and for n > mp, - 


(2. 5) Ma (R) < (n+ 1)8 (BR) An (R) bern, 


€ Loc. cit. (1), Ch. I, p. 13. 
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where S(R) is bounded. Writing ġn(R) = X, | mni | Mi (E), then by (2.1), 
(2.4) and (2.5) we obtain, for n > n, and fi R21, 

| ön | Pa(B) < 2 (n + 1) T (B) (ki: k/R)"{%10/ (os + 20g) J00, 
where T(R) is bounded. Making n tend to infinity it follows that 


(2. 6) lim {| Bn | Pa (B) F S kika? /R{06/ (01 F 2we) po? < 1, 


for sufficiently large values of R. Since ¢,(#) is an increasing function of R, 

(2.6) holds for all positive values of R. Now as it is easy to deduce from 

the definition of the product set that ga(z) = Siansui(z) then in view of 
i 


(2.6) it can be easily shown that the set {un(z)} represents f(z) in any 
finite region of the plane. 

We now apply Cannon’s theorem’ to deduce from this statement that 
the product set {un(2)}} will be of increase not exceeding order œ, + 2w: 
type 1/a. Finally since æ can be taken as large as we please we conclude 
that the product set is of increase not exceeding order w, + 2w, type zero, 
as required. 

The following example shows that the upper bound for the increase of 
the product set {un(z)} as given by Theorem I is the best possible. 


Eaample I: Consider the basic sets {p,(z)} and {qn(z)} given by 


pala) | SOO) Palen) +e pape 
and 
1 (n= 0), 
Qn(z) = X (86)**(n!)% + (a!) %2""*/ (log n)” + 2” (n even > 0), 
an (n odd), 


where a and 6 are any positive finite numbers. 


It is easily seen that {pn(z)} is of order 1 type a, and {qxn(z)} is of order 


3 type b. 
Forming the product set {un(z)} we obtain . 
I (n= 0) 
Un (2) = (3b) "(nm !)® + (n!) / (log n)” + 2” (n even > 0) 
a(n!) + (8b) EY n(n —1) YE i (m— 1) beer? 
(log n)” (log n)" (log (n — 1) y= 
+ qen +” (* oda 





TB. Cannon, “On the representation of integral functions by general basic series,” 
Mathematische Zeitschrift, Bd. 45(1939), p. 187. 
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Let 
a? — > Yniti (2), 
and write 
(2.7) On(B) = F | yn | Me(B). 


Hence for the above set, it is easily seen that 


On(R) = 2a*n! + 2(3b)° OY nf (n — 1) 1? 


ogn)" 
2n H (n — 1) IPR an Len : 
+ Tog n)*{log (n— 1) > + (ognje T” 


when n is odd, and 


2a" (nl)? (n — 1)! , 2(8b)3&*) (n!)*{(n — 2) }}8(n—1)! 


On) = —"Togn)® t ogn) {log (w— 1) }* 
4 AnD) (m2) R 2(n!)2(n—1) R- 
(log n)*{log (n — 1) }**{log (n— 2) }m-? ' (log n)"{log (n— 1) }* 
P(n RE a 
TLA + BR, 


when n is even >0. Hence the order © of the product set is given by 
Q = lim log Qn(R)/n log n 


(30): (m!)8{(m —2) 1}? (n—1)! _ 





and since 
; (8b) 0-2 (n!) (n —1) H (n— 2) la 1/n 
mae tn | ee = 
RP OO / (log n) "flog (n 1) york 


then the type of the product set is zero as given by the theorem. 


3. Proof of Theorem II. We take f(z) any integral function of order 
1/w type o < 1/y(c/k)*/". Then numbers yı > y, kı > k, & < c and o >o 
can be chosen in such a way that 


(3. 1) Ti < 1/yi(6,/k)*/¢. 


Corresponding to these numbers, positive integers nı and n, > n, and 
a number Ff, exist so that 


(3. 2) on) (R) < {nyiw/e}"” (n > m; all BR > 0) 


and 
(3. 8) | An | Bi(B) < (ki R)” (BR > Ro, n> m; all i) 
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As in Theorem I, {qn (z)} represents f(z) in any finite region of the 
plane in a series of the form 3@ngn(z), where By is such that 


(3. 4) | Bn | Ba (R) < 2(k,B)*(o,e/on)%, 
for R > Eo and for sufficiently large values of n, for n > no, say. 


Also, since the set {qn(2)} is simple then Ann = 1/gnn; thus in view of 
(1.3) and (3.3) an integer n, > m2, corresponding to c, and a positive 
number b < œ, exists so that i 


(3. 5) (a R)” < Ba (R) < (bkR)” (n>n; R> Ro). 
Let R, > E > Ro, then (3.5) yields, for n > ns, 


(3.6) Ma(R) < (243) | pur | Br(B) 
< An(ble.B,)S(B, Ra) 


where S(R,R,) is bounded. As usual the relations (3.2), (3.4), (8.5) 
and (3.6) are combined together to yield, for n > (no ns), 


| Bn | on(B) < 27 (R, Ra) (k:/61)” (orys) ””, 
where T(R, R,) is bounded. In view of (3.1) we conclude that 
lim { | Bu | n(B)}*" <1, 


and thus the proof of the theorem is completed as in Theorem I. 


An example is again constructed to show that the upper bound given 
in Theorem II is exact. 


Example II. Consider the basic sets {pn(z)} and {gqn(z)} given by 


; j gn (n even), 

r Pa (2) = (4a)*"(n!)4* + (1!) 42""7/ (log n)” + 2” (n odd), 
an 

1 (n= 0), 

gn({2) _{ 1 + 2egrt + 2m (n even > 0), 

i cng (n odd), 


where a and c are positive finite numbers and c < 1. 


_ It is easily seen that the set {pn(z)} is of order 4 type a, and, for the 
set {qn(z)}, SP (R) =2R for R = 1/2, and 


0 < c= lim | gan |” < Tim | gan |= 1. 


n> 00 3-9 CO 
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The product set {un(z)} is given by 





T (n = 0), 
Un(z) = 1 -f- Ad 2% (n even > 0), 
t\4 
(4a)4"(n!)4 + Ese (1 + Jn~-lyn-2 + get) + Cog’ 
(n odd). 


It is easily seen by the aid of (2.7) that, when n is odd, 
AE +. ae 2(n!)* 2” (n!) 
cm (ai T or (log n)» | o (log n)* 


R (n!)tRr 
c” (log n)” 


Rr? 





w(E) = 


-+- 


and when n is even > 0, 


+ i”, 


22e-T i (n — 1) Rre mif (n — 1) R" 
e* {log (n—1)}r olog (n —— 1) pr 








x =H 9n+1 pn- -f R". 
On calculating the order Q and type T of the product set {un(z)} we can 
easily see that Q == 4 and T == a(2/c)?“, as given by Theorem TI. 


4. The class of simple sets is the only class which admits an upper 
bound for the increase of the product of two sets of given increase, without, 
restriction on the coefficients of the polynomials of the sets, apart from that 
governing the coefficient qnan. In fact if {gn(z)} is not simple and of positive 
order, then we can find instances in which the order of the product set is 
infinite, even if gun = 1, as it is seen in the following example: 


Example IIT. Consider the basic sets {pn (z)} and {gqn(z)} given by 


Pnz) = 9 2” nng?ntt (n even > 0), 
d as (n odd), 
an 
i (n=0), 
1 
gn(z) =< (n—1) 0 ilies alld (n even > 0), 
ate pn (niein) gait | (n odd > 1). 


We see that lim D,/n == 2 for the set {pn(z)} and is equal to 1 for the 


TP OO 
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set {gn(z)} although this last set is not simple. We also observe that {pn(z) } 


is of order 1 and {qn(z)} is of order 3. Forming the product set {un(z) } 
we obtain 


2 + | (n E 0), : 
ae, an n Ny2nth n (2n+1) 2+3 (241) t g2n+2 
E ES aie a (2n + 1){ (n ia i, 
1z l (n = 1), 
gn +. gy (n°r3n) gnth (n odd > 1). 
It is easily seen that, when n is odd, 
; Lpr” a a a e S EO 
OQ, (2) = 1p p” se 7 -+ wer R 


r3 208" (1 + p (n+1) (2n +. 3) { (2n+8)*+8 (2048) ) Ronn, 
1 — n 


Thus the order of the product set is 
Q= lim jos OQn(£)/n log n= o. 
nm >00,7 od 
Proof of Theorem III. The proof of this theorem is on the same lines 


as those of the former theorems; our integral function f(z) == Sanz" is taken 


to be of order p < 1/ (how, sa wo + pe + kika). We choose the numbers pi > P; 
pe > on ps > wa, Kı > kı and K; > k in such a way that 


(4. 1) pı <1/( Kips + ps + Ki Ke). 


Positive integers n, < na < na < na < ns are chosen to satisfy the 
following inequalities: 


(4. 2) | On | < mre (n > m), 
(4. 3) on) (R) < n” i (n > Nez), 
(4.4) | Ani | Bi (R) < n%s (n > ns; all 4), 
(4. 5) Dy < Kın (n > ma), 


where D, is defined for the set {pn(z)}, and, 
(4. 6) D'n < Kon (n > ns), 
where D’, is defined for the set {qn(z)}. 

Finally in view of (1.4) we choose the number « > 0, so that 


(4.7) | qni | < anen (all n and all 4). 
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Now if f(z) is represented by the set {qa(2)} by a series of the form 
Sbngn(z), then we can deduce from (4.2), (4.4) and (4.6), that 
(4. 8) | Bn | Bn(B) < 2/ (n/K — 1) (Er) (a/p) (n > Kans). 
© Also with the aid of (4.3), (4.5), (4.6) and (4.7) we obtain, for 
n > n, and for RÈ 1, l 
(4. 9) on(B) = È | rn: | Mi(B) 
< «(Kin + 1) (E Kon + 1) EERE Knnn (Kroa), 


Combining (4.8) and (4.9) we deduce that, in view of (4.1), 


eas , REKK, E: (/pr-ps) K eK 
s ~ ma | bn | Pn (k ) } = pe nt Ke (4/Prrpa-Kapr-uKKo) <4, 


since we can always take B,(R) = 1, for sufficiently large values of R. 
Since ¢n(#) is an increasing function of R then (4.10) holds for all positive 
values of Æ. The theorem is then completed in the usual way. 

The following example shows that the above result is a best possible one. 


Example IV. Consider the basic set {g,(z)} given by 


1 (n = 0), 
1 
nies aap -4 gn (n even > 0), 
1 -+ Z (n = 1), 
gm 1. ningntt (n odd >1). 


We see that | qni | Sn‘, and lim D,/n==1, so that u = 4 and k= 1. 
Tr-FOO 


The order of this set is easily seen to be equal to 3. Forming the product 
set {un(z)} of the set {pn(z)} given in Example III and the set {gn(z)} 
given above we obtain 


2+2 (n 4=0), 


gn d 2n+1) p2n+2 
tat te nem tt (20 +f 1) 4 Om) z 
Un (2) = (m —~ 1) 0 (n even > 0), 
1+ (n= 1), 
gh +t. qingntt (n odd > 1). 


Hence in view of (2.7), Q,(2) is given by 


On(R) = 1/{ (n — 1) )) — 1} [2R (n — 1) 8) + ( (2 — 1) OY + 1p 
-}- Jpn Frnt =a In” (2n -}- EOD pne; 


| THE PRODUCT OF BASIC SETS OF POLYNOMIALS. 49 


when. n is even > 2, and 


enn + ijén 


E nea n’ pA n+l 2n+3 
On(B) « = e E ees eae "i re eat a pe pe 
J- 9 seme irs, 


when n is odd > 1. On calculating the order Q of the set {un(2)} we obtain 
OQ = 12, 


a result which confirms with the upper bound given in the above theorem. 


FAROUK I UNIVERSITY, 
ALEXANDRIA, EGYPT. 


GAUSS SUMMABILITY OF TRIGONOMETRIC INTEGRALS.* 


By S. Bocuner and K. CHANDRASEKHARAN. 


1. Introduction. In the case of an ordinary Fourier series 


(1) f(z) ~ dane 
the partial sums 
(2) S,(%) = 2 f Gin (n + 4)t/sin 4¢) f(a +t) dt 


or the customary approximating sums like the Fejér sum 


(3) on(t) = 2 f "(sin 4nt/sin 4t)?f (e + t) dt 


are finite integrals, and can be written down immediately. The problem 
of convergence arises only if we want to consider their limit as n —> œ. This 
is not the case, however with Fourier integrals for instance. If we introduce 
the Fourier transform 


(4) pla) = 2 [emp o)de 
then for the partial sum Bi 
(5) Sr(x) = f Ee 
-R 
we have 
(6) Sr(2) = f “(sin Rt/t)f (a + t) dt 
and for the Fejér sum 
(7) n(x) = f G — (| a|)/R) 09 (a) da 
-R 
we have | 
(8) iim f “(sin Bt/t)?f (e + tdt. 


The expressions (5) and (7) are finite integrals, but the expressions (6) and 
' (8) already involve convergence requirements on f(t). The difficulties thus 
encountered may, however, be said, to be due mainly to the “behavior of f(x) 
at infinity.” In fact, the very process of introducing the transform (4) 


* Received January 6; 1948. 
50 


GAUSS SUMMABILITY OF TRIGONOMETRY INTEGRALS. 51 


requires some restrictions on f(z), and such restrictions are usually sufficient 
to give convergence and validity to the integrals (6) and (8) for every 
finite R. 

However, in somewhat different situations, there is another source of 
difficulty applying only to expressions of the type (6) or (8) and not at all 
to the analogues of the integrals (4) themselves, and these difficulties stem 
from the spectral structure proper of the function rather than only from a 
variable behavior at infinity. This phenomenon was encountered by Bochner 
[1,2] when generalizing the classical theory from periodic to almost periodic 
functions. If 


(9) f(t) ~È anet 


is an almost periodic function in the sense of Bohr, in which case the Fourier 
coefficients are determined by the formula j 


+7 
(10) ay, = lim 1/2T f f(t) etdi 
, T>% -T 


then for any given R > 0, there may or may not exist the ‘ Dirichlet-partial- 


sum,’ 


aera 4An® + 
(11) Sr(z) (lie ; 


in other words, there may or may not exist an almost periodic function Sr(x) 
whose Fourier expansion is the series on the right of (11). However, there 
always does exist the Fejér sum? 


(12) on(z)~ BD (1— (| An |)/B)) ae, 
Anj ER 


and it can be represented by the integral (8) which is absolutely convergent 
for any (bounded) almost periodic function. The integral (6) -is obviously 
a ‘delicate’ one, since it is not absolutely convergent for a bounded function, 
and indeed as already stated, the partial sum (11) need not ‘exist’ in cases 
in which the spectral point A= R or à==— R (or both) is an accumu- 
lation point of the Fourier exponents À» occurring in the expansion (9). 
But even if the function (11) does exist, as it very emphatically does in the 
case of a pure periodic function (1), its integral representation (6) still 
remains ‘delicate’ and the problem arises of securing its convergence and 


This sum must not be confused with the so-called Bochner-Fejér sums for almost 
periodic functions, which are constructed in an entirely different manner. 
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validity in some appropriate manner. This problem was recently attacked 
by Bochner in [3], and it was shown that for pure periodie (1) and some 
other almost periodic functions (9), the formula (6) is valid in the following 
version 


+00 
(13) or(z) =lim | et (sin Rt/t)f(x + i)dt 
€->0 ~OO G 


which amounts to a Gauss summability of the original version (6). Actually 
the result was stated for spherical summability of multiple Fourier series. 
if 
(14) f(t, Ka Tr) pane > ln.. npg Mata . HAREE) | 
and 
(15) S(s; R) =e SCR) = E (1— (02/0) )Pam. met ee ima, 
VERH. . tke 


and 
fole; t) ==fo(t) = 1/ (2r)? f Fa + ét, > +, tre + ét)dwg, 


O<t< o, 


where o denotes the unit sphere é,2-+---+&?==1, and dwg is the k—1 
dimensional volume-element (if k = 1, fo(t) = f(z + t) + f(@—?#)/(2r)*), 
then it was proven that 


CO 
(17) 88(R) = lim cR/2)-8 f etf (t) Jonasa (ER) te) --1dt, 
€->0 0 


(16) 


where c= 20r (8 + 1), for all periodic functions f(a,---,a) of class L, 
and some more general almost periodic functions, for all real è such that 


(18) § = 0, 
and furthermore for all complex ô with | 
(19) R(8) > 0. 


Here Jp(x) denotes the Bessel function of order u. See [8]. We recall that 
only for 


(20) S> (k—1)/2 
is the integral 
(21) §°(R) = cR/2)-8 f PJD aaya (ER) dé 


0 
absolutely convergent, and relation (21) is the original version of a formula 
proved in [4]. 
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We now state the object of the present paper. Chandrasekharan iu 
[5,6] has pointed out that (21), being a Hankel transform, has formally 
an inverse, namely l : 


(22) fo(#) = c,tt2-0/2) f R09 SECR) Jonasa (Rt)dR, c = 1/0. 
; 7 


Its precise validity poses a question [7], and an answer is, for instance, that 
it holds for almost all ¢ provided that 


(23) è > (k—1)/2.. 
We proceed to show that if we interpret (22) as 


OO 
(24) fo(t) — lim 6, f5+2-(k/2) f eR G(R) Rë+t-(k/2) J 640h/2) (Rt) dR, 
£60 0 


+ 


then its validity is extensible to all values (18) and (19) of exponent 6. 
However, at present, some further assumption, different in nature, has to be 
added as regards the behavior of the function at the special point t at which 
the validity of (24) is desired. We shall see that (24) is valid at the point 
t(0< t< œ) if and only if we have there 


2r P 
(25) (n)Ho(#) = lim fe | P(e) eto dr, 


and this is, in effect, a very mild continuity restriction on the function. 
Furthermore, we shall extend both (17) and (24) from the average f(t) 
to its p-th mean defined by 


(26) folt) = 2P (p + 4/2) (E(P) T (2/282) | fo(s) (P — st) rsads, 


in which case, (17) and (22) are to be replaced by 


oO 
(27) SB) Stim oak f Piet (t) Vason (te) dt 
E30 0 
where 


ca = ZPT (8 + 1)T(k/2)/T(p + k/2), 


and 


(28)  fo(t) = lim czt? f e RSR) ROV posesa (ER)AR, Ca = 1/02, 
€~->0 0 


respectively, where V;,(4) =J,(x)/a*. See [5,6]. They will again be valid 
for (18) and (19) in conjunction with 


(29) : R(p) >0, 
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and 
(30) po. 


that is, for all possible combinations. We likewise notice that the pair of 
formulas (27) and (28) are Hankel inversions of each other, and our 
reasoning will, in effect, give criteria for the Gauss summability of such 
formulas, under suitable assumptions specifically arising in the theory of 
Fourier series. 


2. The formula. We start from the formula 


(31) fp(t) == cyt??? J (eo Vpsd4h/2) (tp) dp 


for all possible combination of p and 8 for which the right side converges 
absolutely. See [7]. Since for a fixed function f(2.,---+,a,) eZ we have 


(32) S°(p) = 0(p*) 
uniformly in all æ, the right side of (31) converges absolutely for 
(33) p—si—k/2—3 > 1, 


and uniformly in every closed subset of this set (33) in the (p,8&) plane. 
More precisely, we have, for ¢ > 0, 


£25+2 9? o 28+1 7 t Os sue es = 
A (p) | p | Vuoraa (tp) | dp k m 


1/ 
(34) —_ O (120+ Í. krado) -+ 0O ( f "{+8/2--/2 / gp-B-b/2-8) dp) 
g w/t 
= 0(1/t). 


Now we introduce the ‘approximate partial sum’: 


(35) Sh*(R) — ogee | gemper (t) V para (ER) at 
0 

Since (33) implies that 

(36) p > 0, 


on the basis of the estimate (84), we can substitute (81) m (85), and 
interchange the integrations with.respect to ¢ and p, thus obtaining 
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Soe (B) === Co fpht2p-p-d~(le/2) f Vet flee 2p-1-p-8-(k/2) folt} Tpsdect/2) (tR) di 


Q 
CO 
== Coby (*/2)+p-6 f e PPG 2) POF (t) J pSr (tR) dé 
3 0 
oo OO - 
(87) == o Rp f J P i pores (tp) Joanes (ER) S? (p) pW) 2 dodt 
6 Q 
00 oOo. ` ; 
== Coh %2) +p-ð f S(p) p E/P -dp Í, ett pscs (tp) Jmorrso (tE) de 
0 0 
oO 
sat cok (k/2)+p-8 O (2°) Xp -{k/2} PeR AE T k2) (pR/2)dp 
g 
on account of a formula in [8, p. 395]. Here Iy denotes the Bessel function 
of imaginary argument. 


Relation (37) is valid for the functions S5(R), S®*(R) defined by (15) 
and (35), provided that’ p and ò are subject to the conditions 


(38) p> 9, 
(39) 3 > 0, 
(40) p — 8 — k/2 — 3/2 > 0, 


of which (40) implies (38). 


Now restriction (40) can be removed. In fact, expression (15) 1s 
analytic in ê for real part of 8 > 0; expression (26) is analytic in p for real 
part of p> 0. Furthermore, it follows from [8, p. 48(4) ] 


Vossa (2) = (1/T(p +8 + 8/2 + 4)E (game) oink (1 — He) mte, 
R(p+6-+ (k/2)) >—4d, that we have the estimate 7 
| Foses (2) | S c(A)el! 
for any compact subset A of the open set 
R(p) >0," R(8) > 0, 
of the four-dimensional Euclidean space 


. §=4§, + td, p == Py + ipa. 
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Therefore, the right side of (85) converges absolutely and uniformly im i 
every such set A, and (35), as a function of (p, 8) is complex analytic in A. 
Furthermore for such p and ô, the integral on the right of (37) converges 
in a similar manner, and is similarly analytic. Hence by analytic continua- 
tion, relation (87) also holds for (38) and (39) without (40). Finally, in 
all relations, it is admissible to let p | 0, and hence (37) also holds for 


(41) p= 0, 

(42) ô >00; 

actually it holds for 

(43) | the point-set defined by R(p) > 0 and pa 0, 

(44) the point-set defined by #(8) > 0 and ô= 0. 
Having thus S (37), we now proceed to prove that 


(45) lim S®*(R) = S®(R). 


Henceforward we shall consider only the case of real p and 8; the analysis 
can, however, be extended to the complex case with minor adjustments. 

For any fixed R, we estimate the integral in (87) by splitting it into 
three parts: 


OD 
ee J (Sè (p) Je?) p ED -PeR 4ET Sya (ple/2e?) dp 


H LER Soe 


The third integral in (46) is easy to estimate. For 0 < e e and p= 2R, | 


we have 
(47) | Tpsdvcr/2) (pB/2e2) | = O (ce°R/2°/ (pR)%) 


and hence 


GAUSS SUMMABILITY OF TRIGONOMETRY INTEGRALS. 5% 


© 00 
| Seq) OM f Pham rsesg RaR Hd) 


co 
= O ( Pe &/?) +p-5-2 f p512) -pòte eid p) , 
; 2k 
(48) 23 
= Q (B4/?) 1p-ò-te(k/2)-p8+} Í p{k/2)~p+5+2 9-0 dp) 
2H/e 
== O(1), as e— 0. 


To estimate the first integral in (46), wë use | 8°(R)| < ca, and consider 
the two subintervals l 


(49) pB/é <1, 
and 
(50) plt/e? > 1. 


In (49) we have 
Ipitsa) (pB/€) = 0) (pht/e*) pth+(k/2) 
so that 





&#/R [C PIR ‘ . 
| | ii O (Bk?) +9-6 f : (ete pet Ros (k%/2) a p J e2t2pt25+k) 
(51) j &/R 
— 0 ( R ptkg- Re / g? +2p+28+ J, pot a p) 
—=o(1), as e—> 0. 


In (50) we again have estimate (47) and thus 


R/2 R/2 
| f | == O (R052) moa f p` (%2) -p+ 1g (P-R/26) 2d p) 
EIR ` € 


2/R 
but here 
i a7 (p-R/2e}? ne O ( gR?) 
and thus 
R/2 
(52) | | = o(1), as «> 0. 


E/R 
From (48), (51) and (52), we obtain the result 


Se ( R) Rod) -pò 


2R 
rm Co o aaa MOT 850% /2) (PR/2e) (1/22) dp. 
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Now, in R/2 S p S 2R, we use 
(53) Is (pR/2?) = (cse/ (pR) PRLE + O( (e?/pR) rhe), 


The error-term in (53) gives rise to 
2R 
O(1)1/R J piae “dp; 


but for fixed Æ, this tends to zero as e— 0, and thus can be neglected. Hence 
we are left with . 


2R 
S5€( R) R%/2)-pt0+ pate Sie (p) p7 (#/?) -pôi g—(p-R/26)7q y 


If we put y == — (k/2) —p+8-+4 we have 


[S*(2) —8(R)]~en f 1S) — 8°(B)] (P/R) 7e eR Ap, 


But 
(2/B)” —1 = O(| p—R]) 
and hence 
2R 
8% (B) — SR) ~ os J [8%(p) — SR) Jete Rp 
R/2 


` Since (R) is a continuous function of R for R(8) > 0, this implies (45). 
For §==0, (R) = (C(R +. 0) + (R — 0))/2. 


3. The inverse formula. We want to establish the relation 
oo 
(54) f(t) = lim ost? | ERSO (R) RV pasaya (ER) AR 
R . m0 G 


for certain values of t, for all R(p) 2O,R(8) > 0. For 


(55) è > p 4- (k—1)/2 

we have 

(56) gê (£) aaa co.Re?p f f, (7) V os84(k/2) (1E) dr. 
6 


See [5,6]. If we substitue this in the right side of (53) we obtain 


I 
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OO CO 
pO = atoe f° f Compaen testy (2) Vosa (ER) Vosa (eR) dBdr 
0 
00 oO 
= Cat Í, f CER REPT OM) rD adf, (1) Tma (HR) Joda (rR) dRdr 


OO oO 
= obra È Pornot rdr | CRI nsam (ER) Josam (+R) aR 
0 a 


+ 


== Calô-P-(k/2) +2 f 


GO 
rikl) POF (r) e PTO ET 540472) (tr /2e*) dr, 


and by a similar argument as in section 2, this is equiconvergent with 


2t 
tae fof (x) dr. 


t/2 
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NOTES ON FOURIER EXPANSIONS IIL* 


(Fourier Stieltjes Series) 


By S. MInAKSHISUNDARAM. 


1. If F(s) is a function of bounded variation defined in the interval 
0S eS 2z, and if 


(1) dl (x) ~ $a + $ (än cos ng +- ba sin ne) 


then we are aware of the following results on the summability of the Fourier 
Stieltjes Series on the right of (1): 


i) Almost everywhere the Fourier Stieltjes Series is summable (C, a), 
for every a> 0. 


ji) At a point where F(x) has a derwatiwe the serves is summable 
(C,1-+-a) for every a> 0. 
A generalization of this result to k-dimensional space will read as 


follows, if we make use of spherical summation: 


Let F(e) be an additive function of bounded variation defined on Borel 
sets in the interval (0 SS £1, £o + +t S 2r) and let 


(2) dF (e) ~S On, ngt (mart. Annas) 
Om.. ny = (1/(2r)*) f . | iimas amad AR (e), 
Then i i ; 
i) the series on the right of (2) called the Multiple Fourier Stieltjes 


Series, is almost everywhere summable (y°, (k —1/2) +) for every e>0 
4. 


lim > (1 Les (efit) ) (k-1/2) HO i, : net aart : HAREE) TETE -- ata m? 


R0 YER? 
existis almost everywhere ; 


ii) ata point where the symmetric derivative of F(e) exists the series 
on the right of (2) is summable (v*, (k + 1/2) a c) for every «> 0 to the 
symmetric derivative of F(e) i.e. 


* Received June 12, 1947. 
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lim $ (1 EA (v?/R?) ) (%+1/2) On, l nei mart setNkEK) Deym. F (e) f 
R>% PSR? i 

The main aim of this note is to prove these results. We prove them 
for the two dimensional case only for the sake of simplicity, but the method 
is quite general and can be easily applied to several dimensions. Incidentally 
we give a new proof of Bochner’s result on spherical summation. of multiple 
Fourier series [1]. 


2. In the Euclidean æ, y plane, let (e) denote Borel sets contained in 
the fundamental square (— 4 =v, y = 4) and let eg, denote the set of 
points (€-/-%,»-+ 4), (#%,y)ee. Further we denote by s” the interior of 
the circle g? -+ y? = r° and sgy the circular region with center (é, y) and 
radius r. We further denote by F(e) an additive function of Borel sets (e) 
defined in —4 S g, y 4, which is of bounded variation in this square. 
We note that this can be extended throughout the plane by the conditions 


F (4,1) =F (e), &,1 being integers. 
If at a point 
lim (F(s"¢n)/at*) =f (7) 


exists, then we say that F (e) has the symmetric derivative f(é) at the 
point (é). It will be convenient to write 


F (sen) = $(8 757) = (1). 


It should be noted that, for every fixed é y, (7) is of bounded variation in r. 
Finally we denote by C a positive constant independent of all the variables 
involved; though it may occur in different places, it does not necéssarily 
take the same value. 


3. In addition to a few important properties of Bessel functions, we 
require a lemma due to Hardy and Landau and a transformation formula 
for theta functions, which will be made use of for obtaining a formula for 
spherical averages of the double Fourier series. The transformation formula is 


j oO 
(3) glu) = 9(u,8) = Seton 
m=- 


ee) 
i, mrs rmi 
Sr? > g™ n202+2r miu 
-00 


and the lemma is 


Lemma 1. If K is the circle Yv S R’, y(u, v) is any continuous 
i function, then 
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(4) Jom t/a? fp f IOIO v)dudo>'Ziy(n,»), 8-90 


where summation extends over the lattice points of K and the dash implies 
that the lattice points on the boundary are affected by a weight 4. 


For the proof cf. G. H. Hardy [2]. — 
In this lemma let us take 


y(u, v) 2: (R2 — u? — y?) teeri luotoy) | s “> 0 
we have then 


(5) > (R? ee je ae v?) &g-2ri (uetvy) 
pP+PZ RA 


—lim} fo f 9(u)g(v) (R — w — etree dudo. 
§0 : 


On the right of (5) we make use of the transformation formula (3) and 
obtain l 


R? — pe ook v?) Qg-2riluetvy) 
ERE 


= Í f (R? VOEE | A EE v?) a S gT (mrn?) +244 ((in-w) ur (n-o) dudy 
K 


§—>0 


ois lim > e775 (mP+n?) f f (R? E u? TA v?) ag ?TÌ ({m~ax) ut {n-y) o) dudu 
60 K 
(6) Hr © "4 R 
— 2r lim Y ed (men?) f (R? — t?) tJa (2rt{ (m — z)? + (n— y)? }tdt 
Q 


ĝ—>0 
— Ta T 1) +a]; -r ?0? (m+n?) Fara (2arkt{ (m — a)? + (n— y)? a2) T (aaa 
Te er ge (ma F (n— 9) yO? 
aa D(a +1) Rwy Jisa (2aR{ (m — e)? + (n— y) 
7 ((m— a) F (ny) Or 
the series in the last line being absolutely convergent for ¢ > $. If v and y 
lie in the interval (— 4, 4) we observe that 


(m—4)? + (n—4)?< (m— a)? + (n—y)? S (m+ 4)* + (w+ 4)*, 
so that 
1/ (m — 2x)? + (n— y)? = O(1/m? + n) if m+ n > 0, 
and hence 
“ee, Iisa (@aR{ (m—2)? + (m—y) }9)/{(m — 2)? + (n— y)*} Ea 
7 — O{1/F X 1/ (m? + n?) 29/4) 
— 0 (R>). 
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So we can write (6) in the form 
(7) 2 (R? — pe — a ai (uatvy) 
= (T'(a -- 1) /ar*) BY? (Jira (2r Br) /1**) -+ O (R*) 


uniformly in v and y, if a > 4 where 2+ 4? == 7. 


4, Now let F(e) be an additive function of bounded variation; then 
from (7) i 


(1 (K H/B )e S S orama een) 


8 a : 
i = (T(« + 1) £**/n*) f S Jua (mB) ya) dF (egn) 


+ 0O(R-2). 
Again, if r is a positive number, to be fixed later, 
ff (Jua (rRe) /r*2) dF (egn) == O (R>). 
PHPT? 
so that (8) can be rewritten in the form 
(9) ` (1 — (p? + y?/ R?) tcuti uat) 
= (P(e + 1)/(8)=) f Tara 2aBr) redor) 
+ O(R-*#), 


' Now consider the integral on the right of (9) viz. . 


T 1/R T 
1/Re f. (Jina (Rak) /r**) dp (r) = 1/8 [ f+ f ] 
0 0 1/R 
me Jy ez E 
say. If we set 


Ji dg(r)|=®(r) 
then 


1/R 
[Ja |= 11/8 f (Isa BeBe) 7/1) da (0) 
<CR? f Tasti) | == ORS (1/E) 


|2 |= 1 1/R f ” (Jasa (2rBr) 714) 29 (r) 
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a-t g a+3/2 

< O/R Jog \| do (r)! 

eae a-ya 43/2 ati . : . g+5/2 
O/B% Ça (r)/rA] 4 O/R J, (9(1)/72)dr 


zems (CS (1) / RA 43/2) sus CRS (1/R) + O/R% f (8 (r) fr?) dr. 
1/R 
If (r) == 0(17?) then givenee > 0 we can choose r so that for r= r 


| b(r)| Ser? 
and then 
| Ja | < Ce 


| In| < Ce+ Ce + (Cc/R): f (drj) < Ce. 
| 1/R 
Therefore we have 
Jı + J2 = 0 (1) as R— œ, 


If (r) —r°(s+o0o(1)) then we can show similarly that Jı + Ja =s + 0 (1) 
as R—> œ. Thus at all points where @(r) = r°[s-+0o(1)] and therefore 
almost everywhere the series 1s summable (v,a) a > 4. 


5. We shall now show that at a point where o(r) =o(1?) [or 
f(r) = 77(s-+0(1))] the Fourier Stieltjes series is summable (v7, a) for 
a% >> 3/2. We have only to show that 


(9) d/h J Oua ar) r) db(r) =-0(1) as R— œ, for a > 3/2. 


On integrating the integral on the left by parts we obtain 
(Jia (2rRr)/rt)e(r) T — CR f ‘(Tosa (2a Rr) /r2) o(r)dr 
G 0 f 


== (Jua(2aRr) /7**) (7) — OR f (Jara (2a) /1*2) b (1) dr 
seated Jy a Jo | 


say. Let 
| (r)| Ser? for rS r. 
Then 
| Jı | < e/ Rro 


TH 
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Hence (9) follows. If $(r) —72(s-+0(1)), the right-side of (9) will be ` 
s+-o(1). It should be observed that (77) —7?(s-+ O(1)) means that 
F (e) has the symmetric derivative s/m at the point. 


6. We shall now use the formula (6) to obtain the fundamental formula 
of Bochner: Let f(y) be an integrable function periodic in each of the . 
variables with period 1 and let us write 


so that the behaviour of f(é,7) in the neighborhood of (é, y) is the same as 
the behaviour of g(x,y) near the origin. Further g(a, y) is also periodic 
and if 

FCE n) ~ $ Cpve2tttubvrn) ` 


Ow = | È FE neeru déd 
then 
g (£, Y) ~ È duve? (aoiu) 
= 5 Cuye? Ti Cu lotE) +v (yen)) F 
Further let 


2 2 
fen(t) = t (FE toos 0, n + t sin 0) d0 = J) g (t cos 0, t sin 0) dé. 


Now multiply both sides of (6) by g(z,y) and integrate over the region 
OS2,y1. The left side will give us 
(R° TE u? ie v?) aduv we > (R? S pe = y?) lCuye? Tt (nbn) 
BSR? 
while the right side leads to 
T (a sa a =f SR (2arR{ (m — s)? + (n—y)’¥) 
((m—= 2)? F (n—y) FOO 
aoe s sf fe, 
fim 


g(x, Y) dady 


a (m — u, n— u)dudv, 


or, if PE 


TEEDE fo fa Zual?rEr) 
-= n? 0 0 


gylta 


g (u, v)dudv 


(a -+ 1) RA CSJ ial rhit 
= E DET (OG baa at, 


where Ry» is the rectangle m—~—1=2,y =m. 
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Hence we have the formula of Bochner [1] 


(10) 5 (1 — (p? a v?/R?) ) Cuye? i (ukon) == oe S tase oe (t) 


If, however, we multiply both sides of (7) by g(s, y) and integrate over the 
region — 4 S&S x,y S 4 we have 


(11) > (R? — p? — — v?) topye?r i (ubre) 


T 1 1+4 3 
DREIE fè f IaB yla, yyin 
+ O (R) 
and if we observe that for any r > 0 
Jisa (2QarRr , 
den g (z, y) dedy = O(R*), a>% 
way tr 
then (11) leads to 
(R? astia pe — v?) il Tt (utoy) 
12 Tr(a + 1) (7 J,,,(2arkr 
o») — EEE FJual BOR 1 yar ORe 


or what is the same thing 
(13) E(1— (p + P7/R?) ) eye? tute) 
RT (a + 1) Re (7 Jual rki p 
== ee f asa Balt) 5, n(t) dt + O(1/R* A), 


arl 


which proves the local property for summability of order « > 4. 


INSTITUTE FOR ADVANCED STUDY, 
PRINCETON, N. J. 
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ON A LIAPOUNOFF CRITERION OF STABILITY.* 


By G6ran Bore. 


The following statements will be proved in this paper: 
If, in the differential equation 


the coefficient function (x) is continuous, of period m, p(z + 7) =ẹ(£), 
and satisfies 


(1) TOLG 0 and (2) £0 
and z 
(2) S 1$@)| de= 4/r, 


then (L) is stable. These conditions are the “ best possible” in the following 
sense: There are unstable differential equations (L) for which 


(1*) J "(ade =. —e and (x) £0 


and (2) hold, or for which (1) and 


(2*) ACOLLE 
0 
hold, where e > 0 is arbitrary. 


This result completes a criterion of Liapounoff for stability by replacing 
the Liapounoff condition ¢(7) = 0 and (x) 340 by (1). 


Proof. In order to prove the first assertion above, suppose, if possible, 
that (L) is unstable. Then there exists a real solution y= y(x) of (1) 
satisfying 
(3) y(c + r) —sy(c) and y(x) 540, 


where s 40 is a real number. Clearly, y(x) has either no zeros or an infinity 
of zeros. In the latter case, the distance between adjacent zeros does not 
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exceed m. It will be shown in (A) and (B) that assumptions (1) and (2) 
contradict both of these alternatives, 


(A) Suppose that y(x) does not vanish, then by (L) 


Í : y” yde + f į pdr == 0. 
9 6 


An integration by parts gives 


yy i 5 f " yy?da + Í, "bde == 0. 
0' 0 (1) 


Since y (m)y (r) = ssy (0)y (0), it follows that either 


f odz < 0 or y =0. 
Q 


These two possibilities contradict the assumptions in (1). 


(B) Suppose that y(x) possesses zeros. It can then be supposed that 
0 < b—a S r, that y(d) =y (b) = 0, and that y(z) > 0 on (a,b). It will 
be shown that these facts, in addition to the existence and continuity of the 
derivatives y and y”, imply + l 


(4) | S Iride > 470-0), 


- In fact, it is clear that 


b 
(5) f lot [de> (ye) max |y (E —¥ o)l: 
a at < nE 


But, if ymax = y(a + hL} = y (b — l), where lh -+ l = b — a, then it follows 
from Rolle’s theorem that 


y (E) = Uym and — y’ (q) = lz’ ymas 


for some choice of é and y, where a < é < a + hL = b —l <7 < b. Hence, 
from (5), 


b + 
fly? | de > t= (h+ h) (bh) = 4/0 a), 
a 


in view of the arithmetic-geometric inequality. This proves (4). 


1 This inequality is due to Beurling. In my paper, “ Ueber die Stabilität gewisser 
Klassen von linearen Differentialgleichungen,” Arkiv fér Matematik, Astronomi och 
Fysik, vol. 31, no. 1 (1945), pp. 1-31, the inequality is generalized and used for the 
' proofs of other, in most respects, more far-reaching stability criteria than the one above. 
However, the one above is not contained explicitly in these results. l 
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In view of b— a5 vr, (4) and (L) contradict (2) and, therefore, com- 
plete the proof of the first assertion of the italicized statement. 


(C) It will now be shown that (1*) and (2) do not imply the stability 
of (L). To this end, let 4r >y>0 and k>0. Let y =y(z) =1 be a 
function which has a period r, possesses a continuous second derivative, is 
identically 1 on the intervals (0,47—7) and ($r +7, 7), and has a deriva- 
tive satisfying |y | <k and y’s40. Define ¢(x) to be — y” (s)y> (s); 
so that ¢{xz) is continuous and of period m. Also . 


T imt an+7 
f ġ(x)dr == — f y” yde = — f yy de = — 2h*y. 
0 žm- aw~7 


Hence, if « > 0 is given, (1*) is satisfied if k and y are chosen sufficiently 
small. Furthermore, (2) is satisfied whenever Æ is sufficiently small. 

It remains to show that (L) is of unstable type. Since the function 
y(x) is a periodic solution of (L), the equation (L) can be stable only if all 
solutions of (LL) are periodic. In this case, the solution y =z(æ{) of (L) 
satisfying the initial condition z(0) =-0 (and 2’(0) —1) has an infinity 
of zeros. This leads to a contradiction, since the Sturm separation theorem 
implies that a non-trivial solution of (L) has at most one zero. Consequently, 
(L) is unstable. 


(D) It will now be shown that (1) and (2*) do not imply the stability 
of (L). To this end, let 4r > > 0 and let y = y(x) be an odd function of 
period 27, possessing a non-positive continuous second derivative on 0 = aS r, 
and, in addition, 

x for 0 S g S 47r—y7, 
ya) = a—wxz for r Hy Sar. 


Define d(x) to be — y”y™ or 0 according as y £0 or y= 0. Then (2) is 
a continuous function of period m. Also, ¢(z) = 0, so that (1) is satisfied. 


As above, 
T aren ft 
f | p (x)| dz = — f yy de 5 
0 aT} 


but the last expression is not greater than 
(gr — 9) (y (3r — 9) — y (r + 9)) = 4/ (r — 2), 
so that (2*) is satisfied if » is sufficiently small. 


It remains to show that (L) is of unstable type. Since the function 
y == y(x) is a half-periodic solution of (L), that is, y (æ + t) = — y(z2), 
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the equation (L) can be stable only if all solutions of (L) are half-periodic. 
Suppose (L) is stable. Consider the solution y==2(x) of (L) satisfying 
the initial condition z(a) ==0 and z(a) =m > 0, where a= r —ny— ô 
and 0 < 8< łr—n Then z(a 4- r)=0 and z(a -+ r)=— m. Since 
p(s) =0 for OS aS $r —ny and fr — y S 2S 32/2 — n, it follows from 
(L) that z(z) is linear on these intervals, so that 


a(dar +) == m(a + r — ir — q) = m(n — 2n — $). 


Also, since ¢(z) = 0, it is seen from (L) that the solution z(z) is concave 
downward where z(v) >0. Hence, on the interval a < æ < a + r, the graph 
of y = z(x) does not cross the line y= m(x—a). In particular, 


2(ga + 4) = m(2y + 8). 
If the arbitrary positive numbers y, ô are suitably chosen, the last two formula 
lines lead to a contradiction. This shows that (L) is unstable and completes 
the proof of the italicized statement. 


The statement in (D) was demonstrated in a different way by van Kampen 
and Wintneyr.? 


MATEMATISKA INSTITUTIONEN, 
UPPSALA, SWEDEN. 


2E. R. van Kampen and A. Wintner, “On an absolute constant in the theory of 
variational stability,” American Journal of Mathematics, vol. 59 (19387), pp. 270-274. 


ON THE SPECTRA OF SLIGHTLY DISTURBED LINEAR 
OSCILLATORS.* 


By PHILIP HARTMAN. 


The following theorem will be proved: 


THEOREM. Let q = q(t), where 0 St < œ, bea real-valued, continuous 
function satisfying 


(1) q(t) —0 as t> œ. 


Then the half-line 0=2A< œ is in the spectrum of the eigenvalue problem 
determined by 


(2)- z” + (à +g) = 0, 

by an arbitrary homogeneous boundary condition at t—0, say 

(30) 2(0) cosO+2/(0)sind=0, . ` (0<60<7), 
and by the (L*)-condition at t = œ, 


(4) | f Pat < o. 


That (2), (30) and (4) actually determine an eigenvalue problem is: 
assured by (1); in fact, the boundedness of q(t) from above is sufficient to 
this end; cf. [5], p. 252. It is known that the conclusion of the Theorem 
is valid if the assumption (1) is replaced by either the assumption 


(51) falus 0, 

[5], p. 264; or the assumptions 

(52) J “laq| < o and q— 0 as t> œ, 
[8], p. 270, and Theorem (1), [9], p. 23; or the assumption 


(53) f “vat < æ, 
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[3]. In [5], p. 264, the relation (1) as well as the condition (5,) is assumed, 
but (1) is not needed in this situation. It is known that (5,) implies 
that the half-line OSA < œ is in the continuous spectrum and that no 
positive A is in the point spectrum of a boundary value problem (2), (80) 
and (4). The same holds if (5,) is replaced by (5), in virtue of the 
Theorem (I), [9], and the asymptotic formula [8], p. 270, for the solutions 
_ of (2) under the conditions (5,). The same assertions hold if (5;) is 
replaced by 


(54) f gai <0, 
[4], pp. 8338-834. 


It remains undecided whether or not every A= 0 is in the continuous 
spectrum under the assumption (1). On the other hand, it is known that 
(1) is compatible with a positive eigenvalue; cf. the examples constructed in 
[6], pp. 394-395 or [8], pp. 268-269. 

The proof of the Theorem will be based on two different ideas; first, 
the constructions just referred to; second, the arguments used in [2] and 
[3], the latter being manifestations of the use of the Lebesgue-Toeplitz norm 
construction in [9], pp. 26-27, for locating points of the spectrum. 

It will be convenient to deduce the theorem from several lemmas. 


Lemma 1. Let q=q(t), where OSt< œ, be a continuous function 
satisfying (1). A given -value is in the spectrum of the eigenvalue problem 
(2), (86) and (4), for every 0, if there exists a continuous function d= ¢(t), 
where OS t < co, with the properly that the differential equation 


(6) y” + (A+ ¢)y=0 


possesses a solution y = y(t) satisfying 


(7) y—>0 and y —0 (t> œ) 
and 

(8) f ydt= o, 

and, finally, i 

(9) f yea <% and f rea L 


Proof. It can be assumed that there exists a value of 0 ==6*, where 
0 <= 6* < az, determining a boundary condition (36*) corresponding to which 
the given A-value is an eigenvalue. For otherwise it follows from the oscilla- 
tion theorem of [2] that A is in the spectrum belonging to every boundary 
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condition (38), where 0 SO<m. Let 2 ==2"(¢) denote an eigenfunction 
belonging to A and 6*, so that == s* (t) £0 satisfies (2), (80*) and (4). 
Then (1) and (4) imply ` | 


(10) v* —> 0 and «*” —> 0, (t— œ); 


cf. [7], p. 18. 

- Suppose, if possible, that for some value 8, where 0 & 0 < ~r, the given 
à is not in the corresponding spectrum. Then it is known ([5], p. 251) that 
the inhomogeneous equation 


(11) e+ (A + q) =g 


has a unique solution s == X(t) satisfying (80) and (4) whenever g = g(t) 
is a continuous function of class (L?) on OS t< œ, 


(12) f Gite te. 
[$] 


Choose the function g to be (g—¢)y, where ¢ and y are the functions 
satisfying (6)-(9). Then (12) follows from (9), while (11) becomes 


(13) s” + (A+ ge = (q—$)¥. 


Let v = X = X(t) denote the solution of (13) satisfying (86) and (4). 
Then 


(14) X — 0 and X’ 0 (t—> œ); 


cf. [7], p. 18 (although the proof given loc. cit. is for an homogeneous 
equation, it is also applicable to the inhomogeneous equation (11)) or cf. [1]. 

It is seen from (6) that «= y(t?) also is a solution of the inhomogeneous 
equation (13). Hence, the difference «== X —-y is a solution of the homo- 
geneous equation (2). urthermore, since X is, but y is not, of class (L°), 
cf. (8), the difference X — y is not. Accordingly, the solutions «== «* and 
x = X — y are linearly independent. Consequently, (7), (10) and (14) lead 
to a contradiction, since the Wronskian of z* and X — y is a non-vanishing 
constant. Hence the proof of Lemma 1 is complete. 


Lemma 2, Let g=q(t), where OS t< œ, be a continuous function 
satisfying (1). Then there exists a function ¢==2(t), where OSt< œ, 
possessing a continuous second derwative and having the properties that 


(15) 2>0 and 2 <0, 
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(16) z2—->0 and 7—0 (i>), 
(17) 2’ /4z—> 0, (t œ), 
(18) f #dt == o but f PPL o, 

0 0 
(19) (Za <œ and S 2¢/eyat < 0, 

0 0 
and 
(20) fe cos 2¢dt is convergent. 

0 


Proof. To simplify the construction, the function z defined below will be 
a “smooth” function, except for a sequence of “corners” tending to œ. 
At a corner, the symbol 2’, 2” will represent either of the limits z’ (t + 0), 
z” (t + 0), respectively. In view of the convexity of the function 2°, cf. (21) 
below, these corners can obviously be removed without influencing the above 
relations. (For the application to be made in Lemma 3, it is unnecessary to 
carry out this smoothing process; cf. the remarks following (29) below.) 


Let «== a, where /=1,2,--+-, denote a sequence of numbers such 
that 
(i) % > 1, 
(ii) lq(t)| < 1/k if t > a, 
(iii) Ar > OK" 


(so that the sequence «y increases faster than a geometric progression), 


(iv) @%, is an odd integral multiple of 4r. 
Let 6 = By, where k==1,2,---, denote a sequence of numbers such that 
(v) Ge < Be < Cer, 
(vi) Br ~ ox? [ke (k => œ), 
(vii) Ax is an odd integral multiple of $r. 


Since this lemma concerns large ¢-values, it will suffice to define the 
function z(t) on 8S t< œ. In terms of the numbers a, Br, let z(t) 
be the positive continuous function determined by 


(21) g(t) =t? if Best E arn and k= 1,2, 
2 2°(¢t) is linear if a, S t & br and k= 2,3,---. 
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For the sake of simplicity, «, 8, A, B will be written in place of On Br 
Ax, Br, respectively. Then 


(22) 2? (a) =a? and 27(8) = 87? 

and 

(23) 2(t)=At+B (a<t<f), 
where 


A == Ay == — (4? — 8?) /(B — a) = — (B+ &)/a%8?. 
Hence, by (vi), 
(24) — A ~ ka, (k= æ). 


The function z(¢) is positive, decreasing and satisfies the first relation 
jin (16). Also, 


(25) 2(z/z) is either A/(At+ B) or —2jt, 


according as t (= £,) is or is not in an interval of the type a5 t 5&8. In 
the first case, it is seen from (22), (23) and (24) that 


A/(At + B) = O (kat?) = 0 (k). 


Consequently, (17) holds. The second limit relation in (16) is implied by 
' (17) and the first part of (16). 

There remains to verify the statements involving the integrals in (18), 
(19) and (20). It is seen from (22) and the second part of (21) that 


i: | 
(26) f at= Aw? + eh (8 —a) ~ Spec (b> œ). 
sA 
Hence, the first relation in (18) follows from (vi), since 
oO B 
f ed => f 2*di = const. $, 1/k = oo. 
B Ya k 
On the other hand, 


oO oO *p 
f 2g dt E J Ped +H J qg°z dt. 
By By k“a 


The first integral on the right converges in virtue of (1). From (ii), (vi) 
and (26), 


B B 
f qzd < k f 2*dt == O( hk), 
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Thus, the second part of (18) is verified. 
Similarly, it is seen from the first part of (21) that 


a e) 00 B 
f dt < f tedi +3 J dt, 
By Bs k Ja 


and from (23) and (25) that 


4. f ea == f eai + B)“di == A log (At + B) E 
From (22) and (23), the last expression equals 
A log «?/B? ~ const. ka-* log g, 

in view of (24) and (vi). Since 

> katloga < œ, j 
the first relation in (19) follows. From (25), 

(2'/2)’ = O(2'/z)?, 
as ¢—> œ. Hence, (17) shows that 

2? (g /2) == 2°O (2/2)? = 0(2"*), 

so that the second part of (19) is implied by its first part. 


In view of (25), 


B 
S teva) cos 2¢ di = — f T1 cos 2¢ dt +S f ( (2/2) +t) cos 2t di, 
By By k a 
provided that the series converges. Since 
B 
f t cos 2t dt = O(a), 
it follows that 
B 
2 f i> cos 2t dt | = O( Sa") < o. 
k Ya k 
An integration by parts gives 
B B B l 
2 f (2’/z) cos 2t dt == (2’/z) sin 2¢| — f (z'/zy sin 2¢ dt. 
a a 


The first expression on the right vanishes, since « and £8 are integral multiples 
of 47. From (25), 
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B B , 
— 2 f (2’/z)’ sin 2t dt == f A’ (At +B) sin 2t dt; 
& a 


if the new variable s == — (t -+ B/A) is introduced, the last integral becomes 
| ~a-B/A 
— f s? sin (2s + 2B/4)ds. 
~B-B/A 
From (22), (28) and (24), 
 — a — B/A = — a /A~ o/b 
and 
—B—B/A——f*/A~k, 
by (vi). In view of the oscillatory character of sin (2s + 2B/A) and the 
monotony of s%, 
“e/a 
s? sin (2s -+ 2B/A)ds = O(8 + B/A” = 0 (k). 
-B-B/A ; 


Consequently, 
B 
S| f (2/2) cos 2t.dt | =0( E k) < o. 
k g k 


This completes the proof of (20) and of Lemma 2. 


Lemma 3. If q= q(t), where OS t< om, is a continuous function 
satisfying (1) and if X>0, then there exists a continuous function e(t) 
satisfying the conditions of Lemma 1. 


Proof, It can be supposed that A== 1, otherwise the unit of length on 
the ¢-axis is changed in the proportion 1: Aè. Let z==2z(t) denote a function 
possessing a continuous second derivative and satisfying (15)-(20). In terms 
of 2(¢), define functions y = x(t) and 6=— ¢(%) by 


(27) x(t) == 2(2*/2z) cost 
and 
(28) — (t) = x? cos? t -+ y cos t— 3y sin f, 


respectively. Then ([8], p. 268) 


(29) y == y(t) = exp ( fx) cos s ds) cost 
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is a solution of the differential equation (6), where X==-1. It remains to 
show that (7), (8) and (9) hold. 

It can be remarked that even if z is the function constructed in the 
proof of Lemma 2, so that 2’, z” are discontinuous at t == œr, Bx, the functions 
(27) and (28) are still continuous, while (29) possesses a continuous second 
derivative. This is a consequence of the fact that ax, 8, are odd integral 
multiples of şr. 

In virtue of (27), the integral in the exp ( ) factor in (29) is. 


t t t 
2 f (2’/z) costs ds— f (2’/z) a+ f (2’/2) cos 2s ds. 
0 0 0 
But (20) shows that the last integral tends to a finite limit as [> œ. 


Hence, the local absolute continuity of log z implies 


(30) exp ( (xis) cos s ds) ~C z(t), (t= œ), 
where E 
C = z* (0) exp ( RZ cos 2¢ dt) > 0. 
Consequently, the first part of (7) follows from (29), (30) and the 
first part of (16). A differentiation of (29) gives 
y’ = yy cos t— exp (__) sin#, 


so that the second part of (7) is implied by the first part of (7), (27) and 
(17), (80) and the first part of (16). | 
The monotony of z and the first part of (18) show that 


(e) 
f z? cos? t dt == œ, 
9 


so that (8) follows from (29) and (30). Also, the second part of (9) 
follows from (30) and the second part of (18). Finally, in view of (28) 
the first part of (9) will be verified if it is shown that i 


(31) f x! 22dt < o, f “dedi < co and f SPd <0. 


Since (17) implies that y—>0 as t-» œ, the first of the relations (31) is a 
consequence of the last. On the other hand, the last part of (81) follows 
from (27) and the first part of (19). Finally, from (27), 


x’ = 2(2'/2)’ cos t — 2 (2/2) sin t. 
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Hence, the second relation in (31) is implied by (19). This completes the 
proof of Lemma 3. | 

The Theorem now follows from Lemmas 1 and 3 and the fact that the 
spectrum is a closed set. 
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BEST APPROXIMATION FORMULAS.* 


By ARTHUR SARD.! 


S 


Introduction. A criterion for determining best formulas of approximate 
integration is proposed in Section 1. A criterion for determining best 
approximation formulas of a class of general type is proposed in Section 5. 

Particular best and nearly best integration formulas are given in 
Section 2. 


+1. Best approximate integration formulas. Consider approximations 


of an integral 
b 


A = kx (t) + k(t) +- + + + hyp (ty), 


where kı, ° +, lep; t:,° * *,¢, are constants independent of the function g(t) 
and at; S6,1=1,:-++,p. Suppose that A is such that the approximation 
is exact: A == I, whenever x(t) -is a polynomial in ¢ of degree n. The non- 
negative integer is fixed throughout our discussion. 

Let @ be a class of such approximations A. We shall suggest a criterion 
for determining which (if any) approximation in @ is best. Our criterion 
will be relative to the integer n. 

Put 


of the form 


R[x] —I—A; 


Ria] is a linear (that is, additive and continuous) functional on the space Co 
of functions s(t) continuous on ats b with norm 


| æ || max | 2(¢)|. 
atab 


Furthermore R[ a] vanishes whenever æ(t) is a polynomial of degree n. It 
follows that there exists a function k(t) such that 


* Received January 16, 1948. ' ` 
1 The author gratefully acknowledges financial support received from the Office of 
_ Naval Research, Navy Department. 


80 


BEST APPROXIMATE INTEGRATION FORMULAS. 81 


(1.1) Bia] = S aoa (t) k(t) dt, 


whenever z(t) is a function absolutely continuous n-th derivative. The 
function k(t) may be taken as the following: 


(1.2) k(t’) = Rl ve] = — R[ de], 
| 0 | if it, 
(1.3) wer = pe (t) = { (t—?t’)"/n! if foot . 
E _ f (tt)*/n! ftst, 
(1.4) Gr = pr (t) =} 0 ies 7, 


As a matter of fact k(t) in (1.2) is an n-fold integral of a function of 
bounded variation.” . 

For each approximation in @ there is a function k and a representation 
(1.1) of the remainder R[x] corresponding to the approximation. We shall 
say that an approximation in @ is best if the integral 


Ja Jea at 


corresponding to it is a minimum in the set of all such integrals corresponding 
to the elements of C. 

The use of the word “best” may be justified as follows. ‘The best 
element of @ should be one for which R[a] is smallest, in some sense. If J 
is a minimum, that part of (1.1) which is independent of z(t) is small. 
Precisely put,.Schwarz’s inequality implies that 


(1.5) > | Riz] | = J*4[ fiom (t)*dt]%, 


providing that z'"*4)(¢)? is integrable. Thus if (1.5) is used to appraise 
R[x], the best formula of Q, as defined above, gives the least appraisal. 
Heretofore the appraisal of (1.1) by the theorem of the mean: 


(1.6) — | Ris] [Ss S'i k(t) | dé sup | gt”) (4) | 


has often been used. In many situations the appraisal (1.5) seems pre- 
ferable to (1.6); such situations are ones in which it is easier to estimate 


* The results of this paragraph are due to F. Riesz, Peano, and Rémés. Cf. A. Sard, 
“Integral representations of remainders,’ Duke Mathematical Journal, vol. 15 (1948), 
pp. 333-345. 


6 


82 ARTHUR SARD. 


D : 
f aint) (¢)2d¢ 


If the appraisal (1.6) is used, the least appraisal will be obtained from 
that approximation in @ (if any) for which 


Si k(t) | di 


is a minimum. Actually to determine such an approximation may be very 
complicated in practice; even in simple cases irrational values of the 
coefficients may be involved. 

In the past a procedure sometimes followed has been to choose that 
approximation in @ (if any) which is exact for a degree greater than n. 
Such an approximation permits an appraisal in terms of a higher derivative 
of w(t) than the (n+ 1)-th providing that s(t) possesses certain proper 
higher derivatives. However-the function (t), or our knowledge of e(t), 
may be such that an appraisal in terms of the higher derivative may not be 
possible or useful. For example the higher derivative may not exist; or our 
knowledge of 2(¢) may be confined to a set of particular values of s(t), 
contaminated by error, from which we can estimate or guess at properties 
of the (7+ 1)-th derivative but not a higher derivative. Alternatively the 
higher derivative may be so large that an appraisal in terms of it will be less 
powerful that an appraisal in terms of the lower derivative. 

As a precise example, suppose that 


than sup | z» (¢)|. 


(1. 7) [= EOL A = co (0) + as (1) +: - + + cerb), 


where Co, G1,‘ © *, Co are constants; and suppose that @ consists of all formulas 
A of the form (1.7) which are exact whenever æ(t) is a polynomial of 
degree 1. The Newton-Cotes formula is that formula of @ which is exact 
whenever z(t) is a polynomial of degree 6. The Newton-Cotes formula 
admits a representation (1.1) with n = 6, providing that x‘ (t) is absolutely 
continuous. But if a representation (1.1) with n=-1 is to be used, the 
Newton-Cotes formula is neither convenient nor apt. Calculators, aware of 
this fact, have followed alternative procedures; for example they have used 
that formula of @ which results from an application of the trapezoidal rule 


to the integrals 
1 2 8 
Sofo f aaa 
a 1 5 
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The particular formula thus obtained leads to an appraisal (1.5) which is 
more than twice the appraisal given by the best formula, in our sense.® 


2. Particular best integration formulas. In this section R[#] will 
stand for the remainder in the approximation of 


EOL 


by a linear combination of the m +1 values of a(t) at t= 0,1,- m; 
the linear combination being such that the approximation is exact whenever 
x(t) is a polynomial of degree n. Put z; =s(i). Then 


(2.1) kz] = S) di — (ot F ot, ++ + + + Cm2m) 


| _ fseoconena 
0 


whenever æ‘) (t) is absolutely continuous. Here m and n are integers, 
m=, n= 03 co, C° * +, Cm are constants; k is defined by (1. 2). 

For fixed m and n, let Amn be the class of all formulas (2.1). We shall 
show in the next section that either there is a unique best formula in Om, or 
Cmn is empty. The latter case occurs if and only if m is less than the largest 
even number contained in n. 

Table 1 gives the coefficients ¢o,¢1,- * *, Cm of the best formulas in all 
cases n & 3, m6 for which formulas exist. In each case Table 1 gives 
also the quantity 


(2. 2) tee k?(t) dt 
0 
which enters in the appraisal (1.5). In each of the best formulas 


(2.3) Cm-4 = Ci t= ° em; 


3 For the best formula, Cə = Cs = 41/104, c, = cs = 118/104, c= c= 100/104, 
cs = 106/104, and J = 77/6240 = .0123. 

For the iterated trapezoidal rule, Co = Ce = 1/2, C = C: =0s = C, = Cs = l, and 
J = 6/120 = .05. 

For the Newton-Cotes formula, Co = Ce = 41/140, c, = cs = 216/140, C= 04 
= 27/140, c, = 272/140, and J = 27/350 = .077. 

The coefficients of the best formula and the corresponding value of J are given in 
Table 1, m = 6, n= 1. The comparative effectiveness of the best formula and the 
iterated trapezoidal rule is indicated by the square root of the ratio of the values of J, 
viz. [6/120 — 77/6240] = 2.01. The numerical values of J can be obtained from 
equation (3.6) with p = 3, n = 1. 
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accordingly certain coefficients c; are not tabulated. The use of Table 1 is 
illustrated by the best formula cited in footnote 3. 


A computer using (2.1) may determine an appropriate value of a 
as follows. He may estimate (by means of differences or in some other way) 


the products 
7e 
Sin f g di 
0 


for different n, and then choose the value of corresponding to the least 
estimate. 


TABLE 1. 


Best APPROXIMATE INTEGRATION FORMULAS. 


we. CoA GÀ CÅ CÀ A Jma 
n = 0 
1 1 2 1/12 == .083333 
2 1 2 2 2/12 = .166667 
3 1 2 2 3/12 == .25 
4 l 2 2 2 4/12 = 3888333 
5 1 2 2 2 5/12 == 416667 
6 l 2 2 2 2 6/12 = 5 
n=l 
l I 2 1/120 = 008333 
2 3 10 8 1/160 == .00625 
3 4 ll 10 1/120 = .008333 
4 Il 32 26 28 1/105 == 009524 
5 15 43 37 - 38 5/456 == .010965- 
6 4l 118 100 106 104 "77/6240 == 012340 
. n = 2, 
2 1 4 3 1/1890 = ,000529 
3 3 9 8 11/8960 = .001228 
4. 21 T6 46 60 11/12600 = 000873 
5 112 379 289 312 73/69888 = .001045- 
6 55 192 132 172 155 11/10850- = .001014 
n == 3. 
2 1 4 3 1/3072 == .000110 
3 3 9 8 13/17920 == .000725 
4 2349 9932 4430 7248 6557 /36529920 = .000179 
5 29392 110209 76819 86568  61633/193912320 = .000318 
G 1082811 4409946 2225043 4304484 3290014 210047/921203920 = .000228 
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TABLE 2. 
NEARLY Best FORMULAS. 
Percentage 
by which J 
M CoA CA CoA CGA A J exceeds Jmn, 
n =] 
4 39 115 92 100 143/15000 = .009533 10 
5 40 112 98 100 11/1000 = 01] 32 
6 40 112 98 100 100 31/2500 = .0124 49 
n = 2, ; 
5 43 146 lll 120 79/75600 = .001045 04 
6 3855 1238 853 1108 £1000 7097 /7000000 = .001014 003 
n= 3. 
4 97 412 182 300 10193/56700000 = .000180 Ly 
5 407 1529 1084 1200 1154043/3628800000 = .000318 O6, ; 
6 329 184l 675 1810 1000 31923/140000000 = .000228 .003 
5 81 307 212 240 46987/145152000 = .000324 1.85- 
6 33 134 67 132 100 1487 /6300000 = .000236 3.52 


In certain cases the coefficients c; of the best formulas are somewhat 
cumbersome. For this reason the “nearly best” formulas of Table 2 may 
be of interest. The formulas of Table 2 are of the form (2.1); im each case 
the formula is exact for degree n and 


J= J "(iy at 
8 


is close to the absolute minimum Jmn. Table 2 gives J and also the percentage 
by which J exceeds Jmn. Since the appraisal (1.5) involves the square root 
of J, the extent to which the appraisal is increased by the use of a nearly 
best formula instead of the best formula is indicated by one half the percentage 
increase of J over Jmn. In two cases, two alternative nearly best formulas 
are given. 

The cited formulas transform to formulas of approximation of other 
- integrals readily. Thus suppose that 


t* = at + B, | «> 0, 
rë (t*) Ta a(t), 


p* 
R* TT e* | nee f æt (t*) dt® EN [ o* ox* (t*a) +. c*a (tă) ote wie .% + C” png” (t¥ m) | 
@ vy 
== f gp (nt1) (t*) yE (i) dt"; 
a*™ 


pë 
Jem f WCE) ae’, 
a* 
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where 2%; == «i -+ B, b* = t*m, a* = t*o Then R*[a*] = aR[z] if 
(2. 4) ! c*; == ACi 

in which case k*(¢*) == ah (t) and 

(2. 5) JF = gmt], 


Thus best and nearly best formulas for 


p* 
f s*(t*)di* 
a* 


can be obtained from Tables 1 and 2-respectively merely by using (2.4). 
The following inequality holds whenever Jmn and Jmm exist (that is, 
whenever the classes mn and Gmn are non-empty) : 


(2. 6) 5 eee a eat ene 


For, a formula (2.1) with m= m, + m, can be constructed by combining 
(2.1) with m = m, and (2.1) with m = mz, translated so as to refer to the 
integral from m to m, -+ ms. By (2. 5) the translation leaves Jmn unchanged. 
Furthermore, J for the combined formula is the left side of (2.6). The 
inequality (2.6) follows, since Jmumgn is the minimum of all J with 
M = Mı +- Mg 

The equality in (2.6) holds if and only if the coefficients c; obtained 
when the formulas are combined are precisely the coefficients of the best 
formula for m == m, +- Ma, since the minimum of J is taken on at a unique 
point. 


3. Derivation of the formulas of section 2. We shall consider the case 
of an odd number of ordinates: 


m = 2p. 


The case of an even number of ordinates is treated similarly. 
After a suitable translation of the t-axis, the remainder is of the form: 


(3. 1) R[z] songs lito di — [ aop + byCp1 + pe Po ie + Api V1 -4 Co 
-p 7 
+ Do@p + b-p + bp-1t-1], 
where R[x] = 0 whenever x(t) is a polynomial of degree n. The latter 


condition is satisfied if and only if R[s] = 0 for s = 1, z = ú, a= t}, tt; 
g = t”; that is, if and only if 
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(3.2) E (p—i)a(as + bs) =20"/(g +1), q even, 
(3.38) S (p—i)t(a —b,) =0, q odd, 
4=0 


(3. 4) 2 Chee PEE ee 


Our problem is to determine (a;, bi, c) such that the n + 1 constraints 
(3.2), (3.3), (8.4) are satisfied and such that the integral 


J= AOL 
-p 


is a minimum, where k is given by (1.2). In the process of solution, we shall 


prove that a; = b;, as one expects. 
In order to calculate k(t) we use (1.2) and (1.8) for #’ 20; -(1.2) 
and (1.4) for ’ 0. By (1.2) and (1.3), 


k(t’) = (p—t)""*/(n+1)!—a(p—l)"/n!, p—isť Syp, 
b(t) = (p—ť)"/(n + 1) !—ao(p — t)" /n!— a (p—1—t)"/nt, 


p—s Sp], 
k(t) = (p— 8#)" (n + 1) !—a(p —t)”/n!— m (p —1— 1) */n) 


—' : *— âp (l1 — v’)*/n}, (SYS. 
Put 


H = H (ao, A y @p-1) = See) dt’. 
0 


Squaring each of the above expressions for k and collecting like terms, we 
see that 
H = u — Wili + Wifi, 


where a repeated index indicates a sum, 4, J3 = 0, 1,: : -, p— 1, and 
u = J? oon + 1) P dt = p™/ (n + 1) P(2n + 3), 
Vi = MC — t)” (p —t—t)"/(n +1) In! dt 
= SG + 4)™457/(n +1) In! ds, 
Wji = Wij = fi =a p=) a 


-j 
= fi (s + 7 —1)"s"/n I? ds, J 


y 


+ Va A 
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tas r 
+ 


A similar calculation, starting with (1.2), (1.4), shows that 


Q 
f ke(t) dt’ = H (bott, bp-i)» 
“ -p 
where H is precisely the same function as before. Hence 
(3. 5) J = H(t, ` +, Gp) + H (bo ° : +, bp). 


Since c does not enter in (3.5), the constraint (3.4) merely serves to 
determine ¢ in terms of (ai, bi). 

We wish to minimize the quadratic function (3.5) subject to the 
constraints (3.2), (8.3). If the constraints are satisfied by (ai, bi), they 
are also satisfied by (b:,a;). Furthermore J is unchanged if a; and b; are 
interchanged. Hence if J, subject to the constraints, assumes a minimum. 
at a unique point (a; bi), it must be true that a; = ba 1=0,1,---,p—1. 
(Otherwise interchanging a; and b; would give another minimizing point.) 

The constraints (3.2) (8.3) are either inconsistent or consistent. If 
inconsistent, the class of formulas Gm, is empty. If the constraints are 
consistent, they may be used to eliminate from J certain of the variables 
(a:,6;). After this elimination J will be a quadratic function of the 
remaining variables, considered as independent; and J will be always positive. 
The positiveness of J may be seen as follows. If J==0 for (ai, bi), then 
k(t) == 0 almost everywhere. Hence R[x] = 0, by (1.1), for all functions 
a(t) with absolutely continuous n-th derivative. But we can construct such 
a function g(t) which vanishes at integral points but whose integral is positive. 
For such an g, R[x] 0. 

We now prove that J takes on its minimum at a unique point (ai, b). 
Suppose that g of the variables (ai, bi) are independent. If q =O, (ai, bi) 
is determined uniquely. If qg > 0, denote the independent variables by 
Yu © *,Yq Each yr is one of the variables (a: bi). Then J =J (y) 
= W — 20-4, + W rsYrYs, say, where repeated indices are summed and 
7, s= 1,;-+,q. It will be sufficient to prove that the quadratic form WrsYyrys 
is positive definite, for then J (y) will then have a unique critical point. 
Suppose the contrary. Then for some (yr), say (Y'r), Wry rys S0 and 
Y'rYr 0. Now w'rsy’ry’s <0 is impossible, else J(Ay’) would be negative 
for sufficiently large A. Hence w’rsy’-y’s = 0 and J (Ay) = W — Wry rà for 
all real À. Since J is never negative it follows that v’ry’r = 0 and J (Ay) = w. 
But this is impossible. Let p be an integer such that yp 5&0. Let (t) be 
a function which vanishes at integral values of ¢ other than the integral value 
corresponding to yp as a coefficient in (3.1), and which takes on the value 
unity there. Then 


‘ Pa r,! 
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© we 


R fa] m f "vad — Y pr 
f -P 


for all A, by (8.1). This contradicts (1. 5) since J = w is independent of A. 
Since a, = b; at the minimum, our problem is equivalent to the following: 

To minimize 

(3. 6) J == 2H (do,* > +, Opi) 

subject to the constraints 


-1 
(3. 7) 5 (p—1)%a; = p™/ (q + 1), q even, lSqsn. 
4=0 


For ‘particular p and n, this problem can be solved directly; one may use 
the constraints to eliminate certain of the variables and then minimize the 
quadratic function of the remaining variables. For example, if n = 2, p = 2, 


(8.6) and (8.7) become . $ 
J /2 == 32/63 — 1600/9 — 3Ya,/120 + 8a 97/5 + B1aa,/60 -+ aı”/20, 
AA + by = 8/3. 


Eliminate a,: 
J /2 = 18/315 — 79/30 + &?°/3. 


For a minimum, @=7/20. Then a,—19/15, J == 11/12600. These 
results are given in Table 1, n == 2, m = 4. 

In deriving particular best formulas, an elementary fact about quadratic 
functions is useful: Suppose that f == y + 2yiz; + yijziz;, where repeated 
indices are summed, yij yi, y are constants; and the z; are independent 
variables. At a point z; at which the differential df vanishes, f == y + yizi. 

Table 1, 70, may be extended to all values of m quite easily: 
Co == Cm == 1/2, all other c; == 1. A proof of this fact may be given along 
the following lines. First one proves the assertion for the case m even, 
working with the explicit function (8.6). Then one derives therefrom the 
assertion for m odd by using the inequality (2.6). In this way one avoids 
formal complications due to the constraints. 


4, Convergence. Consider a fixed n and a sequence m==n, n+ 1, 
n -+-2,° + + of best approximations of 


ix (¢) dt 


using respectively m + 1 equally spaced ordinates z(a), «(a+ (b —a)/m), 

-+,@(b), each approximation being exact for degree n. Let x(t) be a 

function with absolutely continuous n-th derivative for which 2) (t)? is 
E 
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integrable. Let Em[x] be the remainder in the approximation involving 
m + 1 ordinates. Then 


| Rala] |S L f a (EAn, 
where n 
(4.1) Jmn = [ (b — a) /m ]°™* T] mn, 


by (1.5) and (2.5). An appraisal of the convergence of Jm to zero as 
m —> œ is the following: 


(4.2) 0 < Jm S [(b—a)/m]?™8({m/n} Inn + Kn), 
where {u} is the largest integer contained in u and 
K, = max (Jnn J nsiny mee fg Jon-in) — Jnn- 


The relation (4.2) follows from (4.1) and (2.6). 
Thus #&,,[2] is of order at most 1/m"*?. 


5. Best approximation formulas. One may consider a far more general 
situation than that of the preceding paragraphs. 


Suppose that R[x] ts any functional which is linear (additive and con- 
tinuous) on the space Cg of functions s == x(t) with continuous q-th derivative 
on at Db, the norm being 


| al] = max max |z (t)]. 
4=0,1,....@ AECE 


Suppose that R[x] vanishes whenever x(t) is a polynomial of degree n Zq. 
Then (1.1), (1.2) hold whenever z(¢) is a function with absolutely con- 
tinuous n-th derivative. Furthermore k in (1.2) is an (n—q)-fold integral 
of a function of bounded variation. 

We define the modulus M of R[a] by the relation: 


M=|K| J eoa, 


where K is the set in a & t & b on which k(t) £0 and | K | is the measure 
of K. 


Suppose that R is a class of functionals Rix] of the above type. We 
think of each R[z] as a remainder. We say that R is a best functional in 
the class R if the modulus of R is a minimum among the moduli of all 
the elements of R. 

A justification of this definition is as follows. If s% (4)? is integrable, 
Schwarz’s inequality implies that 
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since the integral in (1.1) may be taken over K instead of [a,b]. (The 
case | K |= 0 is ruled out as trivial, for then R[z]—0.) The second 
member of (5.1) is the product of the modulus and the root-mean-square of 
vD (t) on K. As our choice of the best functional is to be independent 
of the particular function z(t), we proceed as if the root-mean-squares of 
z% (¢) on different sets K are comparable. The best functional, as just 
defined, gives the appraisal (5.1) with the least M. 

The definition of best approximate integration formula given in Section 1 
is consistent with the present definition. For im the cases considered in 
Section 1, k(t) is piecewise a polynomial of degree n-+1. Accordingly K 
differs from [a,b] by a finite number of points, | K |—(b—a), and 
M = (b —a)3J*. Hence minimizing J is equivalent to minimizing M. 

As a particular example, suppose that we wish to approximate the 
derivative z’ (1/4) in terms of a linear combination of certain of the values 


(5. 2) = *,@(—2), a(— 1),@(0),2(1), x(2),° canes 


that the approximation is to be exact for degree no, and that we will appraise 
the remainder by (5.1) with n= no The more of the values (5.2) that 
we use, the smaller becomes the integral in M?. At the same time, however, 
the larger | K | may become. If 7 —1, the approximation using the fewest 
and closest values (5.2) seems to be best. If n= 2, the approximation 
using the fewest and closest values (5.2) is not the best. Details are 
omitted here. 

The functionals R[x] considered in this section may be the remainders 
in many approximating processes, including the following: Approximate 
integration other than that considered in Section 1, Approximate integration 
of Stieltjes integrals, Interpolation, Extrapolation, Approximate differentia- 
tion, Approximation summation, Approximations by polynomials according 
to least squares. . 

Finally, suppose that R is a class of linear operations R[x] on Cy to a 
function space, say, Co, the space of functions y == y(u) continuous on 
äus b. Suppose that each R[x] vanishes whenever x(t) is a poly- 
nomial of degree n= q. For each fixed u, then, Rl av] has a modulus M. 
We may define a best operation (if any) in @ as one which minimizes the 
integral of M? or, alternatively, the maximum of M?, over dS usb. 


QUEENS COLLEGE. 


_ CHARACTERIZATION OF A FIELD BY A SINGLE OPERATION.* 


By S. Bororsky. 


1. Introduction. A field is a system consisting of a set of elements 
and two binary operations with properties roughly equivalent to the usual 
properties of addition and multiplication in ordinary algebra.t These 
operations are distinct, that is, the sum of elements a and b cannot always 
equal their product. They are not completely independent, however, since 
they are connected by the distributive law a(b J- c) = ab 4- ac. It is not 
surprising, therefore, that a single operation can be found, consisting of some 
combination of addition and multiplication, in terms of which the two field 
operations can be expressed. 

N. Wiener? has shown that a field can be characterized by suitably 
ascribing properties to a single operation in such a way that this operation 
becomes the equivalent of 1 — a/b in the field. If b= 0, however, the result 
of this operation does not exist, so that the field fails to be closed under the 
operation. R. J. Levit showed that a field could also be characterized by 
another operation, expressible in the form a(1— b}, under which the field 
is closed. To avoid some complexity in the definition and properties of 
addition and subtraction, Levit demonstrates the sufficiency of his postulates 
by deducing Wiener’s from his own. However, merely by changing the 
primitive operation to a(b— 1), using a different set of postulates, it is 
an extremely simple matter to define the field operations and deduce imme- 
diately the necessary properties. This is done in paragraph 2. 

In paragraph 3 we discuss other ways of defining the field operations. 
In paragraph 4 we show how certain single operations characterize subfields 
of a given field. ' 


2. Characterization of a field. Let S be a system consisting of a set 
of elements, at least two in number, and an operation aob. We assume: 


Al. For all a, 6 in § aob exists and is a unique element of S. 


* Received August 8, 1947, 

1 See, for instance, A Survey of Modern Algebra by Birkhoff and MacLane. Note 
that a field must contain at least two elements. 

* Transactions of the American Mathematical Society, vol. 21 (1920), pp. 237-246. 

3 Transactions of the American Mathematical Society, vol. 57 (1945), pp. 426-40. 
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AR.  (@°9b) oc== (acc) ob, 
A’. If coa==20b5 for all v in S, then a =b. 


A4. There exists an element 0 such that (400) 0 (0006) =a for all 
i a,b in 8. 


A5. There exists an element v, such that corresponding to any a, 6 in a 
with a@ =Æ g% there is an « for which & o g= b. 


For simplicity in form, the statement of the final postulate is deferred 
until we have deduced some further properties of the operation. 


THEOREM 1. If aob =at, 45Æ 8oy then b= c. 
Let x be any element of S. Then there is an element y such that aoy == g 


(A5). Then gob = (aoy)op 
= (aob)oy (A2) 
= (@oc)oy (Hyp.) 
— (aoy)oc (A2) 
== 20 ¢, 

Hence b==c (A3). 


COROLLARY. The x in Abd is unique. 
THEOREM 2. There is a unique 0 and a unique t, and they are equal. 


Choose any 0 and any zo Then there must be an element a such that 
a°0s42%. For otherwise for every a we have a = (ao 0) o (00g) by A4, 
so that every element equals zoo (0°%,), contrary to the existence of at 
least two elements. 

Let a be so chosen that ao 0542. Then, for any elements b, c we have 
(2°0)° (00b) = (a00)o (00c) by A4. Therefore; 0°68 = 0 o c (Theorem 
1) for all b,c. If Osa this requires b==c (Theorem 1), which is 
impossible. 

Thus every 0 equals every 2%, which establishes the desired result. 


THEOREM 3. 0Q°ca-=0 for every a. 


We have already seen (preceding proof) that 00b=0o¢ for all b,c. 
Letting c= 0 we have 0°b==000, Hence (0°06) °0=—(000)00. But 
(0°b) 090 (000) 08 by A2 Therefore (0°00) ob (090) 00. 

If 0°0540, this requires b = 0 (Theorem 1) for all b, which is im- 
possible. Hence 0°00, so that 00b—0, 
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THEOREM 4. There is a unique x such that ao s= 0 for all a. 
Let b £0 be a fixed element. Let bog= 0 (A5). 
If a is any element, let boy==-a (A5). Then 
aog= (boy)og 

= (bos) oy (A2) 

== (} 0 y l 

= 0 (Theorem 3) 

The uniqueness of such an æ is immediate from A3. 

DEFINITION 1. The unique x of Theorem 4 we denote by 1. 
THEOREM 5. 10. 
If 1 = 0, then for every a,b 


a@=(a01)°0(008) (A4) 
= 0o (000) (Theorem 4, Theorem 3) 
= 0 (Theorem 3) 
which is impossible. 


THEOREM 6.4 For every a,b with a421 there exists a unique x such 


that xo a = b. 


Let c40. If coa—0 then coa=co1 (Theorem 4) so that a= 1 
(Theorem 1). Hence coa=0. 


Let (coa)oy==b (A5). Let z= coy. Thenzoa= (coy) oa 
| = (coa) oy (A2) 
=b. 


Suppose we also have y’ oa—b, Let coz=a@ (A5). Then 
b==a 0 a = (coz) oa= (ca) oz (A2). 


But b = (coa)oy. Hence (coa) oy = (coa) oz, so that y =z (Theorem 
1). Therefore a = coy =z. 


DEFINITION 2. —a—aoQ. 
THEOREM 7. — 0 =Q. 
THEOREM 8. — (— a) = 4. 


t Not needed in this paragraph; used in paragraph 3. 
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For, —~ (—-@) = (—a)°0 (Definition 2) 


COROLLARY. 
THEOREM 9. 


For, 


= (400) 00 (Definition 2) 
== (a@00)0(00b) (Theorem 3) 
= @ (A4). 
(— a) o 0 =a. 
(—a) 0b = — (ao b). 
—- (ao b) = (@o b) o (Definition 2) 
=— (40 0) ob (A2) 
== (—a&a) ob (Definition 2). 


DEFINITION 3. ab== (—a) o ((—1)ob). 


THEOREM 10. 


For, al 


al == q, 
= (—a)°((—1) ° 1) (Definition 3) 
== (— a) o0 (Theorem 4) 
==, (Corollary to Theorem 8). 


COROLLARY. 11 —1. 


THEOREM 11. 


(—a)b = — ab. 


For, (—a)b == (—(-——a)) o (({(—1) ob) (Definition 3) 


THEOREM 12. 


For, ag 


and 0a 


THEOREM 138. 
ac = b. 


= — [(— a) o ({— 1) 0b)] (Theorem 9) 
== -— 49 (Definition 3). 


a0 == 0a = 0. 


== (—-@) o ((—1) 00) (Definition 3) 
== (—@)01 (Corollary to Theorem 8) 
==( (Theorem 4), | 


== (— 0) o ((—1) oa) (Definition 3) 
== — [0 o ((—1)oa)] (Theorem 9) 
== — 0 (Theorem 3) 

== 0 (Theorem 7). 


For any a, b with a540 there is a umque æ such that 


Since a s£ 0, therefore — as4 0 (Theorems 7, 8). Let (— a) ° y = b (45). 


Since 1540 
such that (—-1) © 


(Theorem 5), therefore — 1540 and there exists an s% 
s= y (A5). Then av = (— a) o ((—1) o x) (Definition 3) 
== (—4&) °y =b. 
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‘ IË we also have aa’ — b, then az == aa’, so that 
(— a) o ((—1) 9%) == (—a) 0 ((—1) °2”) (Definition 3) 
(— 1) o@= (—1) 02’ (Theorem 1) 
| z= x (Theorem 1). 
COROLLARY. If ab 0 then p 0 or b =Q. 


For if a540 then a0 ==0 (Theorem 12) so that a0 == ab and 0 =b 
(Theorem 1). 


THEOREM 14. (a@°b)c=acob. 
For,  (a0b)e=[— (ab) o((—1) 0c)] (Definition 3) 
== [(—a) eb]o[(—1) oc] (Theorem 9) 


= [(—a)°((—1)ee)}od (A2) 
== @¢°6 (Definition 3). 


COROLLARY. (ab)c = (ac)b. 


In Theorem 14 replace a by — a and b by (—1)°0b. Then 
[(—a) © ((—1) 0b) Jo (—a)c o ((—1) 0b) 
(ab)c = (— ac) o ( (— 1) cob) (Definition 3, Theorem 11) 
== (ac)b (Definition 3). 
DEFINITION 4. If a540, then a is the unique x satisfying ax = 1. 
DEFINITION 5. a+ b= (—b) o (—ab") tf 60 
= Q4 if b =O, 
THEOREM 15. a@+0—0-+a—da. 
For a == 0 it is immediate. For a s40 


0 -+ a = (— a) 2 (— 0a) (Definition 5) 
== (—a)°0 (Theorem 12) 
= & (Corollary to Theorem 8). 
THeorem 16. (— a) + a =a + (— a) = 0. 
For a == 0 it is immediate. For a sÆ 0 
(—a) +- a= (— a) o (— (—a)a") (Definition 5) 
= (—-a) o (aa) (Theorems 11, 8) 
‘== (—a)ol1 (Definition 4), 
= 0 (Theorem 4). 


The second part of the theorem follows if we replace a by —a. 
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THEOREM 1%. (b+ c)a = ba + ca. 
If any of a, b,c is 0 the result is immediate. Suppose none is 0. Then 


(b + c)a = [ (— c) o (—be*) Ja (Definition 5) 
= (— c)a o (— bc) (Theorem 14) 
= (— ca) o (— be>) (Theorem 11) 
ba + ca = (— ca) o (— (ba) (ca)*) (Definition 5; 
also by Corollary to Theorem 13 ca £0). 


Let cx = b (Theorem 13). Then 


(ba) (ca) = = [ (cz)a] (ca) 
== | (ca)x] (ca) (Corollary to Theorem 14) 
== [(ca)(ca)*]z (Corollary to Theorem 14) 
== 12 (Definition 4). 


Also bo` == (cx)ct = (ec*)e (Corollary to Theorem 14) 
l = 1x (Definition 4). 


Therefore, (b + c)a = ba -+ ca. 
We now introduce the final postulate, 
A6. (Loa) 4+ b= (10b) +a. 
THEOREM 18. ab = ba. 


Taking b = 1 in A6, (loa) +1=(lol)-+a 
=-0-+a (Theorem 4) 
==a@ (Theorem 15). 


But (loa) +1= (— 1) °[—(10°a)17*] (Definition 5) 
= (— 1) o [— (104a)i] (Definition 4, Theorem 13, 
Corollary to Theorem 10) 
= (— 1) o [— (1294a)] (Theorem 10) 
= Ja (Definition 3). 
Thus la =q. 


Taking a= 1 in Corollary to Theorem 14, (1b)c== (1c)b, so that 
be = cb. 


THEOREM 19. a(bc) = (ab)c. 


For, a(bc) == (bc)a (Theorem 18) 
== (ba)e (Corollary to Theorem 14) 
== (ab)c (Theorem 18). 


pa 
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THEOREM 20. a-+ b =b +a. 


For a= 0 in A6, (100) +b= (102b) +0 
(=-1) +b= 10b (Definition 2, Theorem 15). 


Also, (— s) (— y) =— [a(—y)] (Theorem 11) 
= — | (— y)x] (Theorem 18) 
= — (— yx) (Theorem 11) 
= yx (Theorem 8) 


so that (— 1) (— 1) = 11 =1 (Corollary to Theorem 10), from ‘which 
(—1)7?*——1. 


We have, therefore, b + (— 1) = [— (—1)]o---8(—1)7] 
. (Definition 5) 
= [— (— 1) ] o [—b(—1)] 
= [— (—1)] e° [— (—b)] 
(Theorems 18, 11, 10) 
= 1] 0 b (Theorem 8) l 


Thus, b + (— 1) = (— 1) +b for every b. 


For a540 we have a-+ b = (— 1) (— a) + (— ba) (— a) 

(Theorems 18, 19; Definition 4; Theorem 10) 
= [(— 1) + (—ba")](—a) (Theorem 17) 
— [(—ba) + (—1)](—a) 
= (— bat) (—a) + (—1) (—a) 

(Theorem 17) 

=b +a 

(Theorems 18, 19; Definition 4; Theorem 10). 


For a = 0 the result is immediate from Definition 5. 
TEOREM 21. (a+b) + c=a+ (b +40). 
We have [a + (—1)] +b= (10a) +b (shown in Theorem 20) 
= (10b) +a (A6) 
= [b + (—1)] + «a (shown in Theorem 20). 
For c 0, (a+ c) + b = [(— ac> + (—1)) + (— be") ] (— e) 
(Theorems 17, 18; Definition 4; Theorem 10) 
Si e aaka ) (oe) J 8) 
(as just shown) 
—(b+0)+a | 
(Theorems 17, 18; Definition 4; Theorem 10). 
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.  " Bor c= 0 the desired result is. obvious. č "s 


Remark 1. The preceding theorems show that the system consisting of 
the elements of 9 and the operations of addition and, multiplication, as defined, 
“is a field. For the primitive operation we have = 


ao b= 1qaob (Theorems 18,10) 
= (1 0b)a (Theorem 14) 
==a({10b6) (Theorem 18) 
ate —=alb-- (—1)] (shown in Theorem 20) 
i =a(b—1). | 


* 
` 
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Conversely, it is obvious that if we start with a field, with addition and 
multiplication as primitive operations, and define aob as a(b — 1), then 
this operation satisfies A1-A6. Moreover, if we then use aob as a primitive 
operation and define addition and multiplication as in the preceding, then 
‘the two defined operations are exactly the same as the original operations. 


Remark 2. The operation a(1— b) satisfies A1-A5; it also satisfies A6 
when and only when the field has characteristic two. Thus, A6 is independent 
of A1-A5. 


8. Other field operations. It is possible to define addition and multi- 
plication in terms of the primitive operation aob differently from the way 
it was done in the preceding and still have the resulting system turn out 
to be a field. For convenience, let F, denote the field defined in 2 and let 
operations performed in this field be symbolized by [ Jo. Let «, 8 be any 
fixed elements, «£0. If we now define 


a + b = [a -+b — Bl, 
ab = [a (a — 8) (b — 8) + Blo 


it is easily verified that the resulting system F is a field. In F the zero 
element for addition is 8; the negative of a is [—a -+ 28]o and a— b 
= [a-——b + 8]o Also, the unity element for multiplication in F is 
[8 + 1/a]o and the inverse of «46 is [8 + 1/{a?(a— B)}|.. For 8==0, 
g == J, F is identical with Fo. 

The definitions (1) express the operations of F in terms of those of Fo. 
Direct verification shows that we also have : 


(2) [a + blo =a +b — 
[ablo = y (a — è) (b — 8) + 8 


(1) 
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where § == 0, and y = [8 + (1/a?)], is a non-zero element of F. Conversely, 

from (2) we can obtain (1) with æ == + (1/y’), if we assume F to be a field. 
In terms of the operations of Fe, the primitive operation ao b is expressible 

in the form [a(b—1)]. = [ab-—a],.. Transforming to the operations of F 

by means of (2), we have | 

(3) ao b = y(a— 8) (b —8) + 28 — a. 


_ 


It is natural to inquire whether (1) gives all possible ways of defining 
addition and multiplication im terms of the primitive operation aob so that 
the resulting system F is a field. A partial answer is given by the following: 


THEOREM. If addition and multiplication be defined in terms of aob 
in such a way that the resulting system F is a field and so that aob is 
expressible in the form 


(4) ao b == (Aab + ua -+ vb + 01) / (Asad + uoa + vab -+ oe), 
where Ai, pi vi, 04 are elements of F, then the operations of F are expressible’ 
in the form (1).° 


Suppose the conditions of the hypothesis satisfied. We show that aob 
must be expressible in the form (8) and that, consequently, a-+-b and ab 
are given by (1). 

To prove the second part first, suppose aob given by (3). Let 8 andi 
denote the zero and unity elements of F. We have 


(a) ys QB. For if y= 8 then ao b = 26—a, contrary to A3. 
(b) 801-8 Hence == 0 (Theorem 4). 
(c) a°(8+%/y) =0. Hence 1 = ô -+ 1/y (Theorem 4). 


(d) [—a],=-a°0 (Definition 2). 
== 28 — & 

(e) [ab]o = [— a] ° ([— 1]. ° b) (Definition 3) 

== (28 — a) o ((28—1) 0b) (part d) 

== (28 — a) o ( (28 —ê— i/y) °b) (part c) 

= y(a — 8) (b — 8) +8 by applying (3) 
(£) for as£0, [a], is the solution of [az] = 1, which is 

§ + i/{y?(a—8)} by parts e, c 


5 Compare Levit, loc. cit.2, Theorem I. The result above differs in nature from- 
Levit’s since here F is a particular field. 
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(g) for b £0, [a + b]o = [— b]o 0 [— ab], (Definition 5) 
= (28 — b) o (28 — [ab] o) (part d) 
= (28 —b) o (28 — (y(a— 8) ([b*]o—8) + 8)) (part e) 
me o a a a J 8) 8) 
, (part f) 
= (28—b) o (8 — {a— d}/{y(b —8)}) 
= & + b — ò' from (3). 


for b = 0 we have [a + 0] =a =a + 0 — ô. 
Thus, we have equations (2) and, consequently, (1). 


We now show that if aob has the form (4) it must have the form (3). 
Since aob exists and is unique for all a,b, the denominator in (4) 
can never equal 8. This requires Az == po = va = 8. Hence o. 8 and 


ao b = ab + pa -+ vb +a. 


If à= 8 then 0 = 0 o0 b = u0 + vb +o (Theorem 3). This requires 
v= 8. Thus aob = ua + o, contrary to A3. Therefore, A > B. 

Since g o s= b is uniquely solvable for « whenever a= 0 (Corollary to 
Theorem 1), therefore Aa -+ v, the coefficient of z, can equal i only when 
@ == 0. Therefore y == — AQ. 

Similarly, since zoa= b is uniquely solvable for v whenever a £1 
(Theorem 6), we must have p = — Al. 

From 00b == 0 (Theorem 3) we now obtain o = 0 -+ 10. Thus 


ao b = dab — Iaa — OAD + 0 + 140 = àA (a — 0) (b —1) +0. 


From (100)°00=1 (A4, oe ay we have a (1 — 0)? + 0 =l. 
This gives A(1 — 0) = Œ t. 


If A(1— 0) =i, then 1= 0 + i/d and 
40b=d(a—0)(b—0—i/A) + 0 =A(a— 0) (B—0) +0+0—a 
which is the desired form (3). 
If A(1— 0) = — 5, then 1 = 0 -—1/à and 
(5) aob = Afa — 0) (b — 0 4- 1/å) + 0 =à (a — 0) (b — 0) + a. 


In this case we now show that F has characteristic two so that this form is 
again the desired form. 


From (5) we have, as before, 
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I = 0 —i/r 
[—a]lo=4 
[ab]o = —A(a— 0) (b— 0) + 0 
La-*], = 0 +. 2/{rA?(a — 0) } for a540 
[a -+ blo = b — a +- 0 for b £0 
= g for b = 0 
[(loa) -+ b] =a + b —1 for b= 0. 
Taking a = 0, b £0 in A6, [(10 0) +b]o=10b 


0+ b—1=A(1—0)(b—0) +1 
== —i(b—0) +1 
= —b+0+1. 


Thus b — 1 = —b + 1 and F has characteristic two. 


4. Characterization of subfields. If we have a group under the opera- 
tion a:b, a non-empty subset § is a subgroup if and only if it contains the 
solution of «-a==b whenever it contains a and b. Since a field can also be 
characterized by a single operation, we inquire whether a subfield can be 
characterized by closure under the inverse of this operation. With a mild 
restriction this is true. 

Let F be a field and let aob be given by (3), where 8 and y are any 
fixed elements of F and ys40. Let a A b denote the solution of 7.9) =a, 
so that 


a À b == ð + (a—58)/{y(6 —8) —1} for b48 -+ 1/y. 
Similarly let a V b denote the solution of b o x= q, so that 
a Y b= å 4- (a+ b —28)/{y(b — 8) } for b48. 


For convenience, we say a subset § of F is closed under these operations 
if their results are in S whenever a and b are, provided b does not have the 
excluded values. 

If a subfield S contains § and 6+ 1/y, then it contains 1/y = (8 + 1/y) 
— 5, so that y is also in 8. Hence § ts closed under the operation a A b. 
Conversely, if a subfield S is closed under a A b, then it must contain ô and 
ô -+ 1/y. For, if $+ 1/y is neither 0 nor 1, then 


1/(y8 +1) = (0A 0)— (1A 0) 
and 


1/{y(1—8) —1} = (1 A1)— (0A) 
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are also in 8, from which it follows that ô and è -+ 1/y are in S. If8+ 1/y 
is 0 or 1, then the same result follows from this fact and the fact that one 
of the elements 1/(y8+ 1), 1/{y(1—8) —1} (whichever is appropriate) 
is in £. 

A converse result is contained in the following: 


THEOREM. If subset S contains 0,1, 8 and ò + 1/y, and ts closed under 
the operation a A b, then 9 is a subfield. 


For a and b in S and 6=£8-+-1/y, we have 


DA b=8 + (b—8}/{y(b—8) 1) A 8+ 1/y 
a A (b Ab) =y(a— ò) (b — è) + %—a—aocbd. 


Since ao (8 + 1/y) = ò, therefore § is closed under ao b. 


Also [(8 4+- 1/y) ° (a A ê) ] A è =a + 1/y is in 8. Hence for any a, b 
in S with a 8, b A (a + 1/y) =è -+ (b —8)/{y(a—8)} is in S. By 
the preceding step, for as&8, 8+ 1/y + (b—38)/{y(a—8)} =b Va is 
in 8. 

It is now easily verified that the system consisting of S and the operation 
aob satisfies A1-A6. If we define [ab], and [a + 6]; by definitions 3 and 
5, we have 

: [ab]s = y(a— è) (b — 8) + è 
la -+ bls =a +b — à. 


With these two operations, § is a field, by 2. 


It follows, as in 3, that 


a -+ b = [a + b — 0l; 
ab = [a (a — 0) (b — 0) +0], where a = ê + dy". 


Since [1—0],~—1-+ 8, therefore e==1 -4+8 is in $. Since [et]; 
= 6.+ 1/y*, therefore æ is in 8. 


Hence § is a subfield of F. 


Remark. To establish the conclusion of the theorem it is necessary to 
assume that the subset S$ contains all four of the elements 0, 1, 8, 8-++ 1/y. 
That is, the fact that S is closed under a A b and contains three of these 
elements does not assure that it contains the fourth. This is shown by the 
following examples in each of which S is closed under a A b and contains 
the three elements indicated, but does not contain the fourth. 
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(a) F any field with at least three elements; 8 different from 0 and 1; 
y non-zero but otherwise arbitrary; S the set of elements of : different from 8. 
S contains 0, 1,8 -+ 1/y. 


(b) F any field of characteristic two with at least three elements F =a 0> 
y different from 0 and 1; & the Bulleee consisting of 0 and 1/y. S canla lda 


0,8, 8 + 1/y. 


(c) F the field of rational functions of æ with coefficients in a given 
field of characteristic three; 5=1; y= 1/xv; § the subset consisting of 
1,1 -+- z, 1—zg. S contains 1,6,6+1/y. 


(d) F.the field of rational functions of the complex variable z; § = 0; 
y == 2; S the set of rational functions with a finite value for z= 0. S con- 
tains 0, 1, ô. 


-For the operation a V b we have a similar result. 


- - THEOREM. If subset S contains 0,1,8, and 8—1/y and is closed under 
the operation a VY b, then S is a subfield. 


Let a and b be in S and b48. Then 8 VY b= 8+ 1/y is in S. 


Also a Y (8—1/y) =—a+1/y +28. Replacing a in this by a V b, 
we have ò -+ (è—a)/{y(b— ô)}. Replacing b in the last expression by 
— b -+ 1/y +28 for b 8- 1/y, we have 6-+ (a—è)/{y(b — è) — 1} 
== & Lb. 


By the preceding theorem, S is a subfield. 


Remark. As above, examples can be given to show that S may be closed 
under a V b and contain three of the elements 0,1,8,8—1/y without con- 
taining the fourth. l 


BROOKLYN COLLEGE. 


ON A DECOMPOSITION INTO SINGULARITIES OF THETA- 
FUNCTIONS OF FRACTIONAL INDEX.* 


By AUREL WINTNER. 


Introduction. The angular analogue of Cauchy’s symmetric stable dis- 
tributions leads to Fourier ‘series which are formal generalizations of Jacobi’s 
elliptic ¥,-function, the latter being the angular analogue of the limiting 
case of a symmetric Gaussian distribution (for details, cf. [2]). The Fourier 
series in question are those given by (3) and (2) below. 

The object of this note is to determine the singularities of this function. 
This will be accomplished by developing the function into a series which puts 
the singularities into evidence. The series is of the Mittag-Leffler type but 
turns out to consist of branch points, instead of poles. The latter branch 
points are all logarithmic or all algebraic according as the “ fractional ” index 
is irrational or rational. P 

The final result is stated at the end of the paper. 


t if 
(1) 0<A<1 
and 


(2) CLIL 
then the series l 
(3) 1-2 3 g™ cos 2ena 
nai 

defines, for real z, an even function having the period 1 and possessing deriva- 
tives of arbitrarily high order. But the function cannot be regular-analytic 
at every real z, since (1) implies that the coefficients of (3) do not tend to 
0 as fast as the terms of a convergent geometric progression. In what follows, 
the singularities of this function of x will be determined. 

The corresponding question does not arise if (1) is replaced by A Z 1. 
In fact, if A 1, then (3) becomes the elementary function 


(1 — q2) /(1— 2q cos Brg + q?) 


(a Green function belonging to Laplace’s equation), while if AX > 1, then the 
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coefficients of (3) tend to 0 faster than the terms of any geometric progression, 
and so (3) becomes a transcendental entire function of zv. 

In particular, if A == 2, then (3) becomes Jacobi’s elliptic 3, (a Green 
or “source” function belonging to Fourier’s equation). 


2. Suppose (1) and put, if OS v < ow, 


oO 


(4) f(a) = Í e-** cos at dt 
0 

or (what, by Fourier’s inversion, is the same thing) 
. oO 
(5) et == f f(t) cos at dt. 

l 0 
Then, as shown in [1], the expansion 

| : i 
(6) f (2) = 3 Cm/a™", 

m=0 


where 2444 ~> 0 and 


(7) (—1)”m len = AL([m + 1]A) sin (4r[m + 1J), 
holds for 
(8) O< gr o. 


The convergence of the series (6) at every point of the half-line (8) 
is part of the statement. Hence, if (6) is multiplied by zt > 0, it follows 
that sòf (x), where x > 0, defines a transcendental entire function of z == gt, 

It should be mentioned for later use that, as z —> ©, 


(9) f(t) ~ 69/a7* = O(a), where e=—14+-A>1. 


This is seen from (6) and (7), or rather from the first approximation to the 
proof of (6). 


3. For the present, let f(x) be thought of as being defined by (4) on 
the line 


rather than just on the half-line 0 < g < œ. Thus f(z) =f(—z), and so, 
by (9), 
(11) f(z) = O(|a|-*), where æ > 1. 
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It is trivial from (11), where + «> 0, and from (5), where æ >O, 
that the conditions for the applicability of Poisson’s summation formula 


3 F(a +n) = ze gemina í F(t) em int gy 
n=—00 
-00 


are satisfied by F(x) =f) and also by F(x) =f(pxr), where p is any 
positive constant. This means that the series 


(12) 3 f(pe + pn) 


defines a function which has the period 1 and is POTERS by its Fourier 
series, which is 


(13) 3 erring S f(pt)e orini gt 


n==00 


Since f(t) —f(— t), the integral occurring (13) is identical with 
OO OO 
af f(pt) cos 2ant dt = (2/p) f f(t) cos (2xrnt/p) dt, 
0 0 


the constant p being positive. Hence, (5) shows that the series (13) can be 
contracted into 


(m/p) (L + 23 q” cos 2ane), 
if q == q(p) is defined by — log q = (2x/p)>. 


4. What this proves is that the Fourier series of the function (12) 
results if the series (3) is multiplied by the constant 2/p, where 


(14) p = a / (— log q)™. 


Clearly, (14) defines a one-to-one mapping of the interval (2) on the half- 
line 0< p < œ, which is the parameter range admitted in (12). 

In order to make applicable the expansion (6), let (12), where 
f(— t) = f(t), be written in the form 


‘2 @) 
(15) F(p) +3 {f(pn+ pe) + f(pn—pe)}, 
and let x be restricted to the interval 


(16) o<r<1. 
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Since (15) or (3) has the period 1, the replacement of (10) by (16) involves 
no loss (except that v =— 0 is now excluded). 

Since (16) implies that both n + x and n — z, hence both pn + ng and 
pn— ng, are positive for n= 1,2,--+-, and since (6) holds under the 
proviso (8), the expansion (6) can be inserted into (15) under the proviso 
(16). Hence, the function (15) can be written in the form 


(17) f (pa) +3 (3 (Cm/ (pn + pa) + ¢m/ (pn — pa)™1}), 


if æ is on the interval (16). Finally, it is readily seen from (7), (1) and 
(6) that (17) can be rearranged into 2r/p times 


(18) (2r)* S Cap” 3 (n + r)" + 3 (n— 2) 4}, 
m=0 n=0 n=l 


Accordingly, if A, q are on their respective ranges (1), (2) and if 
p= p(q, à) > 0 is defined by (14), then the function (3) of period 1 can, 
in terms of the constants (7), be represented in the form (18), where æ and 
1 — g, hence every n +g and n— a2, are positive and all exponents refer to 
the real-valued (i. e., positive) determination of the respective’ multi-valued 
functions. . 

It is clear from the order of magnitude of the coefficients (7) that the 
expansion (18) of (8) is a “series in singularities,” having the character 
announced in the Introduction. 
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ON THE SPECTRA OF CERTAIN BOUNDARY VALUE PROBLEMS.* 


By ©. R. PUTNAM. 


1. In the differential equation 
(1) y” + (A+ Q)y = 0, 


let A be a real parameter and let g— q(x) be a real-valued, continuous 
function on the half-line OS g < œ. The differential equation (1) is in 
the Grenzpunktfall, in the terminology of Weyl [4], p. 238, if for some A 
(and hence for all A) the differential equation (1) possesses at least one 
solution y(x) not of class (L>), that is, 


oO 
f y? (x)}dz = œ. 
0 
In this case, the equation (1) and a boundary condition 
(2a) y (0) cosa + y (0) sina = 0, Ssa < r, 


determine a boundary value problem for every fixed æ. It is known [4], 
p. 251, that a value A is not in the spectrum of the boundary value problem 
determined by (1) and (2a) if and only if for every continuous function 
f(@).on 0=2z< œ of class (L*), the inhomogeneous differential equation 


y+ A+ Qy=f 


possesses a unique solution of class (L?) satisfying the boundary condition 
(24). This characterization of the spectrum, together with an adaptation of 
the Lebesgue-Toeplitz construction, has been applied by Wintner [6], pp. '26- 
27, to the problem of locating points of the spectrum. It will be used below to 
prove the following i : 


THEOREM. Let q= q(x) be a real-valued, continuous function on the 
half-line 0a < œ belonging to class (L°), that is, 


i ™ 
(3) f g (ejir < ow. 
0 
Then the differential equation (1) is in the Grenzpunktfall and the half-line 
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A = 0 belongs to the spectrum of the boundary value problem determined by 
the differential equation (1) and an arbitrary boundary condition (Ra). 


If assumption (8) is replaced by 


(3 bis) f “ng? (x) dx < o, 
a 


then the stattement above is implied b ythe theorem in [3], pp. 833-834, 
which asserts that, in this case, the half-line A = 0 is in the continuous 
spectrum and contains no points of the point-spectrum. It remains undecided 
whether or not the corresponding statement concerning the continuous 
spectrum is valid under the milder restriction (3). That the corresponding 
statement concerning the point-spectrum is false is seen from the above 
Theorem and the example constructed in [5], pp. 394-395. 


2. Proof of theorem. The theorem in [1], §1, and the remarks 
following it loc. cit., § 2, imply that (1) is in the Grenzpunktfall in virtue of 
the assumption (3). : 

It is therefore sufficient to prove that every positive value A is a cluster 
point of the spectrum of the boundary value problem determined by (1) and 
some fixed boundary condition (24). For, according to [4], p. 251, the set 
of points of the spectrum consisting of the continuous spectrum and the set 
of clusters points of the point spectrum is independent of the boundary 
condition (2a). Suppose, if possible, that a given.A > 0 is not a cluster 
point of the spectrum for a boundary value problem. Since (1) is in the 
Grenzpunktfall, there exist two distinct boundary conditions (21) and (Raz) 
such that A is not an eigenvalue for either of the two boundary value problems 
determined by (1) and the boundary conditions (2,,) and (2a2), respectively. 

Let y =r, (x) and y—vr.(v) denote linearly independent solutions of 
the differential equation 


(4) if’ + dy = 0 


satisfying the boundary conditions (2a:) and (22), respectively. In virtue 
of (3) and the fact that each function r(x) is a linear combination of sin Aw 
and cos Ate, it follows that the functions g(a)1,(x) are continuous and of 
class (L?) for k==1,2. Clearly, the function r(x) is a solution of the 
inhomogeneous differential equation 


(5x) y” + (A+ Dy = qrr (k = 1,2), 
satisfying the boundary condition (Bax). 
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Sinde’) is not in the cluster spectrum and. since à is not an eigenvalue 
for either of the two boundary value problems determined by (1) and (Rar), 
where k = 1,2, it follows that X is not in the spectrum for either of these 
boundary value problems. Hence, there exists a unique solution y = y(x) 
of (5x), of class (L7), satisfying the boundary condition (2,x).- Define the 
functions 2(2) by 


(6) ey = Yn (£) — Ttr (2), . (k= 1,2). 


Then, for k= 1,2, w(#) is a solution of (1). The functions zp(x) are 
linearly independent. For suppose ¢12; -+ ¢2%,==0 for some pair of constants 
cı and cz it follows from (6) that cır, -+ ere is of class (L7). Consequently, 
Cı = C = 0, since the function y==0 is the only solution of (4) of class 
(L°), and r, and r are linearly independent. 

Since every solution y—y(z) of (1) is a linear combination of 21, 22, 
so that 


y= g(a) = y(t) + cya (£) — (e171 (£) + eare (e)), 


it is seen that no non-trivial solution y(z) of (1) is of class (LF). This, 
however, contradicts the theorem proved in [2], p. 376, according to which 
every point A not a cluster point of the spectrum is an eigenvalue for some 
boundary condition. This completes the proof of the theorem. 
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TWIN CONVERGENCE REGIONS FOR CONTINUED FRACTIONS 
by + K(1/bn), IL* 


By W. J. Turon. 


1. Introduction. In a recent paper [2],t which shall here be referred 
to as TCR, the author studied twin convergence regions for continued frac- 
tions of the form 


(1.1) b ee ee ee re 


Two regions * B; and B; are called twin convergence regions for continued 
fractions (1.1) if the two conditions 


(a) È | bn | = 2, 
(b) bs: € Br, Di € Bo, Tt = 0, 


insure convergence of fraction (1.1) which satisfies these conditions. When- 
ever at least one of the regions B; or By is bounded away from the origin 
condition (a) is implied by condition (b). 

Two regions B; and B, are called best twin convergence regions for 
continued fractions (1.1) if they are twin convergence regions and if more- 
over there do not exist twin convergence regions B’; and B’, such that 
B’; > B;, B’, > B,, where at least one of the relations B'i = Bf, B’, = Bo 
fails to hold. | 

None of the convergence regions derived in TCR are best regions. In 
Section 2 of this paper a large class of best twin convergence regions is 
determined. ‘These regions are improvements of the regions obtained in 
Theorem 6.1 of TCR. 

In Section 3 two examples are given which show that an analogous 
improvement of Van Vieck’s Criterion and of Theorem 7.3 of TCR is not 
possible. 

We conclude this section by a remark on notation. Let B be a set and 
f(z) a single-valued function defined for all ze B, then f(B) is understood 
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to ‘be the set of all points w = f(b) where be B. Thus, for example, — 1/B 
is the set of all numbers —-1/b, be B. 


2. A class of best twin convergence regions. Throughout this section 
we shall be concerned with pairs of regions B; and B, defined as follows: 


(2.1) z= r:e e B iitr=f(0), 0< m <Ff((0) < Mm 
z= r: e e Bg it r= g(0), 0 < ms < g(0) < m, 
where f (0) and g(@) are of period 2r. 
It r proved in TCR that: 


A necessary condition for By and B, to be twin convergence regions for 
continued fractions of the form (1.1) is that 


f(0)g(v+— 6) = 4, for all 8. 
One is thus led to the consideration of regions satisfying the condition 
(2. 2) f(0) g(r — 0) = 4. 
It was further shown in TCR that: 


If the regions B; and B, satisfy conditions (2.1) and (2.2) and if in 
addition the complements of both regions are convex, then the values of all 
terminating continued fractions of the form 


bo + 1/b;-+° > +--+ I/be 
hie in the region B;/2 provided bene By and benn € By for all n= 0. 


It is thus of interest to find all functions f(6) and g(6) which satisfy 
the assumptions of this theorem. This is done in the following lemma. 


Lemma 2.1. Two-regions Bi and By satisfy conditions (2.1) and (2.2) 


and both have convex complements if and only if 


h 


j(0) = fo exp ( J tan a(y)ay), 


G 
9(0) = 4/fo exp ( f tan a(w—y) dy), 


where a(@) is periodic with period 2x, is continuous and satisfies the two 
conditions 
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| a(0) | <dr—e 
| a(8) —a($)[/]@—¢|S1, O04, 
for all 0 and all ¢. 
It is easily seen that, unless the curve defined by r—=f(6) has a unique 
tangent line at every point, at least one of the two regions under considera- 
tion does not have a convex complement. Thus f’(@) exists for all 6. One 


also deduces from the convexity condition imposed on the regions that 
| (6) /f(9)| SS m/m. These results insure that 


6 
FO) = foexp (S (PW/FW)) ay) 
if the integral is taken in the sense of Lebesgue [3, p. 368]. One now defines 


a(6) = Arc tan f’(6)/f(0). 
It is then clear that 
| «@(0)| < $r — e, for all 0. 


The function f(@) can therefore be written as 


8 


(9) =f exp ( f tan a(y) dy). 


i 


Now let p—t(¢) be the equation of the tangent line to the curve r =f (6) 
at the point f(0)e??. It is given by 
t(p) = cos «(6)f(6)/cos (6 —O0+ a(0)), O—a—xr/2R<d6< 6—e4+ 77/2. 


The region bounded by and interior to the curve r = f (0) is therefore convex 
if and only if 


t($)/f ($) 21 


for every 6 and every ¢ in the corresponding range. This condition can be 
written as 


6 
ay yep ( J (tan a(y)ay og cos ($ — 89 + a) + log cos g 
—= exp ( J Ttan 6(w) — tan (y — 0 + a(8)) ]dy) 


"2 sin (a(¥) —y +0 —a(0)) 
$ cos a(y) - cos (y —@-+ «(6)) ayy) = 1. 


The last inequality holds if and only if for every @ 


— exp ( 


TWIN CONVERGENCE REGIONS FOR CONTINUED FRACTIONS. 115 


(a(y) —a(6) +89 —4)/ (0—4) Z0 
holds for almost all y 3&0, 0— a —r/2 <y < 0—a ;r/2. The above 
inequality 1s equivalent to 
(a(@) —a(y))/(@—y) Sl. 


By going through the analogous argument for the function g(#) = 4/f (m — 0) 
one obtains the additional condition 


(a(@) —a(y))/(@—y) 2—1. 
The restrictions as to the range of w for these conditions can be omitted, 
since if these conditions are satisfied in “the small” they are certainly 
satisfied in “the large.” l 
One now constructs a sequence {6,} which is everywhere dense on the 
real axis and which is such that 


| a (8n) — 2 (bm) | / | On — m| S 1 for all n, m, nÆ m. 
A new function (0) is then introduced by the definition 


B (On) a a (On); 
B (8) = lim B (8n). 


This function is continuous and is equal to æ(0) for almost all 6. But then 


7 
log f(8) —logfo— f tan B(y) dy, 
Finally since 8(6) is continuous it follows that 


B8(6) = Arctan d(log f(@) — log fo) /d@ = Arctan (F (6) /f(@)) 
= «(8) | 
for all 6. This completes the proof of the necessity. The sufficiency is 
verified without difficulty. 
Since «(6) was found to be a continuous function all integrals appearing 
in the remainder of this section may be considered as Riemann integrals. 


We now restrict ourselves to the consideration of pairs of regions B; 
and By, which in addition to conditions (2.1) and (2.2) satisfy 


f(@) = fo exp ( f ‘tan a(y)dy), where «(@) is continuous 


has period 27 and is such that 
| a(8)| < $r— ex, | (8) —a(p)|/|@—¢| < 1—a2, 0 Ag. 


(2. 8) 
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A pair of regions B; and B, which satisfies conditions (2.1), (2.2) and 
(2.3) will be called a regular pair of regions. The corresponding pair of 
functions f(@) and g(@) = 4/f (r — 8) will be called a regular pair of 
functions. 


Lemma 2.2. Let f(0) and g(0) be a regular pair of functions and let 
functions k;(b, z) and ko(b,2) be defined as follows 


w = kr(b, 2) = b exp (f Gan za (y) — tan a (4) ) dy), 
w—ky(b,z) =b exp ( f “Chan za(=—y) —tan a(n —y))d¥), 


then there exists a positive number u and a region D, defined by ze D if 


| H(z)| < 1/(1— x7), where n = $ min (e, €2), 
and 
| 3(2)| < p 
such that: 


(i) For every b the functions kr and ky are holomorphic functions of z 
for all z in D. 


(1) The regions k;(B;, 2) and ko( Bo, 2) form a regular pair of regions 
for every z in D. 


(ii) For R(z)=0,ze D 
wek (Bre) if |w l Z fo 
w £ kg(Bg 2) if |w | È 4/fo. 
(iv) z==18€D and kp(b, 1) =b, k,(b,1) =b. 


Property (i) is an immediate consequence of a known theorem in the 
theory of functions [1, p. 172]. 
Since the tangent of an imaginary number is imaginary one has for 
H(z) =0 
| kr | = fo | b | /fo for be By 
and 


kg = 4 | b | / (fog (arg b) ) = 4/fo for b e By, 


which proves statement (iii). Property (iv) is immediately verified by 
substitution. 
It remains to show that (ii) holds. To that end we consider kp as a 
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function mapping the b-plane into the w-plane. The variable z plays the role 
of a parameter. The Jacobian of the mapping is 


J = (| w|,arg w)/a( |b |, argb) 


= (1 -+ (tan za(arg b))) exp ( “Tt (tan za(w)) — tan a (y) ]dy): 
Now 
(tan (x + ty)) = tanh y/(cos? x + sin? z tanh? y). 


Due to the restrictions imposed on «(6) cos? za(@) > h > 0 for all z satisfying 
| R(z)| < 1/(1—7). One hence can find a pı > 0 such that for ze D(m), 
that is for | X(2)| < m and | R(2)| < 1/(1—7), and for all b £0, J £0. 
The transformation kp has therefore a single valued and differentiable inverse 
for all of these points. The same is true for the transformation kg. Hence 
the boundaries of the regions k;(B;,z) and k,y(By,z) are the images of the 
boundaries of the regions B; and B,, respectively. For z real, ze D(p,) the 
boundaries of the image regions are given by the equations 


r= | ky (f(8)e, 2)| and r= | ko(g (8), z)|, 


respectively. It is easily verified that these two functions form a regular 
pair. This remark completes the proof of (ii) for real z. 


Now consider the mapping 
We = k(l (wi, 2), 2 + Az), W, 0. 


For every z in D(u:) there exists a 8 such that for | Az | <8 the mapping 
defined by this function differs by a given arbitrary small amount from the 
identity mapping with respect to displacement of pomts as well as with 
respect to change in directions. This is seen to be a consequence of the fact 
that for z in D (mı) the functions 


O\|k|/a|b|, lkr] /Oargb, Oargk;/d|b|, dargk;/darg b, 


are continuous functions of z and that the first and the fourth of these 
functions do not vanish for z in D(p,). . 

It follows that a a > 0, u SS p can be found such that for all z satisfying 
the two conditions 


[Sal <a | R(z)| << 1/(1— 9») 


the regions ke; (Br, z) and k,(B,,z) have both convex complements. One now 
verifies easily that these regions also satisfy conditions (2.1) and (2.2) and 
thus completes the proof of (ii) and the lemma. 
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Now let B; and Bo be a regular pair of regions and let the elements of 
the continued fraction (1.1) satisfy the conditions 


Don € Bs, Donat € By, n = 0. 
Consider the continued fraction 
(2. £) ep (Bo, 2) + 1/kg (01, 2) + 1/kr(ba 2) +s. 


The approximants of this continued fraction are holomorphic functions of z 
for z in D. This is a consequence of Lemma 2.2, (i) and Lemma 2.2 of TCR. 

For no value of z in D does any approximant of (2.4) take on a value 
on the open line segment from 0 to tf)/2. As was stated in the beginning 
of .this section the values of thé approximants of (2.4) lie in the region 
ke+(By, 2)/2 for ze D (since k;(B;,2) and k,(B,,z) form a regular pair of 
regions) and for no z in D does the corresponding value region contain a 
point of the line segment in question. 

It follows that for z in D the approximants of (2.4) form a normal 
family of holomorphic functions. 

It was shown by Pringsheim that the continued fraction (1.1) con- 
verges if all its elements satisfy the condition |b| =Æ 2. By a simple 
transformation one finds that the two conditions 


| ben | aes fos | Dons | = 4/ fo, n= 0 


insure convergence of the continued fraction (1.1). One now notes that 
for R(z) —=0, ze D the elements of the continued fraction (2.4) satisfy 
these conditions. 

An application of the Stieltjes-Vitali Theorem then leads to the con- 
clusion that the continued fraction (2.4) converges for all z in D. But 
z == ] e D and hence the continued fraction (1.1) converges. This completes 
the proof of the following theorem. 


THEOREM 2.1. Let a(6) be a continuous function of period 2x which 
satisfies the two conditions 
| | «(8)| < $r — s, 


| «(@) —a(o)|/|6—¢|<1l—e 0p, a>0, | >0. 
Let 


6 
{(@) = fo exp f tan aly) di, fo> 0. 
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Then the regions B; and B, defined by: 
ree By if r= f(6), 
r-et e By tf r = 4/f(r— 8) 
are best twin convergence regions for continued fractions (1.1). j 


The following results are corollaries of this theorem. 


COROLLARY 2.1. Let a and c be real numbers satisfying the relation 
a> cZ 0 and let y be an arbitrary real number. Then the continued 
fraction (1.1) converges if for all n= 0 


| Bon — ce’? | Za 
and 
| Bonar — 4ce? / (a? — c) | = 4a/(a? — c?). 


COROLLARY 2.2. Let c be an arbitrary real number. Then the con- 
tinued fraction (1.1) converges if for all n= 0 


| b,—e| = (ce? +. 4)4 


3. Two examples. Let A,/B, be the n-th approximant of the con- 
tinued fraction (1.1) then 


(3.1) ' An/By—bo + È (—1)*4/( BeBe); 


where Bo = 1, B, = b, and for n= 2 
By, ae Dy Bus + Diss 
For n = 2 one thus has 
(3. 2) » by — (Bn N, Ba-2) / Bur 
EXAMPLE 3.1. The continued fraction of the form (1.1) with 
bo == 1, b, = eiT, 


by = 2 sin $r (1/(n + 3) + 1/(n + 2)) exp (}ir(1—1/(n + 3) (n+ 2)), 


n = 2, 


diverges. 
Let 
ie Ea 
k=1 
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Employing formula (8.2) one easily verifies that the continued fraction 
with By, == et, n>1, is the one defined in the example. The divergence 
of this continued fraction follows immediately from relation (3.1). One 
now notes that for the elements bẹ, of the example J | ba | = œ. 

x» Van Vileck’s convergence criterion states that the continued fraction 
(1.1) converges if (a) X | bn | = œ and if 
(b) — $r + e < arg bn < $n — e, e > 0. 


It follows from Example 3.1 that the e cannot be omitted in Van Vleck’s 
criterion. . 

The following example shows that in Theorem 7.3 of TCR the quantity 
5, used there, cannot be set equal to zero. 


EXAMPLE 38.2. The continued fraction of the form (1.1) with bp = 1, 
Dona = 2 + 1(4 + 5sn12""), 
Den —— 4(2"8n), it = L 


where 8 == 0, Sn = 2 (Sn-1 H 20), n Z 1, dwerges. 
With the help of formula (3.2) one shows that the continued fraction 
of the form (1.1) whose B, are defined by 


Bon = (1/2)” 
Dana = Sna (1 -~ 21) 4)”, M = 0, 
has as elements the numbers given in the example. Further 


| BonBon- | ee 348,27" < 4: 374 
since : F 
n-i 
O < Sn” = Sna” + 4" = D4" < 4/8. 
k=0 
Hence the continued fraction diverges. 
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STRUCTURE OF GENETIC ALGEBRAS.* 


By R. D. Scuarer. 


I. M. H. Etherington has studied the non-associative algebras which 
arise in the symbolism of genetics (references [5] through [10]). In these 
he defines a class of algebras called train algebras, and proves in [7] that this 
class includes algebras called special train algebras which are defined by their 
structure rather than by any type of recurrence equation. 

From the algebraic point of view the concept of train algebra appears 
to be too inclusive, in that an analysis of the structure of train algebras 
seems feasible only when the rank of the algebra is small. However, from the 
point of view of genetics the concept of special train algebra is certainly too 
narrow. For, although the gametic algebras for the fundamental types of 
symmetrical inheritance are special train algebras, the corresponding zygotic 
(copular, etc.) algebras are not necessarily special train algebras [7, p. 6, 
footnote]. | 

We introduce a concept of genetic algebra which is intermediate between 
(commutative) train algebra and special train algebra. The definition is 
more satisfactory than that of special train algebra on two counts: the struc- 
ture of the algebra is not postulated, and the duplicate of a genetic algebra 
is a genetic algebra. It follows from this latter fact that our genetic algebras 
include, not only the fundamental. symmetrical gametic algebras, but .also 
the zygotic (copular, etc.) algebras obtained from them by duplication. On 
the other hand, this new concept is restrictive enough for us to deduce a 
transparent structure theory for genetic algebras. 

It is only fair perhaps to caution the reader that our interest in these 
algebras is entirely in the algebraic formalism, and that we can give no 
indication beyond Etherington’s own remarks in [5] and [8] of their possible ` 
contribution to the study of genetics. Also we use the name “ genetic 
algebra” with some misgivings. Our results are applicable to the algebras 
arising in genetics where inheritance is symmetrical in the sexes, and we 
abbreviate “ genetic algebra of symmetrical inheritance” to “ genetic algebra.” 


1. Preliminaries. The principal tool of our investigation of genetic 
algebras is the transformation algebra [1, §2]. Let Y be a non-associative 
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algebra of order n over a field Ẹ. Then for a fixed element v in A the 
correspondences 


a —> a£ = ARy, a —> ta = alin, for all a in M, 


are linear transformations on X called the right and left multiplications Ry 
and Le respectively. If Mt is a subset of the total matric algebra (3), of 
all linear transformations on M, the enveloping algebra of Mt is the algebra 
of all polynomials in the transformations in Yt with coefficients in %. The 
enveloping algebra of the set which consists of the identity J in (%)n, 
together with the right and left multiplications of XN, is the transformation 
algebra T(X) of M. Clearly any T in T (X) may be written in the form 


(1) T == al + f (Rey Dap Ray? * +); a in 3, v; in N 


If $ is any linear subspace of W, the enveloping algebra of the set of 
right and left multiplications of 9 which correspond to elements in 8 is 
denoted by 8*. That is, T in B* has the form (1) with «0, a in B. 
(It should be noted that the transformations in $* are linear transformations 
on Wf, although for compactness the notation does not indicate this.) 


A homomorphism H of an algebra Y over % into an algebra © over $ 
is a linear mapping of Y into © such that 


(2) (ax) H —=aH o zH for all æa, z in %, 


where o denotes multiplication in ©. The kernel of H is the set % of all b 
in Y such that bH = 0; B is an ideal of Y. The homomorphism is onto © 
in case, for any c in ©, there exists some a in Q such that c == aH. The 
relationships between homomorphisms, ideals, and difference algebras are well- 
known. In case the homomorphism in question is from Y into the base field 
3, we use a functional notation: 


(3) w: > w(2), z in Y, wo(a) in %, 

and (2) becomes 

(4) w{at) = w(a)o(2), for all a, x in Y. 
We call an algebra Y nilpotent in case there exists an integer $ such 

that every product of ¢ elements in M, no matter how associated, is zero. 

This is what Albert has recently called strongly nilpotent [2, p. 528; 3, p. 549]. 


He has defined a nilpotent algebra in the following way: every sequence 
© ag Of k elements of Y defines a special product a of order k by 
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either of the formulas a) = a(-a, or a = aya) for i> 1; if all special | 
products of order k are zero and some special product of order k— 1 is not 
zero, Albert calls Y nilpotent of index k. Certainly a strongly nilpotent 
algebra is nilpotent by these definitions. However, an observation of 
Etherington [7, p. 2] shows the equivalence of the two notions: for if every 
special product of index k in YW is zero, then every product of ¢ = 201 
elements in X, no matter how associated, is zero. Thus the concept of a 
strongly nilpotent algebra is redundant. 

A necessary and sufficient condition that an ideal B of a non-associative 
algebra X be nilpotent is that the associative algebra B* be nilpotent [2, 
Lemma, 5]. 

If a non-associative algebra W is homomorphic to a semi-simple algebra 
(direct sum of simple algebras), there is an ideal R of M, called the radical 
of M, such that YW ——N is semi-simple and X is contained in every ideal B 
of 2 such that Y —% is semi-simple. It is an immediate consequence of 
[2, Theorem 6] that any nilpotent ideal of Y is contained in the radical of N. 


2. Baric algebras. A non-associative algebra Y of order n over a field 
% is called baric in case it has a non-trivial representation of degree one— 
that is, in case there is a homomorphism (3) of Y into % such that for some 
zo in WM we have w{2,) 0.° It follows that e is a homomorphism of W 
onto % since, for any « in %, we have w(aa%/w(%)) =a. We call w(x) the 
weight of x, and w the weight function of A. 

We denote the kernel of the homomorphism w by N. Then a necessary 
and sufficient condition that a non-associative algebra W be a baric algebra 
is that Ñ contain an ideal N such that 


Thus any non-associative algebra N of order n— 1 over % gives rise to a 
baric algebra Y of order n over % if we adjoin an element u to 9 in any 
fashion such that the elements u?— u, uz, and zu are in 9% for all z in Vt 
(a trivial construction). 


In a gametic algebra X we take a basis wy, Uz, * +, Un denoting the 
gametic types involved in some genetical situation of symmetrical inheritance 
[5,86]. If yes, is the probability that an arbitrary gamete produced by an 
individual of zygotic type uiu; (== ujui) be of gametic type ux, we have 


(6) U4Uj = Saye grr (4, J T 1, ae n) 
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subject “to the conditions 
(VY) > Seyige = 1 (t,j==1,-+°+,M). 


Etherington points out that equations (6) and (7)—not assuming com- 
mutativity—imply that 2 is a baric algebra with weight function 


(8) : w: T= Sb, > o(s) = Xé, & in F. 


The converse is also true: given any baric algebra Y there is a basis 
Ui, Us," * *, Un Of A whose multiplication table (6) is subject to the conditions 
(7). Also the defining homomorphism w has the form (8). For let vz,-+-, Un 
be a basis of the ideal 9% of W. There exists an element u in X, but not in M, 


of weight 1, so that 2 has basis u, Va,- >,a. Write u, == U, ti == U + vj 
({=2,++-+,n). Then 

(9) wo(uj) == 1 (Gen 1,4 n). 
Moreover, Y has the basis uw, Uo,+ * +, Un satisfying (6) for some yij, in . 


Now (4) and (9) imply that 1 = o(u;)o(u;) == o (tuz) = Seyijnw (Ux) 
== Sxyije SO that (7) holds. Also (8) follows from (9). 

If Y is a baric algebra, then T(N) is also a baric algebra. For if A 
has weight function w, a weight function 6 for T(N) is defined by 


(10) 6(T) =o(uT), 


where wu is any element of weight 1 in W. That 6 is well-defined by (10) 
is clear since, if T in T(W) is written in the form (1), we have equivalently 


(11) o(T) = a + f (o (21), o (21), o(@2),* * °). 


Then 6 is linear by (10), a homomorphism by (11), and non-trivial since 
9(I) =1. 


3. Genetic algebras. Etherington has investigated the non-commutative 
aspects of some of the concepts he has introduced. However, since any algebra 
encountered in genetics may be taken to be commutative [8, p. 26], we shall 
assume the commutative law in all that follows. 

" In a commutative algebra 9 we have Le =— Re for all x, so that we may 
write T in 7'(M) in the form 


(12) T == al +f (Re, Ray? * *); a in %, z; in M. 


The characteristic function | AI —T | of T in (12) has coefficients which are 
polynomials in æ and the coordinates of the 2;, polynomials which depend 
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both on the function f and on elements of .% which are independent of T 
(that is, scalars completely determined by 2). 

We call a commutative baric algebra Y over % with weight function w 
a genetic algebra in case the coefficients of the characteristic function of T 
in (12), insofar as they depend on the z;, depend only on the weights w(2;). 
That is, these coefficients are polynomials in « and the w(2;) having coeff- 
cients which involve certain elements of % determined by Y in combinations 
determined by f. (Note: the fact that for a given T in T(N) the expression 
(12) is not unique has no bearing on our definition.) 

This definition is an extension of Htherington’s definition of train algebra 
[5, §4]. Define the right powers 2* of x in A by zt = zg and 


(13) a = 2it,* (% == 2, 3,- + +). 

(Since we assume Ù commutative, right powers and similarly defined left 
powers are equal.) Then a commutative baric algebra Y over % with weight 
function w is called a train algebra in case the coefficients of the (right) rank 


equation [4,§ 19], insofar as they depend on v, depend only on e(z). That 
is, there exist elements 6i,- - +, Bra in % such that 


(14) 2 + Bro(2)a"? ++ + ++ Bralo(2)]¢—0 
for all z in X, where z* is the right power (13). 
THEOREM 1. A genetic algebra A over % is a train algebra. 


Let T = Rs in (12), and write w(x) =é Then, since the coefficients 
of the characteristic function 


(A) = | M — Ba | 


of Es are homogeneous polynomials in the coordinates of æ, we have, by the 
definition of a genetic algebra, 


(15) P(A) =A EAH + yn, 
for some y,’ yan in %. Now (15) factors in a finite extension & of % as 
(16) b(rA) = (A— AE) (A — dé) + © e (A— An), à; in R. 
If 

(17) AT HAT Sn A 


is the rank function of X, y; a homogeneous polynomial of degree j in the 
coordinates of x, then (17) divides A@(A) [4,§ 19]. The A; in (16) may 
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then be ordered so that (17) equals A(A— Mé) © + + (A — ré), from which 
it follows that i 


yi = (— 1V ER + + Mp j= 1,2, r— 1. 
The rank equation is (14) with | 

Bj = (—1)? in: + +, j = 1,2, © -,r— 1, 
in %; N is a train algebra. 


In a non-associative algebra in which powers of a single element are 
not necessarily associative, the concept of a nilpotent element may be defined 
variously. Here we shall call an element z nilpotent in case there exists an 
integer k for which the right power 2*—0. In a train algebra YW the 
kernel 2 of the weight function w then has an easy characterization: Jt con- 
sists of the nilpotent element of W. For z2* — 0 implies w(2") = [w(z) ]* = 0, 
w(z) = 0; conversely o(z) —0O implies 2 = 0 by (14). It follows from 
Theorem 1 that the same characterization of X holds for genetic algebras. 

We construct an example of a train algebra which is not a genetic algebra 
as follows: let 9} have characteristic two... Then the square of any element 
z in the commutative algebra Jt == (1, vs, vg) with multiplication table 


ViVa == Vs, VaV = U4, U3V1 = Ve, Y? == 0 (4 = 1, 2,3) 


- is zero. However, N is not a nilpotent algebra, since N =R? (= NN). 
Let 2 be the algebra obtained by adjoining a unity element 1 to œ. Then s 
in X has the form z = ¿1 + z, and Y is a train algebra since æ— & is a weight 
function for M, while 2? == (t— é1)? =g? + Ẹ1 =0 implies z? + c= 0. 
Since N is not nilpotent, it follows from Theorem 4 below that M is not a 
genetic algebra. This example also shows that a structure theory as elemen- 
tary as that in 5 below is not possible for train algebras. 

A commutative baric algebra X with weight function w is called a special 
train algebra in case 


(a) the kernel Ñ of w is nilpotent, and 
(b) the subalgebras N* of M defined inductively by W = N, N! — WN 
for k= 2,83, - +, are ideals of Y. 


1If we knew an example, over a more or less arbitrary field, of a commutative 
non-nilpotent algebra J}, all of whose elements are nilpotent, we could give a more 
satisfying example of a train algebra which is not a genetic algebra by adjoining 1 to 
Jt. There are many examples in the literature of non-commutative algebras J} with 
these properties but, although it seems possible that commutative examples exist, 
we have not been able to construct one. . 


STRUCTURE OF GENETIC ALGEBRAS. 127 


THEOREM 2. A special train algebra X over % is a genetic algebra. 


Etherington has shown in [7,$4] that over a finite extension R of $ 
there exists a basis of UW, together with scalars A; =-1,Aa,° c, Àn in &, 


such that the matrix of Es for æ in Y has the form 


Gry oS e 8 8 $ 
0 Eres a 
(18) Ras = l l l ; E=w(z). 
0 0 ALENA EXn 


Then the characteristic function (15) of Res has the form (16) with A; as 
in (18). Hence 


(19) (— 1) fye = Zà: Àit (t=1, Re eR) 


and the y+ in % are dependent, not on æ, but only on the algebra YW. From 
(18) we obtain 


f (Édi boda, ° . ) $ a P 

i F (Édo, Ears, ° : a. soie s $ 

f (Ery Rag coe) = ý ° , 
° 0 DA f(&:An, foAn; aaa 


where & (a). Then T in (12) has characteristic equation 
| AT — T | = |(A— a) I — f (Ra, Rey’ © >) | 

= [(A—%) — m] L(A — 2) — nal > < L(A — 2) — m] =0 
where we have written 


(20) qi = f (Erg, Édi ° : ) (n= 1, age 0). 
Then 
ie ee eer) eee 


where (—1)*us is the elementary symmetric function of degree s in the, yi. 
But then by (20) the pe (s =1,2,--+,n) are polynomials in &,&,---, 
with coefficients which are symmetric functions of the A;. These coefficients 
are expressible in terms of the elementary symmetric functions (19) of the Aj, 
and therefore are not dependent on the v;i. Hence Y is a genetic algebra. 

The copular algebra of simple mendelian inheritance (6 below) is an 
example of a genetic algebra which is not a special train algebra. 
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4, Duplicate of a commutative algebra. Let W be a commutative 
algebra of order n over %, and let Ui) Uo,* ` +, Un be a basis of Y with multi- 
plication table (6). The duplicate W of A is defined as the commutative 
algebra of order n(n +- 1) over % with basal elements v3; (¢ 73 1,7 = 1,2, 

-+ n} satisfying l 


(21) VijUre = SeryiinyrstVee (OSS 7,7 Ss; ijr, s k, t=1,; n) 


where, we identify Vis == Vpt for t> k. That is, element of W behave like 
quadratic forms iù N. The definition of W is independent of the basis chosen 
for X since Y = N, implies W = W, [9, Theorem IV]. 

The process of duplication is important in genetics because we obtain 
from any gametic algebra Y a corresponding zygotic algebra W whose basis 
consists of the zygotic types usu; (= ujui) obtained from the gametic types 
Uy, Uz- °, Un In W. Multiplication in the zygotic algebra W is carried out 
as though it were being performed in Y according to the multiplication table 
(6). Writing vi; for uu; (t j) we obtain (21), where the coefficient of 
Vet 18 the probability that an individual of zygotic type usw; mating with one 
of type urus will produce an individual of zygotic type uxu:. If œ is the 
weight function (8) of the gametic algebra Y, then 


W: & = Jajj Vi >w (a) = Xij Osz, Qij In uF 


$ 


is a weight function for the zygotic algebra W; W is a baric algebra. Genetical 
calculations involving the first filial generation may be performed in W, 
those involving the second filial generation in the copular algebra W” (the 
duplicate of W), ete. 

We return to the general notion of a duplicate algebra as defined by (21). 
There is a homomorphism H of W into Y defined by 


(22) H: Vij —> Vil == Witiy = Seyipxte, (47; i,j=1,° . n). 


Actually H is a homomorphism of W onto the ideal X” (— AN) of M, since 
the uiu; span W?. We denote the kernel of H by ©. It is easy to see that 


(23) OY’ = 0 


[9, Theorem II (ii)]; that is, consists of absolute divisors of zero. 
Let a be an element of W. We denote the corresponding right multi- 
plication of W by R*,. Then any element T. of T(XW) has the form 


(24) T. = als 5 f (B*as R” as a J; æ in %, @ in A; 


where J. is the identity on W. 
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Lemma. Let a commutative algebra UX of order n over & have duplicate 
W, and T. in T(W) have the form (24). Then the characteristic function 
of Ts is 
(25) | AT 








= (A— a)n | AI — T | 


where T in T(2) has the form (12) with ti = aH, and H is the homo- 
morphism (22) of W into Y. 

Let m be the order over % of the kernel © of H. Then W = 0 +D 
for a linear subspace © of W having order p == n(n 4- 1)— m over §. 
It follows from (23) that, corresponding to this way of writing W, the right 
multiplication #*, has matrix 


. f0 0 es 
=h a. | a in W, 


where Ma and Ng are pX m and pX p matrices respectively. Since 
W — O= M? under the natural correspondence determined by H, we have 
Na = Fox, the right multiplication of 2° corresponding to aH in W. Then 
R*« has matrix 

A 0 0 e 
(26) R*, == ( * R, ), x = 4H in XW. 
Now Y= M? 4+ © for a linear subspace Œ of M having order n— p over §. 
Corresponding to this way of writing Y, the matrix of Re for x in W C Y is 


d 0 
(27) Ry = T Ai sin W, 
since M? is an ideal of M. It follows from (26) and (27) that 
98 R*, R* a(t 0 ) POM E E 
( ) f( 01) dg» a ¥ eae R? en , -) 2 sy Wide y 
and > > 
0 0 s 8 
(29) f( Bay Ray Herpes d ni = ) a tı in W, 


Then, denoting by Ip the (p-rowed) identity on W? and ©, equations (28) 

and (29) imply that | AZ. — T. | = (A—a)™| (à — a) Ip — (Rey R°ny***)| 
= (A— a)" a | AI —T |, for T. in (24) and T in (12) with z; = aH. 

AP Ton (25) follows immediately since m — n + p =— n + n(n +1) 
== {n(n — 1). 


ks 


We use this lemma in the proof of 
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THEOREM 3. The duplicate W of a genetic algebra X over F is itself 
a genetic algebra. 


By definition W is commutative. If w is the weight function of M, then 
a weight function œ of W is defined by 


(30) wo: &—>o (a) =o(aH), | ain W, aH in A, 


where H is the homomorphism (22) of W into W. It follows from (25) and 
the fact that Y is a genetic algebra that the characteristic function of T. in 
(24) has coefficients which, insofar as they depend on the a; depend only 
on the w({2;) =o(a;H) =w (a); W is a genetic algebra. 

The advantage of the concept of genetic algebra over special train algebra 
lies in Theorem 3. The most elementary algebra of genetics, the gametic 
algebra of simple mendelian inheritance (6 below), is a special train algebra 
(therefore a genetic algebra by Theorem 2). Hence by Theorem 3 all algebras 
obtained from it by duplication are also genetic algebras. However, the 
copular algebra of simple mendelian inheritance, obtained by duplicating 
the gametie algebra twice, is not a special train algebra. 


5. Structure of genetic algebras. It follows from (5) that the radical 
of any baric algebra is contained in the kernel 9t of the weight function w. 
We shall show that for a genetic algebra % the radical is N, by showing that 
N, which we already know consists of the nilpotent elements of M, is actually 
nilpotent. 


THEOREM 4. Let N be the kernel of the weight function w of a genetic 
algebra A over Z. Then N is the radical of X, and is nilpotent. 


Let T in T(X) have the form (12), and write w(a;) =g. Then the 
characteristic function 


| AL —T | =X + pAn + - -f Un 


of T has coefficients y; which are polynomials in @, &, &,° - +, with constant 
terms yjo=0. For let a0 and 4% =0 (t= 1,2,:::) in (12); then 
T = 0, | AL | == A? = A” $ yA? + + + no, OF Wyo == O for j = 1, 2,-++,n. 
It follows that A” is the characteristic function of any T in T(X) which may 
be written in the form (12) with 


(31) daina, ERRER 


In this case T” = 0, T is nilpotent. Now let T be in the enveloping algebra 
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J” of the right multiplications corresponding to elements of N. Then (31) 
is satisfied, T is nilpotent. Since N” is an associative algebra consisting of 
nilpotent elements, 9* is nilpotent. Thus % is a nilpotent ideal of X, and 
is contained in the radical R of W. On the other hand, (5) implies that N 
contains R, or K == Jt. 
The classical elements of a structure theory for a linear algebra Y are 
(i) the nature of the radical 9, and 


(ii) the nature of the simple components of the semi-simple algebra 
A — K. ‘ 

For genetic algebras, (i) is answered by Theorem 4. Question (ii) is trivial 
by virtue of (5). 

One may also ask whether or not the analogue of the so-called Wedderburn 
Principal Theorem holds: does Y contain a subalgebra © = M — N, so that 
Y= G+ I? It is easy to see from (5) that this question is equivalent to 
the following one: does Q contain an idempotent element e? One may 
readily construct an example of a genetic algebra without an idempotent, 
so the answer in general is negative. 

However, the existence of an idempotent is significant genetically, since 
it represents a- population in equilibrium for random mating [6, p. 138]. 
Etherington gives conditions for the existence of an idempotent in a commu- 
tative baric algebra [6, Theorem VI]. Clearly a genetic algebra (or even a 
train algebra) contains an idempotent e if and only if there is an associative 
subalgebra © of M. which is not contained in N. For e generates such an 
algebra ©, while the converse follows from the fact that any non-nilpotent 
associative algebra © contains an idempotent. 


6. Simple mendelian inheritance. Let % have characteristic not two. 
The gametic algebra & of simple mendelian inheritance is the commutative 
algebra’ @ == (uz, Us) of order 2 over % with gametic multiplication table 


(32) ty? = Uh, Uys = ft + Furs, Us" == Ue. 
An easy change of basis gives © = (u, z) with 
(33) u? = U, uz == 42, Z? =m 0. 


Writing g == éu 4- nz, we have weight function w: e—->o(x) =é; then 
N = (z), N? —= 0, G is a special train algebra. The transformation algebra 
T(®G) has order 3 over %, and any element T of T(G) may be written in the 
form 

(34) T = al -+ 2K, ain %, £= éu-+ yz in ©. 
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The characteristic function of T in (84) is 
(35) A? — (2a + 36) + (a + £) (a -+ 24 — [A — (a + 29] A—(@ + £). 


The zygotic algebra 8 of simple mendelian inheritance is obtained from 
© by duplication. For purposes of computation in genetics one would want 
the multiplication table obtained by duplicating (32). However, the structure 
of 8 = W’ is seen more easily when the multiplication table (33) is duplicated. 
Write a == uu, b == uz, c= 22. Then 3 = (a,b,c) with 


(36) a* = 4, ab = $b, b? == 4c, ac = be = ê = 90. 


Writing gs == a -+ 7b + fc, we have the weight function w: z — e(z) = é. 
The kernel of œ is N = (b,c). Then RN? = (c), NE —0, B is a special 
train algebra. The transformation algebra T(8) has order 6 over % and 
any element T of 7'(8) may be written in the form 


(37) T= al + 2a, + 4Rz lz, Ti = a+ nid, o(s) = &, 
The characteristic function of T in (37) is 
(38) [A— a] [A — (a + 2& + 4&&)][A— (a + & + és) ]. 


Duplication of 8 gives the copular algebra © of simple mendelian 
inheritance. As before we omit the multiplication table (important from 
the point of view of genetics, but not structurally) which is obtained by 
duplicating (32) twice. Instead we write v == aa, pı == ab, pa = bb, p3 = ac, 
pa = bc, ps = cc, for a,b,c in (86). Then ©= (v, pp’ ++, ps) with 


, y? = V, VP, = $01, Ups = gPa ps” TE {22 Pips = $P4 
(39) 2 a ee, pee dee aA 

i Pe = Jg Ps UPj = Pipi = (i = 2 29; 9 3 F) ). 
Writing < == év -+ Sripi, we have o(s) =é The kernel of o is N = (ni, 
-+ +55), and J= (Pz, Pa, Ps), NE — (Pa Ps), Nt —0. Now € is not a 
special train algebra since CN? contains vp, = 42, which is not in M*; N? is 
not an ideal of ©. That © is.a genetic algebra is guaranteed by Theorem 3. 


7. Jordan algebras. A commutative algebra Y of order n over % is 
called a Jordan algebra in case 


a? (ry) = «(2*y) l for all z, y in M. 


Let % have characteristic not two; any linear subspace W of (%)m which 
is closed with respect to “ quasi-multiplication ” 


STRUCTURE OF GENETIC ALGEBRAS. i 133 


(40) ny =$(2:y +y £), zy in M, 


where x: y denotes the associative multiplication of transformations in Ve, 

is a Jordan algebra of linear transformations of order nm? over $ 
[3, p. 546]. 

The gametic algebra @ of simple mendelian inheritance is the case 

== 2 of the genetic: algebra Gn == (U, %2,° * *,2n) With multiplication table 


(41) u? = u, UZ; == $23, 2424 = 0 (4,7==2,---+,n). 


In [6, § 6] Etherington has shown that any train algebra of rank 2 and order 
n over §§ of characteristic not two is equivalent to G,, and also has indicated 
that these algebras are Jordan algebras [6, p. 138, footnote]. Actually they 
are Jordan algebras of linear transformations. For let ei; (4,7 —=1,---,n) 
be the usual matric basis of (%})n with matrix multiplication 


(42) Cig > Cer == O5x€it (Kronecker delta), 


and let Mt = (e11, @12,° * *,é@im). By (40) Mt is a Jordan algebra of linear 
transformations with multiplication erer; = $ (biei; + Sirli) or 


(43) 14°" = ĉii; 6111; == eij 014033 == Q (4, 9 = 2; Pe ag n) n 


By (41) and (48) the correspondence u —> e1, 21 —> 61; (t= 2,° + +, n) is an 
equivalence between ©, and Mi. 

The zygotic algebra 8 of simple mendelian inheritance is also a J ordan 
algebra of linear transformations. For let WM be the subspace of (%), with 
basal elements a = ezz, b == lis + €23, C = 40,3. Defining multiplication iu 
Mt by (40) and (42), we obtain the multiplication table (36) ; W is a Jordan 
algebra of linear transformations and is equivalent to 8. 

Inasmuch as powers of a single element are associative in a Jordan 
algebra over §§ of characteristic not two [8, § 5], the copular algebra © of 
simple mendelian inheritance is not a Jordan algebra. -For we see from (39) 
that the right power pi*==0, while p7p == 2°; = 0. 

These considerations lead us to an analysis of those genetic cies QT 
over a field % of characteristic not two which are at the same time Jordan 
algebras. Let u be an element of weight 1 in W. Then, by the associativity 
of powers in W, u generates an associative subalgebra € which is not contained 
in Nè; there is an idempotent e in M. 

Albert has shown in [3] that the only possible character istic roots of Re 
are 0, 4, 1, so that the equation 
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(44) ze = Br, B in &, 


has solutions only for @==0,4,1. Writing (8) for the set of all v in N 
satisfying (44), one obtains YW as the supplementary sum 


(45), A == Me(1) + Wels) + We(0). 


Let tg be the dimension of the space %,(8) over %. Then 4 Z1 and 
tı + t; -H to =n. Corresponding to a basis of 2 in the form (45), we have 
the matrix of Re in the diagonal form 


(46) Re = diag {1,, $13, 0} 
where Zg is the tg-rowed identity matrix. 

Since T(N) is a baric algebra with weight function 0 defined by (10), or 
(47) 6(T) =a+f(&,& °°), & = o(2%), 


for T in (12), we know that one characteristic root of T is 6(7). For 
(A) =| Al —T | implies that ¢(T) =0 and 6[¢(T)]—¢[0(T7)] =0, 
6(T) is a root of P(A) = 0. However, for Jordan algebras we can obtain the 
following stronger result. 


THEOREM 5. Let % have characteristic not two, and A be a genetic 
algebra which is a Jordan algebra over %. Then X contains an idempotent e, 
and the distinct characteristic roots of T in T(N) in (12) are at most three: 


a, O(T), at f(s, $b, ° : J 


where é == o(z;), and 6 is the weight function (10) of T(N). The multi- 
plicities of these roots are the orders over of A(O), We(1), Mel) 
respectwely. 


For it follows from (46) that 
(48) f( Ree, Reo: + +) = diag{f (£n ént + *)Li, Fén 3627 + *) Ly, 0}. 
Then, since Y is a genetic algebra and w(z;) = é& = o (ée), we have 
|A — T | = |(A—a)I —f (Bay Bap + °) | = |(A—@)I—f (Bee, Ries” **)|- 
Then (48) and (47) imply that the characteristic function of T is 
(49) [Aa] ®[A— 0(T) J La — {a+ fié Ha, e DI 


The theorem follows. 
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In the examples we have worked out for simple mendelian inheritance, 
(35) and (38) illustrate the characteristic function (49). 
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DIVISIBILITY PROPERTIES OF THE FOURIER COEFFICIENTS 
OF THE MODULAR INVARIANT j(7)* 


By JOSEPH LEHNER. 


1, Introduction. Some years ago D. H. Lehmer [1] + gave a series of 
arithmetical properties of the Fourier coefficients of the modular invariant 


jir) = a+ + 744 + 196, 884¢-+---, © = exp rir, I(t) > 0. 


Here we derive some arithmetical properties of the coefficients of a quite 
different character. In fact we prove 


THEOREM 1. If 


(1.1) j(r) = co + Sov 

then 

(1. 2) Csv ==0 (mod 25) 

(1. 3) Cry = 0 (mod 7) 

(1. 4) C11v =Q (mod 11), y=1,2,3,°°°. 


The general idea behind the proof of this theorem is as follows. Consider 
‘the congruence (1.2) as an example. By applying a certain linear operator— 
denoted by U;—to the right member of (1.1) one obtains the series with 
v replaced by 5v. The same operation performed on the left member yields 
a modular function belonging to a subgroup of the full modular group. We 
shall try, therefore, to express that modular function in terms of the basic 
function of the subgroup, which is known to have integral coefficient Fourier 
expansions. The identity which results is of the form 


(1. 4)? Usj (1) = 25 (a8 (7) + deb? (7) +++ + + a8 (r)), 


where © is the basic function, and the congruence (1.2) follows at once. 
Formula (1.4)’ is an algebraic relation connecting two modular func- 

tions on the same. subgroup—U;7 and S—i.e., it is a modular equation. 

Modular equations have been used by Rademacher [3], Watson [4], and the 


* Received February 4, 1948. 
* Numbers in square brackets refer to the bibliography at the end of the paper. 
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~ 


author [2] to discuss the famous congruences of Ramanujan concerning the 
partition function. Ramanujan himself proposed certain identities from 
which his congruences would follow as immediate consequences in the same 
way as (1.2) follows from (1.4)’. Later these identities were proved using 
the methods of modular function theory. In particular, the proof of Theorem 
1 as outlined above is modeled after Rademacher’s proof of the Ramanujan 
congruences [3]. 8 

In the work on the partition congruences an essential inelegance occurs 
because of the fact that the partition function is not quite the coefficient 
function of the Fourier expansion of any modular function. .The theory of 
modular functions must therefore be distorted somewhat so that an application 
to the partition problem is possible. The resulting awkwardness is justified, 
of course, by the importance of the problem. The author feels, however, 
that from the standpoint of the theory of modular functions, the developments 
of this paper place the theory of modular identities in a simple and natural 
` setting. 

The congruences (1. 2)-(1.4) can be extended to powers of their respec- 
tive primes. In 4-6 we prove 


THEOREM 2. With the cy of (1.1), we have 


(1. 5) cy == 0 (mod 5%") if v= 0 (mod 5°) 
(1. 6) cyv==0 (mod 7*) if v==0 (mod 72) 
(1. 7) cy ==0 (mod 11?) if v= 0 (mod 11), 


for y= 1, 2,3,° - -, and a= 1,2,3,- >. 


The difficulty which prevents ready extension of (1.7) to a > 2 will appear 
in due course (4). | 

Note that no statement concerning co is made in Theorems 1 and 2. 
Obviously any f(T) + const. has the same modular properties as f(r) itself, 
so that co is quite arbitrary. 


2. Congruences for the moduli 5 and 7. Let us recall first that an 
entire modular function on the group T is an analytic function f(r), which is 


(a) regular in the upper half-plane I(r) > 0, 
(b) meromorphic with respect to an appropriate uniformizing variable 
when r assumes real rational values or when r== œ, 


(c) invariant under T, ie, f( Vr) = f(r) for every modular substi- 
tution Vr == (ar-+ b)/(er + d) belonging to I. 
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We assume T to be a subgroup of finite index in the full modular group 
T(1). The subgroup of interest to us is Iy(p), defined by c== 0 (mod p), 
p being a prime > 3. 7(r), of course, belongs to the full group. 

In order to get a hold on the coefficients of 7(r) whose indices are 
divisible by p (p = 5, 7,11 in the cases of interest) we introduce the operator 


[2] 
(2.1) Uaf (7) = PA E F (7 +4)/2). 


First we note ([2], p. 499) that if f(r) = Sma’, then 
o9 iù 

(2. 2) O of = È Appt, t = — [— s/p], 
~= 


where, throughout this paper, x == exp 2mrir. For the left member is 


p-i œ ; oo , pri 
p> Savexp {Rri(r + A)v/p} = p* X ay exp (2rivr/p) 2 exp (2riàv/p) 
y=g = 


A=0 v=8 
2 W * 
== = Ay exp (2rizv/p) = È, apu exp (riur). 
pir pat 
Thus in order to prove a property of the ay of f for which p |v we may 
prove the same property for all of the ay of U,f. 
Next we prove a 
LEMMA. Uņpj is a modular function on To(p). 


This lemma may be established by the same reasoning employed in the 
proof of Theorem 4 of [2] (pp. 499-501). That Uj is regular in the upper 
half-plane is obvious. The subgroup To(p) has only two parabolic vertices 
when p is prime, say, 710, 7 == 0. From (2.2) we note that at 7 == tœ 
we have the expansion 


(2.3) Up (T) = Co F Cpt + Cop? 4+ + 

At 7’ = 0 we write 7’ ——1/pr and consider 7->i0. From (8.81) of [2] 
we then find 

(2. 8)’ PU pj (7) = pU ng (pr) + j(— 1/p?r) — į (7). 


Using 7(—1/r) = j(r) and (2.2) we obtain 
(2.4) pUyj(r’) = const. ++ --+oP+- + -—awtpe eee ye, 


Thus U,j is regular at r==iœ and has a pole of order p? (in 
T = exp 2rir) at r == 0. 


THE FOURIER COEFFICIENTS OF THE MODULAR INVARIANT 139 


To establish the invariance of Up} on ITp(p) we make use of Lemma 1 
of [2], p. 501. We have 


p- 

Upi (Vr) =p" ZINT), Tyr = (t -+ 2)/p, Velvo(p), 
pal 

= p" 2j (WaTar), Wrelo(p”), 


=p > j (Tar) = Ugi (7). 


Since Ujj is a modular function on To(p) we can express it as a rational 
function (in fact, a polynomial) in the basic functions of that group. When 
Io(p) is of genus zero” there is a univalent function the powers of which 
in linear combination generate all the entire modular functions of the group. 
This situation obtains when p = 5,7, 13, and the univalent basic functions 
are 


(2. 5) Ppr (T) =P (7) == {n (pr)/n(T) y"; 


where r(p — 1) = 0, (mod 24) and r is minimal positive. Here (r) is the 
Dedekind function 


(2.57 (r) = exp (rir/12) I (1—2™). 


® is obviously regular at r==-10, and near 7 = 0 we have the integral 
coefficient expansion, [2], (8. 83), 


(2.6) ply (0!) = Ppr" (r)—a(1+O(2)), — #=—1/pr: 


It follows in view of (2.4) that by proper choice of integers C1, C2,---, Cy 
we can make sure that the function 


PUpj (r) — {Crp a(r) +: + + 4 Cop’? (1!) + Cip@(r’)}, k= p, 


does not have a pole at +’ =Q. 


At r = to, U,j and ® are both regular. Hence, with a suitable constant 
Co, we conclude that the function 


8(r) = Upj(r) — pH Opa (r) + + + Orpa) } — Co 


is a modular function of Tro (p), which is regular in the interior of the funda- 
mental region and at both parabolic vertices (0,10), and has a zero at 


* By the genus of a group we mean the topological genus of the closed manifold 
obtained by identifying the edges of its fundamental region which are congruent under 
the substitutions of the group. 


140 JOSEPH LEHNER. 


r==400. By a well-known theorem, 8 vanishes identically. Thus we have 
established the identity : 


(2. 7) Opi) = Oo + pre {C,@(r) ++ + + Opr PO (7) }. 


From (2.2) and the last equation we write 


XO x) 
(2. 8) S; cpus — Oo + pri? S bya, 
p=0 


yzi 


where the by are integers. 

Now for p = 5, r= 6; for p= 7, r= 4; for p= 13, r= 2. Hence, 
when p is 5, 7, the congruences (1.2), (1.3) follow trivially from (2.8). 
When p = 138, however, r/2 — 1 = 0, so no obvious congruence follows. 


3. Congruences for the modulus 11. When we turn to p=11, we 
face a new situation, for T)(11) is no longer of genus zero. Therefore, there 
cannot be a univalent function on this subgroup, but it is possible to define 
a pair of independent 2-valent functions, which together constitute a rational 
basis ([2], pp. 501-505). These functions have integral coefficient expansions, 
of which the leading terms are given below. At r= iœ, x = exp 2rir, 


A(r) ae? £6 Lite $4, 
C(r) =o Bate. 


At 7’ = 0, we put r == — 1/11lr and have 


A(t) = A(t) = awit, 
1170 (r) = r? + er He 


(3.1) 


(3. 2) 


We wish to represent 11U1:7 as a polynomial in A and C. The procedure 
to be employed is explained in [2], p. 505. At r= tœ, 110417 is regular, 
as we saw in (2.3), but A has a pole. However, C and 11°AC are regular. 
At 7 = 0, A has a simple pole, and 11°C a double pole. Hence, we may 
remove the principal part of 110.7 at 7’ = 0 by means of a polynomial with 
terms like (117C)™, A-(11°C)™, the former being used for poles of even 
order, the latter for those of odd order greater than one. These terms will 
remain regular at r’==ico because of the regularity of C and 11740 there. 
Moreover, such terms all have integral coefficient expansions. We have not 
yet considered the term in s in the principal part of 110i at 7’ —0. 
However, this term must drop out since otherwise we could construct an 
entire modular function having but one simple pole on T(11), a subgroup 
of genus one. The above considerations lead to an identity of the form 
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(3.8) ‘Unj(r) =D + 11{D,C(r) + D'A (1)0 (7) + Deol l?2C?(r) 
4 D/g112A(r)C?2(r) 4+- + -4 Dil 124-04 (r) 
+ Dilt*4 (7)0" (1) }, 


where D,,---+,D:; Datt ot, D'e, are integers. The expression in braces, 
when expanded in powers of a, clearly has integral coefficients. The con- 
gruence (1.4) follows from this identity. 


4, Congruence for the modulus 117. It is convenient at this point 
to indicate how the identity (3.3) can be extended to the modulus 11°. 
This is accomplished by subjecting both members of the identity to the 
operator U,;,. On the left we obtain by (2. 2) 


oO 
04174 (7) == U3 {U 119 (7) } = > Crop". 
u=0 


In the right member of (3.3) every term contains the factor 11 to at 
least the second power except possibly D, in which we are not interested, and 
Dı Dı. If we now apply the operator U1, which merely replaces each 
coefficient a, of a power series by dip, and take congruences to the modulus 
117, we evidently obtain 


(4. 1) 4174 (r) == D -t 11D,0yC (7) + 11D- Un A (r)O (r) (mod 117) 
| = D + 11D:U0 a0 (t) + 11D {A(r) O(r) —1} 
| (mod 112). 


It is proved in [2] ((9.1), p. 512 and Lemma 4, p. 504) that 
UC (r) == 0 (mod 11) 
A(r)C(r) — {1 = 0 (mod 11). 
Hence 


(4, 2) Uae) mS aaam (mod 11%), 
, ð 


and the congruence (1.7) is proved. 


It is clear that the foregoing treatment cannot be extended. to higher 
powers of 11. What is needed is a theorem about U110"(r), UnA (7) C*(r), 
and the higher iterates U11, U113,- © +. We would like this theorem to say 
that U,,C* is a polynomial of the same form as the expression in braces in 
(3.3) but with an additional factor of 11. 
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When p = 5 or 7 it is possible to prove theorems of this general character, 
as will be shown in the two following sections. The reason is this: when 
= 65 and 7, Po(p) is of genus zero. There is a univalent function ® on 
To(p)}. This function satisfies a modular equation, i. e., an algebraic relation 
between @(r) and ®(r/p). The iterates Up®*, Up°S",- - -, can be calculated 
by applying Newton’s formula for the sums of powers of the roots of an 
algebraic equation to the modular equation, a device first used by Watson 
[4]. Since 7417, Uy174,- © >, are expressible as polynomials in ®, the applica- 
tion of Newton’s formula yields theorems of the type mentioned above. Thus 
it is possible to iterate the identity (2.7) indefinitely to obtain identities 
for Uy", m == 1, 2,3,---. This will be carried out in the next two sections. 
This approach unfortunately breaks down when p = 11, due to the non- 
existence of modular equations of the required type for the functions C* 
and AC*, 


5. Congruences with powers of 5 as moduli. Our next step will be to 
generalize the identity (2.7) so that it involves powers of p in the indices 
of the coefficients {cu}. This is accomplished by repeated applications of the 
operator Up. We denote the iterate of Up by Up’, ete.: l 


(5. 1) Upi (1) ers U,{Ug"7 (7) ie | m==-1,2,38,° °°. 


In the first place it is clear that 


OO OO 
tj = Up? + È cyt} = È cour, q=, 
= p= 
and in general, 


(5. 2) Uy) = È, Crt”, r = p”. 
u=0 
On the other hand, iteration of (2.7) gives 


(5. 3) Upi a Oa +. pr 2-0 {08 4- Oprea? |. 44 +. O,pt D/E, 
k = p°, 


In order that the identity (5.3) shall give rise to a new congruence to the 
modulus p?, it is necessary that Up®, © -, p’)/*U,6* should be divisible 
by p, at least. However, we also want expressions for Up®,: - -, which are 
in a form suitable for iteration of Up, since we are interested in identities 
and congruences to the moduli p3, p*,-- -. 

The simplest way of meeting both requirements is to prove that the 
polynomial in brackets in (5.3) reproduces itself under the operation Up 
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but picks up a factor p, A= 1. This would be true for the polynomial if it 
were true for each power of © separately. That is, we are led to consider 
the statement 


(5.4) prvi a 
== p {01 1 + Oaa p PE + CO, pd? +--+ + + Cy pt? Yeae}, 
AX 1, = 1,2,- -, p”, U= u, 
where C1,1,° © +, Cu,1 are integers. 


This statement, however is not true. It breaks down even for I = 1 as 
we shall notice later (cf. (5.11), (6.11)). 
We therefore proceed as follows. Rewrite (2.7) in the form 


(5.5) Uj = Bo + p" (Bid + Bap’h? + Bap? +-- - - + Bipa), 


the B’s being integers. We shall prove that under application of Up the 
above polynomial does reproduce itself and at the same time picks up a 
factor pò: 
U pË = pr{ By ® -4 Bap E? +- cate aL By ip’®"}, 
(5. 6) p'Up®! = p\{B, 16 + Bap +--+ +--+ Bupe, 
N= 1, P= 2, w= wr. 


For this purpose we make use of the modular equation connecting ®(r) 
and @(pr). These equations have been given in the cases p== 5,7 by 
Rademacher [3], (11.5) and (12.5). 


At this point we separate the cases p == 5 and p= Y, and consider the 
former only in this section. Putting 


(5:7) Zam @(r) = a 5e)/a(z)}%, W= 5° (2/5), 
we have from [8], 

(5. 8) We +S (—1)spi We! = 0, 

where ae 


` 5 
(— 1p; = 5 3 bZ, 
l=j 


(5.9) bı = 63 bs = 63.55 Bg = 5”, 
ba = 52.53 - ba= 6.5 


(5.8) results from replacing X and Y in Rademacher’s equation by 
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E(t) =Y (7/5),  W(r) = X> (7/5). 
The conjugates in W of (5.8) are clearly l 


(5.10) Wy = 596 ( (r + à) /5), à = 0, 1, 2,3, 4, 
since replacing r by r -+ 1 leaves Z unaltered, by (2.5), (2. 5V. Hence, for 
the sum of the conjugates, we have 

4 
(5.11) Us® (r) = 5 5 ð (r -+ à/5) 

A=0 


4 5 
= BY Wy = 5p, = 5 SZ! 
A=0 t=1 


In order to facilitate further computation, we introduce the symbols 


P — MAGN +- QD? + a n= + hsgo°P8, 
Q = 0,6 + 6,5°6? +- - -+ bedt, 


where the a’s, b’s, s, and é are integers (s = 1, t> 1). P will denote a 
‘polynomial of this type, not necessarily the same one at each appearance; 
likewise for Q. | 

Obviously the sum and product of two P’s is again a P; this is not 
necessarily true for two @’s. Moreover, every P is a Q. 


In terms of this notation we can rewrite (5.6) as 


U s& = BQ, 


(5. 12) 
51,6! — BQ, Kat 5. 


On the other hand, we have from (5.9) 


(5.12)’ i pı = 5°Q; - 
then from (5.11) 
(5. 13) U Ë — 5Q. 


Comparison of (5.12) and (5.13) shows that we must take A == 1. The 
first part of (5.12) is therefore proved, but we must still show 


(5.14) © §10;6' == 5Q, A AE E 
Let 


4 4 
(5. 15) Sp = X Wye = 5% D Dr ( (r 4 A) /5), k=l. 
A=0 A=0 
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Then 
Udi = Bt St (r + a) /5) = FSW! 
ie cana =o 
so (5.14) is equivalent to 
(5. 16) Spor N, l= 2,3,-°- 


This relation can be proved by the aid of Newton’s formula for the sums 
of powers of the roots of an algebraic equation. With the notation of (5.8) 
and (5.15), Newton’s formula is : 


k 
(5. 17) Sy = >, (— 1) i Pi Skj; k == 1, 2, 3, » % og 
j= 


with the usual conventions 
Po = p: =' +=), o = k. 


Although (5.16) is required only for 1 = 2, we shall find it convenient 
to establish it for all positive integral 1. In view of the recursive nature of 
(5.17) we shall evidently proceed by induction. For l==1, (5.16) is con- 
tained in (5. 12)’, since, from (5.17), Sy = py. 

In the process of establishing the inductive step in (5.17), we shall 
have to multiply the polynomials p; and Sx.; and add the products. This 
operation will be facilitated if these polynomials are elements of a ring. For 
this purpose we choose the P' polynomials defined above. 


We assume in the induction that 


(5. 18) Spe S t= 1, 2° ý “sb i 
‘Since evidently 

5tQ = 5 1P, {= 1, 
we have 
(5. 18)’ Sy, == BAP, n == 1,2, > :, 1—1. 
Also, let 
(5. 19) Dn = SP, tins 5, 


Cy = 4 Ag == 9 Os = 14. 


Zo == ji . Q4 = 12 
The a, are obtained from (5.9). 


10 
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Ii 5 we rewrite (5.17) as 
1-1 
(5. 20) Sı = 2 (— 1) p; Si; — (— 1) p 
=1 
Then applying (5.18)’, (5.19) to (5.20), we get 
1-1 
Sy eee ` Bast? (t-j) +1p + Ka:P, 
1 
From (5.19) we see that a; = 27 + 2; hence, 
5 5 K2j+2+2 (1-7) +1 p 4 52H22 P —. F242 P m K2, 
1 


proving (5.16) when lS 5. 


For 1= 5, substitute (5.18)’, (5.19) in (5.17) and obtain 
See > 52j+2+2 (I-f)+1P — 52M3 P __ 52020, 
gat 


This proves (5.16) for all ¿= 1 and thereby (5.14) (for 1 = 2). In 
turn this establishes (5.12) with A= 1, which is equivalent to (5.16) 
(p = 5, à= 1). If we operate on (5.5) with U, and make use of (5.6) 
we are enabled to write the identity 


(5.21) U574(r) = Ao + 53( A,® (r) + A5? (Tr) -+ As5*b'(7)), 
where the A’s and ¢ are integers. 


An immediate consequence of (5. 21) is the congruence (1. 5) of Theorem 
2 for g = 2. 


We can now continue in the same way to apply the operator U, to both 
sides of (5.21). Using (5.6) (with A= 1) one readily establishes by 
induction the identities 


(5.22)  Us™7(r) = Aom + 5” {As mB (7) + Azm E (r) 
toe eb Atm dtt(r)}, m = 1,2,3, °°, 


where Aom, Aim,‘ *°*,Atm are integers. Equation (1.5) of Theorem 2 
follows at once. 
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6. Congruences with powers of 7 as moduli. The developments of the 
preceding section can be extended without difficulty to the case p= 7. We 
shall therefore merely list the relevant relations using the same equation 
number as in 5, j.e, (5.18) — (6.13), ete. The proofs all go through in 
the same way. 


(6. 5) Uri s Bo -+ Y (B® -+ B1? + mee -+ By7**) 
(6. 7) Z = 8 (1) = {a (%7) /a (r) } W = PB (1/7) 

T 
(6. 8) Wt +5 (— 1p W = 0 

j=1 
(6. 9) (— 1) ip) =t S bZ 

I=j 
b, == 82 ba = ate : Tia b: — TS 


ba = 176-72 bg == 46°77 
b, — 845-73 be— 4°79 


6 7 
(6. 11) Uð = 7-2 5 Wy — Yp = IS 2? 
A=0 lal 
(6. 16) Sı = 7579, | == 2, 3,° . 8 
k 
(6. 17) Sr = È (— 1)! piski, k =, 23t, 
qzl 
Ps = Pa =: * -= 0, So = k 
(6. 18) Sn = 7Q, es ee ee 
(6. 19) Dn = YP, IEn, 


a =3 m=8 a, = 13 
So = 5 %; == 10 
æ, == 6 Gg = 12 i 
x; Z i+ 
Sm $i parap + yP 


f= 


ais St yim sp 4 YHP — YPP — Y2Q 


1 


L 
Si = X YAP = YHP — YQ, 
1 
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The identities which result from these considerations are 
(6. 22) 79 (7) = Aom + U4 Aim? (r) -+ Ámt D? (r) 
+: ? -+ Atant tt (7) }, m= Í, Ry 3,° ta 


the A’s being integers. This proves equation (1.6) of Theorem 2 and 
completes the proof of that theorem. 


AppED IN Proor: Equation (1.7) of Theorem 2 is valid for the modulus 
11°, in other words, the congruence 


Cy == Q0 (mod 11°) if yæ= 0 (mod ma, v= 1,2,8, °, 


is correct. The theorems required for the proof of this result are contained 
in a paper by the author, “ Proof of Ramanujan’s Partition Congruence for 
the Modulus 11%,” submitted to the Bulletin of the American Mathematical 
Society on Sept. 18, 1948. The required formulae are listed as equations 
(A) and (B) near the end of § 2 of that paper. 


NEw YORK CITY. 
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LIE AND JORDAN TRIPLE SYSTEMS.* 


By NATHAN JACOBSON. 


The present paper is devoted to a study of subspaces of an associative 
algebra that are closed relative to the ternary operation [[a,b],¢] where 
[a,b] = ab — ba. Such systems—called Lie triple systems—arise in a natural ` 
way in the study of Jordan algebras and of Jordan triple systems. The latter 
are defined to be subspaces of an associative algebra that are closed relative to 
{{a, b}, c} where {a,b} = ab + ba. In the first part of this paper we con- 
sider some general properties of such systems. The second half of our paper 
is concerned with the study of certain particular Lie and Jordan triple 
systems that have arisen in quantum mechanics. These systems have a basis 
915 Ja” © `, Gn and multiplication tables, respectively 


los gil, ge] = kigi — Seige 
GiJigr + 9uG 59s = — 9i5 Gu — SujGi- 


The latter relations have been introduced by Duffin? and by Kemmer ? in the 
study of meson fields and there is an extensive literature on the representation 
theory of such systems. In this paper we consider an extension of this theory. 


I. Elementary Properties. 


1. Lie and Jordan triple systems. We recall that a subspace & of an 
associative algebra Y is a Lie algebra if Q is closed relative to the commutator 
composition [a, b] ==ab— ba. Similarly, a subspace X is a special Jordan 
algebra if it is closed relative to the Jordan product {a,b} == ab +- ba. A 
typical example of a Lie algebra is the set of skew symmetric matrices of n 
rows and columns while an example of a Jordan algebra is the set of sym- 
metric matrices. We ‘now define a Lie triple system (1. t.s.) Q, as a sub- 
space of an associative algebra that is closed under the ternary composition 
[la,0],c]. Similarly, a subspace %3 of an associative algebra will be called 
a Jordan triple system (J.t.s.) if it is closed relative to {{a,b},c}. Of 
course, any Lie (Jordan) algebra is a Lie (Jordan) triple system. On the 


* Received February 22, 1948. 
1 Duffin [6]. 
2Kemmer [10]. 
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other hand, the set of skew symmetric matrices is an example of a J. t. s. that 
is not a Jordan algebra. 

We shall obtain next two characterizations of Jordan triple systems. 
For this purpose we introduce the composition (abc) == abe + cha and we 
note the following relations: 


(1)  [[a, b], c] = (abc) — (bac) 

(2) {{a, b}, c} = (abe) + (bac) 

(3) — {{a, b}, e} — {a, (6, c}} = [Le a], b] 

(4) {la b}, c} + {{8, ¢}, a} — {{e, a}, b} = 2 (abc) 
(5) {{a, a}, a} = 408 


(6) la a Co ee a a i a 
== (abc) + (bac) + (acb). 


. THEOREM 1. A subspace X; of an associatwe algebra is a Jordan triple 
system if and only if either one of the following conditions holds: (1) Xa is 
closed relative to (abc) == abe + cba, (2) Bs is a Lie triple system closed 
relatwe to cubes. It is assumed that the characteristic of the underlying 
field is =& 2, 3. 


Proof. If X is a J.t.s., then by (4) $s is closed relative to (abc). 
Conversely by (2) a subspace closed relative to (abc) is a J.t.s. Also (1) 
and (5) shows that a J.t.s. is a L.t.s. closed relative to cubes. Finally, 
let s be a L. t.s. closed relative to cubes. Then by (6) 


(abc) + (bac) + (acb) £9; 


and by (1), (abc) — (bac) and (abc) — (ach) e Xa. Hence 3(abe) e X; and 
(abc) e 33. Thus § is a Jordan triple system. 


COROLLARY. Any special Jordan algebra is a Lie triple system. 


A part of our result is that any J.t.s. isa L.t.s. Also it is clear from 
(1) or from (3) that if two J.t.s. are isomorphic then they are also iso- 
morphic as L.t.s. Hence we may speak of the Lie triple system of a J. t.s. 
In particular, we can associate a uniquely determined L. t.s. with any special 
Jordan algebra. Because of the relation (3) we shall also call this L. t. s. 
the associator L. t.s. of the special Jordan algebra. we 
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2. Examples. We consider now some important instances of triple 
systems. | i 


1) Meson systems. Let WM be the subspace of the algebra mı of | 
(n +1) X (n+1) matrices over the field © spanned by the particular 
matrices gi == Ciny — Ena is t= 1,2,- n. Meisa J.t.s. since 


(7) (9:9 19%) == — bijge — 82593. 
For the L. t.s. of M we have the multiplication table 
(8) Lgo gil gal = rigi — Ski gi- 


The systems W? have been studied by Duffin, Kemmer and others in connection 
with the mathematical theory of meson fields.* For this reason we shall call 
these systems meson triple systems. As we shall see, these systems are con- 
nected with the Lie algebras Gn. of (1 +1) X (n+ 1) skew symmetric 
matrices. Systems that seem to be related in the same way with the Lie 
algebras of matrices of trace 0 are given in the next example. 


2) Let & be the space spanned by the matrices £i = liny Yi = Cnt 
Here we have 
(9) 


(LiYyj@e) = 9jx0i + dix, 
(YsXjYn) = SiYi + dyaye 


with all other triples (abc) ==0. Thus @ is a J.t.s. For the associated 
L. t. s. we have i 
Live, ys], te] = Sines 4- jitu 
(10) an ine 
ELys, til, yr] = Sinys + jiye 
We consider next Lie triple systems that can be associated with arbitrary 
Jordan algebras. An algebra has been called a Jordan algebra by Albert ‘ 
if it is commutative and its multiplication satisfies 


(11) (ab) a = a? (ba). 


Any special Jordan algebra is a Jordan algebra if the composition is taken 
to be {a,b}. On the other hand, there exist Jordan algebras that cannot 
be obtained as special Jordan algebras. Let Ra denote the right multiplication 
.&—> sa in a Jordan algebra 3 and let Le denote the left multiplication 
2—az. Then since X is commutative Ry = Lea and by (11) ReRe = RaRa. 


* See the bibliography. 
4 Albert [2]. 
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Also, as has been shown by Albert,® the latter relation can be linearized 
to give ` 
(12) Brane — RiR ic -+ RiRac + ReRar arn (Lak Ry + Rukh Ra) 


if the characteristic is =4 2,3. This implies 
(13) Fe avy c-acbe) ms [[ Re, Ral, Ry]. 


Thus if R(X) is the set of right multiplications operating in X then R(%) 
is a subspace of the algebra of linear transformations in the vector space 3 
closed under the Lie triple product [[A,B],@]. Hence R(X) is a Lie 
triple system. We shall call this system the multiplication L.t.s of X. KP 

If X is a special Jordan algebra with an identity, the mapping a —> Rae 
is 1— 1 and linear of X into R(%). Since 


{{a, b}, c} — {a, {b, c}} = [Le a], b], 
(13) implies that 
Fitteai,0) == [LRe, Ral, Re]. 


Hence a —> Ra is an isomorphism of the associator L.t.s. of J onto the 
multiplication L. t. s. 


3. Identities. We shall not attempt to obtain an axiomatic develop- 
ment of Lie or Jordan triple systems in this paper. However, we shall 
derive in this’ section a number of identities that may be useful for such a 
development. We consider first relations for [[a,b],c] and these will be 
clearer if we denote [[a, b], c] by [abe]. 

Skew symmetry of [a,b] and the Jacobi identity imply 


(14) [abc] = — [bac] 
(15) [abe] + [bea] + [ead] —~0. Y 
The Jacobi identity 


[[Le, b], [e, dl]3e] + [LIe d], e]; [a, 01 
+ [[e, [a]; [¢, d]] =0 


becomes by using 
(16) [[a, b], [c, 4]] = [[[a, b], c], 4] — [LLa b], 2], c], i 
[ECIa b], cl, d], e] + (LCL, a], d], c], e] + [Lo a]; [Ec 4], e]] 
+ [[&, c}; ? LLe, b], e]] == 0 


6 Albert [2], p. 299. Cf. also Jordan, Wigner and von Neumann [9]. An equation 
equivalent to (13) below is also given in Alberts paper [2], p. 250. 
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or 
(17) [[abe]de] + [[bad]ce} + [baj ede]] + [edlabe}]] —0. 
Next we apply (16) and [[a, b], Le, d]] = — [[c, d], [a,b] ] to derive 


(18)  [[[a, b], cl, d] + [[[b, a], 4], cl + [[[4, c], b], a] 
af [LLe, d], al, b | = 0), 


Taking commutators with e we obtain 


(19) [[abe]de] + [[bad]ce] + [[dcb]ae] + [[eda]be] = 0. 
Also it follows directly from (16) that 


[CCa @], [¢, 4]], Ce, f]] = [[lebe] de], f] + [[[bacl af], e] 
+ [[[bad]ce], f] — [[[bad] cf], e]. | 
Hence 
LECLa, b], Le, 4]], [e,f]], g] = LL Lebe]delfg] + [[Lbac] af leg] 
+ [[[bad]ce]fg] + Ll labd]efleg].. 


By Jacobi’s identity for [[z, y],z| where s= [a,b], y = [c, d], z= [ef], 


(20) [[[abe]de]fg] + [[[bacldfleg] + [[[bad]ce]fg] 
+ [[[abd]cfleg] +9+R—0 


where Q and R are obtained from the four displayed terms by cyclically 
permuting the pairs (a,b), (c, d), (e, f). 

We establish next an identity which shows that if X is a special’ Jordan 
algebra, then [b] e% for every a,be%.® It is well known that the 
mapping «— [a,b] has the formal properties of differentiation. Hence 


[a?, b] = ala, b] + [a, bJa 


and 

[[a?, b], b] = 2[a, b] + af [a, b], b] + EIo, b], bJa 
or 
(21) [abb] = 2[a, b]? + {a, [abb]} 


since § is a L. t.s. [abb] and [abb] e$. Hence by (20), [a,b]? is in &. 

We consider finally the function (abc) regarded as a function of a and c. 
We set (abc) — {a, c}. Then this product satisfies the conditions for the 
product in a Jordan algebra, that is 


‘This property is mentioned without proof in Jordan [8]. 


hy, 
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(22) {a, c}a = {¢, a}o l 
(23) {114 a}o Cho, ajo = {{a, a}v, (6, a}o}o. 


These can be verified directly, or, we can obtain them from the following use- 
ful observation. If % is a Jordan triple system and b eS, then the set Xb of 
multiples ab, a e Ñ is a special Jordan algebra. For (abc)b = {ab, cb} e Xab. 
Similarly bY, is a special Jordan algebra. v4 


II. Universal Algebras. 


4, Universal associative algebra of a system of equations.’ Let X be a 
set of non-commuting indeterminates 2, and let Ş[X] be the free polynomial 
algebra generated by the a’s. A precise description of [X] # the following. 
Let ¥ be the free semigroup generated by the £a. Thus the elements of X 
are the monomials 2;,%;,: ` *%%,, T£ and two of these are regarded as 
equal only if they look alike. Finally multiplication is defined by 


(i,0ig* * + Lip) (LLa © ` Uje) = Bulia’ °° Bi, Lj Eja Dje 


We can now define [X] to be the semi-group algebra over our field @ of 
the semi-group &. 

If § is an arbitrary subset of [X] and X is the two-sided (®-) ideal 
generated by 9, then we shall call the algebra U== §[X]— B the universal 
associative algebra of the set of equations 


(24) p(%, Tas’ ` t3 Tr) = 0, 


for pe S. For the sake of simplicity we shall also denote the coset e; -+ B 
by a, Then any element of U is a polynomial in these v; and the relations 
(24) hold. Thus 11 can also be regarded as the algebra obtained from the 
free algebra by imposing the above relations. 

Suppose now that Y is any associative algebra over © that contains 
elements Ya such that p(y, Yo * *,Yr)'==90 for every pe S. We shall call 
the subalgebra generated by the ys the enveloping algebra Œ of the y’s. 
Evidently Œ is the totality of polynomials in the y’s with coefficients in ©. 
It is easy to see that the correspondence ta —Ya determines a unique homo- 
morphism of U onto €. 

We apply these results now to Lie and Jordan triple systems. Let &; 
be a L. t.s. with basis Y == {ya} and multiplication table 


7 An alternative discussion of universal algebras is given in Birkhoff and Whitman 
3A Cf. also Jacobson and Jacobson [7] for the case of special Jordan algebras. 
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(25) LLyas Yel, Yy] = Spaprays: 
We form the universal algebra 11 of the set of polynomials 
[ [Zas zp], Ty] — Bpapysvs. 


Then since the mapping £a — Ya determines a homomorphism of U on the 
enveloping algebra © of the y’s, it is clear that the 2’s are linearly independent 
in U. Since [[2a, 7g], vy] == Spagysv%s in H, it is also clear that the space 
spanned by the a’s is a Lie triple system isomorphic to Qs We shall now 
replace Q, by this subspace of U and we shall change our notation and denote 
the latter system as &. 

Suppose now that a—>āã is a homomorphism of &, on & a Lie triple 
system contained in the associative algebra Ñ. Then if Za is the correspondent 
of ta, [la 8], fy] = Spapysts. Hence, the correspondence %— Ëa can be 
extended to a homomorphism of U onto the enveloping algebra © of the Za. 
Evidently this homomorphism maps a@ into a. Also it is clear that © is the 
enveloping algebra of &,. Thus, we see that the homomorphism of Q onto 
2, can be extended in one and only one way to a homomorphism of U onto 
the enveloping algebra © of R ve 

The properties of U that we have noted are characteristic. For let Ü 
be any associative algebra that contains a Lie triple system 2, isomorphic 
to Q, under the correspondence a—> 4G. Suppose that 1) I is the enveloping 
' algebra of Q and, 2) any homomorphism ã—ä of & onto a L, t.s. Q, can 
be extended to a homomorphism of It into the associative algebra that defines 
Q. Then the correspondences a->ã and @—>a can be extended to homo- 
morphisms of U onto Ù and of Ù onto 1 respectively. It follows that both 
correspondences are isomorphisms. In this sense, 11 is uniquely determined. 
In particular, we see that U is independent of the choice of basis. -.We shall 
call U the universal associative algebra of Rs. 

In a similar fashion we can define the universal associative algebra of a 
Jordan triple system. In fact, it is clear that our discussion is applicable 
to other algebraic systems that can be defined by using pono functions 
in an associative algebra. 


5. Universal Lie algebra of a Lie triple system. Let Q, be a Lie triple 
system and let N be the subspace of the given associative algebra that is 
spanned by the vectors [a, 6], a,b in 2. If we refer to the relation (16) 
and recall that [[a, b], c] and [[a, b], d] €Q; for a,b,c, d in Q, then we see 
that N is a Lie algebra. Also the subspace & == &, + Jt is a Lie algebra since 
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[a,b] eM if a and b e Q, and [[a, b], c] e Q tf [a,b] eM and ce Q, Clearly 
& is the smallest Lie subalgebra containing Q&Q, We shall call & the enveloping 
Ine algebra of 25. It is also clear that & is finite dimensional if Q, is finite 
dimensional. In fact, if Y1, Y° + -+,Y is a basis for Q, then the elements 
Yis [Yi Yj], i < 7 are generators for Q. Hence the dimensionality of & does 
not exceed n(n + 1) /2. 

We shall call Q a universal Lie algebra for Q, if any homomorphism 
a—>ã of Q, onto a L.t.s. Q, can be extended to a homomorphism of the 
enveloping Lie algebras. It is evident that if such an extension exists, then 
it is unique. Now it is easy to obtain a universal Lie algebra for any L. t.s. 
Q, For this purpose we assume that &, is contained in its universal asso- 
ciative algebra U. This can be arranged by replacing Q, if necessary by an 
isomorphic copy of it. It is clear from the properties df the universal 
associative algebra U that the enveloping Lie algebra & of &, in U is a 
. universal Lie algebra. Also, it is clear that if a—>d is an isomorphism of &; 
onto &, and if the enveloping Lie algebras Q and & are universal, then the 
extended homomorphism is an isomorphism. In this sense the universal 
Lie algebra is uniquely determined. WwW 

Suppose now that &, is finite dimensional and that & is its universal 
Lie algebra. Let a—>a& be a homomorphism of &, on Q, and assume that the 
enveloping algebra & of Q, has the same dimensionality as Q. Then the 
extended homomorphism of Q on & must be an isomorphism. Hence, in this 
case Q is universal for &. Thus, the universal Lie algebra for a finite 
dimensional L.t.s. can be characterized as an enveloping Lie algebra of 
maximum dimensionality. 

If 2 is the universal Lie algebra of Q, the subalgebra 9t of elements of 
the form 3[a, b], a, b in Q; will be called the complementary Ine algebra of &. 
We proceed now to determine the universal Lie algebras and complementary 
Lie algebras for the examples listed in 2. 

For the meson Lie triple system we have the basis gi = li ny1 — Cni 
Hence [g:, gi] = eji — eiz. The elements gi, [gi g;] i < j are linearly inde- 
pendent and constitute a basis for the Lie algebra Gnn of (n+ 1) X (n+ 1) 
skew symmetric matrices. It follows that ©,,, is universal. The comple- 
mentary Lie algebra has the basis ei; — eji 4,7 == 1,2,°-°',m;4<j. Hence 
it is isomorphic to the Lie algebra Gy. 

We consider next the Lie triple system & with basis 2; == 8i, n1; Yi = emib 
i= 1,2, cpn. Here [z; z] = 0 = [yi yj] and [zi ys] = eij — bijen ns. 
Thus the Lie algebra N spanned by the vectors [a,b], a,b in & has the basis 
[za y;] and the enveloping Lie algebra Q has dimensionality 2n -+ n? 
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= (n + 1)?—-1. It is clear that & coincides with the Lie algebra P'nu, 
of matrices of trace 0. Now let @ be any L. t.s. that is isomorphic to & 
and let Z:, ¥; be a basis corresponding to the basis xi, yj» If we use the 
multiplication table (10) and the identity (18) for a = zti, b = Ji, C= ñr, 
d ==; we obtain 


2855 2x, T1] + 8je[%:, #1] — 8j [ëi Z] = 0. 


If we set 1 = j = k and 154] we obtain 3[%, 4:] —0. Hence [%, tı] = 0. 
Similarly, [Y, Jı] = 0. It follows that the dimensionality of the enveloping 
Lie algebra Q of Q does not exceed (n+1)?—1. Hence Q = @n,;7 is 
universal for &. The complementary algebra has the basis eij — dsjéns1,n+15 
t, J = 1,2, >+, n. Hence it is isomorphic to the Lie algebra ,; of all 
nX n matrices, 


6. Finiteness of dimensionality of the universal associative algebra 
for a Jordan triple system. Let X; be a Jordan triple system and suppose 
that Ss is contained in its universal algebra 11. We wish to show that if $3 
is finite dimensional, then 11 is finite dimensional. Let zı, %2,: * -,@%, be a 
basis for %§;. We shall call a monomial in the 2; irreducible if it cannot be 
expressed as a linear combination of monomials of lower degree. Also we 
shall call two irreducible monomials equivalent if their difference can be 
expressed in terms of lower degree monomials. 


Lemma. An irreducible monomial is of degree = max (2,7) in any 
of the 2. 


Let u denote one of the ws and let the monomial have the form 
"sues ues sues, Tf a term aj2;u appears it can be replaced by 
—uzj;x,-+ linear terms. This process can be used to replace the monomial 
by an equivalent one in which any u appears two places to the lell of its 
original position. Eventually we can get an equivalent monomial in which 
the ws are separated by at most one s; s&u. Three ws cannot occur con- 
secutively since u’ can be expressed as a linear combination of 2’s. Also no 
terms of the form uaju? or w?a,u can occur, since uztu? = — u?ri + terms 
of lower degree and u°a;u = — ziu? + terms of lower degree. Thus if w? 
occurs, then no other u appears in the monomial. Finally we consider a. 
product of the form (usx:)(us;): -> (uzı). We have seen that u% is a 
special Jordan algebra and it is clear that the vectors usi, 1=1,2,:--,n 
are generators. Thus (ux:)(us;) = — (ua;) (uxi) + terms of lower degree. 
Thus we can permute the factors ua; But also (wai)? is a sum of terms of 
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lower degree. It follows that no more than n factors ua; can occur. This 
concludes the proof. 


Evidently this lemma implies that there are only a finite number of 
irreducible monomials. Hence we have the following. 


THEOREM. If ts a Jordan triple system of finite dimensionality, then 
tis universal associative algebra U is finite dimensional. 


Of course, this implies that the enveloping associative algebra of any 
‘J.t.s. with a finite basis has a finite basis. 


III. Representation Theory for Meson Triple Systems. 


7. Svartholm’s problem. With a view of applications to quantum 
physics, N. Svartholm è has proposed the problem of determining the struc- 
ture of the universal associative algebra of the system of equations 


(26) [ Lai, zi], Dx | = Syst; — Sy 5% 
(27) $(xi) = 0 


where t, j,k == 1,2,- ++,” and (à) is a non-zero polynomial in [A]. It 
was shown by Svartholm that if (A) is of degree 2, then (A) =A? + 4 | 
and U is an algebra of Clifford numbers.® If (A) is of degree 3, then 
P(A) =A +A, so that x; =— gi By (26) if is47 


(28) Citij? — 22 jU42; a Tj hy = — Ti. 


Hence 
Bitit? — Bæ; tiw = 0 and — Rrrr? + Prie = 0. 


` Hence 2;7;27;7 = 0 = 2;"a,2;. Multiplication by 2;, gives 

(29) Tititi = 0, tÆ j. 
Thus (28) becomes 

(30) titi? F tti = — Ti. 

Next let i, 4, k be 4. Then by (26) 


LU jC — Tille — Llit F ETL, = l. 


® Svartholm [14]. 

®Svartholm [14]. We assume in the sequel that our minimum polynomials have 
no constant term. Using this convention the minimum polynomial in this case should 
be regarded as A? + 3a. 
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If we multiply on the left by x;? and use (29) and z: = —aj, we obtain 


(31) —— U0 jLy, + Li Lett = 0. 
Since 
L Epl hy == — (EpL? + Tp) Eili = — pL LL, — Ekti Li 
== Ly (Lit? + vj) Ly BY UGE == — Tktjtis 


(31) implies that l 
(32) TiTtjtk + Lt jl, = 0, 1, 4, k z6, 


~ 


Thus we have the equations 
(83) (Titjtk) aen ee O4j 2x me On jV5 


for all 1,7,%. Conversely, these equations imply (26) and 2,3==—2;. Thus 
we see that if (à) =à" +. then U can also be defined as the universal 
associative algebra of the meson J.t.s. The structure of this algebra has 
been determined by Svartholm using associative methods. In the remainder 
of this paper we shall determine the structure of U for arbitrary ${A). In 
fact, we shall replace (27) by the weaker requirement 


(34) (as) 0. 


Thus let U be the universal algebra of (26) and (84). We assume that 
® is an algebraically closed field of characteristic 0. Let a= 2, a= 4Y, 
[£1 £2] =z. Then it follows from (26) that 


(35) [2, y] == hy [y, z] = vs Lz, x] ae 
If we set hy = V— 1z, e =y + V— iz, f=y— V— iz, then 
(36) [ha e] = 0, [his f] =— f, Lf, e] == 2h. 


Evidently if y (å) = ¢(— V— 1A) then y(h,) =0. Also by (36) if g(A) | 
ls any polynomial, then 


Lg (h), e] = eAg (h),  Ag(A) = 9(A+1) —g(). 
Iteration of this equation gives 
, m a E. 
[---[g(hi), e],e],° © <, e] = eAtg(h,). 


Now take g(A) =y(à) and let r be the degree of y (à). Then 


T ee 
0 = [i a [y (hi), e], e], ees e] S eA (hi). 
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è 


Since A’y(h,) =r! this implies that e = 0. In a similar manner we can 
prove that f" = 0. We now note the following. 


LemMA. The universal algebra of any system of equations of the form 
[zi tj] = Syignte, 6:1(0i) = 0, i j, k= 1,2, °°, has a fimte basis. 


Proof. We define irreducible monomial and equivalence as in the pre- 
ceding section. Let p:(à) be of degree r. Then we assert that any irreducible 
monomial is of degree < rı in 2. For if we use the relation zi% = xjx4 
“+ Syijnt, we can permute the 2’s and replace our monomial by the equivalent 
one tiig, - - a9, Also 2,7 is a linear combination of the terms ai, z3”, 

-gt Hence each ki < ri. 

It follows from this lemma that the enveloping algebra of hi, e, f is finite 
dimensional. Since this algebra includes s, and [m £2], these elements - 
satisfy algebraic equations. In a similar manner we can prove that every zi 
and every [z:, s;] is algebraic. Since the space determined by these elements 
is a Lie algebra the enveloping algebra 11 of these elements is finite dimen- 
sional by the lemma. This proves the 


Taror”. The umversal algebra of the set of equations (26) and (34) 
is finite dimensional. 


We can now conclude that U has a 1 — 1 representation by finite matrices. 
If v; —> X; in a representation of U then z; > X;, [z ti] — [X X;] deter- 
mines a representation of the Lie algebra 6,,, of skew symmetric matrices. 
For we know that the universal Lie algebra of Mt is Gn... Also we have the 
relation (X) —0 in any representation of U. Conversely, if sı —> X: ma 
representation of Sn, and (X) == 0 then the X; satisfy (26) and (34) and 
therefore they define a representation of U. Now it is well known that any 
representation of Gn, is completely reducible. Hence we see that there 
exists a completely reducible 1 — 1 representation of U. This implies that 
U is semi-simple and since & is algebraically closed, U is a direct sum of 
complete matrix algebras. Also we know that the simple matrix components 
of U are in 1— 1 correspondence with the different similarity classes of 
irreducible representations of U. Now it is clear that a representation of Ù 
is irreducible if and only if the associated representation of Gy, is irreducible. 
Thus we have reduced the problem of determining the structure of U to that 
of determining the irreducible representations of Gn,, for which ¢(X,) —0. 
Explicitly we have the following relation: Let Ry, Re,- + +, Rs be irreducible 
representations of ©,,, satisfying ¢(X,) —0 and suppose that the R; are 
not similar and that every irreducible representation for which ¢(X,) = 0 is 


\ 
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similar to one of the Ri. Then if N, is the degree of Ay, U is a direct sum 
of s complete matrix algebra Sy,‘. Hence the dimensionality of U is 5 Ni. 
i 


In the remainder of this paper we shall apply the known theory of 
representations of Gn, to determine the degrees Ni. 


8. Representation theory for ©,,,.2° We distinguish odd and even 
dimensionality and accordingly we take n+1=2%-+1 and n= 1 = 2». 
In place of Gn. we consider first the Lie algebra Gn, of matrices A such 
that STA’ S == — A where 


1 | 0 1 
(37) g= 0 bi, g= ; y 
1p 0 7 


in the two cases. The Lie algebra Gnaz is the set of matrices 





0 | —b, — bi 1 a 

(38) b, t Qua | > u ye 

bs o1 line “21 Aap 
where 
(39) O19 == — Aya, Qo, = —- llor, lo = — "41. 
It follows that the subset of matrices 

0 N 
Ay $ 
(40) h E Av ? h = dy 
tes Ai sot Ay 
— Àr | — ry 


is a maximal commutative subalgebra §. Also there exist elements ea € Snn 
such that 
Lh, €a] = aea, 


aa [eas €-a] = ha € § 


10 The results stated in this section are due to E. Cartan [5] and H. Weyl [15]. 
All of them can be found in Weyl’s second paper, pp. 342-353. 
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where the roots @ are 
(42) a = + i + àj t <4] and a= t ài for n+ 1=2-+1 
@ =+ Ny ce Ay, t<] for n + 1 = 2p. 


If we have a representation of Gn, we can replace it by a similar one 
in which A is represented by 


A» 
- (43) H = 
Ay 
where the A; are linear forms in the A;. These forms are called the weights 
of the representation. If A = Smid; is a linear form in the \4, the value of 
A for the A; that give ha is denoted as Ag. Then it is easy to see that 
a = + m; + m; if a = + Mu tA; and As = + 2m if «= Mm. In par- 
ticular, % = 2 in either case. It is known that if A is a weight, then 2Aa/&a 
is an integer and A— (2A,/a,)% is also a weight. It follows that the 
coefficients of any weight are either all integers or all halves of odd integers; 
and if A is a weight, then any linear form that can be obtained from A 
by an arbitrary permutation of the à; or by replacing any M by — i 
n + 1 = 2v — 1, any even number of the A; by — `M, n + 1 = 2y, is a weight. 
One orders the weights lexicographically by stipulating that A = Xmià: 
> 0 if the first non-zero m; is > 0. Then it is known that an irreducible 
representation is determined up to a similarity by its highest weight. For 
this weight we have 


My È mMm = + += m=), n+ 1=2y+ 1 


4.4. 
(=) Mi È M È e o ma È| mI, n + 1 = Rr. 


Conversely, if A — Smid; satisfies (44), then A is the highest weight of an 
irreducible representation. Hence there is a 1— 1 correspondence between 
the similarity classes of irreducible representations and the linear forms 
satisfying (44). The degree of the irreducible representation with highest 
weight Smid; is 

P(h, la, TOR A ly) 
Pu" `, 8/2, 3) 
(45) P (ty, to +, Uv) = My H (uy? — uj”) 

i<j 


N (Mi, Me, ° ° ', My) = 


li = Mm; + v — (Ri — 1/2), n+ 1 = 2y +1 
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eee P’(hiy ay: + - yy) S 
N (m, Moy » My) ~ P'(v—1,. > sd, 0) 
(46) P’ (ty, wa > y Uv) = IT (ui? — wt) 
: i<j 
li = mi +y — i, ME: 


We recall also that all the weights of an irreducible representation àre 
obtained from a particular one by adding roots. Hence, if one of the weights 
has integer coefficients, all have integer coefficients. Finally if A is the highest 
weight of a representation and « > 0 then 


A, A— 4, A—2a,° + +, A—2(Ag/a,)e 


are weights of the representation. 

We consider now the special case of @,. Here we have the roots Aas 
—- À and a basis hı, e = en, f = e-n so that (36) holds. Let h == àh, and 
h— H in an irreducible representation with maximum weight mà, Then 
mMm, Z 0 and 2Aa/ða = 2m,. Hence 


Madis (m, —1)àÀ, (mi — 2)Ax, ai “3 Maià 


are weights of the representation. It is easy to see from the results quoted 
that these are the only weights that occur. The number m, is either an 
integer or half of an odd integer. The degree of the irreducible represen- 
tation is the odd integer 3m, — 1 in the former case and the even integer 
2M, — 1 in the latter. Correspondingly the minimum polynomial of the 
matrix H, representing h, is 


(A? — mz?) (~ — (m, — 1)?) + + > (A7 — 1)à, if m, is an integer 


(47) (A? — m?) (A? — (m, —1)*) - + + (A? —4), if m, is half odd. 


If we have a second polynomial of the form (47a) determined by the 
integer m’, <= m, then it is a factor of (47a). A similar remark holds for 
(4%b). It follows that the minimum polynomial of H, for any representation 
either has the form (47a), (47b) or is a product of a polynomial of the first 
type by one of the second. Thus the minimum polynomial without constant 
term ™* is 


(A? — m,?) (A? — (m, —1)?)- + + (A? —1)A, m, an integer 
(48) pA) = (A? — m?) (A? — (m, —1)?) + * + (A? — 1), m, half odd 
m integer 


(A? — m?) i Ze (A? — 1)A(A? — mz)? - ns (? — 4), mhall add 


+11 From now on the minimum polynomials will be taken in this sense. We assume 
also that leading coefficients are always 1. 
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The three possibilities occur according as (a) the irreducible components all 
have odd degrees and 2m, + 1 is the maximum one, (b) the irreducible 
components all have even degrees and 2m, + 1 is the maximum one, (c) both 
odd and even degrees occur for the irreducible components and 2m, 4-1 is 
the largest odd and 2m, + 1 the largest even one. This result gives a simple 
proof of the following. 


Lemma. If X, Y and Z are three matrices such that [X,Y] =Z, 
[Y, Z] =Z, [Z, X] =F then the minimum polynomials without constant 
term of X, Y and Z are all equal and have the form ¢i(A) =yi( V—1A), 
y @ constant. 


Proof. As in (35) and (36) we set H, = V— 1 X, E = Y + V—14Z, 
P=Y—V—1Z. Then [H, F] =F, [H F] =—F, [F, E] = 2h. 
Hence h, > H, e — E, f — F defines a representation of 6, and the minimum 
polynomial of H, is given by (48) and is determined by the degrees of the 
irreducible constituents of the representation. In the same way, we can set 
H, = V—1Y and V—12Z in turn. This shows that V—1 X : a en ie 
V—1Z have the same minimum polynomial y, (A). It follows that X, Y, Z 
have the minimum polynomial ¢,(A) = yy(V— 1A). 


9. The structure of 11. We consider now an irreducible representation 
of Gai. As before we set 94 = ĉin — nat t= 1,2,:°°,n, so that 
[Ji gj] == ji — lijs Hence if g= Jis Y = gj and z= [gi g;] then 
[z, y] =z, [y2] =x, [z, £] =y. If gi—Gi in our representation, then 
the above lemma shows that all the G; and the [Gi, G;| have the same 
minimum polynomial ¢ı (A) = yvi( V—1A) where y(A) is given by (48). 
We shall now show that the third possibility given in (48) is excluded for an 
irreducible representation of Sn. For this purpose we introduce the matrices 





e re i, ty 
(49) M= VA 7 oes i sia [a —V—11 
Then 
50) WM = on Mien E oa 
| o Pa i = [2% J 


It follows that the mapping A> MAM- is an isomorphism of Gn on Gnn. 
This isomorphism sends the matrix h given by (40) into 
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| 
SVS 1M 


| 
eN IN Le 
V—1aA | 


—V— ià 


V—ià 
Thus the matrix 
ZA V — 1 (evii — livi) 


plays the role of h. Hence we can suppose that the matrix H corresponding 
to this matrix in our representation has the form (43) where the weights A 
satisfy the conditions given in the preceding section. 

In particular we see that the coefficients of the wien are either all 
integers or all half-odd integers. If we set A, = 1, às =- + t = Ày == 0, we 
obtain the matrix Æ, corresponding to Velina — 1v1). Correspondingly 
the weight 3m;A; becomes the characteristic root m, of H,. Thus the charac- 
teristic roots of H, are either all integers or all half-odd. Hence we have 
proved that either (48a) or (48b) holds. Also we see that m, in the formula 
is the same as the m, in the highest weight A == Smi. 

We return now to the problem of determining the structure of the 
universal algebra U1 of (26) and (34). As we have shown this problem can 
be solved by determining the irreducible representation of ©n,, for which 
¢(X1)==0 where a—g,—72X:. Because of the form of the minimum 
polynomial for the matrix corresponding to g, in an irreducible representation, 
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we can easily reduce the consideration of the U determined by any (A) 
to the two cases in which 


(51) of) = (4? + m?) (+ (m+ 1)?)- -- (2? +1), m an integer 

(A? + m?) (2 + (m+1)?) +> + (A?+4)A, m half-odd. 
From’ now on we denote the algebra associated with this polynomial by Un, 
m = $, 1, 3/2, ++. Now the minimum polynomial ¢,(A) must be a factor 
of d(A). Hence we see that for the irreducible representations we seek (A) 
has the same form as #(A) with m, in place of m and m, =m. Our results 
show that the maximum weight A = Smid; satisfies (44) and 


(52) Mm, Sm, mM, =m (mod 1). 


The degree of the irreducible representation is given by (45) and (46). 
This proves the following 


THEOREM. Let Um be the universal associative algebra over an alge- 
braically closed field of characteristic 0 of the system of equations (26) and 
(34) where (A) ts given by (51). Then Um ws a direct sum of complete 
matrix algebras that are in 1—1 correspondence with the sets of linear 


forms X, Mmi v = [n + 1/2], such that 
é=1 
m = m Z M+ += m=), n+i=2+1 
Mm =m, = Ms, ma |m], n+ 1 = 2y 


m;=m (mod 1). 


The dimensionality of the matrix component corresponding to the form 
Smid; ts N (mı: + +, mv)? where N(M, Mmo, > +, mv) ws given by (45) and 
(46). 5 


Remarks. If m is an integer, the linear form 0 is excluded since in 
the corresponding representation of Sn, and of Um the representing elements 
are all 0. The dimensionality of Um is, of course, ZN (mi, : `, my)’. 


10. Meson Jordan triple systems. We shall now see how our results 
specialize to give the known structure of the universal associative algebra of 
the meson J.t.s.12 As we have seen in 7 this algebra is the universal 
algebra U,. Hence the possible maximum weights for the irreducible repre- 
sentations are 


12 Svartholm -[14] and D. E. Littlewood [13] employ associative methods to derive 
these results. Cf. also Kemmer [11]. 
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(53) Aa Ar fb Ag Agha fy, i nt l=w+1 
Au Aap Any" Sty Ay Ae top Aw Ag ft Ava A 1 1 = ey, 


It is known that the associated irreducible representations are those whose 
representation spaces are the spaces of skew symmetric tensors of ranks - 
1,2,- v, IE n+1==2v+1 and the spaces of skew symmetric of ranks 
1,2,° © +, ,y— 1 plus the two irreducible spaces into which the skew symmetric 
tensor of rank v splits if n + 1 = 2». For the sake of brevity we shall refer 
to these representations as the irreducible tensor representations. The number 
of simple components of 11, is v or y-+ 1 and their degrees are 


1 í 1 
Å ) Ca Je (OF), nis w+t 
1 1 1 
es pes o FS 2 ab pa CEN n + 1 =r. 
Hence the dimensionality of U, is | 
| er n- HIY, | n+ i z _ 
Gn ( 1 y+( 4 y+ +( : ); n+1l=—%&w+1 
CTY + (eti T re er 
y= y 


ntl 2 , 
Using the formula ¥; ( ae *\— 2 ( oe 2) we see that in either case 


4=0 


(55) dn = (Pet?) 


n 


li. A special 1-1 representation of Wm. Let po, p:, Pos * +; Pn be gen- 
erators of the Clifford algebra T satisfying the multiplication table 


(56) Pr? = Po, PoPr = Pr = Pr Po, T == 0, 1,2, e,n 
Pipi = — Pipi 4, j= 1,2, nE 


Then po = 1 is the identity in T and we can verify that 


(BY) [lps pil, pe] = — 2 (Skrip; — 450%) l 
pê = pi, l 4, j m1, 2, om 


Hence if we set q; = 4V — 1 p: then 


(58) [Lae gil, ge] = rigi — srid qe? + 4qi = 0. 


1° This algebra may be regarded as the universal associative algebra of a certain 
Jordan algebra. Cf. Jacobson and Jacobson [7]. 
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Also it is clear that the enveloping algebra of the g; is T itself, and as is 
well-known the dimensionality of T is 2”. 

On the other hand, let us consider now the universal algebra 11; associated 
with the polynomial ¢(A) =à" + A. The irreducible representations of 
this algebra have maximum weights 


(59) FA + Aes + ++ Av), 1 oe Bp +1 
$ (àr fA +> À -+ Av), 4A: s -H àv — dv), n -+ 1 = ry 


and are the well-known spinor representations of Gn,,.1* The dimensionality 
of Ul, can be computed by the formulas to be (2”)? = 2" if n+1==2y»—1 . 
and 2(2"7)*— 2" if n+ 1=— 2v. Now by (58), the q; of T satisfy the 
relations imposed on the generators æ; of 11,. Hence since T and U, have 
the same dimensionality we can identify x; with q; and regard T as the 
universal algebra U. 

Our results now give the known structure of T: If n + 1 =2r +4 1, 
T is a complete matrix algebra of 2” rows and columns and if n -++ 1 = 2y 
then T is a direct sum of two complete matrix algebras each of 2” rows and 
columns. In either case T has a 1— 1 representation S by matrices of 2” 
rows and columns.** We propose to show that this representation can be 
used to give a 1—-1 representation for Um for any m. 

We recall that if R, and R, are two representations of a Lie algebra 2 
of respective degrees n, and na then 


(60) a> aPXPs ma X Igy day Xa 


is a representation of Q of degree nine. This representation is analogous to 
the direct product representation for groups and directly corresponds to the 
latter for Lie groups. It is evident that if R, is decomposed as 


Ry 
Pe ie 0 
0 gin 


then R, X R is decomposed as 


X Ine Inu X as 0 l ) 
0 ae X Ins + Ina X ah 


where nı; is the degree of Ri; Since a X b is similar to 6 X a a similar 
distributivity can be proved for the second factor. Hence, if R, is similar to a 
direct sum, Ra ~ Ry, + Ri te oe oeo- Ris and Ry ~ Ray + Rag e +--+ Rat 
then Ry X Ro ~ Shy X Koj. 


14 Cartan [5], p. 86; Brauer and Weyl [4]. 
16 Explicit formulas for the representing matrices are given in Brauer and Weyl 
[4], p. 429 and p. 433. 


LIE AND JORDAN TRIPLE SYSTEMS. 169 


Also it is clear that if h is represented by the diagonal matrix h™ with 
diagonal elements A; and by the diagonal matrix A”: with diagonal elements . 
M; then h™**s is a diagonal matrix with diagonal elements A; -+ M;. 

In particular we consider the representation S of Sn., (or of U). The 
weights of S are the 2” linear forms + $A, Æ $A, t+ + +t dA. Hence the 
weights of the representation S? == S X S are the linear forms 0, = A; + Ap 
+: +++), kv. The ones of these that can be maximal are 0,A,-+ ùa 
++--t), for n+1—27+1 and 0,A,-+A +: ¢ +A, kv and 
Av t- +++ Av1—Av for n+ 1=— 2». Hence, the possible irreducible con- 
stituents of 9? are 0 and the irreducible tensor representations. It is known. 
that all of these actually do occur. Hence the representation S* has the same 
irreducible constituents 540 as the universal algebra 11, of the meson J. t.s. 
It follows that S* gives a 1—-1 representation of U, We have, therefore, 
established the case m = 1 of the following 


THEOREM. If S denotes the 1—1 representation of Gn, determined 
by the spinor representations, then the product S?™ 18 of 2m representations 
equivalent to S gwes a 1—1 representation of Um, m = $, 1,3/2,-°-. 


Proof. Since the weights of S are <b $A £ $d. b+. e t Hy, the 
weights of the 2m-fold product of S by itself have coefficients that are 
= m (mod 1) and are in absolute value <= m. Hence the maximum weights 
of the irreducible constituents satisfy the conditions of the main theorem (9). 
It remains to show that every irreducible representation satisfying these 
conditions is a component of S°”. We know that this holds for m= 4 and 
m = 1 and we assume that it has already been proved for m — 1. Thus, any . 
linear form satisfying the conditions of the main theorem for m — 1 in place 
of m occurs as the maximum weight of an irreducible component of 8°", 
Also A, - As: +A, OS kSvandrAy +: +++ Ava — Av if a 1 = Ry 
are maximum weights of the irreducible components of S*. Now let 
A = Jm;à; satisfy the conditions of the main theorem for the number m. 
Then A=A’+ (t:e àe) for some K, or As A’+ (Mtt 
+Avi—aAv), »4+1==2v where A’ is maximum weight of an irreducible 
component in §?"-2, Hence A is the maximum weight of a product of an 
irreducible component in S?”"-? and an irreducible component of 97. It follows 


1° This type of representation of ©,,, has been considered by Kramer, Belifante, 
and Lubanski [12] in generalizing spinors to obtain quantities called wndors. A. deter- 
mination of the irreducible representations contained in SX 8X»... X8 for the 
case n = 4 has been given by Lubanski [14]. 
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that A is a weight of an irreducible component of S?”. This completes the 
proof. 


or 
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A CLASS OF INVERSE LIMIT GROUPS.* 


By FRANKLIN Haro. 


1. Introduction. Groups G to be considered here are to be additive 
abelian. The paper is concerned with certain inverse limit groups? of sets 
of quotient groups of G. The relation of these limit groups to related vector 
groups and to certain quotient groups of Œ will be studied. If G has at least 
one compact topology, the inverse limit groups may take on particularly simple 
forms. Recently, MacLane °? has apparently used a special case of the type of 
limit group to be developed here. 

Specifically, let 9¢ be a directed system * of subgroups of a fixed group 
G, where & is indexed by a directed set A, partially ordered by a relation <, 
in such a way that ee A, Be A, a < B imply Ha ~ Hg, and conversely. It 
follows that if Ha and Hg are in &, there exists Hye XR with Ha > Hay 
Hg Hy. There then exists a natural homomorphism for each ordered pair 
of elements of A which are in the relation a < £, bal of G/Hg onto G/Ha,;, 
with kernel isomorphic to Ha/Hg. This statement of the second isomorphism 
theorem, as applied to the groups of cosets of Ha and Hg in G, is, in part, 
pab: g + Hp—>g + Ha where Ha He, geG. Ika <B<y, babbp’ = oe”. 
If æ < B, we write G/H, < G/Hg. The system of quotient groups {G/H4}, 
eA, under < and with the ¢’s, forms an inverse limit group of a special 
sort. We denote it by invlim (G; 4). 


2. Canonical elements and compact groups. Let {ga + Ha} denote 
an element of invlim (G; X). Here, the ga are in G and are subject to the 
relations gy — gg € Hg whenever Hg D Hy. Conversely, these relations imply 
the existence of an element of invlim (GŒ; 9). Suppose that there exists 
geG such that g — fa £ Ha for every ae A. Then {ga + Hay = {g9 + Ha} 
Such an element of invlim (G; &) is called canonical. If all the elements 


* Received April 16, 1948. Presented by title (of different wording) to the Society, 
April 16-17, 1948. 

* Definitions and theorems concerning directed sets and inverse limit groups (in 
general) are to be found in 8. Lefshetz, Algebraic Topology, New York, 1942. See 
especially pp. 4-5, 31-32, 54-56. 

2 S, MacLane, “The group of abelian group extensions,” (an abstract), Bulletin of 
the American Mathematical Society, vol. 54 (1948), p. 53. 
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” 


of invlim (G; X) are canonical, the inverse limit group, itself, is called 
canonical. Let the crosscut [| Ha be denoted by H. 
aed 


THEOREM I. The set K(G; H) of canonical elements of invlim (G; ®) 
ws a subgroup (the canonical subgroup) of invlim (G; &) and is isomorphic 


to G/H, where H =) Ha. 
acA 


Proof. The subgroup property is obvious. Suppose that {g + Ha} is a 
canonical element. Define a homomorphism O of K(G; X) onto G/H by 
O(g + Ha) =g +H. If {g 4 Ha} = {g + Ha} g—g' eH. for every 
aeA so that g—g eH, and g+ H =g -+H. The converse statement 
also holds so that O is unique and has the kernel (0). 


TuroreM II. Let O be a homomorphism of G for which kern O C H 
=[]H, Then invlim (4; Y) is canonical if, and only if, invlim (O(G); 


acA 
O(&)) is likewise canonical. | Here, O(X) is a system of subgroups of O(G), 
also directed by > and indexed by A, and consists of the maps under induced 
O of the elements of 2.] 


Proof. Let {O(g,) + O(H,)} be an element of invlim (O(G); O(%)). 
Then, if Ha D Hg, O (ga) — O (gg) © O(Ha). Hence, there exist antecedents 
of O(ga) and O(gg), ga and gpg, respectively, such that ga—gpe Ha, since 
the complete inverse image of O(H,) is Hy. Thus, {g,-+ Hy} is an element 
of invlim (G; &). Suppose that invlim (G; X) is canonical. There exists g e G 
such that g — ge Hy for every ye A. It follows that O(g) — O(g,) © O(H4). 
Therefore, {O(g,) + O(H,)} = {O(9) + 0(4,)}, so that invlim (O(G); 
O($f{)) is canonical. 


Conversely, suppose that invlim (O(G); O(%)})) is canonical. Then, 
{ga + Ha) cinvlim (G; Y) implies that {O(g.) + O(Ha)} is in invlim 
(O(G);0(H)). There exists O(g) such that O(g) —O(ga)eO(Ha) for 
every «s A. Hence, g — ga € Ha for every q, so that {9a + Hay = {9+ Ha}; 
and invlim (G; &) is, consequently, canonical. 


THEOREM III. Let G possess at least one topology, making it a compact 
topological group in such a way that the members of a system of subgroups & 
(directed by D), are closed. Then invlim (G; 2) is canonical. | 


Proof. Let an element of invlim (G; Y) be {9a + Ha}. Then the cosets 
(Ja + Ha) are closed è as point-sets of G Let Has Ha, °, Ha, be any 
finite subset of Of. There exists, (since Y is directed by ©), Hee &, 


? L. Pontrjagin, Topological Groups, Princeton, 1939. See p. 53. 
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Hg © Hap t==1,2,°-+,n. Consequently, any finite subset (Ja, + Ha,), 
t = Í, 2,> +, ñn, of cosets. has a non-void intersection. By compactness, this 
must also be true for the crosscut of all the cosets (ga + Ha), «eA. Hence 
there exists g € (Ja + Ha), for all as A. Therefore, {ga + Ha} = {g + Ha}; 
and invlim (G; %) is, accordingly, canonical. : 

Let m and n be positive integers. If n is divisible by m, mG D nG. 
Using the notation * G/sG == Gs, we write Gm < G, if, and only if, mG D nG. 
It is well-known ë that if G is compact then mG is closed for every positive 
integer m. 


COROLLARY. Let G’ be the set of completely divisible elements of G. 


oO 
(That is, G ={] mG.) Let G have at least one topology making it a compact 


m=i 
topological group. Then invlim (G; {nG}) is canonical and is isomorphic to 


G/Œ@. (Here Y — {nG} is the set of all nG, n a positive integer, directed 
by D.) | 


Specializations of the groups used in the corollary have been studied 
by MacLane.? 

Lett „G be the set of all ge @ for which ng =0. Ina compact group 
the »G are closed. It follows that invlim (G;{nG}) is canonical and 
isomorphic to G. However, this result holds even if G cannot be compact 
and is, indeed, a trivial consequence of the following theorem. 


THEOREM IV. Let Y’ be a subset of Y which is cofinal therein. Let 
invlim (G; X) be canonical. Then invlim (G; H) is canonical and is 
isomorphic to invlim (G; 9’). 


Proof. This follows immediately from a well-known theorem on inverse 
limit groups in general. 

| We say that the system 2, indexed by A, contains a “last” element Ha 
under if Hge X implies Hg D Ha for every Be A. 


COROLLARY. If H contains a last element under D, then invlim (G; H) 
ws canonical. 


In the case of the ,G above, ,G =— (0) is the last member of the set 
under >. Hence, always, G is isomorphic to invlim (G; {1G@}), and the latter 
is canonical. Another such example is furnished by the set 9 of all sub- 


t For some of the notation and for definitions see pp. 554-557 of P. Alexandroff and 
EH. Hopf, Topologie I, Berlin, 1935. 
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groups of a group G which include a fixed subgroup H of G. Here, 
invlim (G; ¥) is canonical and is isomorphic to G/H. 

Let the system & be a refinement of the system W. That is, W 
is to be a subset of X, and the partial ordering relation of the directed 
system X’ is to be extended to the partial ordering relation of the directed 
system &. Then there exists a homomérphism of invlim (G; 4) into 
invlim (G; W), a projection. The canonical subgroup of the former maps 
onto the canonical subgroup of the latter under this homomorphism. 


3. A non-canonical inverse limit group. We shall exhibit the existence 
of non-canonical inverse limit groups by a simple example. Let p(1), (2), 
+++, be the enumeration of positive primes by increasing size. To each 
positive integer s > 1, there corresponds a sequence of non-negative integral 
exponents (almost all zero), m(1,s), m(2,s),- °°, such that 


oO 
S om II p(t) m(4,8) . 


qual 


Let h(s), a non-negative integer, 0 = h(s) < s, be a solution of the simul- 
taneous congruences 


t =i — 1 mod p(i)™*, i= 1,2, 


h(s) exists and is unique by the so-called Chinese remainder theorem.® 

Let I he the group of integers. invlim (I;{sI}) has the element 
{h(s) + sI}. For, if t and u are positive integers greater than 1, then t| u 
implies m(i, t) = m(i, u). It follows that 


h(w) =i —1 mod p(i)™e?), 


h(t) s=1—1 mod p(i)m+®, 


Thus A(u)— h(t) =0 mod p(i)™, i= 1,2,;::, and this implies 
h(u)— h(t) eff. 

On the other hand, {h(s) -+ sI} is not canonical. Otherwise, there would 
exist AeZ such tbat he=h(s) ==1—1 mod p(i)™ 9), i= 1,2,3; 
$==2,3,---. But there exists se, s>1, for which m(h,s) >0. For 
such s, h==h—1 mod p(h), and this is impossible. 

A trivial consequence of this example is the well-known fact that J, 


ëS. Lefschetz, op. cit., p. 68. 
° See, for instance, p. 18 of C. C. MacDuffee, An Introduction to Abstract Algebra, 
New York, 1940. 
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the group of Integers, can never be a compact topological group.” For, if it 
were, invlim (I; {nI}) would be canonical, by Theorem ITI, Corollary; and 
this is a contradiction. 

The group invlim (J; {nZ}) can be used to show that the result of 
Theorem II need not hold if the restriction on kern O is set aside. For, in 
«the case of a proper homomorplhiic image O(I) of I, invlim (O(I); O({nI})) 
is canonical while invlim (J; {nZ}) is not. In fact, the kernel of no proper 
homomorphism of J can be included in A nl, since the latter is (0). 

n=l 

4, The division hull. The group invlim (G; 9f) is a subgroup of the 
cartesian product of all the G/Ha, ae A, the so-called strong direct sum or 
vector group of the G/Ha: > @’G/H.. Here, the symbol L2O'Ba stands 


aed 
for the cartesian product of the groups Ba with component-wise addition. 
It differs from the direct sum ¥ ® Ba in that elements with an infinite 
aca ' 


number of non-zero components are allowed. We should like to know some- 
thing of the relation of the inverse limit group to the corresponding vector 
group. A few results are obtained here. 

Following Alexandroff-Hopf,*, H°, the division hull of a subgroup H 
of G, is the set of all g e G such that there exists a non-zero integer n(g) with 
n(g):geH. A subgroup H for which H° — H is called a subgroup with 
division, (or H is said to have division in @). 


Tueorem V. If each Hae Y is a subgroup with dwision in G, then 
invlim (G&G; &) has division in the corresponding vector group. Let H have 
no last element under ©; or let Y have a last element which is the inter- 
section of all the other members of H. (In particular, the latter implies 
that A has more than one member.) Then the converse of the above state- 
ment holds. 


Proof. Suppose that each Ha has division in G. Let z= {ga + Ha} 
be an element of X @’G/H,, where the G/H, are treated as groups of cosets. 
Suppose that nzeinvlim (G; H). Then «< 8 implies n(ga— gg) £ Ha. 
Tt follows that ga —-gg€ Ha Therefore, z einvlim (G; X). 


Conversely, let invlim (G; &) have division in the vector group. Suppose 
that ge G, nge Ha, where n is a non-zero integer. Construct z in the vector 


T For such questions, treated from a different point of view, see “ Preservation of 
divisibility in quotient groups,” Duke Mathematical Journal, vol. 15 (1948), pp. 347- 
356. Cf., A. Kurosh, “ Primitive torsionfreie abelsche Gruppen vom endliche Range,” 
Annals of Mathematics (2), vol. 38 (1937), pp, 175-203. 
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group such that the component of z in G/Hg is 0+ Hg if Hg -D Ha and is 
g + Hg if Hg Ha. nz is obviously the zero element of the vector group 
so that nz is in the inverse limit group. Therefore, ze invlim (G; #). 


Case I. There exists Hy Hg, Ha > Hy. Then 0 -+ Hy maps back 
onto g-+H,. This implies ge Hae. Case II. Ha=([| Hg, Bo%a. Then 
. ng e Hg, and by the method of proof for case I, ge Hg for every such Be A? 
Hence, ge Hg. 


COROLLARY. Let invlim (G; Y) be with division in > @’G/Ha. Then 
every non-last (under D) Ha is with division in G. 


The following example shows that Theorem V does not continue to hold 
if the restrictions on # are dropped. Let X% have two members, I and 2I, 
where J is the group of integers, and G—J. J has division in J, 2I does not, 
and ID 27. The group invlim (I; &) is associated with the vector group 
(0) BI, where Is = I/2I. Let n be a non-integer, xe (0), ye Ie, and suppose 
that n(x, y) is an element of invlim (J; 9), where (x,y) is an element of. 
the vector group. Let 1, be the only non-zero element of J, 20. But 
both (0,0) and (0, 12), the only possibilities for (v, y), are in invlim (Z; #) 
so that the latter has division in the vector group even though 27 does not 
have division in I. 


Turorem VI. Let [invlim(G; 9¢)]° be the division hull of invlim(G; 3) 
in the associated vector group. Let Ha? be the division hull of Ha in G. 
Then there exists a homomorphism of [invlim(G; YY]? into invlim(@; {H.°}), 
the kernel of which consists of all those {gq + Ha} of [invlim (G; 9)]° for 
which gage Ha? for every ae A. 


Proof. If {ga + Ha} e [invlim (G; 9)]°, then there ‘exists a positive 
integer m such that m(gs— gy) © Hg whenever B < y. Hence, gg — gy € Hp, 
and {ga -+H.°} is in invlim (G; {H.°}). The remaining details of the proof 
are trivial. 

We note that the elements of [invlim (G; {nG})]° are “almost” in 
the form of inverse limit elements. For, if m{gn + nG} einvlim (G; {nG}), 
where gre G, then m(gs—gi) esG whenever s@ tG; and if (m,s) = 1, 
Gg gie sG. 

Let H, a subgroup of G, have the property that G/H is a torsion group.’ 
Then, to each g e G, there exists a positive integer n(g) such that n(g)-geH, 
and conversely. This condition, also equivalent to the condition H° = G, 
might be described by saying that H is a torsion generating subgroup of G. 

THEOREM VII. Let Y% have no last element under D; or, let the last 
element of H be the intersection of all the other members of U. Then if 
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invlim (G; Y) be torsion generating in the corresponding vector group, each 
H, ts torsion generating in G. 


Proof. For ge G and for «e:A, form an element z of the vector group 
in such a way that the component of z in G/H, is g + Ha and in G/Hg is 
0+ Hg, for all Bsa. By hypothesis, there exists a positive integer n 
such that nzeinvlim (G; Y). . 


Case I. There exists fe A such that Hgs Ha Ha Hp. Then 
0 -+ Hg maps back onto ng +- Ha, so that nge Hy. Case Il. Ha) He, 
B540. ng+ Ha maps back onto 0+ Hg for all 854g. It follows that 
ng e Hg = Ha. i 


COROLLARY. If invlim (G; H) is torsion generating in X R G/Ha, * 
then each non-last Ha is torsion generating in G. 


The converse of this theorem is not true, in general, even if we restrict 
A as in the theorem. For example, in the group >| @’I/nI choose an 
element z with n-th component 0 -+ nI for non-composite positive integers n 
and with n-th component n/C + nI for composite positive integers n, where 
C = C (n) is the product of all the first powers of the distinct positive prime 
divisors of n. If zeimvlim (J; {nl}), 1+ 62 maps back onto 0+ 2J, so 
that 1e2Z, a contradiction. Thus, the inverse limit group is proper in the 
vector group. Consider all positive integral multiples mz of z, where m > 1. 
To each such m, there exists a positive, composite, odd integer n such that 
(m;n) = 1. Let p be the first prime smaller than any prime factor of n. 
Such a prime exists since n is odd. It follows that (p — 1, n) —1 and that 
(p,n)=1. Consider the components n/O(n) + nf and p*n/C(p?n) -+ pnl 
of z. Suppose that for some m as defined above mzeinvlim(J; {sI}). Then 
mn/O (n) — mp?2n/C (pn) should be in nI. But C(p?n) = pC(n), so that 
the above expression reduces to mn(1—p)/C which is not divisible by n. 
This proves that the inverse limit group is not torsion generating in the 
vector group, even though each s7 is torsion generating in J. Note that the 
system of subgroups & == {sf} has no last element under D. 

An example to show that the conclusion of Theorem VII need not hold 
if & has a last element is given by the group J @ J, the direct sum of two 
copies of the group J of integers. Let & consist of two subgroups, I @ I 
and (0) @/. It is easy to show that the vector sum coincides with the 
inverse limit group so that the latter is torsion generating in the former. 
But (0) ®© I is not torsion generating in J @ I. 


WASHINGTON UNIVERSITY, 
¢ Sr. Lovurs, Mo. 


12 


ALMOST PERIODIC INVARIANT VECTOR SETS IN A METRIC 
VECTOR SPACE.* 


By HERMANN WEYL. 


1. The problem: basic notions and axioms. The situation underlying 
the theory of spherical harmonics deals with (complex-valued) functions f(P) 
on the sphere IT under the influence of its rotations s. The rotations form a 
transitive group o. The spherical harmonies of order ? form a linear set of 
such functions (of dimensionality 2/ + 1) that is invariant under all rotations. 
Here evidently the fact is used that functions f(P) can be added and multiplied 
by numbers, in other words, that they form a vector space (of infinitely many 
dimensions). If the rotation s carries the point P into sP the transform 
F = sf of the function f is defined by f’(sP) =f(P), or sf(P) —f(s"P). 


It is obvious how to generalize this situation: 


I. Given a group o and a vector space X. Any two vectors can be 
added and a vector can be multiplied by a number; for these operations 
the well-known axioms of vector geometry hold. Moreover there is 
associated with each element s of o a linear transformation f—> f == sf 
of the vector space, 


s(fı + fe) re (sf1) + (sf), 8 (af) =a: sf, 
so that l 


If =f,  t(sf) = (ts)f 


(« being any number, f; fı, fe any vectors, s, t any group elements and | 
denoting the unit element of e). 


f 


Definition. h linearly independent vectors gi,- * *, gm, or their linear 
combinations é’ gı- +ér- 9an by arbitrary numerical coefficients ép, 
form an invariant set T if ger implies sgeT for every s in the group: 


Sge = È ova (8) ` gv, (4,v==1,---,h). 
‘g=&91-+-° +++ Enga is changed by s into sg = ég +` +--+ &*gn where 
Eu? = È, wp (8) Év. 


* Received May 11, 1948. 
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s— Q(s) = || wpr(s) || is a matric representation Q of the group o of degree A. 
Change of the basis of Tr changes Q into an equivalent representation. We 
speak of an invariant set of degree h and order Q. The set is called ene 
if Q is an irreducible representation. 

The salient point in the theory of spherical harmonics is thé fact that 
they form a complete orthogonal system. Clearly this fact depends on: the’. 
possibility to form a scalar product (g,f) of two functions f, g (namely by 
integrating g(P)-f(P) over the sphere by means of an area element dwp 
that is invariant under rotatioris). Hence we add to J the following 
assumptions : 


II. X is a metric vector space; i.e. with any two vectors f, g there 
is associated a number (g, f) as their scalar product, that is linear in the 
factor f, co-linear in the factor g: 


(9 fi + fe) = (9: f1) + (9 Fe) (91 + 9a f) = (g2 f) + (GF) 
(g: af) =a; (9, f) (ag, F) = a: (gf). 
Tt is of Hermitian symmetry, (f, g) = (9,f), and |f|? = (f, f) is 


positive except for f = 0. The linear transformations (s) in 3, f— sf, 
associated with the elements s of o, are isometric, (sg, sf) = (g, f). 


The’ equation || af ||—|a|-]])f |) and the inequalities 
(Caf SAIA ftf I] 


are an immediate consequence of these assumptions characteristic for a 
“unitary metric.” More generally, for any numbers & and vectors fi, g: 
(i= 1,:--,n) one has the relations 


(1.1) Pee 
(1. 2) FE (geh)|?S Sigel SUK Vs 


which are proved in the same manner as the analogous Cauchy-Schwarz 
inequality for numbers. 

We can now choose the basis gp (u==1,:--,h) of a given invariant 
set T as a unitary one, (gp, gv) == dur. Then O(s) is a unitary matrix and 
Q a unitary representation. Every vector f may be split into a vector 
D> %gp (u==1,---,h) lying in T and one f that is perpendicular to I, 
u 


by choosing &u as the Fourier coefficients of f, «u —= (gu,f). Then 


ES A 
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In the Parseval equation, the proof of which is our goal, only invariant 
sets of such functions will occur as can be prepared by linear combination 
from the transforms sf of f. But, of course, finite combinations alone will 
not do; we need some property of closure by which to pass from finite sums 
to their limits (integrals or mean values). But how shall we measure the 
. degree to which a vector difference g approaches zero? If ||yg || is used as 
= this measure, then the continuous functions on the sphere will not form a 
closed. vector space, one would have to include all Lebesgue-square-integrable 
functions. But it seems foolish to operate in such a wide field when all 
functions arising in the course of our construction are continuous. There- 
fore we introduce axiomatically the length |g] of an arbitrary vector g as a 
quantity that does not necessarily coincide with the modulus || g || and define 
closure in terms of this new notion. 


TII. Length and Closure. Let there be associated with every 
vector f a non-negative number |f], the length of f, which is zero for 
f = 0 and satisfies the conditions 


lA+thIS A+ fl [off [a] if] 


(1. 3) If SII 
The transform sf is supposed to have the same length as f, | sf |=] Ff]. 
Any sequence fı, fot © of vectors is said to converge strongly if 


| fn— fm | —> 0 for n,m—>o. We require that any strongly convergent 
sequence fa converges strongly toward a definite vector f, |fz—f|—0 
for n— o. 


It ought to be observed that, whether the space $ is closed in this sense 
or not, it can always be extended into a closed space without violating any 
of the previous axioms. ‘This is done by Cantor’s classical procedure as 
follows: Any strongly convergent sequence f» is said to define an ideal 
vector f*; and two such sequences fr, gn are said to define the same f* if 
lfa—-9n{|—>0. Addition, multiplication by numbers, the definitions of 
(9,f), |f] and of the transformation f—sf readily extend to these ideal 
vectors. In this way the axiom of closure can be enforced if it is not assumed. 

We call a sequence fa» weakly convergent if || fa — fm || —> 0 for n, m —> œ. 
The axioms about length are certainly fulfilled if we define |f] as IF|. 
Strong-convergence-closure then becomes weak-convergence-closure. 

Instead of 3 we may use as our field of operation any closed linear 
subspace S; of & that is invariant with respect to all the transformations 
(s), g—>sg, and contains the given vector f. The “smallest” of these 
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subspaces, %,°, consists of the strong limits of strongly convergent sequences, 
the members of which are finite linear combinations D> é,-sif of transforms 


sf of f. Our aim is to construct in %;° a (finite or infinite) unitary sequence 
of vectors 


; Gn (n= 1, a, ° Js (Ju; gu) = dk; 
consisting of a string of Invariant sets 
Gir saie | Gia? saw | 


of such completeness that the Parseval equation 


Lajat [ae [?+---= | Fil? 


holds for the Fourier coefficients @n == (gn, f) of f. This means that the 
partial sums of the Fourier series $, &ngn converge weakly to f; for 





If—Davgel = F1 È] a? 


A further axiom (Axiom IV in 4) will be needed in order to ensure that f 
can also strongly be approximated with arbitrary accuracy by finite sums 


~ Bune 


No restriction shall be imposed on the group o. However the proof of 
the fundamental theorem depends on an essential assumption concerning the 
vector f, an assumption to which for historical reasons the name “ almost 
periodic” (abbreviated: a.p.) has been given. Using |sf— tf| as a sort 
of distance between two elements s, ¢ of the group, let us say that s lies in 
the f-circle of radius e around a if |sf—af|S.«. Any two elements s, t 
in this circle satisfy the relation |sf—tf]=2e. The vector f is called 
almost periodic if the group is f-compact, i.e. if it may be covered’by a finite 
number of f-circles of arbitrary small radius e. | 

This definition may be replaced by the following criterion: f is a.p. 
if the group can be covered by a finite number of sets o; (“ roof-tiles’’) 
such that | sf — tf | = e for any two elements s, t in the same set o; The 
c; are then said to form an (f,«)-tiling. Indeed a finite number of f-circles 
of radius e covering the whole group form an (f, 2e)-tiling. Vice versa, 
if the c; form an (f,«)-tiling, we choose a “representative” a;.in each of 
the non-empty c: The f-circles of radius e around these representatives 
cover the group. Let fF, fF be two a.p. vectors, o'i (i—1,---,n) an 
(f’,¢)-tiling and o%, (k=1,:--,m) an (f%,¢)-tiling. Form the n-m 
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intersections o%—=0o';[] 0%. For any two elements s,¢ in the same oi 
the inequalities i 


Isf—tf |S [eie] Se 


hold simultaneously. In this sense the pair f’, f” is a.p. if each of the two 
members is. ‘This fact carries over to any finite number of a.p. vectors 
“fi fat t+, fie Hence not only the product of an a. p. vector by a number g, 
but also the sum of two a. p. vectors, and thus any linear combination > éf; 


of a.p. vectors is a.p. Moreover the strong limit of a strongly convergent 
sequence of a. p. vectors is a. p. Finally the transform af of an a. p. vector f 
by an element a of o is a.p. Indeed let a,---,a, be the centers of 
f-circles of radius e covering the whole group, and set a*;—a,a*. Then, 
for any given s, at least one of the inequalities 


| saf —a*,af | Se---,| saf — a*naf | Se 


holds. We thus see that with f all the vectors of the space ¥;° are a. p. 

A numerical function ¢(s) is f-continuous if for every ô > 0 there exists 
a positive e such that | ¢(s)—ẹ(t)| S8 whenever |sf—tf| Se For a 
vector function g(s), whose values are vectors, the length | g(s) —g(t)| 
has to replace the absolute value | 6(s) —¢(t)| in this definition. The 
chief tool of the theory is the existence of a uniquely determined mean 
value J = f(s) for every f-continuous function ¢(s). A number of 
elements a,,: ° *,@, and corresponding weights a, =0 (1—1,---,%) of 
sum 1 determine a (weighted) average 


A = A <p) = È Hp (a). 
Let us say that this average oscillates by less than e if 
| © ai: b(aa,) — Á | Se 


for all elements a. It can be proved [Maak 6; see also the Appendix of this 
paper] that there are such averages for any given positive e and that an 
average A, that oscillates by less than « and an average Bs that oscillates by 
less than ô differ by not more than e- ô, 


(1. 4) | Ae— Ba | S e + ô. 


Hence there exists a definite number J, the mean f¢(s) of ¢, such that 
| Ae— J | S e for every average Ae that oscillates by less than e and every 
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e>0. By its very definition the function (as) has the same mean J as 
(s) for any fixed elements a of o. It can be shown that the same is true 
for ¢(sa). All this carries over to an f-continuous vector function g(s) of s. 
The axioms I-III remain valid if æ is replaced by any subgroup o° of o. 
A vector f that is almost periodic with respect to ø is also a.p. with respect 
to o°. Indeed if a finite number of subsets c; of o form an (f,«)-tiling | 
on o then the sets o? f] e; do so on oè. l 
Next we describe in precise terms that special interpretation of our 
axioms, to the simplest case of which the opening paragraph alluded. 


Ty. Given a group o and a point field H; moreover a realization 
of o by transformations of H. In other words, with every element s 
of o there is associated a mapping {s}: P—> P’ == sP of II upon itself 
such that 1 P =P, t(sP) = (ts)P. The group of these transforma- 
tions is supposed to be transitive, i.e. given any two points P and Q 
there exists an element a of o such that Q = aP. The transform sf of a 
numerical function f==f(P) is defined by sf(P) =f(s*P). 


An element s is said to lie in the f-circle of radius e around a if 
| sf(P) — af(P)| Se identically in P. The function f(P) is called almost 
periodic if the group can be covered by a finite number of f-circles of 
arbitrarily small radius e. Choose a point Po. This requirement obviously 
implies that sf(P)) = f(sP.) is a bounded numerical function of s, and 
hence, because of the transitivity of the group of transformations, f(P) is @ 
bounded function on II. Looking upon the function f(P) as a vector f in 
the functional space X of all a.p. functions on Il, we define |f] as the 
lowest upper bound (l.u.b.) of | f(P)|, with the effect that our definition 
of almost-periodicity for the function f(P) now coincides with that for the 
vector f as given above. Axioms I and III are satisfied in 3 with the 
(possible) exclusion of the relation (1.3). 

It remains to define the.scalar product. For any given point P the 
numerical function y(s) =sf(P) is evidently f-continuous, and we may 


form the average fy(s) = fsf(P) = ff(s*P). Since fy(as) = fy(s), 

le. ff(s7@) = ff(stP) for Q=a"P, this mean has the same value for 

P and for Q =a"P and is thus a constant J. Write J = ff(Q) and call J 
P 


the mean value of the a.p. function f(P). The relation fy(sa) = fy(s), 
on the other hand, shows that the transform af has the same mean as f. 
(It is only at this one place where the relation fy(sa) == fy(s) comes into 


t 4 « Pai weed 7 g 7 <M 
4 tau E r a « + 
# 
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play.) The: pair f(P), g(P) of two a.p. functions is a.p., and hence also 
the product G(P) -f(P) of the conjugate of g by f. We now define the 
scalar product ( g] f) as the integral J. ğ ey f(P) and then find that the 


axioms II and the relation (1.3) are eae in 3. (Jn addition all the vectors 
of this space are almost periodic. But this is no serious restriction. For 
all our axioms carry over from a space % to the subspace of its almost — 
' periodic vectors.) We refer to this special interpretation as the “ interpre- 
tation by scalar functions on IL.” 

It can be further specialized by identifying If with o and associating 
with the element a of o the left translation {a}: s—> as of T—o. The 
left translations constitute a transitive group of transformations on Il =o 
which is isomorphic to o. This “interpretation by scalar functions on o” is 
used in the construction of a complete set of inequivalent irreducible unitary 
representations of ø. 

For compact Lie groups the theory of continuous representations was 
developed by F. Peter and the author [8] in 1926, and it was at once realized 
[10] that the method, I shall call it the integral equation method, carries 
over to the group of translations of a straight line and thus affords a natural 
approach to H. Bohr’s theory of almost periodic functions [2]. It was 
J. von Neumann [7] who discovered that mean values can be defined for 
almost periodic functions on any group, and thus the construction of a 
complete set of a.p. representations was extended to arbitrary groups. In 
defining the mean value and deriving its essential properties we follow here a 
simplified procedure due to W. Maak [6]. The interpretation by scalar 
functions on H (for compact Lie groups) was given by E. Cartan [3] and 
the author [11]. Results concerning unitary group representations in Hilbert 
space were obtained by S. Bochner and J. von Neumann [1] and by. Anna 
Hurewitsch [5]. But the straightforward application of the integral equation 
method to the general situation staked out by our axioms seems to yield 
more precise and complete information.—No new methodological ideas will 
be developed in this paper; its purpose is to circumscribe the conditions 
under which a known method works. 


2 gives the construction of the complete string of invariant sets in %,/° 
and thus derives the Parseval equation (weak approximation of f). The 
result is more fully evaluated in 3, while 4 proves the central theorem con- 
cerning strong approximations, and adds a further interpretation in terms 
of “vector functions on IL.” The Appendix (5) contains some remarks 
about Maak’s procedure and the combinatorial lemma on which it is based. 


Cad 


3 . L t ir : 
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l es 
2. The construction. From now on everything is relative to a given 
a. p. vector f so normalized that | f ||? 1. 
The Cauchy-Schwarz inequality will be used by us, i in ting different 
forms: ar 


(C;) LS ase PS fF al) S [EG 3, 
(C2) If €(s)-9(s) IPS f és)? fl gi 
(Cs) | S (9'(s),9(8)) FS S lgs) fl gi? 


é(s), n(s) ate f-continuous numerical functions, g(s), g’(s) are f-continuous 
vector functions. (C,) arises from Cauchy’s inequality for numbers by 
passing from finite sums to the limit of integrals, (C) and (C) stand in 
the same relation to the inequalities (1.1), (1.2). 

The given vector f defines the following linear mapping f of the space = 
of f-continuous functions €(s) upon the vector space 3%, 


f: és) >g = f ECs) ` sf. 


The image g = fé lies in 3;°. On the other hand, consider the linear mapping 
f* of the vector space 3 upon the space = defined by 


FR: g= Els) = (sf 9): 
Lé(s) is not only f-continuous, but even satisfies a strong Lipschitz condition 
(2.1) | £(s) — E(t) | < const. | sf — tf |] 

If f n(s)-&(s) is taken as the scalar product (n, é) in #, the operator f* 
js the Hermitian conjugate of f. Indeed & = f*g’ gives &(s) = ( I; sf) and 
(#, £) = fe (s)é(s) = J) &(s) = (9, 9) 
where g = f &(s) + sf, hence (f*g’, £) = (g, f€). Form the operator f*f in &, 
ECs) > S (sf, tf) EG) = f H (s:t) EG), 

t t 


with the Hermitian f-continuous kernel H(s,¢) = (sf, tf). This kernel is 
positive definite in the sense that 


f SE) Hls t) EG = 0 
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for every function (s) in &. Indeed the left side has the value 


I S ECS) sf |? = I FEI > 
C: 
Because of its invariance (under left translations), 


(2.2) H (as, at) = H (s, t), 
the kernel H (s, t) actually depends on the one argument ts only. Note that 
| A(s,t)|= | of ef =| Fides. 


The integral equation method consists in determining the (reciprocal) 
positive eigenvalues y, y1,: °° of this kernel by E. Schmidt’s procedure and 
thereby proving the equation 


tr(H) = f H(s,8s) =y tynt: 


The iterations of the kernel H are formed according to 


H, (s, t) == H (s, t), Anis (8,6) = f An(s,r)H(7,t)  (n=1,2,: >>). 


Set T, =tr(H,). The largest positive eigenvalue y is constructed as the 
limit of the quotient T,.,/l, for n—> œ, and the corresponding eigenkernel 


(2. 3) E (s, t) = p (8) < $i(t) ++ -+ ga (s) - a(t) 


as the limit of Hn(s,t)/y" for n— œ. :(8),- © >, ġa(s) form a unitary 
basis for the eigenfunctions of H(s,t) that belong to the eigenvalue y. 
In this construction the invariance property (2.2) plays no rôle. However 
the latter is decisive for the fact that the functions a(s) and the corre- 
sponding vectors gu = fhu constitute invariant sets. 

In carrying out this program one has first to establish the inequalities 


(2. 4) Iman < Ton * Tus (2. 5) | = Dnt T Dust 


(m, n=l, OSl<n), and this is the only point where the original 
exposition requires a slight new touch. Set 


fo(s) = sf, fals) = f An(s, t) + tf (n= 1,2,- + +). 
Then ' 
(2.6) Tan = ff Hn(s,t)Hn(t,s) = f f | Hn(s,t)| Z0 (n= 1,2,- +) 


and 
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(2.7) Pants = S || fa(s) |]? = 0 (n = 0, 1,; + +). 
$ 


The second relation follows from the general equation 
(2. 8) (fm(8). fa(t)) = Hmn (8, t) (n, m = 0). 


Hence all nÆ 0 (n= 1,2,:::). In proving (2.4) we distinguish the 
three cases (i) m, n even; (ii) m even, n odd; (iii) m, n odd. 


(i). Hmin(s,t) = f Hn(s,7)Hn(1,t) yields by means of the inequal- 
ity (C4): 
| Hinan (8; t) | <= f | Hm (3s, r) | a f | Hy(r, t) | z 
r r 


and hence by integrating over (s, ¢) and using the definition (2.6): 
Pagnany = Fem’ Don. 
(ii) fman(S) = f Hm(s,t)fnr(t) gives by means of (C.): 
t 
| fmn (5) | a t)|*- f I Pn (2) 3 
and thus in view of (2.6), (2.7), after integration over s, 
Doemen) +1 < Tom * Tans: 
(iii) From (2.8) there follows 
| Hmn (8, #)|?S I fa (S) I I fa? 
and then by integration over s and t, 
Tomina = Tomas Toun 


In (2.5) we distinguish the two cases (i) n = z even; (ii) n = 1 odd. 
Set in the first case n — I = 2u, n + l= 2v, in the second n — l = 2u + 1, 


n -+ t= 3w + 1. 
(1) In = f Buw(s,8) = ff H, (8, t) H(t, 8), 
8 g t 


hence application of (C,) to integrals over the pair (s, t) gives the desired 
result 


[Tn]? ff | Euls, t) ff | Holt, s)|? = Pou: To. 
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(ii) Apply (Cs) to 


In = f uso. (8, 8) = f (fa(s), fo(s)) 
with the result í j 


[TaS S felh S I fo(s) fl = ț Toma * Tovar. 


Only the case Z == 1 of (2.5) will be used, 
(2. 9) Ty? = Tra Tra (n == 2, 3, ° ° p 


If fs<0 then D = |f]? >0 and also ae) i (sf, #f)|? > 0 [for 


otherwise (sf, tf) =0 for all s and t, in ee (f,f) =O]. The 
inequality (2.9) then shows that one after the other of the traces Py, Ta: - - 
are likewise positive and not zero. More precisely we find that gn == Tnu/Ta 
(n = 1,2,+--) is an increasing sequence, while (2.4) shows that 


(2. 10) qn” = UnGnet° © © Anam- = Lnsm/Tn S Dm, 


or that the sequence g, never grows beyond Dn", in particular not beyond 
T: =1. Hence it converges to a positive number y. Note in particular the 
inequality q, Sy or 

(2. 11) T, < yr. 


It is even easy to make an explicit estimate of the rapidity of convergence. 
Considering that gn does not grow beyond Ty,” and Im == Tugi’ © Qm 
= gm? one finds that gn from n == m on can not grow by more than 


Qm DAM (1 — dnl) S 1 — gil” E (qn — 1) /m S (q> — 1) /m. 


Cn/y” decreases with increasing n since gx==Tnu/Tn Sy, hence tends to a 
limit A. But as (2.10) in the limit for n— o gives y” S Tm, the limit } 
of Im/y” for m—> œ is by necessity greater than or equal to 1. (As A will 
turn out to be the multiplicity of the eigenvalue y, an explicit estimate can 
not be expected for this second step!) Application of (C,) to 


mM+2 >t Hmo 2 m 3 ” n 9 : 

Ana Bat L ffa) fE BA] gera 
y Y Tt! Yy Y 

yields 


Ham (8, t) — Hna(s, t) 


M+2 NEZ 
Y Y 





x Tom aon Tinen A Don 
yt ym amen y?n 
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and thus the uniform convergence of H,(s,t)/y" to an f-continuous limit i T 


E(s,t). Invariance, (2.2), carries over from H to E, E (as, at) = E (s, t). 
From the equations 


S H(s,r)E(r, t) = f E(s,r)HE(r, t) = y: E (s, t); 
f E(s,r)E(r, i); E (s, t) == H(t, s) : tr(E) =h 
r 
there follows by a well-known elementary argument such a relation as (2.3) 


in which the a(s) form a unitary-orthogonal system of f-continuous eigen- 
functions of M, 


(2.12) f(s) u(t) =Y du(s), 
S puls) ` bv(s) = òw (m v= 1,- h). 


h turns out to be a positive integer. The one equation (2.12) may be split 
into two, 


(2. 13) VY: gu= f pals): sf, Vy’ guls) = (sf, gp), 
by using the first as definition of the vector gp. The gp are unitary-orthogonal, 
(Jus Jv) = Sv (mv = 1, +, h). 
jf" == 9 is a linear operator which carries the arbitrary vector g into 
og = SCs g): sf. 
This operator is invariant in the sense that 
(2. 14) - (ag) = a(Sg) for any group element a. 


Indeed 
a(%g) = f (sf, g): asf = f (asf, ag) - asf = f (sf, ag) - sf = G (ag). 


The corresponding Hermitian form depending on two arbitrary vectors g, g’ is 


(9’; og) = f (9, sf) ‘ (sf, g). 


(9’, 5g) is conjugate to (g, Sg’). By combining the two equations (2.13) 
in inverse order one sees that the vectors gu obtained by our construction are 
eigenvectors of the operator % for the eigenvalue y, 


(2.15) ©  O9p =Y Op 
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By starting with the equation 
bp(s) = J Hs, t) ` ba(t) 
and utilizing the invariance property of # one finds that 
palas) = J (ars, t) ` pult) = f E (as, at) : pulat) 
t 
S Ae E E e f pv (t) ou(at) 
is a linear combination È> wyn(@) > dv(s) of the ġy(s), and thus 
J bats) asf = f Pala’a) -af == Zola) -f dos) ef 
Or agu == > wyp(a): gv. This equation 
(2.16) Sgp = = wup(S) gv 


shows that the gz form an invariant set {gp} belonging to the (necessarily 
unitary) representation Q: s —> Q(s) = |] wpr{s)|]. Let us say that h vectors gp 
(u= 1, +,h) transform according to Q and call (g1,°-+,gn) briefly an 
Q-row, if the equations (2.16) hold for every group element s. For any 
such row we infer from (2.16): 


(2.17) (sf, gu) = (F, s*9,) a > wya (s>) + (f; gv)- 


(f, gv) is the conjugate of the Fourier coefficient av = (gv, f). Moreover 
the matrix || wyv(s*) || is reciprocal to || wv(s)|| and the latter is unitary, 
hence wvu(s™) =p (s), whereby (2.17) turns into 


(2. 18) (sf, 9u) = E Tp (5) >a 
For two Q-rows g, g’ one gets 
> (Jw sf) i (sf, ga) — pe Ot! dp, 
# ; # 
and hence by integration over s: 


(2. 19) > (gm Bge) = 2 Odi 


The special set {gu} constructed above satisfies the relation (2.15), thus 
(Gu Bg) =y, and (2.19) yields the important equation 


(2. 20) hy == S aud. 
Ub 
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Let us say that the invariant set {gu} occurs in f with the (non-vanishing) 
weight y =h> S| ap | ?. 
: g 


When we subtract 


h 
e == 2, udp 
=l 


from f, the remainder f == f— e is orthogonal to the vectors gp. If it is 
still different from zero, we repeat for f’ the process carried out before on f. 
One gets a new eigenvalue y’ and again a corresponding set of eigenfunctions 
pw(s) (Ww =1,---,h’) and vectors g'w. The ¢’w(s) turn out to be 
orthogonal to the a(s), the g’w to the gu. The equation T, = hy” + In 
shows that I’n/y"— 0, hence y < y. 

It is obvious how to continue the process. It yields a string of orthogonal 
functions @n(s) and orthogonal vectors gn (n—1,2,: : :) subdivided into 
sections. The section p, Mp1 < n E Np = Np-ı + Ap, is characterized by a 
positive eigenvalue yp of multiplicity hp; the vectors gn of this section form 
an invariant set and are connected with their partners ¢n(s) by the relations 


Vyr On = f Pafs) f sf, Vyp hn (s) == (sf, gn) [ Mp1 <n My |. 
(p = 0,1, 2, ° 7 ho = h, ni = 0.) 


Form the Fourier coefficients &n == (Jn, f) of f and the remainder 


fo) =f— (e+ at ter) —f— È ap 


Should it ever happen that one of the successive remainders f, f’,: - - 
vanishes, then the process comes to a stop. But since our final result is 
trivial in that case, we suppose in our argument that this never comes to pass. 
yp tends to zero, because 


> | oy | 2 hy + hya +--+ Royo Sf ?S1 
implies 


(h+ hy qe e o + hp) + vp = ny S L. 
The kernel 





HO (3, t) = (sf), tf) — (sf, tf) 
depends on ts only, 
HO (s,t) =H (ts), HO (s) = (sf, f). 


Application of the relation (2.11) to f® instead of f gives the inequality 
r; (p) = yo’ Ty (p) for 
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Ty) = tr(H®)) = H) (|) = | fO |? andr, = f | HP (s)|? 
and thus j 
(2.21) O MRD <P, /ny. 


By means of the equi-continuity of H® (s) = (sf, f) for all p we deduce 
from’ this estimate for T, an estimate for I, = || f@ || ? = 8,2 as follows. 
Choose a positive number e and ascertain a finite number Ne of elements a; 
(t= 1,; > -, Ne) such that the f-circles C; of radius e around these elements 
a, cover the whole group. We propose to show that 8,2 as soon as 
np = N./e*. Indeed the contrary hypothesis 2e < 8) will lead to ny < N,/e’. 
For an element s in the f-circle of radius e around | the following inequalities 
prevail: 


lsf—fl=lsf—flse 


hence 
| HD (s) — HP (1)|?—= | (f — hID) S E | FO |? = 26,7, 
and finally, since H‘) (|) = 8,7 and by hypothesis 8, > 2e, 
| H (s)| = 8p (8p — €) > côp. 


Thus | HP (ats) |? > 3p? for se Ci, and consequently 
Ne 
> | H (ar*s)]| ? > e 
į=1 


everywhere on o. By integration over s one finds 
Ne: f [EP (s)|? > ed, or Ne T2) > &8,%. 
Combination with (2.21), npr: < ô, leads to the promised conclusion 
ty L Ne/°. But 
np-1 
s= FO [P= Pt — S| a. 
Hence the result can be stated as follows: 


Given any e > 0, the inequality 


(2. 22) (0 <) IFE la |? 4e 


will hold as soon as n= N,/e*. 
This not only proves the Parseval equation 


(2. 23) -Jajati e] t e =F? 
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or the fact that the Fourier series #9, -+ G2g2 +--+ - converges weakly to f, 
but also provides us with an explicit estimate for the remainder under the 
assumption that the invariant sets are arranged according to descending 
_ weights, y >yi>---. 

| From f one easily passes to an arbitrary finite linear combination $ M - s:f 


of transforms of f and any vector g that is the weak limit of a sequence of 
such combinations. It results that we can approximate every such vector g 


n-i 
by a finite sum Va = X, f’xg: in the weak sense, | g— Vn || =e, with any 
k=1 , 


preassigned accuracy «. But the best approximation in the weak sense by a 
sum Vn of a given number n — 1 of terms is obtained by choosing §’%; as the 
Fourier coefficients Br = (gw, g) of g. Hence the Fourier series 3) Bagn of 
any ‘g of the type just described, in particular of any vector g in 3°, 
converges weakly towards g. In other words, the Parseval equation extends 
from f to any vector g in 2° without a change in the unitary sequence 
Ji 92° * © constructed from f. 


3. Evaluation of the result. Of the arbitrariness involved in the choice 
of a unitary basis gu (u—1,---,%) in a given invariant set we can make 
use in such a way that the set breaks up into a number of mutually 
orthogonal primitive sets. Let us do that with each of the sets obtained 
by our construction! Suppose, for instance, that the first set consists of 
h==8 vectors and breaks up into two invariant sets of 5 and 3 members 
respectively. Since the equation (2.15) holds for each vector gu of the total 
set, the relation (2.20) will persist for the two partial sets, 


5. 8 
È | % | * = 5y, > | ap | ? = 3y. 
=L u=6 


The primitive sets are therefore still arranged according to falling weights, | 
y= y =- +, however the equality sign can not now be excluded. In the 
‘case just mentioned y, would equal y and 8y appear as dy + 3y: 

A stage has now been reached where passage from the constructive to 
the existential standpoint becomes feasible. Let 


Q: s—>Q(s) = | wp (S) || i (mv = 1, sh) 


be a given irreducible unitary representation of the group o of degree h. 
Any representation 9’ that is equivalent to Q, Q ~Q, is also unitary-equl- 
valent to it. [Indeed if the non-singular square matrix A satisfies the 


13 
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condition 2(s)A == AQ (s) one sees that AA* commutes with Q(s), and 
hence by Schur’s lemma AA* = pE, p> 0. Here A* is the conjugate of the 
transpose of A, and Æ denotes the unit matrix. A/Vp is unitary.| Thus 
we may see to it that, whenever a primitive invariant set obtained in the 
course of our construction belongs to a representation ~ Q, its orthogonal 
basis 91° © `, Qn transforms according to Q «itself. Schur’s lemma further 
teaches the following two things: (1) If the ga and the g’y transform 
according to two inequivalent irreducible unitary representations, then they 
are mutually orthogonal, 


(Ju, gv) = 90 (uly, h3 v=, n, K). 
(2) If they transform according to the same irreducible unitary ©, then 
(3. 1) (Iu gv) = B òw (mv = 1, > sh) 


with a factor 8 independent of u and v. Any numerical multiple 
Ag = (Agi,° © °, Aga) of an Q-row g is an Q-row, and so is the sum of two 
such rows. Thus the Q-rows form a linear manifold. It is natural to 
introduce the factor 8 in the equation (3.1) as the scalar product (g, g) 
of the two. Q-rows g and g’; 


(g; g’) = h. > (Gu, g'u). 
B 


Indeed it has all the formal properties of a scalar product, in particular 
(g,g) > 0 unless g == 0. Call the row a= (a&,:-++,%) of the conjugates 
a= (f, gu) of the Fourier coefficients the f-component of the Q-row g and 
define 


(v, a) aad > X’ ty, | a l = (a, a). 


àa and a + g are the f-components of Ag and g-+ g’. The equation (2.19) 
now reads 


(3. 2) (8g, Bg) =h". (a’, a). 


An Q-row will be said to be hidden or flat if its f-component a is zero, 
and upright if it is perpendicular to all hidden Q-rows. Clearly there can 
not be more than f linearly independent upright Q-rows. For let 
gM, -+,g(™ be any m such rows and form the linear combination 
g = Mg +--+-+-)d»g(™.,. Whenever its f-component A,af +--+ + Ama ™ 
vanishes, g itself must be zero, because such a g is at the same time upright 
and flat, therefore (g, g) —0, g —0. 

( 2.14) shows that the operator 3 changes an Q-row g into an Q-row Bg; 
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according to (3.2) this g is necessarily upright. Any Q-row g = {ga}. 
obtained by our construction satisfies an equation (2.15) with a positive 
factor y, gu = y": So, and consequently these Q-rows themselves are upright: 
among all possible Q-rows the construction automatically selects the upright 
ones as those that actually occur in the Parseval equation (2.23). Such a 
principle of selection is needed, since the linear manifold of all Q-rows: may 
not be of finite nor even of denumerable dimensionality. 

Let g®,---,g( (mh) be an orthogonal basis, (g, g™) = dix, 
for the upright Q-rows. Then their f-components a™,---,a'™ are also 
linearly independent. Moreover we have 


(gu, gv™ ) = bi,0pv (i, k = I, e M, p v = 1, : 7 h) 
and i 


we? TEn 2 ypg ® 
where the coefficients 


yu = (8%), FeO) — h(a, a) 


form a-Hermitian matrix. (g,%g) for the arbitrary upright OQ-row 
g= dég is the positive-definite Hermitian form 


(3. 3) GLE] = > eyrigi == h> | = Te ||? 


of the m variables é. One can therefore ascertain m Q-rows g such that 
(gh) = > yuk. Then 
k 


gu) = f gu (s) -sf where gy‘? (s) = (sf, Gu). 
83 
|In passing it may be observed that if m has the highest possible value h, 
then the functions wp(s) will be f-continuous; for then one can express 


them as linear combinations of the f-continuous functions (gy‘), sf) by 
inverting the relations (2.18), 


(gu, sf) = 3, opr (s) ° ay (m n t= 1, shy] 
The orthogonal basis g) could be so chosen that G[é] is on principal axes, 


yri = 0 for kir, yur = yt > 0. 


Then gp? = yi’ gn. It is this normalized form which results from the 
construction of 2. The greatest of the m numbers yı’ * ', ym can be defined 
as the maximum y(Q) of the Hermitian form (3.3) for S| & |? 1. 

A 5 
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The .contributions sie . 
(3.4)  e(Q) = apn and |e) ?=D | en |? Z| a |? 
4 


. of Q to f and | f ||? are clearly independent of the choice of the orthogonal 
basis g for the upright Q-rows. Hence in the final statement we shall 
ignore this normalization of G[é]. Nor do the contributions (3.4) change 
if Q is replaced by a unitary-equivalent representation, i.e. if each of the m 
rows g@®,- + +, gm undergoes the same unitary transformation A. The 
sum > || e(Q) ||.? extending over any set of inequivalent irreducible unitary Q 
can not exceed || f ||? (Bessel’s inequality). It is thus further clear that the 
construction of 2 can not help yielding a complete basis g“) (c= 1,- --,m) 
of the upright Q-rows for each ©. Otherwise the sum (2.23) would fall 
short of || f ||? at least by the contributions of the missing g. We sum- 
marize our findings in a preliminary Statement and a Theorem. 


STATEMENT. Starting from a given a.p. vector f, our construction 
accomplishes the following. For every irreducible unitary representation Q 
of o, degree h, it determines a complete orthogonal basis g“,---,g(™ of 
those Q-rows g = (g1,° >°, ga) which are perpendicular to all hidden Q-rows, 
and it picks out a complete set of inequivalent Ys that actually occur, i. e. 
for which m>0. One has mS h, and the vectors 


ge) (tae ds ym; p=, +h) 


lie in X°. [They are even of the special form f(s) -sf where (s) is not 
only f-continuous but satisfies a strong Lipschitz condition with respect to f, 
(2.1).] The gu for two inequivalent irreducible unitary representations 
Q are mutually orthongonal, The contribution of Q to f is the sum 
e(2) = Sap. formed by means of the Fourier coefficients a, 
== (gu'),f), the contribution of Q to | f|? equals || e(Q)] * =F | a, | 2 
The maximum of h 3) | X ané, | 2 for 2 |é& |51 is introduced as the 
E 4 4 


weight y(Q) with which Q occurs in f. 


THEOREM. The sum of the contributions © || e(Q) | * extending over the 
denumerable sequence of inequivalent irreducible unitary Q actually occurring 
in f equals || f || ?. An explicit estimate of the convergence can be given if 
the terms are arranged by descending weights y(Q). 


It is perhaps not justified to speak of a completeness relation, since a 
host of “hidden” invariant sets are left in the dark, for the good reason 
that they do not contribute to f and {jf |j ?. l 


È 
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‘Foi*the “ interpretation by scalar functions on II » the situation is a 
_ little simpler. Here, . according toan observation made by Bi Cartan 
[3, ef. also 11],-the number of linearly independent Q-rows is at most h for 


-,, any irreducible unitary representation Q of degree h. We choose an orthogonal 
vy: basis g™,. --,g'™) for them in order to determine the contribution e(Q). 


to f, without rejecting the hidden ones. But even then f must be used’ for 
picking out the denumerable sequence of ’s that actually contribute to f. 

- A subgroup o° of o may be treated directly by observing that f is also 
almost. periodic with respect to o°. This is a better procedure than by 
breaking up the o-invariant sets obtained by our construction into primitive 
o°-invariant sets. For then one would still face the task of getting rid of all 
but the upright ones. 

In the Main Theorem one can readily pass from a single given a.p. 
vector f to a finite number, or even a denumerable sequence, of such vectors, 
fife: ++. An Q-row g is f-hidden when (gw P) =0 (w=—1,---,h). 
For any v= 1,2,- - we construct an orthogonal basis g1,» - -, g(vm») 
for those Q-rows g which are perpendicular to all f,-hidden Q-rows g’, 
(g.g) = 0, and moreover satisfy the relations 


(fa, ga) = 0,° © +, (for, Gu) = 0 (=$, + +h). 


Of course m, = h. If Ma, me, Mg + - all vanish then Q “ does not contribute.” 
Otherwise the whole (finite or infinite) sequence of Q-rows 


gh). . ., gm), gn, . +, gma), . 8 6 


is orthogonal. For any vector f we may determine the Fourier coefficients 
auti) — (gy f) and form 


_, lef ye] (wade h; i=l, + + mo). 
“The contribution of @ to | f || ? is defined by 

(3. 5) |e 2) eas)? + es Q)r+---, 

and 

(3. 8) Shel S HF 


the sum extending over a complete set of inequivalent contributing irreducible 
unitary Q. For f= f» the sum (38.5) is finite, || eu(fv; Q)||? equaling zero 
for u=v-+i,v+2,---, and the Bessel inequality (8.6) changes into the 
corresponding equation. As a result, an orthogonal sequence gı, g2,-- - of 
vectors, subdivided into sections that form primitive invariant sets; has been 
found such that the Fourier series #91 -+ a go-++--:~- with the coefficients 
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On = (gn, f) converges weakly to f for each of the gwen a.p. vectors 


f= fr fo’ te 


4. Strong approximation. Interpretation by vector functions on II. 
A further axiom connecting “length” | g| with “modulus” | g || is needed 
for the transition from weak to strong convergence. Let us study the integral 
ge = f (s) -sg in which €(s) is any f-continuous numerical function and 
the vector g of such nature that sg is an f-continuous vector function of s. 
In the interpretation by scalar functions on If this relation reads 


ge(P) = f ECs) -g(s7P), 
and thus i 
APIE TE S EP 


The second factor on the right is independent of P and has been denoted 
by f | g9(P)|? =] 9¢]°% I£ | €]|? stands for f ]é(s)|?, we therefore arrive 
F 8 


at the inequality 
|g [—Lud. | PEEN gN 


The special case suggests the following general axiom: 


Axiom IV. Under the conditions specified above the integral 
ge == f é(s) -sg satisfies the inequality 


(4.1) Lals légi- 


I do not deny its arbitrary character; one would wish to reduce it to 
some simpler assumptions. But two things can be said for it: (1) It holds 
in any metric vector space $ provided one identifies | g| with || g ||. Indeed 
for g(s) = sg the inequality (Cz) gives | 


ISES sgi SIEL? S isg iasi EN dol? 


(2) It holds for the interpretation by scalar functions on I. 
The following theorem is an immediate consequence of the new axiom. 


E(s) being an f-continuous function, the Fourier sertes of the vector 
y = f &(s) ` sf, 
8 . 
È InJn, qn = (Jn, Y)» 
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converges strongly towards y. In the sum members of the same set may 
n 


not be separated. 


Let us indicate the contribution of the first p invariant sets, 
e+e t: e epn by {e+ }p and carry out our calculations for one 


of the sets, to which the old notations 


h, Gu, Ops 0 = D>) ppo wuv (S) (p v= l,- A) 
E 
may refer. We have l 
(4. 2) se = È Qp ` 89u = È ap op (8) gv = È (gv Sf) ` Jv» 
H HY v 
therefore 


f EC) se = E (99) ge = E m 


l and 


(4.3) y= {Zp J + S El) sf 


where f) denotes the remainder f — {e-+----},. The formula (4.2) for 
se shows that 


|se— te] = E (msi lE f Eg 
and thus 
| sf?) —tf™ | SA |sf— ti | 
with A=1+ {S|q]+- oe Thus sf is an f-continuous vector 
function of s, and our axiom yields for the remainder in (4.3) the estimate 


ISES Sf | SP et TF I. 


But one knows that || {2 || = 8 tends to zero with p —> oo. © 
THEOREM OF STRONG APPROXIMATION. f can be strongly approximated. 
with arbitrary accuracy by finite sums of the form 5 Kkiki 
k=1 


The numerical function |sf—f]|= p(s) is  f-continuous since 
| p(s) — p(t)| S| sf—itf|. Choose any «>0 and let (p) be a non- 
negative uniformly continuous function of the variable p (= 0) which vanishes 
for p= «e and for which the integral of the f-continuous function (p(s) ) 
== A(s) is 1. Form the difference 


f(s) -sf—f= S Ms) (sf — F). 


200 HERMANN WEYL. 


Considering that [(p)-p S e-l(p) for p=0, namely both for O0=p<e 
and for p = e, one gets 


| f A(s) -sf—fF]S fr(s) -|sf—fl Se f A(s) =e. 
8 8 8 
But the Fourier series of y = f A(s): sf converges strongly to y, and hence 


we obtain coefficients y = (gr, y) and an n= np-ı such that 


n 
ly — X ongn | S e. 
k=1 


The result is a strong approximation of f with the accuracy 2e. 

It follows readily that not only f, but every vector in 3;° can be 
approximated in the same manner. 

It should be noted that the Axiom IV in general does not carry over 
from the group o to a subgroup o°. 

In the interpretation by functions f(P) on I it seems unnatural to 
limit oneself to the case where the value of the function is a number; it may 
itself be a vector with several components. So it is in physics, where the 
electromagnetic field strength has 6 and the electronic y has 2 or 4 com- 
ponents. We may even admit the value f(P) to be a vector in a metric 
vector space of infinitely many dimensions. Let us therefore now assume that 
we are given a metric vector space 3 (Axioms I and IT) closed in the Hilbert 
sense, so that any weakly convergent sequence fi, fot °°, || fn — fnm || — 9, 
converges weakly toward a vector f, || fa— f || —>0. (Should the metric space 
not be closed, we make it so by Cantor’s construction.) Suppose, moreover, 
we are given a point field II and a realization of the group o by a transitive 
group of transformations P — sP of this point field (Axiom I). We study 
functions f which associate with every point P of It a vector f(P) in &. 
The transform sf is then to be defined as the vector function associating 
with P the vector sf(s*P). But it seems convenient to define a transform 
(s,t)f for any pair of elements (s, t) of o by ascribing to (s,¢)f the value 
sf(t7*P) at the point P. The pairs.(s, t) form the group oxo in which v 
itself is contained as the subgroup of the diagonal pairs (s,s); sf = (s,s)f. 
‘The restriction of almost-periodicity to be imposed upon f is twofold: 


1. Let us say that the element ¢ of o lies in the f-disk D;(b;«) of 
radius e around b if || f(¢7?P) — f (b=P)|| Se for all points P. We assume 
that for every e > 0 the group o may be covered by a finite number of such 
f-disks D;(bz3¢) (k= 1,:-+,n) of radius e Choose a definite point Po. 
For an f satisfying this condition the numerical function || f(¢*P,)|| of ¢ 
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and hence the function || f(P)] of P is bounded. We define the length |f 
of f by 5o o 
|f| = 1 u. b. | f(P)]. | 


This length is invariant with respect to all transformations (s, t) of ox, 

[(s,t)f | = | f |, in particular to all-transformations (s,s) of o. For any 

two vector functions f(P), g(P) satisfying our condition the scalar product 

y(P) = (g(P),f(P)) is an almost periodic numerical function on I, and we 

may therefore form the constant f ¥(@*P) = f ¥(P) and introduce it as the 
t P 


scalar product (g, f). Again invariance prevails: ((s,¢)g, (s, DH = (g, f). 


2. Let us say that the element s lies in the f-circle C;(a@;€) of radius e 
around a if | sf(P) —af(P)|| Se. for all points P, and now assume that s 
can be covered not only by a finite number of f-disks D;(b,; o (k =1,- - -, 7), 
but also by a finite number of f-circles Cy(aj;¢«) («= 1,:°-+,m) of arbi- 
trarily small radius e. If s lies in C;(ai;¢) and tin Dr(br; e) we have 


| sF OZP) — asf (bP) | 
S | f OP) — af OP) + | af (P) — aif (P) | 
Se | FEAP) — FP) | E 2e, 
or I(s, t) f — (ai, bx) f |S 2. Hence f is almost periodic with respect to 
the group oxo of the pairs (s,¢) and a fortiori with respect to the sub- 
group o of the diagonal pairs (s,s). 
All the axioms I — III are satisfied for the space > of the almost periodic 


vector functions f, both with respect to «Xo and to c. Also the Axiom IV 
, introduced in this section holds. Indeed consider 


ge(P) = S f Els 1) so (tP). 
One finds by applying (C2) to the (s, ¢)-means, 
lo(PIPSSS les t) ff | sg (e*P) | *. 


The second factor on the right equals 


Sg QP)? = J l gP) = Ig 1? 


Hence |ge| = | él- lgi. The same argument applies to a simple mean 
value of the type 


g'a (P) = f a(s) -sg (7P). 
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5. Appendix. On Maak’s approach to the theory of almost periodic 
functions. 


1. The marriage problem. Given -n distinct objects {a} = di, * *,@n 
(boys) and n distinct objects {b} == 6,,---,b, (girls); moreover a scheme 
of linkage Qn according to which an a; and a by are either linked (friends) 
or not linked. I call the number of elements in a set its rank. A set B of 
girls is said to be associate to a given set A of boys if no boy in A has friends 
outside the set B. (Then the complement {a}— A is in the same sense an 
associate of {6}— B.) Question: What is the necessary and sufficient con- 
dition that the boys can be paired with the girls in such a fashion that in 
each of the n pairs the partners are friends? The following basic condition 
is obviously necessary: A set A of boys has never an associate set B of girls 
of lesser rank than A. The fundamental combinatorial lemma asserts that 
this‘ condition is also sufficient [9, 4, 6]. 


Proof. I let the girls },,- - +, bn choose their partners one after the 
other, and therefore ask b, first to make her choice. Suppose she chooses ds. 
The choice should be fair to herself, i.e. a; and b, should be friends. But it 
should also be fair to the other girls by not making it impossible for them 
to find partners among their friends, i.e. the linkage scheme Qna-ı arising 
from Q, by removing @, and b, should still satisfy the basic condition. Call 
a set A of boys of rank r (= 1) distinguished if it has an associate set 
B= (b,, bro’ + +, bx.) of girls that is of the same rank r and contains )4. 
Then the second postulate requires that there should be no distinguished 
set A which does not contain ds, or as; must be in the intersection of all 
distinguished sets. 

We make the basic observation that the intersection of two distinguished 
sets is again distinguished and is not empty. Indeed let A; be a distinguished 
set of rank +; and B; an associate of the same rank (41,2). Let 
A= A,{) 4: be of rank r and B == B, []) Bə of rank s. The rank s is at 
least 1, since B contains bı. B is an associate of A, hence r5 s. Moreover 
B, |] B, is an associate of Ay LJ Ae; thus ry -+ rer S r t+ ro — 8, or 7s. 
The resulting equation r= s together with s = 1 proves the point. 

Let Ao == (@i,,° °°, Qim) be a distinguished set of lowest rank m= 1 
and (bi, bx,,° - -,6x,,) its associate of the same rank. Ay is contained in 
every distinguished set A (and therefore unique) since Af] Ao can not be 
of smaller rank than A,. At least one of the boys Qis’ + -, Qin In the set Ao 
is a friend of b,; for otherwise A, would have an associate set (bra' ` +, Den) 
of rank m — 1. 
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Let therefore b; pick one of her friends a, in Ao, and rearrange the 
sequence Qı, de,* * *,a, so that her mate a, assumes the first place. Then 
the linkage stheme Oy of az, * *,@, with be: --,b,» satisfies the basic 
condition. By induction the girls thus solve their marriage problem. 


2. The objects to which the combinatorial lemma will be applied are 
pieces o; of the group o, and linkage of a piece o’ and a piece 7’ will mean 
that they have points in common. [Contrary to Maak, we do not forbid the 
roof-tiles o; to overlap.] Let f be an a.p. vector and (s) an f-continuous 
numerical function, so that for every 8>0 there is an e>0O such 
that [sf—if|s« implies | ¢(s)—¢(t)|=8 Then it implies also 
| (as) —(at)| <8 for every element a. Therefore the function ¢(s) is 
almost periodic in the sense that for every & one can cover o by a finite number 
of tiles o; such that | d(as) — p (at) | 8 for any s,¢ in the same piece c; 
and any a. By a simple argument, which I shall not repeat here, Maak 
infers from this one-sided the two-sided almost-periodicity. 

Let us say that s hes in the circlet of diameter p > 0 around so if 


| (asb) —¢(asob)| = $p for all a and b. 


Our statement means that a finite number of elements cg (K —1,:--,N) 
may be ascertained such that the circlets og of diameter p around the cx 
cover the entire group. Choose the smallest number N of elements cg 
satisfying this condition. We speak of them as a p-lattice and of 


Lip = N>: 2 (ex) 


as the lattice average of ¢.. (We differ from Maak by using no other domains 
but circlets. It is a task of fundamentally simpler nature to determine the 
minimum: number of points which have a given property than the minimum 
number of domains.) Submit the lattice circlets ox to an arbitrary left- 
translation @, $s—> as, or —> Tk==dorx. The tx are circlets of the same 


diameter p. For any r lattice circlets ox,’ © -,ox, it will never happen that 
those rx that are linked with ox, or ox,’ * * or ox, are less numerous. For 
then we could replace the circlets ox,,: --+,ox, by these rx that are linked 


with them, and thereby lower the total number N. Our combinatorial lemma 
shows that the ox and the rg may be paired (rtg, ox) in such a way that rx 
and eg overlap. 

The centers dx = acg and cx: of two circlets of diameter p which overlap 
satisfy the inequality 


| (drb) —4(cxb)| Sp 
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for all b. Consequently 


(51) | WB g(aerb) — N7 Z g(cxd)| <p 
for arbitrary a and b, in particular 
(5.2) © [WY (a) — NE o(cn)| Sp. 
By the same token the right-translation s—>sb yields the inequality 
(8. 8) | N= 3 6(exd) — N= E o(cx)| Sp. 
Let a; (t=1,:--+,”) be any number of elements and a; = 0 corre- 


sponding weights of sum 1. The average A = J, «;ġ (ac) was said to oscillate 
i 


by less than e if 
|S aip(aa;s) —A| Se 
i 


identically in a. Let A, B be two such averages of ¢ oscillating by less than 
e and à respectively. We then have 


(5.4) | 2 ap (cru) — A |e 
for each cx of our p-lattice. On the other hand (5.3) gives for b == a;: 
(5. 5) | N+ Z $ (0r) —Lp | <p. 
(5.4) and (5.5) lead to 
| V+ 2: aip (Crd) Ae N7 2: aig (cxa) —LIp|=p, 


|A—Lp|Se+p. 
For the same reason f 
| B — Lo | = 8+ p, 


consequently |B—-A|Se«+8-+ 2p. This must be true for every p > 0, 
which is impossible unless 
|B—A|Se+ 4, 
ef. formula (1. 4). 
It is this fact on which the existence of the mean value J = f $(s) 
depends; any average A oscillating by less than e differs from it by not more 
than e According to (5.2) and (5.1) the lattice averages 


Lpp = N 2 (cx) and Lp<ps> = N= È (crb) 
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of (s) and ¢o(s) = (sb) oscillate by less than p. Among themselves they 
differ by not more than p, (5.3). This proves that the absolute difference 
of f (sb) and f (s) can not exceed 3p, and as p is arbitrary, these two 
mean values must coincide. 


INSTITUTE FOR ADVANCED STUDY. 
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A CRITERION FOR THE NON-DEGENERACY OF THE WAVE 
EQUATION.* 


By PHILIP HARTMAN and AUREL WINTNER. 


The results of this paper are similar to those of the first part of [5] 
but go in another direction. Correspondingly, the knowledge of [5] will 
not be presupposed. 


For large positive 7, let f == f(t) be a real-valued, continuous function. 
By solutions == z(t) of the linear differential equation 


(1) a” + f(t)a = 0 


will be meant only real-valued solutions. Such a solution will be called of 
class (L7) if 


o9 


(2) f eic o. 
In terms of the (continuous, non-negative) function 


(3) ft (t) = max (f(z), 0); 


the following theorem will be proved: 
(*) If, as t-> œ, 


(4) f(t) = Ort), Le, f(t) = 0 (8), 


or, more generally, if 


t 
(5) f F(a Oe), 
then (1) cannot have two linearly independent solutions of class (L*). 


According to Weyl, (1) cannot have two linearly independent solutions 
of class (L°) if 
(6) f(t) =Or(1), Le, P(t) = O(1) 
(cf. [9], p. 238). No improvement of (6) is known to us from the literature. 


In view of the particular case (4) of (5), the improvement of (6) to be 
obtained is of the order t. 
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The result is final, in the sense that the ¿ in (4) cannot be improved 
to ¿e (for any e > 0). “In order to see this, it is sufficient to apply to the 
general solution of | 


(7) z” + tg = 0, 


an asymptotic formula (cf. [10]), which implies that every solution of (7) 
is O(¢-*4*) and, therefore, of class (L°) (actually, (7) is merely the normal 
form of Bessel’s equation). 

The proof of (*) will depend on an adaptation of the method of “ arcus 
variation” (cf. [6], [8], [4]). It consists of an estimate of N(¢), where, 
if f(t) is real-valued and continuous on the half-line 0 & £ < œ and z = g(t) 
denotes any non-trivial solution (s£0) of (1), the function N (t) is defined 
as the number of zeros of (s) on the interval 0S s &ż. The choice of the 
solution æ(t) s£0 with reference to which N(t) is estimated is immaterial. 
In fact, Sturm’s separation theorem implies that the N-functions belonging 
to different non-trivial solutions of (1) cannot differ by more than +1 for 
any value of ¢. Hence, the assumption, (8), of the following theorem is a 
property of the coefficient function f of (1) alone. 


C) y 
(8) l lim inf N(t)/t? < œ, 
(for instance, if iij 
(8 bis) N(t) = O(#) 


as t— œ), then (1) cannot have two linearly independent solutions of class 
(L°). 
It was shown in [2] that {1) cannot have two linearly independent 


solutions of class (L?) if 


(9) N(t) = 0 (1). 


The improvement of (9) to (8 bis) corresponds to that of (6) to (4). The 
result is again final, in the sense that the £ cannot be improved to ¢*** for 
any e > 0. This follows again from the asymptotic formula for the solutions 
of (7). 

This does not mean, of course, that the assertion of (**) must fail if 
(8) is violated. In fact, if . 


(10) f(t) = © log? t, i >11), 
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then, on the one hand, the result of [4] implies that 


t 
aN (t) ~ f slog s ds ~ fi? log t 


and, on the other hand, the asymptotic formula of [10] shows that no non- 
trivial solution of (1) is of class (£7) in the case (10). 

Tt turns out that (*) is a corollary of (**). This situation is due to the 
following 


Lemma. If f(t), where0 St < œ, is a real-valued, continuous function 
and if F(t) is defined by (8), then 


(11) W(t) = O(t È fr(s)ds)# + 0(1) 


holds for the number of zeros of every non-trwial solution of (1). 


Since (11) shows that (5) implies (8) [and even (8bis)], it will be 
sufficient to prove the Lemma and (**). 


Proof of the Lemma. It is clear from (8) and from Sturm’s comparison 
theorem that, if N*(¢) belongs to l 


gz” + ft(t)e =0 
in the same way as N (t) belongs to (1), then 
NESNE) +1. 


This implies that it is sufficient to prove the Lemma under the assumption that 
f == ft, i.e., that 
(12) f(t) Zo. 


In other words, the assertion of the Lemma is that (12) is sufficient for 


(13) N(t) —O(t Í f(s)ds) + O(1). 


The truth of the latter implication is a corollary of the following result 
of Beurling, quoted by Borg [1], p. 1: If f(¢) is real-valued and continuous 
on an interval a= tÆ b, then no solution æ —-2(t) £0 of (1) can have 
more than one zero'on a= t & b unless 
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(14) AROLE US 


In order to deduce from this the estimate (13) in the case (12), let 
a(t), where Ot < œ, be that solution of (1) determined by the initial 
conditions #(0) = 0 and (0) ==1, and let 0 = <4, <: -+ denote the 
zeros of this solution. It can be assumed that this sequence is infinite, since 
otherwise N(t) = O(1), and so (18) is trivial. Since the solution a(t) 
has two zeros on the interval a S t & b if a == tn and b = tn, where n is any 
posilive integer, it follows that (14) must now hold for every n. In view of 
(12), this implies that ; 

| i 


J fa > 43 (ets). 


On the other hand, the harmonic mean of n positive numbers is majorized 
by their arithmetic mean, 


{n 2 (tr = p-a) tY? = a 2 (tx ae tx-1) 5 
=1 =1 
finally, 


n 
> (tr = tri) mae bny 


kzt 
since f= 0. The last three formula lines imply that 


tn 
n f F(ab > Ant 


0 


In view of the definitions of ta and N(¢), the proof of (18) is now complete. 
Since this proves the Lemma, only (**) remains to be proved. 


Proof of (**). Let a= s(t) and v= y(t) be two linearly independent 
solutions of (1), where f(¢) is any real-valued, continuous function on the 
half-line OS: ¿< co. Since the Wronskian of w(t) and y(t) is a non- 
vanishing constant, it can be assumed that 


(15) xy’ — ry = 1. 
In particular, v and y cannot vanish at the same ¢, and so the substitution 
(16) ` gz =r cosb, y==rsing 


determines a unique positive r==-r(t) and, if 0 S (8):zo < 2r, a unique 


14 
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continuous 0=6(t) for 0S t< œ. It follows that 6(¢) has a continuous 
derivative. In addition, 


(17) a(t) > 0, 


since (15) and (16) imply that 776’=-1. If the latter identity is written 
in the form 


x” +y? = 1/6, 


and if it is observed that the assertion of (**) is equivalent to the statement 
that not both z == x(t) and y= y(t) are of class (Z7), it follows that (**) 
will be proved if it is shown that 


(18) f O 


is implied by the assumption, (8), of (**). 
Since 6’(¢) is continuous and positive, its harmonic mean on any interval 
is majorized by its arithmetical mean; so that, if O=a<a-+4, 


att art 
(of ds/0'(s)}*St* f 6 (s)ds, 


Since the integral on the right is identical with 6(a + t) — 6(a), it follows 
that ) 


t 


f ds/0 (s) 2 P/{6(a-+ t) —6(a)}. 


If the numerator and denominator of the function on the right of this 
inequality aré divided by (t+ a)”, it follows, by letting t— œ while a is 
fixed, that 


(19) f ds/@ (s) ep t/0 (t). 


If (18) is false, then the integral on the left of (19) tends to 0 as 
æ —> œ. On the other hand, the upper limit on the right of (19) is non- 
negative and independent of a. Hence, if (18) is false, the upper limit on 
the right of (19) must be 0, i. e., the estimate 


(20) lim inf 6(t) /#2 < © 
$00 


cannot hold. Consequently, (18) cannot be false if (20) is trne. 
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: It follows that the proof of (**) will be complete if it is shown that (8) 
implies (20). 
To this end, recourse must be had to the definition of N(¢). In view 
of (16) and (17), this definition implies that the integral part of the ratio 
6(t)/m differs from the integer V(t) by not more than 1. Hence, 


a(t) = "N (t) + O(1), 
and so (20) is implied by (8). 


Appendix. 


The criteria (*), (**), as well as all other known criteria applying in 
this direction (cf. [5]), seem to suggest the truth of the following conjecture: 
If f(t) and g(t) are continuous functions satisfying the inequality 


(1) f(t) Sg) 

for large positive ¢t, and if 

(2) g” + g(t) = 0 
possesses a solution which is not of class (L°), then 
(3) a” +-f(t)a==0 


also has a solution which is not of class (Z?). The object of this Appendix 
is the construction of an example disproving this conjecture. 

If f(t) = eft, where ( is any positive constant, it follows either from 
asymptotic formulae (cf. [10]) or from explicit integrations, that every 
solution of (8) is of class (L°). Hence, it is sufficient to show that there 
exist functions g(t) which satisfy the inequality ) 


(4) eCt <S g(t) 


(for some (> 0 and large t) but are such that not every solution of the 
corresponding differential equation (2) is of class (L>). 

It will be convenient to first choose such a g(t) to be a suitable step- 
function (in this connection, cf. [7], p. 50) and then to ascertain that a 
removal of the jumps of this discontinuous g(t) has no effect on the result. 
Such a step-function on g(t) can even be chosen monotone, as follows: 


(5) g(t) = k? if mw. < t S r, 


where 
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k 
(6) dy == 2a DT if k= 1,2,- >- and a = 0; 
jz=1 


so that g(t) is defined for 0 < t< o. 

Since this step-function is monotone, (4) will be proved for ontio 
t if it is proved for t = ax. In view of (5), this requires the existence of a 
C > 0 satisfying the inequality 


ela = ke. 
But the existence of such a C is assured by the fact that 


Ay ~ 2x log k, 


by (6). 
‘Next, (5) and (6) show that (2) reduces to 


a” +. kr == 0 for dey < tS oy 
and admits, therefore, the solution 
(7) v(t) == cos k(t — oz.) for ar- < tS m. 


The function w(t) defined by (7) for 0 < t< o is continuous and has a 
continuous first derivative, even at the points t= ap. This follows by 
observing that 

k — Oy = Br j/k, 


by (6). Furthermore, by (7) and (6), 


ay ` 2r/k 

J g’ (s)ds = f cos? ks ds = x/k. 

Qk- © 
Hence, from (6), 

: 
(8) f g? (s)ds ~ $t as to, 
0 
oO 


and so the (L?)-condition f x?’ (s)ds < œ is not satisfied. 


All that remains to be ascertained is that the jumps of g(t) can be 
smoothed out without affecting the result. But this follows, for instance, 
from (8) and the argument applied in the footnote in [3], pp. 396-397, 
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ON THE LOCATION OF SPECTRA OF WAVE EQUATIONS.* 
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By PHILIP HARTMAN and AUREL WINTNER. 


Let f(t) be a real-valued, continuous function defined for large positive s, 
and let à be a real parameter. For every fixed A, only real-valued solutions 
xz = 2(s) £0 of 


(1) z” + (f(s) +A)a=0 
will be considered. Such a solution will be called of class L? if 


09 


(2) ° f Ped < o. 


The following theorem, particular cases of which are often stated 
(apparently for intuitive reasons) in the physical literature (cf., e.g., [3], 
p. 72 and p. 88), will be proved: 


(1) 4f 
(3) lim sup f(s) < <0 
and if a solution z= g(s) of 
(4) a” + (f(s) + doe = 0 
satisfies 
(5) s(s) = 0 (1), (s => œ), 


then either (2) holds or à= M ts in the essential spectrum of (1). 


In order to explain the terminology in this assertion, suppose that f(s) 
is continuous for 0 =s < œ and that there is assigned to (1) an homogeneous 
boundary condition at s==0, such as 7(0) == 0 or, more generally, 


(6) (0) cosa + g (0) sin « == 0 
(so that 2(0) ==0 corresponds to «= 0). The boundary condition (6) 
belonging to a fixed « determines for (1) a spectrum S == S («) and a point 


spectrum P == P(a) if (1) is of the Grenzpunkt type, that is, if, for some A 
(but then for every A), not all solutions of (1) satisfy (2); cf. [6], p. 238. 
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It is known ([6], p. 238) that assumption (3) is sufficient in order that (1) 
be of the Grenzpunkt type. It is also known ([6], p. 251) that the set 
consisting of the cluster points of S(a) is independent of the choice of g. 
What in (I) is referred to as the essential spectrum is this cluster set which, 
being independent of æ, can be denoted by 8’. It is contained in S( a), since 
the latter set is closed. Since P(a) also is contained in S(a), it follows 
that (I) can be restated as follows: 


(Ibis) On the half-line OSs < œ, let f(s) be a real-valued, con- 
tinuous function satisfying (8) and let «== 2(s) s£0 be a solution of (4) 
satisfying (5). In terms of this x(s), define a (mod r) by (6). Then A =o 
is in the spectrum S(a) determined by (1) and (6). 


It remains undecided whether or not (I bis) remains true if its assump- 
` tion (8) is generalized to the mere requirement that (1) and (6) determine 
an eigenvalue problem, that is, that (1) be of the Grenzpunkt type. In the 
physical situations occurring in wave mechanics, not only do the potentials 
satisfy the unilateral restriction (3) but even 


(7) f(s) = O(1), | (s—> œ). 


An illustration of, the content of (Ibis), in the particular case (7%), is 
afforded by the case of a continuous, periodic f(s), where 0s < œ; cf. 
[5]. Needless to say, the assertion of (Ibis) is known in those cases in 
which f(s) is so “regularly small” for large s that the asymptotic behavior 
of the general solution of (1), for large s and for arbitrarily fixed A, can be 
obtained from asymptotic formulae of standard types. ) 

It should be noted that the two cases admitted in the alternative state- 
ment of (I) are not, in general, mutually exclusive. Examples to this effect 
can be written down by employing general criteria (cf. [8], p. 269 and [4]). 

The first of the cases admitted under the alternative of (I) can be 
ruled out if it is assumed that (5) is satisfied by every solution of (4). 
This is the content of the following theorem: 


(II) If (3) is assumed and if (4) has two linearly independent solu- 
tions satisfying (5), then no solution of (4) satisfies (2) and A = à is in 
the essential spectrum of (1). 


Corresponding to the remark following (Ibis), it remains undecided 
whether or not (II) remains true if its assumption (3) is generalized to 
the mere requirement that (1) be of the Grenzpunkt type. 

In the proofs, the following facts will be needed: 
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At i 
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If f(s) satisfies (3) and tf ào îs arbitrary, then, as s—> œ, a solution of (4). 
(i) cannot be of class (L°), unless it is o(1); | 
(ii) cannot be o(1) unless the first derivative of the solution is o(1); 
(iii) cannot be O(1) unless the first derivative of the solution is O(1). 


The assertions (1) and (ii) were proved in [7], p. 8, and [1], pp. 324- 
825, respectively, and a glance at the proof of (ii) shows that (iii) follows 
by exactly the same argument as (ii). 

It may be mentioned that if the unilateral restriction (3) is strengthened 
to (7), then (4) shows that the respective assumptions, ¢(s) = o(1) and 
a(s).==O(1), of (ii) and (iii), imply that @’(s)=O(1) and so the 
respective assertions, 2’ (s) =o0(1) and g(s) —O(1), of (ii) and (iii) are 
contained in Hadamard’s standard Tauberian lemma. But his lemma does 
not apply if his bilateral assumption (7) is relaxed to (3). 


Proof of (Ibis). For a fixed a in (6), let «== 2(s) £0 be a solution 
of (4) and (6). Jif this z(s) is of class (L7), then À = ào is in the point 
spectrum, P(a«), and therefore in the spectrum, S(a). If (s) is not of 
class (L°), suppose that it satisfies (5). It will be proved that A == Ao must 
then be in the essential spectrum, S”. 

It was shown in [2] that (whether or not (3) is satisfied) every A-value 
not contained in 8” is such that the equation (1) belonging to this A-value 
possesses a solution == y(t) s£0 which is of class (L°). Hence, in order 
to. complete the proof of (Ibis), it is sufficient to show that if (3) is 
_ assumed of f(s), and (5) of a solution 2 = 2(s) 540 of (4), and if x = y(s) 
is a solution of (4) linearly independent of x(s), then y(s) cannot be of 
class (L°). 

Suppose the contrary. Then, y(s) being of class (L°), it follows from 
(i) and (ii) that. 


(8) y(s) = o0(1) and y’ (s) = o(1). 
On the other hand, (5) and (iii) show that 
(9) æ (s) = O(1). 


Since (5), (8) and (9) imply that the Wronskian of x(s) and y(s) is o(1), 
and since the Wronskian of two solution of (4) is a constant, it follows that 
the latter constant is 0. But this contradicts the assumption that x(s) and 
y(s) are linearly independent solutions of (4). 


Proof of (II). It was shown in [9], pp. 23-24, that, if (3) is assumed, 
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and if all solutions of (4) and their first derivatives satisfy (5) aid. (9), 
then A == ào is in the essential spectrum of (1). Hence, (II) follows from 
(iii). | 
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CONTINUOUS DECOMPOSITIONS.* 
By G. T. WEYBURN. 


~ 


1. Introduction. The decomposition of a region in the complex plane 
into sets f-*(w) effected by a single valued function f(z) analytic in this 
region is lower semi-continuous but not necessarily upper semi-continuous 
[1, 2, 3, 4,5] + in the stronger or open set sense. In other words, the sum 
(union) of all elements intersecting any open set is open but the sum of all 
elements contained in an open set may be neither empty nor open. Indeed 
it is readily seen that if we take the region to be the whole plane, no entire 
transcendental function can generate a decomposition upper semi-continuous 
in this sense. Of course the decomposition generated by a rational function 
is u.s.c. in this sense, because the function is extensible to the compact plane 
(= complex sphere) and, for compact spaces, open set upper semi-continuity 
is equivalent to the weaker limit sense upper semi-continuity which always 
holds for the decomposition generated by any continuous mapping. 

Since the stronger open set continuity of a decomposition usually limits 
the decomposition to one having compact elements, whereas the transcendental 
entire functions never yield such a decomposition, it seems desirable to 
develop a theory for decompositions into non-compact elements. Further, 
there is need for the introduction of a weaker type of continuity which will 
hold for the decompositions generated by significant classes of analytic 
functions and from which important consequences can be drawn. This in 
brief is the objective of the present paper. 

The term topological space will be used in the Hausdorff sense, i. e., 
it is a space satisfying Hausdorff’s three fundamental neighborhood or open 
set axioms [6] plus the weakest separation axiom (for any two distinct points 
v, y there is an open set containing v but not y). When we have a metric 
space, distances will be denoted by p(a,y) and circular neighborhoods with 
center v and radius r by V,(2). 

A mapping f(A) =B is a single valued continuous transformation of 
A onto B. Such a mapping is interior [7,8] or open provided the image 
of every open set in A is open in B, and closed if the image of every closed 
set in A is closed in B. 

Let § be a topological space and let G be a decomposition or partitioning 


* Received June 11, 1948. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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of § into disjoint closed sets. For any set X in § let X, denote the sum of 
' all elements of G intersecting X. We consider the conditions: 


(a) The sum of all elements of G intersecting an open set is open 
(i.e, U open implies Uy open) l 

(b) The sum of all elements of G intersecting a closed set is closed 
(F closed implies F’, closed) l 

(b) The sum of all elements of O intersecting a compact set is closed 
(K compact implies Ky, closed) 

(b7) Any element of G intersecting the limit inferior of a sequence of 

- elements of G contains the limit superior of this sequence. 


(1.1) Turorem. If S ts weakly separable, then (b’) and (b”) are 
equivalent. In particular, (b’) and (b”) are equivalent when S is perfectly 
separable. 


Proof. Suppose (b’). Then let gı, g2,- © © be a sequence with wege @ 
and selim gn. Let yelim gn. It follows from our hypothesis on § that 
there exists a sequence (£n) with #,€gn and so that zn —> s in the sense 
that every open set about x contains almost all the points æn. Then if 


co 
A == g +- È, an, where r is chosen so that y non € gn for n =r, X is compact. 
r 


Accordingly X, is closed. Thus ye X,; and since ynone gn, n=, and 
X =g + $ gn, we must have yeg. Whence g D lim gp. 


Suppose, on the other hand, that (b”) holds and let K be any compact 
set in S. If a were a limit point of K, not belonging to Ky, we could find 
an infinite sequence of distinct points 2,,%2,-- +: in Ky converging to z. 
Then if gı, 92, ©- are the elements of G containing Tı, 22,° `- respectively, 
lim g, ~ . However, the element g of G containing a does not intersect K 
(since æ non e K,), whereas lim gn: K 40 since K is compact and K gn 40 
for all n.. 


2. Semi-closed mappings. A mapping f(A) == B will be called semi- 
closed provided the image of every compact set in A is closed in B, it being 
understood that A and B are topological spaces. Of course, the image of 
every compact set is compact but it may fail to be closed unless further 
restrictions are put on the image space B or on the mapping. This is brought 
out sharply in the following: 


* That is, satisfies the first Hausdorff countability axiom that for each ye 8 there 
exists a monotone decreasing sequence U, D U, D. - - of open sets closing down on p 
in the sense that for any open set U in 8 containing p, we have p C U,, C U for some n, 


220 G. T. WHYBURN. 


EXAMPLE. There exists an interior mapping f(A) =B of a compact 
metric space A onto a compact and countable but non-regular topological 
space B. 


For let A consist of two disjoint sequences of real numbers (æn) and 
(yn) converging to distinct limits a and b with the real number system metric. 
Let B consist of points a’, b’, 21, 2, 2,: - * ; and in B let the empty set, 


sets of the types (Zn), œ + > Zi, D + > zi (for all n), and any set which is 


the sum of sets of this type bi open ioia It is then readily verified that A 
is compact and metric and B is a topological space. Also B is compact since 
every infinite şet of points in B has both a’ and b’ as limit points. However, 
B is not regular, since the closure of every open set containing a’ also contains 
b’. Finally, if we define f(tn) = f(Yn) =zn (1=1,2,---), f(a) =v, 
f(b) =b, f maps A continuously and interiorly onto B. This mapping is 


CO oO 
not semi-closed, because the compact set a + > 2, maps onto the set a + > Zn 

1 1 
which is compact but not closed as b’ is a limit point of it. 


(2.1) THEOREM. Let f(A) = B be an interior and semi-closed mapping, 
where A and B are topological spaces. If A is perfectly separable, so also 
is B. If A is regular and locally compact, so also is B. If A ws locally 
compact, separable and metric, so also is B. 


Proof. To prove the first statement, let Rı, R.,- © - be a fundamental 
sequence of open sets (basis) in A. Then f(A,),f,R.),- © - is a fundamental 
sequence of open sets in B. For if we B and U is any open set in B 
containing v, f1(U) is open and hence contains a set Rm which intersects 
f(a). Accordingly ce f(Rm) C U. 

For the second statement, let ve B and let U be any open set in B 
containing v. Since f*(U) is open, there exists an open set V such that 
V-f+(z) 0 and V is compact and contained in f*(U). Then f(V) is 
open, and contains g and f(V) Cf(V) CU, since f(V) Cf(V) and f(V) 
is closed. 

The final statement is an immediate consequence of the two preceding 
ones. 


(2.11) COROLLARY. Given f(A) =B interior, where A and B are 
topological spaces, if A is perfectly separable, so also is B. 


In any weakly separable topological space satisfying the axiom that 
two distinct points lie in disjoint open sets, every compact set is closed. 
Thus in particular in a regular topological space every compact set is closed. 
Whence 
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(2.2) THEOREM. Any continuous mapping f(A) = B of a topological 
space A onto a weakly separable regular topological space B is semi-closed. 


(2.8) Tueorem. If A is locally compact, separable and metric and 
f(A) == B ts interior, where B is a topological space, a necessary and sufficient 
condition that B be locally compact, separable and metric ts that f be semi- 
closed. 


Proof. , By the above theorem, separability and regularity of B imply 
that f is semi-closed. On the other hand, if f is semi-closed, by (2.1) B is 
locally compact, separable and metric. 


3. The decomposition space. Natural mapping. Let G be a decom- 
position of a topological space § into disjoint closed sets. We set up a 
decomposition or hyperspace 8’ as follows. The elements of G become the 
points of 8’, and a set in §’ is open if and only if'the sum (union) of the 
corresponding elements of Œ is an open set in 8S. It follows at once that if 
G satisfies (a) a set in S is open if and only if the sum of the corresponding 
elements of G is the set Xy for some open set X in §. For convenience we 
also define any open set S’ containing 2’ e 8’ to be a neighborhood of 2’. 

For convenience of reference we state next the well known 


(3.1) THEOREM. The decomposition space S’ is a topological space. 
For a proof of this theorem the reader is referred to [2], p. 61. 


Definition. If for each ce S we define ¢(2) to be the point in 8’ given 
by the element of G containing x, we obtain the natural mapping of 8 onto 8’ 
generated by G. 


It follows directly from the definition that this mapping ¢ is continuous 
if condition (a) is satisfied, as is well known. Also, in this case, we have 


(3.2) THEOREM. The natural mapping > generated by a decomposition 
G satisfying condition (a) ts interior. 


For, if U is any open set in S, #(U) is the set of points in 8’ given by 
elements of G intersecting U and thus ¢(U) is open in 8’. Thus from (2. 11) 
we have 


(3.21) COROLLARY. If S is perfectly separable so also is 8’. 


(3.3) THEOREM. The natural mapping generated by a decomposition 
G of 8 satisfying conditions (a) and (b’) is also semi-closed. 


For let K be any compact set in S and let H = ¢(K). Then if Ky 
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denotes the sum of all elements of G intersecting K, S— K, is open (since 


Ko is closed). Accordingly ¢(S — K,) = 8’ —H is open, so that H is closed. 
Thus from (2.1) we have 


(3.4) THEOREM. If the decomposition G of a locally compact separable 
metric space § satisfies (a) and (b’); the hyperspace S’ is locally compact 
separable and metric and the natural mapping (8S) =J is continuous, 
interior and semi-closed. 


4. Decompositions generated by mappings. We next consider the 
converse situation in which we start with an interior mapping and study the 
natural decomposition generated in the range space. 


(4.1) THEOREM. Let f(A) =B be an interior mapping, where A and 
B are topological spaces, let G be the decomposition of A into the sets 
[f4(y) ]yen, let A’ be the hyperspace of this decomposition and ¢(A) =A’ 
the associated natural mapping. Then p ts interior, Further, the mapping 
fo is 1—1 and interior and thus is a homeomorphism of A’ onto B. 


_ To show that ¢ is interior it suffices in view of (3.2) to show that the 
decomposition G satisfies condition (a). To this end let U be any open set 
in A. Then since Up is precisely the set f7f(U), it follows that Uy is open 
since f(U) is open by interiority of f and f7(U) is open by continuity of f. 

To see that fd is interior, let V be any open set in A’. Then ¢*(V) 
is open by continuity of ¢ and fé7(V) is then open in B by interiority of f. 


(4.11) CoRoLLARY. If Bis regular and weakly separable, so also is A’; 
and the mappings f and œ are semt-closed. 


Now if we denote the homeomorphism f¢ by h, it results at once that 
for each we A 
h(x) = fpr) = f(x). 
Whence, 


(4.2). The natural mapping ¢ generated by the decomposition given 
by an interior mapping f(A) =B is topologically equivalent to f. 


Thus the cycle closes when we begin with an interlor mapping, take the 
decomposition of the range space, set up the decomposition space and take 
the natural mapping of the decomposition, in the sense that we get back a 
mapping topologically equivalent to the one we started with. This is not 
true in general with merely continuous mappings on non-compact spaces. 

Inasmuch as decompositions generate natural mappings of the original 
space onto the hyperspace, and mappings generate natural decompositions 
of the original space, and these two processes are equivalent in a very real 
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sense, it would be possible to dispense with the study of decompositions and 
just study mappings or conversely. However, both viewpoints have proven 
most fruitful in the past (See [1, 2, 3, 4,8]). Each has contributed materially 
to the development and enrichment of topological and function-theoretic 
results, due to the fact that some relationships reveal themselves intuitively 
in terms of decompositions while others show up more naturally as mapping 
theorems. ‘Thus the two viewpoints have played a complementary role in 
appealing to mathematical intuition; and it seems reasonable to suppose they 
may continue to do so. 


5. Upper semi-continuity in the open set sense. A decomposition G, 
of a topological space § into disjoint closed sets satisfying condition (b) is 
u.s. c. in the open set sense. As originally defined by Moore [1], Alexandroff 
[2] and others, Œ is u.s.c. provided that if ge G and U is any open set 
about g, there exists an open set V about g such that any element of G 
intersecting V lies in U. Clearly the two definitions are equivalent to each 
other and equivalent in turn to the condition that the sum of all elements 
of G contained in any given open set be open (possibly empty). It is clear 
that in a compact metric space, condition (b), (b’) and (b”) are equivalent. 
Also [8] in a locally compact separable metric space, (b) and (b’) are equi- 
valent provided the elements of G are continua. 

That condition (b), in the presence of (a), tends very strongly to limit 
the decomposition to having compact elements and thus is too strong for our 
purposes is shown by 


(5.1) THEOREM. If G is a non-degenerate decomposition of a connected 
separable metric space into disjoint closed sets satisfying conditions (a) and 
(b), the elements of G are necessarily compact. 


Proof. This theorem follows from a theorem of A. D. Wallace [9]. 
For it is readily verified that the conditions in Wallace’s theorem follow from 
conditions (a) and (b). 


6. Continuity condition for locally connected spaces. We next con- 
sider the following conditions for a decomposition G of a topological space 8 
satisfying (a). 

(c) For any open set U in S which is the sum of the elements of a 


subcollection of G corresponding to a connected set in S’ and any component 
Q of U, we have Q= U. 


(c’) For any region R in the decomposition space S’, each component 
of the inverse of R maps onto R under the natural mapping ¢. 
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(c) For any ye S’ and any open set U in S’ containing y, there exists 
a region R with yC RC U such that each component of the inverse of B 
maps onto R under ¢. 


Note. A region is a connected open set. 


It is clear that (c’) is merely a restatement of (c) in terms of the 
natural mapping. Hence (c) and (c’) are equivalent in any topological | 
space. 


(6.1) THEOREM. If 8 ts a locally connected topological space, then 
for any decomposition G of S into disjoint closed sets satisfying (a), 
conditions (c), (C) and (ce) are equivalent. | 

It suffices to show that (c’) and (c”) are equivalent; and since (c’) 
obviously implies (c”) we have left to show that (c”) implies (c’). 

To this end let R be any region in B and Q any component of ¢7(2). 
Since ¢(Q) is open and ¢(Q) C R, if ¢(Q) AF there would exist a point 
yeo(Q)[R—¢4(Q)]. Let E be a region satisfying yC EC R and such 
that any component of ¢7(#) maps onto Æ under ¢. Since (Q) 2y, 
there exists a ze ¢(Q)-H. Let we Q-¢7(#) and let H be the component 
of @7*(£) containing w. By hypothesis ¢(H)—HOy. But since 
d(H) = HC R, we have HC (R); and since H: Q w0 and Q is 
a component of ¢1(#), we must have Q D H and therefore ¢(Q) D ¢(H) 
== E _) y, contrary to ye R—4(Q). 





7. Continuity in the open set sense. A decomposition G of a top- 
ological space § into disjoint closed sets satisfying (a) and (b) will be 
called continuous in the open set sense. That is, Œ is continuous in the 
open set sense if for any open set Ọ in S the sums U, of all elements inter- 
secting U and U, of all elements contained in Ọ are open sets. 


(7.1) THEOREM. In a locally connected compact separable metric space 
S, any decomposition G of S satisfying (a), (D) and (c) is upper semi- 
continuous in the open set sense at each compact element of G. 


This means that if X e G is compact and U is any open set containing 
X, there exists an open set V such that any element of @ intersecting V lies 
in U. By local compactness of S we may suppose U so chosen that U is 
compact. We shall now show that the sum JU, of all elements of G contained: 
wholly in U is an open set so that it may be taken as our V. To this end let 
Y be any element of G contained in UJ. Let F(U) denote the boundary 
U—U of U, let ¢ be the natural mapping of G and let R’ be the component 
of S’-— ¢{F(U)] containing ¢(Y). Since each component of ¢*(R’) inter- 
sects Y, by (c), whereas 67(R’)-F(U) = 0, we have 
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Since ¢7"(R’) is open and contains Y, it follows that the sum JU, of all 
elements of G lying wholly in U is open. 


(7.2) THEOREM. In order that a non-degenerate decomposition G of a 
connected, locally connected, locally compact separable metric space S into 
disjoint closed sets be continuous in the open set sense, it is necessary and 
sufficient that the elements of G be compact and satisfy conditions (a), (b’) 

and (e). 


To prove the necessity, suppose G is continuous in the open set sense, 
i.e., that it satisfies (a) and (b). Then by (5.1) the elements of G are 
compact. Condition (b’) follows from (b) by (1.1) since (b) implies (b^ 
in any separable metric space. To show (c), by (6.1) it suffices to establish 
(c”). To this end let ye S’ and let V be any open set in § containing p(y) 
and such that V is compact. By (b) the sum V, of all elements of G con- 
tained in V is open and hence ¢(V,) is open by interiority of ¢. Now 
if U is any given open set in S’ containing y we have ye U-¢(V,_); 
and if R is any region in S satisfying yCRCU-¢(V,) and Q is any 
component of ¢1(#), we shall show that ¢(Q) = R. This results from the 
fact that QC VC Y., and hence Q is conditionally compact. For if 
p(Q) ÆR, since ¢(Q) is open, there would be a limit point p of ¢(Q) 
belonging to R—¢(Q). Then if Pı, pe,- > is a sequence in ¢(Q) con- 
verging to p and a,¢Q-¢"(pn), there would exist a limit point æ of (tn) 
in Q. But by continuity of ¢, ¢(z) = p so that re ¢*(p) C ¢7 (BR); and 
this gives ze Q since Q is a component of ¢7(#). Accordingly (QQ) = È 
and (c) is established. 

The sufficiency of the conditions is a direct consequence of (7.1). 


an 


In connection with (7.2) it may be of interest to remark that in case 
A is compact (i.e., A is a locally connected continuum) compactness of the 
point inverses results from the continuity of f and condition (b’) is equi- 
valent to (b). Thus (a) and (b’) are equivalent to (a) and (b),-and we 
obtain (c) as a necessary consequence of (a,b). This latter fact is known 
(See (7.4), p. 147 of [8]). The property (c) may be used to characterize 
the quasi-monotone mappings on locally connected continua, as shown by 
Wallace (See p. 152 of [8] for example). 


8. Conclusion. Our results indicate that in spaces which are locally 
connected generalized continua (= locally compact, separable, metric and 
connected), conditions (a), (b’) and (c) provide limitations on a decom- 
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position which it would be reasonable to call continuity of the decomposition. 
Surely open set continuity is too strong if we wish to make more effective 
contact with analytic functions. For it is now clear that the decomposition 
generated in the complex plane by no transcendental entire function can be 
continuous in the open set sense, since this would imply compactness of the 
elements whereas at most one of them could be compact by the Picard 
Theorem. Further, in case the elements of the decomposition are compact, 
conditions (a), (b’) and (c) reduce to open set continuity as shown in (7.2). 

On the other hand, the decomposition effected in the complex plane by 
many transcendental entire functions will satisfy these conditions. For 
example the exponential function e*, sinz, or indeed any periodic entire 
function, generates a decomposition continuous in this (a,b’,c) sense. Also 
it will be shown in another paper that the decomposition in the complex 
plane effected by any entire function of order < 1/2 is continuous in this 
sense. In the same paper significant consequences will be established con- 
cerning mappings which generate (a,b’,c) continuous decompositions. For 
example, a function such as ze* or (z— @ı), (¢—@2)-* + (z — @r)e would 
not generate a continuous decomposition in this sense because these functions 
vanish at only a finite number of points but take other values infinitely 
many times. 
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QUASI-MONOTONE SERIES.* 


By TOMLINSON FORT. 


Monotone series, that is, series of the type t, + deo ss tayo: 
where än == äna > 0, have been extensively studied. Szász [this JOURNAL, 
vol. 70 (1948), p. 203] generalizes the idea of monotoneity to series with 


(1) 0 < ana E (1+ A/N) tn, az= 0. 


For series of this type he establishes the “ Cauchy condensation test” and 
the “Cauchy integral test” for convergence. In the present note the idea 
of monotoneity is further generalized not only in the domain of reals but 
also in the domain of complex numbers. 

We consider the series 


(2) yt defor i, a 


where G@n==2n-+ Yni. We assume Zn Z 0, Yn 0 and let tn == En + Yn. 
We then assume 


(3) tno F tna = Rtn (1 — 1/bn) 
and i 

(4) 2(1 + 1/Bn-2) tu-2 Z tna + bn; 
where | 


1 < On = Onar and 0 < By = Buns 
Under these circumstances * we call (2) quasi-monotone in the mean. 
1. We prove the following lemma: 
LEMMA I. bi +- hii a Une + eye + tm + Ém-i 
(5) Selia aAa >> 
+ (1—1/bn) (1 —1/bn1) © © (1 — 1/bma) l n>m. 
* Received June 28, 1948. 
* Relations (3) and (4) can easily be generalized so as to include a larger number 


of terms. It is also true that for certain results it is not necessary to assume both 
(3) and (4). This is true of Theorem I. 
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Proof of Lemma I. We establish the following relation which holds either 
for ô = 0 or for è= 1. 

ee ey a ee ae ee D 
(Labs) ya stow) 
ad= (PS a = t/ha): 

Relation (3) implies 

Ens - Éni z= (1 AS 1/bn) Én 4- (1 a 1/bn) (1 Tana 1/bn-1) tn 
Tf tn- È (1 —1/bn)tn, we write 


inn 


(7) tat tea tbe te im btm- Z tell + (1 — 1/bn)] + the 


ee bby H Stina. 
Ti tna < (1—I/ba)tn, then necessarily 
(8) tne > (1—1/0,) (1 —1/0n-1) tn 


and we write 


bn ~- n-i — . o Stm-1 
(9) = talt + (1—1/b,) + (1—1/8,) (1— 1/bn-1) | 
Ae E Fi gine Seto ti. 


Next substitute in (7) for ta-o the expression (1—-1/bn-ı)tn-1 if tae 
= (1—1/bn-+)tn+ and then for tn, as above. If tn- < (1—1/0n-1) tar, 
we substitute for fy. -+ Én- the expression 


[i IE + A 1/)ax) (1 = E 


and then (1—1/b,)tn for t:,. We substitute similarly in (9) for ty, or 
tn-g + tn-4 and then for t». from (8). The value 1 or 0 is assigned to the 
symbol è according as the term tm-ı can or can not be used in the last step 
of the process. 

Tat §—1 in the left-hand member of (8) and §—0 in the iiplit-hand 
memher and wo have (5). 

We now state without proof the following lemma. 


LEMMA II. tm + Tri 4- NON + bni 


Stm[1 + (14+ 1/Bm) + (1+ 1/Bm) (1 + 1/Bmat) 
foe (1+ 1/Bum) (1+ 1/Ban) >> + (1 -H1/Bra)] m<n. 
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THEOREM I. Let (2) be quasi-monotone in the mean and convergent. 
` Let m be an integer less than n but a function of n such that 


m -> © when n—> œ and |(n—m)/bm] > 4 > 09. 
Then tnbm—> 9. 


Interesting special cases of this theorem are: bn =n”, O0O<¢1. 
m==[n/2].2 We then have n’a,—>0. Similarly, if bn = log n we see that 
(log n)an — 0. 


Proof of Theorem I. Choose M so that when n > M 
| ami + am +: Han] Se 
Then, using Lemma JI, 
He = tma + tm tty 
= tall + (L—1/bn) + (1— 1/bn) (1 — 1/bn-1) 
+e e H (L — 1/ba) (1—1/bur) ©» (1— 1/bmn)] 
= tall + (1—1/bm) + (1—1/bm)? H + (1 —1/bm)"™] 
—_ tnDm[{1 apse (1 SAN 1/bm)™™*] cone a oe { (1 7 1/bm) bm} (n-m+1)/bm | 
== tndmpn, Where pr > E> 0. 


Hence bmin—>0. But tn Z |an]. Hence dnan—> 0. 
Next let us be given a sequence of integers gx such that 
(10) Jro — Gass SS L (Jrs — gu); 
where L is a constant, and such that 
(11) 0<f<[(Gi—ge)/bn] <M, 0E [Im — gr) /Bo] < H. 


THEOREM II. A necessary and sufficient condition that the series (2) 


which is assumed quusi-monotone in the mean, converge is that X, (Jrs — gu) Go, 
conver ge. 


Proof. If series (2) converges it converges absolutely. 
Next by Lemma 1 and the fact that bau =: bn we see that 


2? | Qgy+1 = Ag, +2 -+ J + Aar = toner + bon+2 -+ torg -+ rya 
= tonl 14 (1—1/09,) + (1L—1/bg,)? +: + (1 — 1/bp,) ae] 
= bntnal1 — {(1— 1/bo,) *} 0-0-0 On] 


= chy, | Begs | 5 ¢ 7 0. 





* [n/2] denotes the largest integer not greater than 1/2. 
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Similarly, 


| ty, F toar T'e E longa | = bon t toa F: boned 
S talt + (1+ Boa) + + A Bo) (1+ Boma) ] 
S — ty,Bo,Ll — {(1 + 1/By,) Ben} Oron Bor] 
= Cty, Bor, = 280 | loy | Boy. 

The theorem follows by virtue of these relations and of (10) and (11). 


We next proceed to a generalization of the Cauchy integral test. Let 
b(«) be a real monotonic increasing function defined when g = 0 and always 
greater than 1. 

We assume a function a(«¢) = g(a) + iy(a) and let t(@) = z(a) + y(a). 
We call a(a) quasi-monotone in the mean if s(a) = 0, y(a) = 0 and 


(12) ta +B) +t(a+R8+41) S2(a42)[1—1/0(a+1)] 
so long as «= 0 and 0S 8&1. We write (12) for brevity 
t(a-+ B)-+t(a+B+1) ZP(a)t(a+2). 
All functions are assumed integrable in the Riemann sense. 
THEOREM IIT. A necessary and sufficient condition that È a(a) con- 
verge is that S$ Pa(a) da converge. 


Proof of Theorem III. We have 
a3) $ f e+e +++ f Te tata 
= È P(a)t(a +2) = P(1) Sta +2). 


Next let « -+ 8 =o and 1 — 8 =r. Then 
ti(o) + t(o+1) 2P(o+7—I1)t(o+7+4+ 1). 


Hence 


(14) J edas $ lle) +46 + YUP), 


The theorem follows from (13) and (14) and the relation, 
i(a) = |a(a) | Z2 (a). 
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SOME THEOREMS ON THE DIMENSION OF FIBRE SPACES.* 
By 8. D. Lrao. 


The aim of this paper is to establish some theorems which are concerned 
with the relationship between the dimensions of a fibre space, its base space, 
and its fibres. The notion of a fibre space is understood in the sense of 
Hurewicz-Steenrod [1]. Following their paper we shall make consistent 
use of the notations: 


A == fibre space, o being its metric; 
B == base space, p being its metric; 
m == projection of X on B; 


(æ, b) is the slicing function, so that ¢(v,6) is defined for we X, 
be B, with p(r(x),b) < eo. 


We shall always suppose that both X and B are separable. 


Let T be a separable metric space and § a subset of T. The least 
dimension of the open subsets W of T with W D8 will be denoted by 
dim (S, T). With this notation we shall state the theorems which we intend 
to prove in this paper as follows: 


THEOREM 1. Let a separable metric space X be a fibre space over a 
polyhedron B with compact fibres. Then for any point b of B, 


I) dim (b, B) + dim (b) £ dim (1 (b), X). 


THEOREM 2. Let a finite dimensional compactum X be a fibre space 
over a polyhedron B. The subset B* of B which consists of all points b of B 
for which dim (b, B) + dimw?(b) = dim (m™>(b), X) holds, contains an 
open dense subset of B. 


THEOREM 3. Under the same hypotheses as Theorem 2, let k denote 
the greatest dimension of the fibres of X. If B has homogeneous dimension, 
then n+h—=m, where m = dim X, n = dim B. 


THEOREM 4. Let a compactum X of dimension m > 0 be a fibre space 


* Received January 17, 1948. 
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over a polyhedron B of dimension n. If X possesses the following property: 
J) Any compact neighborhood retract T of X of dimension < m whanh 
disconnects X has non-vanishing (m—1)-dimensional Cech homology group 
PL, N) rg 


then: (1) all the fibres of X have the same dimension m — n, and (ii) Bisa 
strongly connected homogeneous n-dimensional polyhedron. 


Turorem J. An irreducible closed polyhedron has the property J of 
Theorem 4. Hence the conclusions of Theorem 4 hold, if it is a fibre space 
over a polyhedron. 


Theorems 1, 2 and 8 give the relationship between the dimensions of 
X, B and w*(b), while Theorems 4 and 5 give sufficient conditions that the 
fibres have the same dimension. 


1. Proof of Theorem 1. 


LEMMA 1. Let a metric space X be a fibre space over a metric space B 
with compact fibres. Let b be an arbitrary point of B and € an arbitrary 
positive real number. There is a positive real number é< eo such that 
o(o(a,u),7) <E for any point (x,u) of XX B with wewt(b) and 
p (6, tt) <6. 


Proof. Suppose the contrary. There is a sequence {én} of positive real 
numbers é < œo which converges to 0, and there is a sequence { (2p, Un) } 
of points (Tn, Un) of X X B with ener™(b) and p(b,un) < & such that 
o(P(@n, Un), En) Z E, n= 1,2,3, +. Since wt(b) is a compactum, we 
can, by changing to a subsequence if necessary, assume that the sequence {an} 
in «“*(b) converges to a point £o of w1(b). Then we have lim (8n, un) 


NOOO 
= ġ (£o b) and lim o(¢(&n, Un), &n) == 0 which contradicts the inequalities 
oih TEn, Un), tr) Z Ë, n=1,2,3,---. This proves Lemma 1. 


Proof of Theorem 1. Clearly there is an open subset U, of X with 
Uo 2 7(b) and dim Uo = dim (w1(b), X). There is a positive real number 
¿ such that U, contains the f-neighharhand of m(t). Leb E< iy be lhe 
number wiirspuudiuy ty ¿ wud V according to Lemma 1. We decompose the 
polyhedron B into a (locally finite) complex K of mesh < é (which means 
that every cell of K is of diameter < €). Let M be the closed star of b with 
respect to K. It follows that ¢(#,w)eU, for all wea *(b), we M, or by 
setting P == x> (b) X M, that ¢(P) C Up. 


19 is the group of the real numbers modulo 1. PEENE 
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Since M is a polyhedron and ~™(b)}) is a compactum, we have? 
a.1P=dima'(b)-+dimM. As dim M = dim (b, B), to prove the in- 
equality I, it is sufficient to prove that dim P S dim U4. 

Let e be an arbitrary real number. Clearly P is a compactum and the 
partial mapping ¢|P of P into X is uniformly continuous. Hence there 
exists a number 8>0 such that o(¢(2, u),$(2, Ue)) <«/2 whenever 
p(t, Ue) <8, where (T, Ur), (£, te) eP. We choose an y, 0 < 471 so that 
np(u, b) < è holds for any we M. Then we construct the continuous mapping 
g(x, u) = p(x, qu + (1—7)b), (x,u) £ P, and assert that g is an e-mapping 
of P into Uo In fact, let g(£1, t) = g (22, U2). We get qu, + (1—n)b 
== yuz + (1—vn)b, and hence u, = us Thus, 


aL Vo (z, £2)? + p(s, Ue)? = o (Titz) = o (24, g (Ta ui) ) = o (22, g (T2, uz) ) 
=o ($ (2; b), (Ti qu -+ (1-9) 0)) + o( (T2, b), p (£2, 9u + (1—ņ)b)) 
LE 


It follows that for any given e> 0 there is an e-mapping of P into Uo. 
Therefore * dim P <S dim U, and Theorem 1 is proved. 


Remark 1. Theorem 1 does not remain true if the polyhedron B is 
replaced by a general separable metric space. In fact, Pontrjagin* has 
defined compacta B, and B, of dimension 2, whose product space B, X B: 
is of dimension 3. Considering B, X B, as a fibre space over B,, the inequality 
I no longer holds. 


Remark 2. Without the assumption that the fibres are compact, we can 
establish the following facts: 1) dim (b, B) S dim (w1(6), X) for any be B; 
2) dim B S&S dim X. To prove 1), let Uy be an open subset of X with 
UoD a 4(b) and dim U, == dim (w*(b), X), and let tem 4(b). A topo- 
logical mapping g in X of the e,-neighbourhood V(b,«) of b in B can be 
defined by g(u) == ġ (£o u), ue V(b, eo). Let U's == Uf) g( V(b, e)). Then 
dim U’, = dim Uy. Clearly g-*(U’)) is an open subset of B, containing b, 
so that dim (b, B) Sdimg“4(U’,). This proves 1). 2) is also easily 
established. 


? For a non-empty compactum Y and a non-empty polyhedron 4, the relation 
dim (Y X Z) == dim Y + dim Z is easily deduced from the well known fact [2, p. 34] 
that the dimension of the product space of a compactum and a l-dimensional separable 
metrie space is the sum of the two factor spaces. 

? This follows from an argument given in [3], pp. 364-365. 

tL., Pontrjagin, “Sur une hypothèse fondamentale de la théorie de la dimension,” 
Comptes Rendus, vol. 190 (1930). pp. 1105-1107. 


+f Pp a niaan —— 


~ 
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2. Proofs of Theorems 2 and 3. 


Lemma 2. Let a metric space X be a fibre space over a metric space B 
with compact fibres and n, an integer = 0. The set Bn of points u of B with 
dima *(u) Zn ws open in B. 


Proof. It ‘suffices to prove that the set B’, of points u of B with 
dima *(u) < n is closed in B. Let be B be a limit point of B’, and é, an 
arbitrary positive real number. Let < e, be the number corresponding to b 
and £/2 according to Lemma 1. There is a point uo of B'a with p(b, uo) < é. 
Hence o(¢ (z, Uo), s) < €/2 for any wer 4(b). We define the continuous 
mapping g of w7(b) into (uo) by g(a) = (2, Uo), vewt(b). If a, and 
£T, are points of w7#(b) with g(x) g(a), then o(a, 22) S o(¢ (81, wo); £) 
> +-o((@2, Up), %2). This shows that g is a €-mapping in m'(uo) of the 
compactum mw %*(b). Since uoe Bn, dima (uy) <n. It follows that? 
dim 7*(b) < n and hence be B’,. This proves Lemma 2. 


Proof of Theorem 2. X being a compactum, the projection is a closed 
mapping of X on B. Let C be any subset of B and let D—=-wrt(C). The 
partial mapping m| D will also be a closed mapping of D on C. 


We take a cellular decomposition K of the polyhedron B. Let By be the 
set of all points of B, each of which is interior to a ground cell of K, and 
let B’ = B,{) B*. To prove Theorem 2, it is sufficient to prove that B’ 
is open and dense in B. 

Let V be any non-empty open subset of B. B, being open and dense 
in B, V= Vf) Bo is a non-empty open subset of B. It follows that there 
is a point b of B such that 


(1) be V’, and dimw?(b) 2 dima *(u) for any ue V’. 
Let V, be a neighbourhood of b in B such that 
(2) YV C V’, and dim V, == dim (b, B). 


Tet Ma — (V). Then Uy is au upeu subsel of X contaming m!(b), and 
we have 


(3) dim U, = dim (= (b), X). 


Since the partial mapping ~ | U, is a closed mapping of Uo on Vo, we con- 
clude by making use of a well-known theorem [2, p. 92], that 
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(4) dim Vo -+ dim r3(b’) 2 dim U, for a certain b'e Vo. 


Combining the inequalities (1)-(4), we get dim (b, B) + dim7*(b) 
= dim (w+(b),X). On the other hand, by Theorem 1, we have dim (b, B) 
+ dim aw#(b) S dim (77(6),X). It follows that be B*, whence de BP’. 
Thus any non-empty open subset of B contains a point of B’. B’ is therefore 
dense in B. l | 

To prove that B’ is open in B, we take an arbitrary point be B’. Then 


(5) dim (b, B) + dim m+ (b)-= dim (7 (b), X), 


and b belongs to the interior G of a ground cell of K. Evidently, G is an 
open subset of B, contained in Bo and 


(6) dim (u, B) = dim (b, B) for any ue G. 

By Lemma 2, we have a neighborhood V of 6 in B such that 

(7) VC G, and dima*(u) 2 dimw'(b) for any ue V. 
Clearly, there is an open subset U of X such that 

(8) w4(b) CUC rV), and dim (7*(b), X) = dim V. 


Since m is a closed mapping of X on B, we easily establish that the set 
V’ = B —xr(X — U) is an open subset of B, containing b, and that 


(9) VCYV, (V) CU. 


Now let b’ be any point of V’. Then w%(b’) C w7(V’) CU and dim U 
= dim (w+(b’), X). From (5)-(9), it follows that dim (b, B) + dim r> (b) 
=> dim (x1(b’), X). But by Theorem 1, we have dim (b’, B) + dim «*(b’) 
< dim (771(b’), X). Therefore b'e B* and hence V’C B*. It follows that 
¥’C B* 1 VC B* (1 GCB!) B= B. Thus we have shown that any 
point b of B’ has a neighbourhood V” in B, contained in B’. B’ is therefore 
open in B. Theorem 2 is thus proved. 


Proof of Theorem 3. Clearly, dima (u) & k for any us B and there 
is a point b of B with dim (b) =k. Since B is of homogeneous dimension 
n, we have dim (b, B) =n, and since m is a closed mapping of X on B, 
there is a point b’ of B such that n -+ dima*(b’) =m. Thus, dim (b, B) 
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+ dim r” (b) =n +- k Z n +- dima (b) = m Z dim (7(0), X). But, by 
Theorem 1, dim (b, B) + dim r (b) S dim (m*(b), X). Combining these 
two inequalities, we see that n + k = m. 


COROLLARY. Under the same hypotheses as Theorem 2, let K be a 
cellular decomposition of B and B’ a closed subpolyhedron of B built out of 
some proper sides of ground cells of K. Then dim r”(B') <m, where 
m = dim X. 


Proof. Let” cı, Cə%,' + *,¢: be the cells of K which compose the sub- 
polyhedron B’ of B. Then, B'== |) c and m (B’) = U (ci), each 
SiS Wisl 


Sis Six 
a *(¢;) being a closed subset of X o Suppose that dim x(B’) = m.: Then, 
there is at least one ci, say cn such that dim r(e) 2m. Clearly 2%(¢1) 
is a compactum of dimension m and is a fibre space over c, with projection v, 
and c, is a polyhedron of homogeneous dimension. By Theorem 3, we have 
dim cı + kı = m where k, denotes the greatest dimension of the fibres of the 
fibre space w*({c,). By hypothesis, there is a ground cell c of K with c, as 
a proper side. We have then dim c, < dime and dimw?(¢,) S dim r(e) 
(=m). Just as we have done for the fibre space w*(c,), we have for the 
fibre space w7(c) over c, dim c -+ k= m where k denotes the greatest 
dimension of the fibres of x(c). Clearly every fibre of the fibre space 2 *(¢,) 
coincides with a fibre of the fibre space (c), and hence ki hk. Thus, 
from dim c, < dim c, we deduce dim ¢,-+ kı < dime + k which contradicts 
the relation dime, -+k,—m=—dime-+k. This proves dim w1(B’) < m. 


3. Proofs of Theorems 4 and 5. These theorems are concerned with 
the question whether the fibres of a fibre space have the same dimension. 
This is in general not the case, as was shown by an example given by 
Hurewiez and Steenrod [1, p. 64]. Somo sufficient conditivus, in the form 
of Theorems 4 and 5, are, however, found to ensure that the fibres have the 
same dimension. 


We shall precede the proofs of the theorems by a number of Temmas 
Leima 3. Let A, and A, be compucta of dimensions <2 n, and = ne 


respectively with nı 1. The Cech homology group H(A, X As, R) F 
vanishes if the Cech homology group H™%(A,,%) vanishes. 





* We use the same symbol ¢ to stand for the cell of K as well as the closed convex 
set of the polyhedron. 
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This Lemma is essentially a generalization of Kiinneth’s theorem to 
Cech homology theory. It can be established by a fairly standard procedure 
in Cech theory. We shall omit its proof here. 


Lemma 4. Let X be a fibre space over a polyhedron B with cellular 
decomposition K, and F a subset of B which is contained in V(b, eo) M 
where V(b, e) is the e-neighbourhood of b in B and M is the closed star of 
6 with respect to K. Then the subset w1(F) of X and the product space 

== r> (b) X F have the same homotopy type. 


Proof. We have the continuous mapping 7 of w (Ff) in P: 
tT(@) = (p(2,b),w(@)), vew*(F), and the continuous mapping 6 of P in 
at(F): O(a, u) = p(z,u), cewt(b), wel. M being the star of b with 
respect to K, any segment joining b and a point u of F hes in M. We'put 
f(u, t) = (1—ft)u+ ti, ue FP, OStZ 1. Since FC V(b, 9), the slicing 
function œ is defined for all such points (a, f(u,t)) of X X B with u.e F 
and 0 =¢1, provided that +(x) lies on the segment joining u and b. We 
then define the homotopy g(s, t) in (F) such that g(#,0) =a and 
g(x, 1) = Or (2) for all xea+(F) as follows: 


g(x, t) =p (p(x, f(m(x),t)),7(@)), tea (FP), 03131. 


Similarly, a homotopy A(x, u, ¢) is defined in P such that h(a, u, 0) = (x, u), 
h(x, u, 1) = 70 (x,u) for all (%,u)eP as follows: 


h(x, u, t) = ($ (p(x, f(u, 1— i) ), b) u), (z, u) £P, 0OfSfS1, 
These homotopies prove Lemma 4. 


Lemma 5. Let X bea fibre space over a metric space B, and C a compact 
neighbourhood retract of B. Then w*(C) is a neighbourhood retract of X. 


Proof. C being a neighbourhood retract of B, there is an open subset V 
of B with C C V and there is a continuous mapping f of V in C with f(u) = u 
for all we O. Making use of the fact that C is compact, it follows from a 
well known argument that there is a positive real number ô such that 
p(f (u), u) < e for all us V N V(C,8) where F(C, 8) is the -neighbourhood 
of Cin B. Put V’=V)V(C,8). w(¥’) is obviously an open subset of 
X, containing (C). We define a neighbourhood retraction g of #*(C) in X 
by g(x) = 4(a2, hak )), ew (V’). Therefore r*(C) is a neighbourhood 
retract of X. 
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Proof of Theorem 4. The empty set # is obviously a compact neighbour- 
hood retract of X of dimension < m with H”>(E, 9) ==0. Hence J) implies 
that X is connected. It follows that the polyhedron B is also connected and 
arcwise connecled. Al fibres of X have therefore the same homotopy type. 


If n= 0, Theorem 4 is obvious. We therefore assume n œ> 0. The 
polyhedron B can be decomposed into a complex K of mesh < eo so that for 
any b eB, the closed star My of b with respect to K is a proper subset of B. 
Let b be an arbitrary point of B. Denote by Na the boundary of Ma. 
Clearly Nə disconnects B, and is a compact neighbourhood retract of B. 
Thus, r*(N») disconnects X, and is a compact neighbourhood retract of X 
by Lemma 5. Making use of the Corollary to Theorem 3, we have 
dima*(N2) <m. It follows from J) that H™*(r7(Nz), R) 0. Con- 
sider the product space Pr === (b) X No. By Lemma 4, Py and w*(N,) 
have the same homotopy type, whence H™7*(Po, R) = H™*(w*(Nv), R) and 
we have . i 
(10) H™* (Py, R) 0, for any be B. 


Clearly,? dim Py = dim r™>(b) + dim Na, and dim My = dim (b, B) —1. 
From Theorem 1, dim #w*(b) + dim (b, B) S dim (a7 (6b), XY & dim X = m. 
On the other hand, (10) gives dim Po = m — 1. It follows that 


(11) dim (b) + dim Np = m — 1, for any be B. 
Let k denote the greatest dimension of the fibres of X. We say that 
(12) H (a(b), It) 40, for any be B. 


(12) is obvious when k ==0, for w“(b) is non-empty. Consider the case 
k > 0. There is a point bo of B with dim r* (bo) = k. If H" (m>(bo), R) = 0, 
then we shall obtain by making use Lemma 3 and by (11), that H” (Pos N) 
= 0, contradictory to (10). Thus H*(z*(b.), R) £0. Since, for any b e B, 
w+(b) and 2*(b.) have the same homotopy type, we have (12). It follows 
immediately from (12) that all fibres of X have the same dimension k. By 
choosing b to be an interior point of a ground cell of K of dimension n, we 
vel h==m—n. ‘his proves (i). 

To prove. (ii), we first notice that dim (b, B) =n for any beB, ie., 
B is a polyhedron of homogeneous dimension n. Let B be covered by two 
closed proper subpolyhedra L, and L built out of cells of K such that no 
ground cells of K are contained in both L, and La, and let By == L, N) Ln. 
Then m*(B,) disconnects X. By the Corollary to Theorem 3, we have 


SOME THEOREMS ON THE DIMENSION OF FIBRE SPACES. 239 


dim r (Bo) = m— 1, and by similar considerations as before, we can 
establish 
(13) dim 71*(Bo) =m—I. 


Putting Xo = 7 (Bo), the partial mapping ~r | X, is then a closed mapping 
of X, on By. Thus, there is a point bo of B, such that dim Bo + dim r (bo) 
= dim r” (Bo), and hence from (i) and (13), we obtain dim Bo Z n— 1. 
This proves (ii). 


COROLLARY. In Theorem 4, let n>œ>0. We also have for any be B the 
consequences: (ili) H™-”(m (b), R) 40; (iv) the (n—1)-dimensional 
homology group of B at b [4, p. 121] with coefficients in R does not vanish. 


(iii) follows from (12) and k= m— n. (iv) is obvious for n= 1. 
For n> 1, we have H"*(N», R) £0; otherwise, by (11) and by making 
use of Lemma 3, we shall get that H™-1(m>(b) X Na, R) = 0, contradicting 
(10). 


Proof of Theorem 5. Let dim X = m. Let T be an arbitrary compact 
neighbourhood retract of X of dimension < m which disconnects XY and Pı, 
P2 two points of XY — T, which belong to different components. There exists 
a sufficiently fine simplicial decomposition K of X such that the following 
conditions are satisfied: 1) If K, denotes the subcomplex of K consisting of 
all simplexes not containing pı, Pa and Ke the subcomplex consisting of all 
simplexes of K which meet T and their sides, then Ko C Ki; 2) ° Ky can be 
deformed into T by a deformation f;(z) e Ki, OSES 1, ve Ko, such that 
fo(x) =x, fi(z) eT. K being irreducibly closed,” there is an m-cycle 2” 
of K, with coefficients in the group Gy (= additive group of integers modulo 
a certain 1* = 2) such that |2"|==K. We denote by W, Wa the com- 
ponents of X — Ko, which contain pı, pə respectively. Write 2” == > vici 


Vi E Grp. Let a” be the chain formed by all the terms vio, of 2” for which 
(Into;) (] W, 40. It is then easy to see that da” is an (m—1)-cycle in Ko. 

We say that da”-~0 in K, In fact, suppose da”™~0 in Ky. By 
simplicial approximation there is an m-chain 6” in K, such that da™ = ab”. 
We see that c” == a" —b™ is a non-zero m-cycle such that | c”| is a proper 
subcomplex of K. But this contradicts the fact that K is irreducibly closed. 

By the deformation f: it follows that f,(da") “#0 in T. This means 


° See [3], p. 343. 
T For the properties of irreducible closed polyhedra, see [3], pp. 274-287; pp. 329- 
331. 
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that the singular homology group Q(T, ©) 0. Since T, being a 

compact neighbourhood retract of a polyhedron, is a locally coñitractible 
_ compactum, its singular and Cech homology groups are isomorphic. Hence 
the Cech group H"*(T, Gi) 540. But the latter is isomorphic to, a _sub;, 
group of H™(T, 9) because G is isomorphic to a subgroup of ‘Rand 
dim T < m. Theorem 5 is thus proved. 

Remark 3. In a recent paper, Montgomery and Samelson have made 
the conjecture that there is no compact fibering of the Euclidean space other 
than a homomorphism. Let us remark here that if an m-dimensional 
Euclidean space is a fibre space over a polyhedron, then the conclusions (i), 
(ii) in Theorem 4 and (iii), (iv) in the Corollary to Theorem 4 also hold. 
These can be established by making use of Theorem 4 with a slight modifi- 
cation. The detailed proofs will be omitted here. 


INSTITUTE OF MATHEMATICS, 
ACADEMIA SINICA, 


` 


REFERENCES. 





l. W. Hurewitz and N. Steenrod, “ Homotopy relations in fibre spaces,” Proceedings 
of the National Academy of Sciences, vol. 27 (1941). pp. 60-64. 

2. W. Hurewicz and H. Wallman, Dimension Theory, Princeton University Press, 
1941. 

3. P. Alexandruff and H. Hopf, Topologie, Berlin, Springer, 1935. 

4. H. Seifert and W. Threlfall, Lehrbuch der Topologie, Leipzig, Teubner, 1934. 


sD, Montgomery and H. Samelson, “ Fiberings with singularities,’ Duke Maihe- 
matical Journal, vol. 13 (1946), pp. 51-56. 


SEMILINEAR NORMAL BASIS FOR QUASIFIELDS.* 
By Tapasrt NAKAYAMA. 
$ me ee te 
The writer has given recently a theorem which may well be called the 
theorem of semilinear normal basis. Namely:” Let L be a (finite separable) 
Galois extension of a field K with Galois group ©, and F a subfield of L 


(not necessarily containing K) such that P © = F. Then there exists in L 
an element, whose (1: K) conjugates with respect to K are linearly inde- 
pendent over F or form a module-basis of L over F according as (ZL: F) = 
or = (L:K). The theorem can, for instance, effectively be applied to obtain 
H. J. Riblet’s theorem of differential basis.’ 

The present note extends the theorem to the case of a noncommutative 
domain with a Galois group in the sense of N. Jacobson.* To do so we have 
first to make some preliminary observations on semilinear group rings over 
quasifields and their moduli (1). Then we obtain the theorem of semilinear 
normal basis for quasifields in a similar manner as in the commutative case, 
by combining the preliminary discussion with the theorem on normal basis 
for quasifields ë (2). The theorem of differential basis can also be transferred 

to quasifields (3). | 


1. Semilinear group rings over quasifields. Let Q be a quasifield, and 
let there be given a finite group © of automorphisms of Q. Let ® be a 
subquasifield of © such that 6 G== 4, and let § be the totality of elements 
in G which leave @ elementwise fixed. § is an invariant subgroup of ©. 
Semilinear group rings 


(6, Q) = GQ -+ G0 + - i -+- GQ, 


(G, &) == Gb + G +-:-+ Go (g = (G:1)) 


* Received October 6, 1947. 

*T, Nakayama, “ Halblineare Erweiterung des Satzes der Normalbasis und ihre 
Anwendung auf die Existenz der derivierten (differentialen}) Basis, I,” Proceedings of 
the Imperial Academy of Tokyo, vol. 21 (1945); II., tbid., vol. 22 (1946). l 

? This was stated in a slightly stronger form. 

SH. J. Riblet, “A differential basis for algebraic fields,” American Journal of 
Mathematics, vol. 63 (1941). 

tN. Jacobson, “ The fundamental theorem of Galois for quasi-fields,” Annals of 
Mathematics, vol. 41 (1940). 

5 T. Nakayama, “Normal basis of a quasi-field,” Proceedings of the Imperial 
Academy of Tokyo, vol. 16 (1940). 
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are defined as usual; £G = GEC (cQ, ®). The subring 


(9, $) = H8 + Had +--+ -+ Hye (h= (§:1)) 
is an ordinary group ring of § over ®. Let Z be the center of p. Then 
(5, $) = (9,2) X? (over Z). 


Let n be the radical of ($, Z), and let 
(9,2)/M—= + a+: H 


be the decomposition of the semisimple residue ring into simple ideals. We 
have 


(9, &) /n® = at + aod +- - ++ akË 


with simple a;@, and në forms the radical of (§, ®). 
Now 


(©, 8) =G (9,2) + (8,2) ++ + G:(G, ®) 


where {G, Go, > -, Gt} .is a representative system of © mod. §. Since § 
and Z are invariant under ©, (G, Z) G = G (9, Z) whence nG = Gn, G being 
an arbitrary element of @. Hence 


m == Gn + Gnd +--+ +--+ Gine 
is a nilpotent (two-sided) ideal in (G,®). And 
(©, &) /m = G1(H, &) /n® + G (H, &)/nb ++ -+ Gi(H, ®) /ng. 


Furthermore a; ~G‘a;G is a permutation of Qu Qa °°, 0e Let % = 3, be 
the totality of elements G in Œ which map a, on itself, and put G=— 9G, 
+- FG -> ci oGe. Then a; = Git Gı = aft (i = 1,2, - -, s) form a 
transitivity system under ©. We set b= (a -+ a-+''-+a)® and 
consider 
l c = Gb = Gb -+ Gb + o o H Gb, 


under, however, 


ASSUMPTION I The group $/9—=%1/ of automorphisms of ® is 
outer, that is, every class in %/H except the unit class induces an outer 
wulumu phism in È. 


The system c is then a simple ring, as one sees by the well-known argument 
of crossed product theory. Namely, its b-double-submoduli Gparb (u == 1, 2, 
-+ + t; t= 1,2, : -,S) are all irreducible and are mutually non-isomorphice. 
For, if Gua,;b and Gyaj;® are isomorphic, then obviously t == 7. Further the 
multiplication by Gya;Gy on the left shows that Gv*Gpa;Gu" Gy must coincide 
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with a; (=-a,;). Hence Gy“G, induces an automorphism in a; whence in 
` ay. Because of our assumption this automorphism of a; is outer unless 
GutGy== 1. Therefore, as one sees easily, a;@-double-moduli Gua:®, Gva:® 
. ‘are isomorphic only when p == v. So t= 3Gya;® is the (unique) completely 
reducible so-called ideal decomposition of c as b-double-module, and every non- 
zero b-double-submodule contains at least one of Gya:®’s. It is now readily 
seen that if this submodule is a two-sided ideal of c, then it contains all 
Guai, whence it coincides with e. Thus c is simple. 

For each transitivity system of a; we obtain an analogous simple ring 
(under the respective assumption), and (©, ®©)/@n& = (Y, @)/m is their 
direct sum. Hence m is indeed the radical of (G, &). 

Thus a (G, &)-right-module is completely reducible, if and only if it is 
completely reducible as an (,#)-module; observe that it is annihilated by 
m and n simultaneously. Our above analysis shows also that two irreducible 
right-moduli of (G,@) are isomorphic, when (and only when) they are 
isomorphic as (§, ®)-moduli; they are isomorphic to irreducible right ideals 
of the same simple component c belonging to the same transitivity system. 
The same holds for completely reducible moduli too. 

As for a general (©, @)-right-module 8, the submodule 8m = 8n® = 8n 
is the smallest submodule such that the residue module is (G, ®)-, as well as 
(5, ®)-, completely reducible. Suppose, now that 8 is isomorphic to (G, ®) 
as (Q, 6)-module. 8/8m = 8/8n is obviously ($, &)-isomorphic to (G, &) /m. 
But then, by the above remark on the completely reducible case it is even 
(©, &)-isomorphic to (©, @)/m. In particular, there exists an element we 8, 
so that u(®, &) (mod. 8m) = 8 (mod. 8m). Since 8m is the intersection of 
all maximal (©, &)-submoduli of 8, then u(G,@) = 8 too. So 8 is (G,&)- 
homomorphic to (@,®); the homomorphism must be an isomorphism, as 
one sees by observing composition lengths for instance. The same argument 
holds also when the (@, )-module 8 is a direct sum of (§, ®)-submoduli 
(5, ®)-isomorphic to (©, ); there comes a certain number of ws instead 
of the single w. 

More generally, it is also valid in the case where 8, a (G, &)-right-module, 
is a direct sum of a (finite or infinite) number of ($,®)submoduli, each of 
which is (§, ©)-isomorphic to a directly indecomposable right ideal direct com- 
ponent of (Œ, $). For this last has a form e(@, 6) with a primitive idempotent 
element e in (©, &), and so 8/8m —8/8n is a direct sum of (§, ©)-submoduli, 
each (§,®)-isomorphic to a module of the form e(@, &)/e(G, ®)n = e(G, &)/em. 
Then, again by the above remark on the completely reducible case, it is 
(©, &)-isomorphic to a direct sum of (©, &)-submoduli, say 3p, which may 
well be different from the submoduli just observed, each of which is however, 
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(G, &)-isomorphic to a module e(G, &) /em, say en(G, &)/epm. Let uy be, for 
each p, an element in 8 such that w,z(mod. $m) corresponds to eu (mod, eum) in — 
the isomorphism between 8, and eu(©,®)/eym. Then these elements tp 
altogether (®©, ®)- generate 8, since 8m is contained in all maximal submoduli 
of 38. Now construct, not in (G,&) but abstractly, the (restricted) direct sum 
b = Sep(G, $). eu—>tpeyn defines a (G,&)-homomorphic mapping of’ bv 
onto 8. We want to show that it is really an isomorphism. This is settled 
easily by the argument of composition length when 8 is (®©, #)-finite. For 
the general case, however, let w be the kernel of the homomorphism. We 
observe that 8 is as (©, ®)-module a direct sum of submoduli isomorphic to 
directly indecomposable right ideal direct components of (§,®); 8 = Xb, 
ty = f»(,®) with primitive idempotent elements fy in (§,®). Let iy < fy 
in the isomorphism, and let vy be a counter image of ty in our (6, ®)-, 
whence (,@)-homomorphic mapping of b onto 8. The sum 3mfv(H, ®), 
necessarily direct, is ($,@)-isomorphic to 8 == Sty. Its sum with m is direct. 
So, if w40, then w Œ bm = bm, the intersection of all maximal (§, ®)- 
submoduli of b, and therefore necessarily w = 0, since our mapping induces 
an isomorphism between »/pm and 8/8m. Thus we have, under our above 
assumption, 


Lemma 1. Let 8, r be two (G,®)-right-modult, and let 3 be a direct 
sum of (9, &)-submodult ($, &)-isomorphic to directly indecomposable right 
ideal direct components of (G,®). If then r and 8 are (G, &)-isomorpine, 
they are (©, &)-isomorphic too. 


From this follows further 


LEMMA 2. Let rand $8 beasin Lemmal. If t is a direct summand of 8 
as (©, &)-module, then it is a direct summand in 8 as (©, &)-module too.® 


° Moro generally uur proof to the lemmas remains valid in the case where 8 
(as well as r) is a direct sum of (§, ®) -submoduli all (§, ®@)-isomorphic to directly 
indecomposable right ideal direct components of a fixed residue ring of (@,®). (In 
this formulation is included the above completely reducible case too.) 

In fact, it follows also from the remark that the essential setting in the above 
proof is the following: Lot Y be a siny wilh the radical 9% and the decomposition 
B/N = W, HM, +--+ +O, of the semisimple residue ring. Let there be given a 
finite subgroup g of the automorphism class group of %, and consider a crossed product 
(q, RV) (with a factor set). Let it be assumed for every Y, that every G (i)e g 
mapping Y, on itself induces an outer automorphism in 9f;; this amounts to the 
condition that for every g-invariant two-sided ideal in the residue ring P/N the group 
g is outer. Then WQ = (g: N) becomes the radical of (g, H), and Lemmas 1, 2 hold 
for (g,%)-right-moduli, (G, $) and (G,@) taken place by (g B) and H. 

It is perhaps of some interest to note that our (@,#) is, together with (5,8), 
a Frobenius ring. 
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Let namely 7 
r= rG Hra Ho HG (t= (G:9)) 


be the (G, @)-module induced by r, in the sense of Frobenius. Similarly, 
let 8* denote the induced module of 8. Evidently r* is a direct summand 
of the (G, @)-module 8*. On the other hand, r* is ($, ®)-isomorphic to rë, 
a direct sum of ¢ isomorphic copies of r, as one readily verifies by counting 
the (finite or infinite) numbers of their mutually isomorphic direct indecom- 
posable direct components. Therefore, by Lemma 1, r* and rt are (©, @)- 
isomorphic. Similarly 5* and 8* are (G, #)-isomorphic. Thus rt is a direct 
summand of 8! as @,@)-module. Then? r itself is a direct summand of 
the (Œ, ®)-module $. 


2. Semilinear normal basis. Let Q, 6, ©, be as above. Namely, Q 
be a quasifield, Œ a finite group of its automorphisms, @ a subquasifield of Q 
invariant as a whole under @, and further, § the totality of elements in © 
by which © remains elementwise invariant. We make 


Assumprion J. The group ©/& of automorphisms of ® is outer; 
(As a matter of fact, a somewhat weaker assumption in 1 suffices for our 
purpose.) and 


Assumption II. The group § of automorphisms of Q 1s outer. 


Let Y be the invariant system of § in Q. Then, because of the Assump- 
tion II, (Q: ¥) = h and Q possesses a right, say, normal basis over Y, that is, 
there exists an element w in Q so that w¥1,0,- --,o%* form a linearly 
independent right basis of Q over X. Hence © and (Q, ¥) are isomorphic as 
(5, %)-right-moduli; 3ang <> 3Hay. They are so, even more, as (§, ®)- 
right-moduli. Here (S, ¥) is as an (©, &)-right-module a direct sum (F: 6), 
submoduli isomorphic to (§,®). Hence © has the same structure as (§, &)- 
module. On the other hand, (®©, 8) is a direct sum of t = (G:§) = g/h 
submoduli (§, )-isomorphic to (§, 8). 

If here (6:5) <= (:6),, or, what is the same, (6:1) S (Q: 8)» 
then (G,@) is a direct summand of © as (§,#)-module. By Lemma 2, 


* Of. Nakayama, IT. l.c. 1, Footnote 4. 

* Even in (§,)-infinite case our structure of 8 implies the uniqueness up to 
isomorphism of its decomposition into directly indecomposable components. See for 
instance G. Azumaya, “On generalized semi-primary rings and Krull-Remak-Schmidt 
theorem,” forthcoming in the Japanese Journal of Mathematics. 

? See footnote 8. 
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(©,&) is then a direct summand of the (G,@)-module Q. If however 
“"(@:§) = (W:@),, thon tho (©, 3) modulo (G, #) contains conversely Q ae 
a direct summand. More precisely, if (¥:), is finite and = q(@:$) +w 
(O&S w < (G:)), then the (G, &)-module Q is a direct sum of g submoduli 
isomorphic to (G,@) and a module which is a direct summand of (G,®). 
Thus we have 


THEOREM. Let 0, 6, ©, § be as above, and assume I (or the somewhat 
weaker Io and its analogues for other transitivity systems, which altogether 
we denote by Id), I. If (G:1) S (Q:6),, there exists an element é in Q 
such that 


(*) gai, EGe, « ` +, ECs (G = {G Ga, mE Go) ) 


are right-, say, linearly independent over &. If (G:1) = (Q:%),, however, 
there exists an element ¿in Q such that suitable (Q:6), among (*) form a 
linearly independent right-basis of Q over $. More precisely, of (Q:), is 
finite and 


(2:8), =g (6:1) +0 (0<v< (G:1)), 
then there eaist in Q q elements & (t1=1,2,---,q) and an element y so 
that 

9 (1 = 1,2,°° +593 J= 1,2," > -,g) 


and suitable v among 
9°! (j= 1,2,°--,9) 


together form a linearly independent right-basis of Q over ®. 


3. Differential basis. Let © be a quasifield, and let there be given in Q 
a higher differentiation —> é) satisfying the iterative law (”) EO) == ECV) (0-H) , 


in the sense of F. K. Schmidt.2° Further, let there be given a group © 
of automorphisms in © such that (=) = (é@)© for every €e0, Ge. 
Denote the subquasifield of (absolute) constants of the differentiation by ©. 
We have 6 G-= 6, 


Lemma 8. LF, éa’ -én (EQ) are right-linearly independent over ®, 
then there eaist (exactly) n vectors left-independent over Q among (&,™, E, 
j » En) (y= 0, 1, 2, ex Ji 


+F, K. Schmidt-H. Hasse, “Noch eine Begründung der Theorie der höheren- 
Differentialquotienten in einem algebraischen Funktionenkörper einer Unbestimmten,” 
Journal für Mathematik, vol, 176 (1937). 
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This is perhaps more or less well-known, but we shall give’its~proof for 
the sake of completeness. Let (&),&@0,- - +, éan) with {= 1, 2,°- m 
be a maximal Q-left-independent system among the above vectors, and assumé-. 
m <n. We denote the (m,n)-matrix (409); by =. Then, for each vy, 
(E, E, + + En ) == (Avi, Aven’ t + Arm) a with Xs eQ. The maximal ’ 
number s of O-right-independent columns in € can not be n; s <n. We 
can assume without loss of generality that the first s columns are independent. 
Then, for instance, Er”) == 6a, + & 0a, +---+& 00a, (i= 1, 2, 
m) with gotas EQ. Taking A-combinations we have 


(1) Ê) = é Wa, + Eo) de =a? Fa És O) as 


for every v. (p)-differentiation gives 


(2) En) (M ae (EM a, 4. + +) 

(EO Mg Ge) ee) ee (EM Me, fe +), 
Now, suppose that the Ist, 2nd,- --,»—1-th derivatives of a; are all 0. 
Then only the first and the last sums remain in (2), thus 


En (v) (4) m (6&0) (x) Oy J- e -) m (é q H) -|- rar ijs 


But the left-hand side vanishes, because of the relation (1), v replaced by 
v-+ yp, and the iterative law. Hence é& 0) g, -b &,™a.(#) 4.- + ++. És) ag 
=(. Since this is the case for v== 0,1,2,- -, in particular for vy = v, 
Voy" ‘ *yVmy necessarily q, = gM) ==: + + == gs) = 0. So we see by 
induction that all the derivatives a; (yp==1,2,8,---) vanish; a;e®. 
Thus é turns out to be @-right-dependent on $, &,- © -, &s. 

Now we assume J (or J,’) and JI, and put k = max((@:1), (Q:®),). 
There is, according to our theorem on semilinear normal basis, an element é 
in Q such that &%, 42,- - -, €%« are right-independent over ©, where Gi, Ga, 
- + +,@, denote suitably chosen & elements in ©. By the above Lemma 3 
there exist vı, v2e,° °°, vz such that 


(E0) Gi, EO Ge, ae ga) Gi) (i ane 1, 2, e, k) 


are left-independent over Q. Then 09 (i= 1,2,:'>,k) are left-inde- 
pendent over the invariant system A of Œ$ in Q. For, any A-relation among 
them would imply the same relation among 09G for every G, in particular 
for each G; (j= 1,2, >+, k), whence the same relation for the above k 
vectors. We obtain thus 


THEOREM. Let Q, @, the diferentialion é—> £0), & (and §) be as above, 


1 As a matter of fact s = m, as follows from the elementary divisor theorem for 
instance, but s < n suffices, 
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and let I (or Io’), II be assumed. Then there existis an element £ in Q whose 
suitable k = max((G:1), (Q:®),) derivatives 


g t 
aC) EON EN i g EO) , (v = 0,1, 2,° ++) 


ad 


are left-, say, independent over the invariant system A of © in Q. 


Y COROLLARY. Assume (QO: ), = (G:1), and replace II by a somewhat 
stronger 
ASSUMPTION II,. The group © of automorphisms of Q is outer. Then 
k = (Q: A) =g, and (f), with kg, forms a left-basis of Q over A. 


COROLLARY. Let (asin IlL) Œ be a finite group of outer automorphisms 
of a quasifield Q, and let there be given a differentiation in Q satisfying the 
iterative law and commutative with every operation in ©. Suppose further 
that the subquasifield ® of constants is contained in the invariant system A 


“of Gin G. Then there is an element in Q such that its suitable g = (®©: 1) 
 derwatwes, including the element itself, form a (linearly independent) left- 


basis of Q over A. 


Remark. Ji we choose in Lemma 3 the first system, in the sense of | 
lexicographic order of (vı, v2,° * *, ve), then together with a y; there appears 
in the system every vy < v; such that pf (») » p being the characteristic of Q. 
(In case p==0, this means simply that the system is (0,1, :,kķk—1).) 
This can be seen in the same manner as in the commutative case; see 
Nakayama, l.c. II. Hilfssatz 2. So the system (f) in the above theorem, 
or its corollaries, may be taken so as to satisfy this condition. 

Throughout in the above we have restricted ourselves to quasifields. 
However the Galois theory has been extended recently by G. Azumaya and 
the writer to simple rings, and more generally, to closed irreducible rings. 
It is also possible, though perhaps not of much interest, to transfer the 
above to such general cases. 


Addendum: | Added in proof] The assumptions I and IT for our theorem 
on semi-linear normal bases may be replaced, as the author has found recently, 
by the assumption that G forms a group of outer automorphisms in Q. It is 
possible tu wubrave Lue bwo cases in one. See forthcoming paper by the 
author entitled “Galois theory for general rings with minimum condition” 
and by G. Azumaya entitled “ Galois theory for uniserial rings.” 
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12: T, Nakayama and G. Azumaya, “On irreducible rings,” Annals of Mathematics, 
vol. 48, pp. 949-966. 
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LEFT ASSOCIATES OF MONIC MATRICES, WITH, AN APPLICÀ:. © is. 
TION TO UNILATERAL MATRIX EQUATIONS.*# © 044.. 
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Introduction. Let #¥[A] be the ring of polynomials in the indeter- 
minate A, over a field F. This paper will deal with square matrices of order 
n with elements in F [Aà] unless otherwise specified. 

A matrix M with elements in ¥[A] may be written: 


k 
M == MgA" + Mp AKI -} ete a -L Mo = > M mà” 


m=0 ; 
where each Mm (m==0,1,2,: +, k) is a matrix with elements in $. If ~ 47. 
Mi 540, M is said to be of degree k in A. When M» is non-singular, M is ` N4 
said to be proper of degree k in à. In particular, if M; is the identity matrix ` 
I, the matrix M will be called monic? of degree, k. 

A matrix T with elements in ¥[A] is unimodular if it has an inverse 
whose elements are also in #[A]. Two matrices A and B are called left 
associates if there exists a unimodular matrix T such that TA == B. The 
relationship of left associate is an equals relationship [1]. i 

‘The totality of n X n matrices with elements in F [A] may be divided 
into classes of left associates. Wach class is represented by a unique matrix 
in canonical triangular form. This ċanonical triangular matrix is a matrix 
having all of the elements below the main diagonal equal to zero. The 
diagonal elements if they are not zero, are monic polynomials. The elements 
of each column are reduced modulo the main diagonal element when that 
element is not zero. If the main diagonal element is zero, then every element » 
of the row, in which it occurs, is zero.’ 

The problem considered is that of determining under what conditions 
a matrix will be the left associate of a monic matrix -of degree k. The special 
ease of this problem, arising when k =—.1, is of value in the completion of 


* Received September 11, 1947; revised August 17, 1948. 

* This problem was considered by the author in his doctoral thesis carried out under 
M. H. Ingraham at the University of Wisconsin. It was first submitted to the American 
Journal of Mathematics in June 1941, and in revised form September 11, 1947. 

. *This terminology is adapted, from that used by Birkhoff-and MacLane in their 
hook: A Survey of Modern Algebra (Macmillan 1946), in which a polynomial is termed 
monie if the coefficient of the term of highest degree is unity. 

? The Hermite normal form as defined by MacDuffee is the form generally used. 
However, the canonical triangular form defined here will be used in keeping with that 
used by Ingraham [2]. It is obtained in the same manner as the Hermite normal form 
except that the operations are carried out on the columns in reverse order. 
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-the algorithm of M. H. Ingraham [2] for the solution of the unilateral 


5 o 
E d 


matrix equation SRY" —0 over F. 


` mz=0 
- Necessary and sufficient conditions are obtained in answer to this problem. 
The canonical triangular form of the given matrix may be readily found [1]. 
The problem then becomes one of determining whether the canonical tri- 
angular matrix A == > Amd” is a left associate of a monic matrix of degree k. 


m=0 


It is found that if the diagonal elements of A are aj; (7 =1,2,:-:,n) 
then the degree of ( II amm) must equal kn and the degree of ( IL Amm) <= kj. 
m=i mz=1 


If these conditions are satisfied, then a necessary and sufficient condition 
that A be a left associate of a monic matrix of degree k is that the kn X sn 
matrix 

As Ås ' j . Åskan’ i “Å 

0 As ++ t Aste: t * As 


Wr = > s + + ? 


0 O weeds. rosi 
with elements in F, be of rank kn. 

In the proof of the above conditions, the method for the construction of 
the unimodular matrix which transforms the matrix A into the monic matrix 
is given. Details for the construction for the case k == 1, are given. 

The author has extended the results to the case when # is a quasi-field. 
The conditions obtained are the same if, in place of the rank of Wx, the idea 
of left-row rank, or right-column rank, is substituted. Also, Ingraham’s 
algorithm may be extended to the solution of the unilateral matrix equation 
over a quasi-field. In this paper, for the sake of brevity, no proofs are 
presented. The reader is referred to the author’s doctoral thesis [3] for 
greater detail. 


1. Left associates of monic matrices. In the following work 7 will 
be used to represent a nnimndnlar matriy The canonical triangular form 


of the matrix to be tested will be represented by A == (aij) = > Anr™ A 
; m=0 


monic matrix of degree k will have the form A*I + B, where B= (b,;) is of 
degree less than k. The problem is to determine the conditions under which 
a unimodular T exists, such that TA = XI + B. 


Lemma 1. If two monic matrices are left associates they are identical. 


Suppose there is a matrix U such that 
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k-1 r-l 
U (MI + È Bmà”) =NI + DC mA”; 
m=0 m= 


ede ‘t 
ia € a 


then k Sr. l , 8 


If U is unimodular, 


MI + = Bà” = U> (al 4- = CO mà”) 
and k= +r. 


Therefore, if U is unimodular (that is, if the two monic matrices are’ 


left associates) k ==r, U =I and Bm = Om (m = 0,1,2, > . k—1). 

If a matrix is the left associate of a monic matrix, that monic matrix 
is unique. The canonical triangular form of a matrix is also unique. A 
monic matrix is non-singular. Therefore, it follows that the unimodular 
matrix T which transforms the triangular form into the monic matris. is 
unique. 


Represent the degree of the element as; by d(ai;). If aj; 0, then for 
izj either aa; = 0, or d(aij) < d(a;;). 


THEOREM 1. If A is in canonical triangular form and is the left associate 


n j ` 
of a monic matrix of degree k, then d( J] amm) == kn and d( [J amm) S kj. 
m=i maul 


If determinants of both sides of the equation TA = AI + B are taken, 
then | T|-|4|= [|A +B] where |A" +B] is a monic polynomial of 


degree kn. Since T is unimodular and | A | == Ü Amm Where each amm is a. 


monic polynomial or zero, it follows that "| T |=1, |4|+0, and 
d( Il Amm) = kn. 


mal 


_ The matrix equation TA = AI + B may be written as follows: 
| Tu Tal) 4u  Arel] lA + Ba By» 
Tı Taz 0 Azz Box AFI aa -|- Bop 



































where Tau, Ay, Li: and By, are 7 X } matrices. Since 71,41, = A'la + Bu, 
it follows that d( {I amn) £ kj. 
m=1 


LEMMA 2. The degree of T = (tij), where TA = XI + B and A is in 
canonical triangular form, is at most equal to k. An element of T is of 


degree k if and only if it is a main diagonal element and the corresponding — 


main diagonal element of A is unity. 
Assume ¢;;, the element in the i-th row and j-th column of T, is an 


element of highest degree. By hypothesis S fomms == §;;\" +- by; (8:5 the 
m=) 
Kronecker delta). Since d(b:;) <k, d(amj) <d(aj;) or am = 0 (for 


<< 


a 


“ al 
va 
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mj) and d(ts;) =d(tim); then tijaj; is the term of highest degree. 
Therefore, | 
d(tij;) <= Atijas) so d ( 5 Lim; ) =k. 
mah 


It follows immediately that d(ti;) == d(tijaj;) = k if and only if: 8; 0 
(i. e, ¿= }) and Qij = 1. 


From this point on, it will be assumed that the elements aj; (j == 1,2, 
- - n) satisfy the necessary conditions of Theorem 1. The proof of the 
second condition given in the introduction will now be carriéd out. 


Since d( IL amm) = kn and d( (Lamm) <k(n—1), then d(dnn). = k. 
and s = k; gies s is the degree of A. ‘The elements of A may be written 
lij == > lij mÀ” where dijm==0, if m>d(aj;) or i> j, and ayj= 8; 
(j= TE TI The coefficients dijm belong to F. l 

Consider the i-th row of T. From Lemma 2 tip = 8 78ipA* + S tepmd™ 
eee 2,--°+,2), where &z7==0 if d(aj;) =is40. Then, for rae i, 


n #-2 é 
D (Bothi A” -+ D tip, mA”) ( È ApjmA™) == 8; 5A* + Diy. 
p=1 . : m=0 m=0 . 


Therefore, | 
n k1 a A 8 
p> ( 2 bip, mA") ( 2 2pj,mX”) = — mÀ ( 2 Bij,mX"") T 8i jA” + bi. 
p-1 m=O m= m=0 


The coefficients of A*** on either side are zero since Si0ij,2—=0. A- 
system of s equations in kn unknowns tipm (p==1,2,°--,n; m==0,1, 
‘+ +,h%—1) is obtained for a fixed j, by equating coefficients of- A“ 
(u = s + k— 1, s +k—2, *sk). They are as follows: 


(1) | $ ( > bip.x-mOpj,sem-v) = — 8o10ij,s-v + 9:82 

al (v = 1,2, +8). 
For each value of v let 7 = 1,2,- -,n. A system of eqnations sz in number, 
(2) $ (È tiptop soma) = — Britese-0 + Bisde 


+ (v= 1,2,° + +583 f—1,2,-- +,” for each »), 
is obtained. “4 








; | 

‘When a,; is written as 3 @;; ,,A”, it will be understood that @,, is written in 
$ 

m=0 


descending powers of A. 
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If the equations are written out in the order given above, the matrix 
of the coefficients of the kn unknowns tipz-m is 


As Aga‘: - Askar’ j ‘A, 
0 Ás ` Beggin? ’ -Ao 


Wy = 
0 0 ao -As * ‘Ax 
Since d(aj;) = j, pjm =0 for m >j. Therefore, each side - of the 
equation displayed in (1) above, is identically zero for v = 1,2, -, s—i. 


Therefore, the s equations reduce to j equations, and the system of sn 
equations in (2) reduces to PE (= kn) non-trivial equations (2’) not 
displayed here. If these cer lave a solution, a matrix T may be 
constructed so that TA =— XI + B and since d( I Onm) = kn, it follows 


that T is unimodular. If a unimodular T exists such that TA = A*I + B, 
the system of equations (2’) has a unique solution. A necessary and sufficient 
condition that the system have a unique solution is that the rank of the 
matrix of the system be kn. This, in turn, requires that the rank of Wz be kn. 


THEOREM 2. A necessary and sufficient condition that the canonical tri- 


angular matriz A = 5 Ama”, be the left associate of a monic matriz of degree k 
m=0 


is that d( TL amn) = kn, d( com <= kj, and the rank of the matriz Wir - 
mel m=i 
defined above, be equal to kn. 


If the rank of W; is kn, the matrix T may be obtained by setting up 
the equations as in (2) and solving for the elements tipm (p = 1,2, +,”; 
m==0,1,-+-,4—1) for each value of += 1,2,---,n. Once the coeffi- 
cients tipm have been found, the element tip of T may be constructed by 


setting tip = Sbi +S tip mà”. 
The monic matrix is then obtained from the equation TA = XI + B. 
2. Application to the unilateral equation. M. H. Ingraham [2] has 
shown that the solution of the unilateral matrix equation È RaZ” = l, over 


F, may be carried out in the following manner. The matrix X, with 
elements in Ẹ, is a solution of the unilateral matrix equation if and 


only if AI—2X is a right divisor of the matrix R = > R,A", that is, 
m=8 


254 JAMES H. BELL. 


R = M (MI — X), where M is a matrix with elements in ¥[A]. Both sides 
of this equality may be multiplied by a unimodular matrix U. Also a 
unimodular matrix T and its inverse T- may be inserted without affecting 
the equality. That is, UR = UMTT(\I — X), or Q == PA where Q = UR, 
P = UMT and A = T>” (M — K). The matrices U and T may be so chosen 
that Q and A are in canonical triangular form. 

The method of solution is to reduce R to its canonical triangular form 
Q, and then to find the canonical triangular form A of each possible right 
divisor of Q. Since Q and A are triangular, the matrix P is necessarily 
triangular. Therefore, qj; = pj; (7 =1,2,--°,2). The elements a;; are 
selected from the divisors of the main diagonal elements of Q in accordance 
with Theorem 1, as it is desired to have TA = M — X. The other elements 
of A are obtained by solving congruences of the form 


Gth-1 


(3) Piili jih == Qj,jeh > Pimlin,j+h mod Ajah jehe 
mz=j+l 


Equation (3) gives a recursive formula by means of which the succes- 
sive columns of A may possibly be determined. The congruence may have 
no solution, a unique solution, or many solutions. The criterion for solution 


of the congruence is that the greatest common divisor of pj; and @j,n,j.. shall 
á . . j+h-1 . * * 
divide qijan— >) Pjmäm, jane If pj; and Gunjan are relatively prime, there is 


mM=p+1 
a unique aao: If the division is impossible at any stage, there is no 
solution, and there is no right divisor A having the chosen main diagonal 
elements. 
Once a right divisor A is obtained, it is then necessary to determine 
whether or not it is the left associate of a monic matrix of degree unity. 


8 
If A = X Am”, the matrix Wy becomes W, where 
m-~6 
W, = | A; Ås ` ° -A; | . 
The necessary and suficient condition that A be the left associate of a mome 
matrix of degree 1 is that W, be of rank n. 


if W, is of rank n, it in pnssihle ta find T snch that TA-- M | R, 
where B now has elements in #. It follows that XY == — B is a solution of 
the unilateral equation. 
| It is possible to find X without finding T explicitly. When k = 1, the 
equations (2) become i 


FiA 
>, (tip obpj,s-var) ee aa Soillej, sv + 54 j08v 
p=i 


(4) | . 
(Se 1 sE) 


Consider 4 for those values only such that d(a:;;) =7> 0. Designate these 
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values of j by a, B,y,:--,@ where «< £< ser ‘'<we=n. Since 
apm == 90 (m > 7), the system of n equations 


n 
>, fip,ođpi,m BED Doilij,m-1 -+ 84;8ma 
p=1 


(5) Bee | 
(m == 9,7 — 1,: "1; =% B, ° -,o) 


is equivalent to the equations in (4). If the matrix W, of the coefficients 
of the unknowns, tipo, be written out, it will be seen that it is the matrix 
which is obtained by these steps: * 


1. Augment each element of A by proper powers of A with zero 
coefficients so that each element in a particular column is a polynomial in 
descending powers of A, equal in degree to the main diagonal element. 


2. Split up each column into columns, each one involving monomuials 
of the same degree in À. 


8. Delete all columns involving constant terms only, and then set à = 1. 


A necessary and sufficient condition that there exist a matrix T such 


that TA = M — X, where d( iu Amm) SS j and d( TI amn) = n, is that the 
rank of W, equal n. 


To find-X, set up the system of equations DW, = K, where D = (tipo) 
and K is constructed as follows: If ai; = 1, the i-th row of K is the negative 
of the i-th row-of the matrix obtained from step:2 by deleting the columns 
involving aj; (J= 1,2,- -,n) and setting A=1. When au £1, the 


i 
i-th row of K has unity in the r-th place, where r= d( [J] Gum), and zero 
m:i 


elsewhere. By letting i == 1,2,- -,n, each row of K is obtained. If W, 
has rank n, then D—KW.7. Set T=\AE +D where EF is a diagonal 
matrix and cj; == èF (7 = 1,2, +n). The equation TA = M — X is true 
for A= 0. Therefore X = — KW," A, is a solution of the unilateral equation. 


3. The non-commutative case. In this case ¥ is taken to be a quasi- 
field. The polynomial domain #[A], where À is a commutative indeter- 
minate, is a principal ideal ring. Multiplication among the elements is not 
necessarily commutative, but d(gf) —d(fg) —d(g) +-d(f) where g and f 
are non-zero polynomials. 

The above work depends upon the S of a canonical triangular 
form for a matrix with elements in F[A]. V. J. Varineau [4] has shown 
the existence of a Hermite normal form for a matrix with elements in a 
non-commutative principal ideal ring. The proof follows the method given 


ë Published without proof as a note to Ingraham’s paper. Ingraham [2]. 
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mah 


by MacDuffee, but is complicated by the lack of determinants. Also, the 
greatest common right divisor must be used: 

Once the matrix is reduced to its triangular canonical form, the results 
of this paper, with the exception of the proof of Theorem 1, may be carried 
out in the same manner. The concept of rank must be replaced by left row 
rank or right column rank. The proof of Theorem 1-must be revised when 
J is a quasi-field, as determinants may not be used. The results of Theorem 1 
are true, and the reader is referred to the author’s doctoral thesis [3] for 
details of the proof. 

Ingraham’s algorithm depends upon the existence of a factor theorem for 
polynomials in AZ, with matrix coefficients whose elements are in f. The com- 
mutativity of the elements of the coefficient matrices is not necessary in the 
proof of the factor theorem. Ore [5] has made a study of congruences of 
the type (3) over the polynomial domain of a quasi-field. Therefore, the 
solution of the unilateral matrix equation may be carried out in the same 
manner as for a commutative field. 

In this paper left associates and right unilateral equations have been 
considered. Similar results may be obtained by dealing with right associates 
of monic matrices and left unilateral equations. For example, instead of 
TA==NI+ B it would be AT = AI -+ B. In this event, the canonical 
triangular form would have the row elements reduced modulo the main 
diagonal elements. Theory may be developed similar to that already carried 
out above. In fact, when # is a field, the problems are thrown back on the 
work already done by simply taking the transposes of the matrices involved. 
For example, E XA n == 0 implies 5 ATm(XT)” = 0 (where A? is the 

m=0 m=O 


transpose of A). 


MICHIGAN STATE COLLEGE, 
East LANSING, MICHIGAN. 
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A SUMMABILITY THEOREM FOR DOUBLE ORTHOGONAL 
SERIES WHOSE COEFFICIENTS SATISFY 
CERTAIN CONDITIONS.* 


_ By JOSEPHINE MITOHELL. 


1.. Introduction. Let {¢ma(t,y)} (m,n=—1,2,° °°) be a complete 
orthonormal system of real functions of class L? defined on the rectangle 
Qla Ss Sb, cSt Sd). By orthonormality we mean that 


(1.1) Í Pma (S, t) $na (S; t) ds dt — 8mrdnar 


where ŝa = 0 if a&b and 1 if a=b. (All integrals considered in this 
paper are Lebesgue integrals.) An orthonormal system is complete with 
respect to functions f(s, t) of class L? if 


(1.2) fiC bun(s,t)ds dt— 0 EME T ee 


implies f(s,t) == 0 almost everywhere on Q. 
The orthogonal development of any real function f(s, y) of class L? 
with respect to the system {¢nn(2, y)} is given by 


ee 

(1.3) a Omnpmn (2, y); 

where 

(1.4) Omn = f f(s, t) dinn (8, t) ds dt (m,n==1,2,° °°). 


The series (1.3) shall be referred to as the double orthogonal series of f(x, y). 
We shall frequently use the series 
z ; 
(1.5) S, Amn 
M n=l 


We are interested in the connection between the limit of the mn-th 
partial sum 


lall 


Peai 
(1. 6) Sinn ==" 2 AuvPpv (ppv a ppv (T, y) ) T a 


fy pal 


of the orthogonal series (1.8) and the limit of the Cesiro (0,1-77 


* Received October 27, 1947; presented to the American Mat 
September 1947. 
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(1.7) Son (1mm) Sey: 


,v=1 


i OO 
For simple orthogonal series it is known that if series Y,a, < ©, then 
nzi 


on —> @ limit s almost everywhere in Q if and only if the subsequence so» s 
almost everywhere in Q [3]. In this paper we are able to prove that if the 
two serves + 


(1. 8) j, 3 [log (m + 1) ]?*€a? mn, ji. 5 [log (n ++ 1) ]***a? mn, 
M nzi 


M n=1 


where « is any arbitrary positive number, both converge, then the double 
orthogonal serves (1.3) is (C,1,1) summable to the sum s almost everywhere 
in Q if and only if the subsequence {s(2",2")} (s(2™, 2") = soo") 
approaches the limit s almost everywhere in Q as m and n-> œ (Theorem 
8.1). For the double series we find it necessary to assume the additional 
hypotheses concerning series (1.8) in order that certain “ cross-product ” 
series may converge (cf. formula (3.4)). a 

The method of proof used in this paper is a generalization to double 
orthogonal series of that used for simple orthogonal series. The results on 
' convergence and summahility of these series are all stated in [8, Chapter V] 
but many of the ideas used in our proofs were obtained from a study of 
numerous papers on convergence and summability of simple orthogonal series 
to be found in Fundamenta Mathematicae. All the theorems proved in this 
paper hold for higher dimensional spaces but for convenience we state them 
for the two-dimensional case. 

A tool which is used frequently in our proofs is the Schwarz mequality 
for sums and integrals. For sums this inequality reads 


1 


N N N 
(1.9) (Jab S Da? >d b? 
izi izl 4=1 


and similarly for integrals. For the expression “ almost everywhere ” we use 
the abbreviation a.e. The symbol $, $, means that we sum in the order 
tj 


> (CS). while $, means that any order of summation may bu uued. 


2. An integration theorem. The following theorem, which is a 
generalization to double sequences of a well-known theorem in Lebesgue 
integration for simple sequences [8, Chapter I, #2], is necessary for our 
methods of proof. 


1 Logs are taken to the base 2, 
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THEOREM 2. 1. If the functions fij(s,t) (47=—1,2,---)eL on 


Qla Ss Sb, c StS d), fuls, t) S ferlet) GSU, j Sf) ae. on Q, and 
f fu (s, t)ds dt SO (C independent of i and j), then lim fij(s, t) exists 
Q ije 
ae. m Q. 
It is often convenient to use Theorem 2.1 as a theorem on series, viz.: 


COROLLARY 2.1. If gij(s,t) =O and ŞS f gulstas dt < œ, then 
$rj=t Q 


> 


gis (8, t) is convergent a.e. in Q. 
ùj =l 


3. On the (C,1,1) summability of the double orthogonal series 
(1.3) if the series (1.8) converge. 


8.1. If series (1.8) are assumed to be convergent we can prove the 
following theorem which corresponds to the result obtained for simple 
orthogonal series. 


THEOREM 3.1. If series (1.8) converge, then a necessary and sufficient 
condition that the double orthogonal series (1.3) be (C,1,1) summable to 
the sum s a.e. in Q is that the double sequence {s(2?, 2%)} converge to s a.e. 
in Q as p and q — œ. 


We wish to prove that 
(3.1) lim [o(m, n) — s(2?, 29) |] ==0 a.e. in Q 
Brq-70O 
(2? < mS 20", 29 < n S20") if series (1.8) converge. With this aim in 
view we break up the difference in (3.1) into 
(3. 2) a(m, n) — 8(27,29) = [o(m, n) — o(2?, 2) ] + Lo(2P, n) — a(2?, 22)] 
+ [o(2?, 21) — s (2r, 24) ] 


and prove that each term of the right side of (8.2) converges to 0 under 
the hypotheses of the Theorem by means of the following set of Lemmas. 


3.2. Convergence of a double sum to 0. From definitions (1.6) and 
(1.7) we have | 


(3. 3) Onn = (1/mn) = (m — u 4- 1) (n— r + 1) awodp. 
By vs 
Hence 


+ 
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. m,i 
(3. 4) Omn — San == (1/mn) > (p pi 1) (v mE 1) apvhuv 
Hyv=1 


— (1/m) È (u — H twbp — (1/0) È (v — 1) appi 
== Rmn — P mn — Omn, 


respectively. For the subsequences {27} of {m} and {24} of {n} it is readily 
proved by a direct generalization of the one variable methods that 
. R(2r, 21) —> 0 as p and q—> œ (See Lemma 3.1.). The difficulty arises in 
proving that the sequences {P (2r, 24)} and {Q (2r, 27)} converge. However 
we shall find that if (1.8) are convergent, then these two sequences —> 0 as 
p and q—> œ. l 


4 


LEMMA 38.1. If sertes (1.5) ts convergent, then 


2?,2¢ 
(3. 5) lim E(2?, 24) = lim (1/2220) > (p — 1) (v— 1) duvdpv = 0 
Pq 00 =L 


Pq ->00 


a.e. in Q [ef. 3, Theorem 585]. 
Proof. By the orthonormal properties (1.1) we have formally 
ee) ” 2P,29 
8.0 Sama) f E a—1)0—1agw]ds dt 
p:4=1 Q erl 
S i i 9 > 
=> (1/4749) X (p— 1)? (r — 1) 204. 
P:Q=1 Hv=1 


Since the terms of the latter series are positive we can interchange the order 
of summation to get? 


00 2P,2¢ 
(3.7) S (1/4740) X (p— 1)? (v —1) 20 u 
pPq=1 H,v=1 


aw 


=S (ue =, (0/4) 3 (3/49) 


pal p= p=E (logy 
0O 
= (16/9) 5, aw. 
My val 
fo $) yp, gu 
Henee hy Corollary 2.1 tho veries D (1/42) [ E (a — 1) tv — Ly apy |? 
DQ=1. fy P=1 


is convergent a.e. in Q, from which equation (3.5) follows. 
3.3. LEMMA 3.2. If series (1. 8ii) is convergent, then 


(3. 8) lim P (2,24) ==0 a.e. in Q. 


P> 


2 The notation E[log u] means the nearest integer greater than or equal to log x. 
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Similarly if series (1. 8i) is convergent, then 
(3.9) lim @Q(2?, 21) = 0 a.e. in Q. 
P:4 >W 


Proof. In order to obtain a majorant for the expression P?(2?, 29) of 

(3.4) which shall be monotonic non-decreasing with respect to the subscript 
; 2a ‘ 

21 we break up the sum J, in the following manner and apply the Schwarz 


y=1 


inequality 


2a 


(3.10) (B= (S+E 2 esp +Ay Fs 


a=Q ps28~1 2 y=28-141 
Applying this sneguality again to the second term on the right we get 
(3.11) (ÈPÈS (@—1)"(_Z ) 


po2e~447 


<2( 3)? FAS (a1) S )’, 


pont—1y,7 
where A, = nE < œ for e any arbitrary positive number. Now let the 
n=l 


summand be 
(3. 12) o (1/2) È (HI) ampu = w 
. E 


and sum with respect to p for p=1,2,-°-,m. Then 


(3. 13) Š P*(20,28) <2 (Bp)? +2403 È (a1) SG)? 


poa~ a 
Tp mag 
and the sequence {Tma} is monotonic non-decreasing in both m and g 


(m, q= 1,2,- :). Integrate both sides of (3.13) over the rectangle Q 
and use the orthonormal properties (1.1). We get 


(3. 14) 5 P(e, 20) ds dt < Í T mads dt 
Q p=1 
=? È 5 (1/4?) 3 (u — 1) %0 pv 


124S S(a—1)" 5 (1/4) X (p—1) 20%. 
pal a=2 p=2e-l+1. p= 


But a — 1 = log 2% < logy for y-—=2%1+1,---,2% Furthermore if we 
replace logy by log (v -+ 1), then, since log (vy + 1)21 (v=1,2,-- :) and 
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2o $. 
Ae > Èn? = n?/4 > 1, we can combine the two inequalities on the right 
n=1 


side of (3.14) to obtain 
(3. 15) f > P?(2?, 29) ds dt S f T'mads dt 
Q pal Q 


< 2AX X [og (v + 1)]* (1/4) $ (u — 1) ap 
pal B= 


p=1 
By the same method as we used in inequality (3.7) we can prove that the 
right side of (3.15) is less than or equal to (8/8) Ae > Log (v + 1) ] apv. 


Hence by Theorem 2.1 the monotonic non decreasing sequence {Z'mg} 
approaches a limit a.e. in Q, that is, the series a 


(3. 16) È (20m) +S (a— (Egy) 


a= 


is convergent a.e. in Q. Consequently from this result and the absolute 
convergence of series (3.16), we have 


(3.17) lim 1 E(B em)? +È (@— 1) > Žr)? 


= lim [Š — SIZ) +È aD, pA Bp)? 


Pw P=1 
== 0 a.e. In ra 


But by the inequality expressed in (3.11) with the summand ®py of (3. 12) 
the positive term P?(2?,2%) is less than or equal to 2A, multiplied 
by this sum. Hence lim P?(2¥,27)==0 a.e. in Q and consequently 


PQ OO 


lim P(2?, 21) =0 a.e. in Q. Similarly (3.9) is proved, which completes 


PYF 
the proof of Lemma 3.2. From the conclusions of Lemmas 3.1 and 3.2 
and equation (3.4) we see that 
(3. 18) lim [o(2?, 27) — 6(2?, 2] =0 ae in Q. 

Paa 
Oonocquently if series (1.8) vuuverye Lhe seyuences {o( 24, gu)} and 
{s(2?, 27)} are equiconvergent a.e. in Q and to the same limit. 


_ 3.4. To complete the proof of Theorem 3.1 we shall prove 
Lemma 3.3. If series (1.81) converge, then 


(3. 19) lim [o(2?,n) —o(2?, 21)] =0 ae in Q, 
BrQr?OO 


BP DOUBLE ORTHOGONAL SERIES. | 263 


and, A series (1. 8ii) converge, then 

(3. 20) lim [o(m, n) —o(2r,n)] =0 a.e. in Q 
(<m, 9a n < g), 

If the integer g be such that 24 < n < 20, then 


n-i 
(3. 21) | o(2?, n) — a (2?, 27) =>, Lo(2?, v- 1) — o (2?, v) 1, 
and by the Schwarz inequality 


_ 20-1 2qti_4 
(3.22) [o(29, n) —o(2, 22) ]? = S (1/7) Z vlel? + 1) —o(2, ») ]2, 
poad px=24 
Now 
l 27Hn4 
(3.23) E (1/v) = (1/29) +++ -+ (1/20 — 1) < 20/201, 
pu24 
so that consequently 
2a+t_4 
(3.24) lim [o(2?, n) —o(2?, 29) ]? <= lim £ v[o(??, v +1) —o(2%, v)]? 
PJW P> v=22 
and similarly 
2P+1—1 
(3.25) lim [o(m,n) —o(2?,n)]}?< lim E plo(u -+ 1, n) —o(p, n)]?. 
Pin Pn>00 p=2P 
From inequalities (3.24) and (3.25) Lemma 3.3 will be a consequence 


of the following Lemma. 


Lemma 3.4. If series (1. 8i) is convergent, then 


gtii . 


(3. 26) lim Sv[o(m,v-+1) —o(m,»)]?—=0 ae. in Q. 


M400 p= 


Similarly if series (1. 8ii) converges, then 
2PH- , 
(3:27) lm Xaulo(u +1, n)—oc(m n) P =0 a.e. in Q. 
PnP 0 p=2? 


Proof. From (3.3) we have that 


merit m—e@+tJl v—B4-2 
(3.28) o(m,v +1) —o(m,v) Eo a daphap 
Mey? ——~ & 1 ee 1 Í 
O% mati ytl | 
a, ĝ=1 m ¥ 


But 
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™ 


(3. 29) y-~ ptž yv—ßB -+1 B—1 


eee ee te RT Rpm ee a 


so that 
$ m, I se 1 1 
(3.30) o(m,v +1) —o(m, v) = 2, Z De daphap 
m Mm — & + 1 
-È moti) Qa, v+1Pa, v+1 


and we break up the right side of this expression into the four sums 


f 


; z» (8—1) (a— = 
3. 313 pe Cee? Cites a8 = S PO (Cm 
( ) => jae v(v -~ + 1)m BP B D a ( ) 
l mo v may m 
(3. 31ii) Pl pies EO, 


azi §=2 _ 1) azı 


nl Wt 
(3. aliii) ay E ARC TY + > Qa, vsa. v+ = pava (m) 


M 


(3. 8liv) 3 ale 1 Qa, v+1Pa, v == => L Ja, Vl’ 

We may obtain T for the squares of these four sums which 
shall be monotonic non-decreasing with respect to the subscript m by the 
following procedure. Let the dyadic representation of m be given by 


P 
(3. 82) m = 2? +1 + > Trk, 
k=1 
` where z = 0 or 1. Using (3.32) we break up the sum as follows: 
a=1 
n-1 3(pti)-1 
(3. 33) == s+ S tA Aa Tas 
azl asl u=2 ag=2hn1+1 u=0 aze(u) azm 
where 
m 
(3.34) s(a) = BP 1+ Darr (u—=1,---,p—1), 
1 
s(0) = 2? + 1. 
(If s(a) =8{a + L) for any p (p= 0,- +, p— 1), then the value of the 
s(atij-1 
sum 5 will be taken to be zero.) 
azg (1) l 


An illustration of this process for the number m = 14 is as follows. 
The dyadic representation of 14 == 23 -+ 1 +- (1.27 + 0.2! + 1.2°) so that in 
(3.382), zı = 1, z/=0 and zt;==1. From (3.34), s(0) —9, s(1) =9 
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+ 42% = 18, s(2) = 9 + 2,2? + a = a and s(3) == 9 -+- #2? + £22 + 152° 
= u Since s(1) = ~~) the sum 2. = 0. Hence by (3. 33) the sum 
5 would be broken up TA 
oes 14 z 4 8 12 

Z= H(t) H EtA) +2. 

a=1 azi a=3 qazğ &z=9 aQ=18 arig 


By the Schwarz inequality applied to (8. 33) 


eaosi—l4y 


M ee 2 p 2u pak s(u+i)-1 
(3.85) (3)*?S4(E)?+(2 FS + a CE) 
azi g=1 p=? u=0 a=s(p) azin 
and applying this inequality again to the two inner sums we get 


" (3. 36) (yegay +31) aÈ (u—1) $ y 


az2Ari+i 
HSC > + (3) °]. (ef. (8.11). 
Let the summand in (3; ae be the expression ¥@).,(m) of (8.311) 


and denote the resulting sum on the right side by tp». Integrating over Q 
we have 


(3. 37) Í, iO pds dt < 4{Aa (m) 


+ [43 wayne E+ pS Meo(m) + 4w), 
where 
` it ued ye — 1)? n 
(3. 38) Aav(m) =$ Er aap. 


But p — 1 = log 2e < loga < log (a 4-1) for a == 2A -4 1, ', 2# and 
p = log 2? < log («+ 1) for «=s(p) to s(a -+ 1)— 1. Hence as in 
inequality (3.15) we get 


(3. 39) f t) yds dt = 4{Asv(m) — 
Q 


+S 3 +50 = “Mdar(m) (og (a+ 1) ** 
H= ahold 20 ame { 
+ Amy (m) } 
< 4A, 3 Agr(m) [log(a + 1)]**. 
Now 2° < m 21. Therefore (1/m) < (1/2?) = 2/2" and using (3. 38) 


we have 


2 
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Qp+t — 1 2 
(3. 40) J, tO pds dt 1646 3 > E LEES n 


Multiply both sides of this inequality by v and sum with respect to p and v. 
. Using the methods of inequality (3.7) and the fact that 


© 
(3. 41) È (1/7) S 1/6" 
we get | 
(3. 42) È 3 t pds dt 


ee x (8—1)? (a — 
< L+€ 72 
0, SE g ONES gle t DI 
< 164: S (B — 1)? (a —1)?[log(a + 1) ] taas X 474 Èr 
i p=p’ p= 
< (4/3) (1644) È (8 —1)*(a—1)*[log(a + 1)]ateper*p 
= (64/8) de È [log (a +1) ] naag < 0, 


where p’ = E|loga] — 1 if «542, p’ = 1 if a= 2. Hence by Corollary 2.1 


O 
the series of positive terms, $, vty, is convergent a.e. in Q. Therefore 


Pvz 
2q4+1-31 24- 
(8. 43) ia > ges lim f £ -SÈ — Jt pe = 0) 
DiQ—>OO p=2t pg =l a=1 a= 


a.e. in Q. Whence by the definition of ¿pv and inequality (3.36) it 
follows that 
& yr (8—1) (¢—1) i 
3. 44 l A Og 2 == 0 a. e. i 
(3. 44) jm SE 3 ER appa] e. in Q 
We may discuss the sum given in (3. 3liii) in the same manner as we 
have done for (8. 311i) and it follows that 
2qtl_y m 


(3. 45) lim S S 


la val = ae in Q, 
MYu P= ear ve aa ET) ava Pavar | t 


In inequality (3.36) used with the summand ¥),, of sum (3. 31ii) 
the right side is a monotonic non-decreasing sequence with respect to p. 
Denote it by ¢@,. Multiply tp by v and sum with respect to y for 
v= 1,- -,n. The resulting sequence {Tpm} is monotonic with respect to 
both p and n. Integrating over the rectangle Q we have by the same pro- 
cedure as used in inequalities (3.37), (8.39) and (8.42) that 
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(3. 46) J, Inds dt < 44.3 > 3, EL = ot [log (a + 1) Jaap 


Do 
< 44A: X (8—1) [log(« + 1) ]***a%G ŞS y`’ 
a=1, B=2 v=B 
= 4A, S loz (a + 1) ] aag. 
a, B=1 


Hence by Theorem 2.1 the sequence {Tpn} approaches a limit a.e. in Q as 
p and n—> œ. Consequently 


2g+1-1 l 
(3. 47) lim > yt), = lim [Tp, otti ees Tp, 2ta] = 0 a.c. In Q. 
MQ-POO v=24 p4 >% 


Therefore from inequality (3.36) used with the summand ¥®),, it follows 
that 
29411 


(3. 48) lim $ v( > See 


am LA e T 7 Gapbap)* = 0 a.e. in Q. 
The sum (3. 3liv) may be discussed in a similar manner and we get that 
24+1-1 m 
(3. 49) m AO ea = i 
Now from formulas (3. 30) and (3.31) and the Schwarz inequality we 
have that 
(3. 50) [o(m, v + 1) —o(m, v) }? 


< Af (EHa(m))* + (ZV)? + (Žara)? + (ZPPava) 7 


ha,verbaver)? == 90 a.e. in Q. 


Hence it follows from the conclusions expressed in (3.44), (3.45), (3.48) 
and (3.49) that if the series (1.81) converge, then 


(3. 51) lim > Rect v+1)—o(m,v)]?=0 a.e. in Q. 
Mg» v= 


Similarly if series (1. 8ii) converge, then equation (3.27) may be proved 
to hold, which completes the proof of Lemma 3. 4. 


3.5. The following theorem gives a sufficient condition for (C, 1,1) 
summability. 


THEOREM 3.2. If the series (1.8) and 


S Dog log(m + 8) ]*[log log(2 + 3) ]?a?mn 


menzi 
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all converge, then the double orthogonal series (1.3) is C, 151) summable 
a.e. m the rectangle Q(aStSbesysa). 


Proof. This theorem is a consequence of Theorem 3.1 and the following 
theorem which is due to R. P. Agnew [1, Theorem 16. 1]. 


THEOREM., If the coefficients ‘in a double orthogonal series are such that 
Log log(m + 3) ]*[log log (n T 8) 2a? mn 
My n=1 


is convergent, then there exists a function f(x,y) such that lim §(2?, 22) 
Paw 
== f(x, y) essentially umformly over Q.? 


Theorem 4.3 [1] would also give a sufficient condition for (C, 1,1) 
summability of the double orthogonal series. 
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3 Essentially uniform convergence over Q implies convergence a.e. over Q. 


NOTE ON THE PROPERTIES OF FOURIER COEFFICIENTS.* 


By Cxrne-Tsitw Loo. 


1. Introduction. In this paper we shall consider the Fourier series of 
real-valued and L-integrable functions of period 27. We shall often consider 
only ‘even or odd functions. Even functions will be denoted by f(a), and 
their cosine Fourier coefficients by an; odd functions will be denoted by g(a) 
and their sine coeilicients by bn. Thus 


(1.1) f(z) > Qn cos ng, g(x) ~S br sin na, 
. n=l n=l 


assuming for simplicity that the integral of f(s) over (0,27) is zero. We 
shall write 


n o0 
(1. 2) Ay = 1/n > a; A*, = 2, ay/k, 
k=1 kzn 


and similarly we define Ba, B*,. If the series 


oO oo OO wo 
(1.3) 3 Ancos nz, >, An sin ng, >, A*n COS ng, > A*, sin na 
n=l 


nal nal n=l 


are Fourier series, the functions they represent will be denoted by Fe, F's, 
a E F*, respectively. Similarly we have Ge Gs, G*c, G*s. 


Hardy [2] proved that if f(x) e I? (lSp< œ), then ŞS An cos ng is a 


n=l 


Fourier series of the class L”. Recently, Bellman [1] proved! that if 

f(s) ee (l<p< ow) then X A*,cosne is a Fourier series of class L”. 
n=1 

Here the restriction to p >1 is essential, since for p = 1 the numbers A*s 


OO 
need not exist, as the familiar example of f(x) ~ X cos nz/log n shows. 


n=2 
On account of the well-known theorems of M. Riesz (according to which 
the series conjugate to a series of the class Le (1< p< œ) is also of the 
class DZ?) the results of Hardy and Bellman show that if f(r) e DP 


* Received January 27, 1948. 

1 The result of Bellman was also obtained by Kawata and Sunouchi [3], T4]. 
These two papers came to my knowledge only very recently after the results of the 
present paper had been obtained. Though the Kawata-Sunouchi theorems have points 
in common with my results, none of the theorems established here is proved in their 
papers. 
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(1 << p<) then all the series in (1.3) are Fourier series of the class Z>. 

The arguments of Hardy and Bellman can also be applied to show that if 
OO 

g(s) e L? (1Sp< œ) then > B, sin ng is a Fourier series, and if g(x) e D? 
n=l 


OO 
(1<p< œ) then > B*, sin ng is a Fourier series, both of the class D. 
n=l 
By making use of M. Riesz’s theorem we see that if g(z) e Le (1< p< œ) 
then the four series obtained by replacing the a, in (1.3) by bn are also 
Fourier series of the class £?. The purpose of this paper is to investigate the 


cases’ p = 1 and p== œ. They are delicate and interesting. 


2. First, we shall consider the four cases corresponding to the result 
of Hardy. We formulate Hardy’s theorem in the case of p—1. 


x 
THEOREM 1. If f(x) eL then >) An cos ne is a Fourier series. 
n=l 


By making use of Hardy’s analysis one can also prove 


OO 
THEOREM 2. If g(x) eL then X, Bn sin na is a Fourier series. 
n=l 
It is interesting to observe that in general, the condition f(z) eZ does 


oD 09 
not imply the Fourier character of $, Án sin ng. For J, cos ns/logn is the 

n=l n2 
Fourier series of an even and integrable function but the corresponding 


n OO 
Án = 1/n X 1/log v = 1/logn and Ssinnz/logn is not a Fourier series.” 
po? n=2 


CO OQ 
In this case we see that > a, sin nz is a series conjugate to f(x) ~ F, an cos ng. 
nzi n=l 


` It certainly represents a Fourier series of f(z) if |f | logt |f] eL (a theorem 

of Zygmund: if |A |log*|A]eL then heL, where h is not necessarily con- 

fined to be even or odd, and h is the conjugate function of h). We also 

observe that 3 a, sin ng is a g(x) with an = dn. By using Theorem 2, we 
n=1 


a . 
conclude that © A, sin ng is a Fourier series. Thus we have 
n=i 


m 
f] logt |f| eT then X Annin nr is a Fourior sorios. 
n=l 





T'HEOREM 3. lf 


Using Theorem 1 and applying a similar argument we can deduce 


* Of course it does not follow from the fact that 8, œ P’, that the behavior of the 
series $8, sin ny and 2A’, sin nw is exactly the same. However in our example (and in 
similar examples that follow) the assertion is justified by the very regular structure 
of the sequences {8, | B'an} {B'an | 8,,}- We omit the proofs which can easily be supplied 
by the reader (see for example Zygmund [6]). 
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æ i ‘, ri y 
4 Spt 
r; * essa 
È ae Fusy a 
35” ate Ayat 
7 zs & +h, a a” nol 
k ? 


5 
a oF 


» fp > ye 


me a a? 
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00 De. 2 ; 
THEOREM 4. If |g|logt|g|e€L then > Bn cos nz is a Fourier series. 


We shall now consider the four cases corresponding to the’ result of 
Bellman. To make the situation clear, we note the following examples. We 


OO 
see that f(z) ~~ 2) cos nz/log n is even and integrable but A*, == $ 1/v log v 
naz vzn 


f - oO x9 
does not exist. This means that the series X A™,cosnz and $, A*, sin ng 
n=2 n=2 


in general have no meaning. We also see that g(s) ~ Ysin ng/ (log n)? is 
n=2 i 


odd and integrable but B*, = $ 1/v(log v)? = 1/logn and $ sin ng/log n 
y=R n=2 


is not a Fourier series. However, the following theorems can be established: 


CO j 
THEOREM 5. If |g |log*1/] æ] eL then X, B* sin nz is a Fourier series. 


nzi 


o0 
Turorem 6. IF |f|logti/|aleL then X A*, cos ne is a Fourier series.? 
n=l 


THEOREM 7. If |g|logt|g|eL then 5 B*, cos ng is a Fourier series. 


- n=l 
It is interesting to observe that the condition |f | log*|f|eZ does not 


imply the Fourier character of > A*r sin ng as shown by the example 
n= 


f(z) = cos ng/ (log n)?. From Theorem 5 and the theorem of Zygmund 


that if || (logt|h&|)*e L, «> 0, then | h | Qog|h|+2)*eL, we can 
deduce the following 


Tueorem 8. Jf |f|log?|fleL then 5 A*, sin ne is a Fourier series. 
n=l 


Indeed, under the condition |f | log? | f|eZ we have 


oo = OX 
f(z) ~ F, dn cos NT, f(z) ~ $, an sin ng 
n=i mel 


and |fjlog(|f|+2)eL. Since f(z) is a g(x) with an = bn it follows 


from Theorem § that ŞS A%, sin nx is a Fourier series. 
n=1 : 
3. This section is devoted to the proofs of Theorems 5, 6, 7. Following 
Hardy, we modify the definitions of An, A*n, Bn, B*n, and write 


‘The condition given in Theorems 5 and 6 is less stringent than |’ | log+|h|eZ 
(Zygmund [6], p. 106, ex. 4, 5.) 
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n o9 
An = 1/n X, dy — a,/2N, A*n = X, Qv/v + an/2n, 
p=i 


è v=R+1L 


with similar formulas for.B, and B*,. With these new definitions one gets 
similar formulas, and the difference between the old and new A, (or A*n, 
etc.) being o(1/n), the difference of the corresponding functions is a 
function integrable in any power (by. a theorem of Hausdorff-Young) or 
even exponentially integrable (see Zygmund [5]). We shall use two well- 


known functions. The odd function $(7#— 2) ~ $ sin ng/n (0 <85 r) 
; n= 
~ and the even function log 1/2 sin 4a my cos nz/n (0 < er). The method 
n=l 


used is to find explicit formulas for the functions with A*, and B*, as 
Fourier coefficients. 


Let 
(3.1) a(z) = $ (r sgn v — r) ~ S sin nz /N. 
Tt is easy to see that i 
(3. 2) Sipe i/e | gatt, 
and that i j 
> b» cos v£/v == 1/r S5 (t)a(a + t) dt. 


Hence 
by/y = 2/x? f “cos vE IROLE -+ t) didz, 
0 T f 


and (taking into account that the integral of 3) bv? cos yw over (0,7) is zeru) 


v=1 


È by/v — bn /2n = 1/2? fin ng cot 4a Si (t)a(a + t)dtda. 
Subtracting the last formula from (3.2), we thus obtain 
B*, = > b/s +. by/2n 
at Lx" {su me cot 4a Sie lait) —ala + t) ldtde: 
== 1/7? S sin nx cot 4a Joe [2a(t) — a(z -+ t) + a(x — t) didz. 


It remains to establish the integrability of the function 


(3. 3) ZL cote | g(t)M (a, t)di 
0 
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where Ds , : 
(3. 4) u M (x,t) = 2a (t) — a(s -+ t) + alr — t). 
Tt is easy to see that for 2 and t both in the interval (0, r), 
PE ee v M R 0 (t >T), `: 
(3.5) Mh — F(A Hml) | 2 R 


This follows immediately from the definition of a(x). Hence 
I= { “cot 4r f OMG, t) dtdx 
0 7 0 
T v 
= y fot ao f g(t) dtd, 
0 0 


| I| S20 Jia in g(t) | dtda = 2x Sia JS "(/e)deat 
= 2n | 7 9(t) | (log x/t) at 


and. 


Theorem 5 is thus proved. l 
In order to prove Theorem 6, we argue as before and we get 


Say/v —an/2n = 1/r? | (1—cosne)cot3e Í F(t)a(a + t) dtd: 
(3.6) ara An/2N x cos NX) CO se fj a(x t 


== | /x* J O —cosna)eot de f FO [a(x +- t) + a(s — t) |dtdr. 


It suffices to establish the integrability of 


(3. 7) 4 cot de f FON (x, tae, 
where 
(8.8) N(a,t) =a(e+t) +a(z—t), 
since then 


f ‘cos ne cot ło f FON (a, t) didz — 0 
0 0 


as n—> œ by the Riemann-Lebesgue theorem. Thus 
00 "or ar 
> a/v = 1/n? f cot 4a J f(t) N (x, t) dtdz, 
y= 0 0 


by (3.6), and therefore A*, == > a/v + @y/2n is the Fourier cosine coefficient 
Venti . 
of (3.7). 
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We observe that for æ and ¢ both in the interval (0, 7), 


(3.9) N(x, t) —4r(1 + sgn(@—t)) a=} * este 


Hence 
fest Be J FONG, t) dida 
= Í. "cot da J E of) dtde — J “ecot d2 S *(t) dida. 


The absolute value of the second integral is majorized by 2r Í 1 f(#)| dt, 
0 


while the absolute value of the first integral is majorized by 


an fe SIFO dae f O1 J A/a)avat 


=r f IFO (n/t) dt. 
0 
Theorem 6 is thus proved. 
The method used to prove Theorem 7 is similar. We shall need the 
following 
Lemma. Let 6(x, | h |) = 6(a, | h |, a, b) = sup 1/(@ — é) fi h(t) | dt. 
£ 
If |h | log*|h |e L(a, b), then 8(z,|h|)eL(a,b) and 
b b 
EAL des B f | h| logt} h | de +0 
g a 
where B and O depend on b —a only. (cf. Zygmund [6]). 
Since 
OO " & 
g(s) ~ 3S basin ng, log 1/2 | sin 4e | ~ F cos na/n 
n=ti 


wal 
we have 


— È bn sin nz/n—= 1/e È g(t) (log 1/2 | sin (x+ t)/2 |) dt, 


It follows that 
b/v =—2/r* f Tin ve f'att) (log 1/2 | sin (a + 2)/2 |) dbde 

and that 

> by /y — bn /2n 

Í P E J G—cos nax)cot 4 Saw (log 1/2 | sin (æ -+ ¢)/2 |) dide 

whee Í (1 — cos nz)cot 42 Í. g(t) log | (sin (£ — t) /2)/ (sin (£ + ¢)/2) | di 
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As in the proof of Theorem 6, it suffices to prove that 
(3.10)  —1/2m cot ae f 90) log | (sin (z — t) /2)/ (sin(z + t) /2)| dt 
9 


is integrable. Let us write G(x) = f “g(t) dt. Since |g|log*|g| is 
0 
integrable, the integral 


(3.11) Jf log | (sin (z — t) /2) / (sin (£ + t) /2) | dt 


exists (see Zygmund, [6], p. 106, ex. 4). Moreover, it is not difficult to 
see that G(s + «)— G(x) =o(1/|loge|) as e>-+0 (see Zygmund [6], 
p. 105, ex. 3; the general result stated there only gives G(s + «) —G(z) 
== O(1/| loge |) but the passage from ‘O?’ to ‘o’ is simple). Thus if we 
split the integral (3.11) into the integrals over (0,x) and (#,7), integrate 
each by parts and add the results we find that (3.11) equals 


(CG) — @(@)) log | (sin(w—#)/2)/(sin(w-+ #)/2)| } 


T (G(t)—G(x))sinz | 
+f, 2 sin (z — t)/2 sin (x + t) /2 á 


= |” (G(i)— G(x)) sing Ji 
o 2sin (x —t)/2 sin (z+ t)/2 ` 


In order to prove the integrability of (3.10), it suffices to prove that 


| Q(t) —G@(a)| 
ete) Soot see f” +f" Fn a — t |/2) sin (a + t)/2 dda 


Sod: 
is bounded. 


It is easy to see that 


a | G(t) — G (x)| 
= ooo np dda. 
nsf J, ‘sin (| s — t |/2) sin (w + #)/2 di 
If we notice that 4 | s — t| and 4(x+¢) are both positive and not greater 
than 7/2, we can use the formula sin 0 =2(2/r)6 in (0 = 0 S 7xr/2). Thus 


em neef S (POT IE) alae 


| G(t) — G(x) | , Wt 
= of" CS +f) Sens +I” 
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say. Now 
Vise {i/o J" G(x) — G(t){/(e—#)) dide 


Sat f6(2,|gl)/2 f aiden f (a lg |)ae, 


Isa f" x G(t) — G(x) |/ (t — 2) t) didz 


22 S; MEA 
= qr" fo | g Dit J deat —at f be, | g |) dt, 


and it follows that 


and 


(3. 14) Ty SII, Se? f | g |)ae. 
Also, 

ik | G(t) — G (x)| 
(Pa a Í. Sa (| c—t|/2) sin (£ — t)/2 alo 


T | G(t) — G (x)| sin g 
+S Poa S sin (|æ — t |/2) sin (0 —2)/2 one 
= P, +I", 


To treat J’., we notice that ida S(T -+ i)/ 5 37/4, so that sin(x -+ t)/2 
=> sin 3r/4 = 1/ V ?, and 


J'a SE Ven f" N (| G@) — G(s) /| z — t Ddide = aVR f Olz, | g |)da. 


Lastly, in J”, we have | cot 4s | = 1 and sin (2 + t)/2 È sin (x + r)/2 
== COS 1/2, since 7/2 (æ + t)/2 Sr. Therefore 


r (x| G(t)— G(z)| sing 
N E Me A EERO 
ss ssa fi J 2|2—t|cos2/2 sas 


= S SERO iiaeaa fOe gae 


Hence 
(3. 16) ESAE a- 6n? f Ole, |g |)de. 
0 
Combining (3.12), (8.14), (8.16) we find that the integral in (3. 12) 
is certainly bounded by 87? f O(a, | g |)dz. An application of the Lemma 
$ Q 


stated above completes the proof of Theorem 7. 


NOTE ON THE PROPERTIES OF FOURIER COEFFICIENTS. oT 


4. In this section we shall always assume that our functions f(z) and 
g(x) do not exceed 1 in absolute value. Under this n we shall 
investigate the integrability of exp À | Fe |, exprA| Go|, 

We first recall the proof of Theorems and 6 in K a see that it 


g(x) ~ > bn sin næ then 
(4. 1) Ga 5 z cot 30 fi g(t) M (2, t)dt~Z Bs sin me, 


where M (x,t) is defined by (3. 4) and has the proporties i 5). We also 
see that if f(z) ~È dn cos NT, then 


(4. 2) F*, = = cot de FONG ‘dt ~ SA, COS NT, 


n=1 


where N (x,t) is defined by (3.8) and has the properties (3.9). We easily 
deduce from (4.1) and (4.2) the following results. 


Tuxorem 9. If | g(x)| <1, then | G*,(c)| <1. 
THEOREM 10. If | f(#)|=1, then | F*,(x)| S2. 


From the above two theorems, from the theorem that if | 4(x).| 5 1, then 
exp à | A(x)| is integrable for every A < r/2 (Cf. [5]), and from the facts 
that G*.(v) is a G*(x), and F*,.(x). is an F*,(a), We thus obtain the next 
two theorems. | | oe 


~ THEOREM 11. If | g(a) |S 1, then 


f'apa | G*o(£)| de < œ 
: ‘0 ; 
for: every A< $r.. o, T 
-o THEOREM 12. If | H(2) | < |, then 
f expa | P*, (x)| da, < œ 
a7 0 ; j 
for every À < 4dr. 


In order to deduce the corresponding properties of -exp A | F,(«)!, 
exp à | Ps(x)|, expa| G*.(v)|, expr] G*(x)|, we shall make use of an 


argument from Hardy’s paper [2]. He proved there that if f(a) rw 5 An COS NT 


nzīíi 
then 


(4.3) | EEE KEETE PIE S.A, ona 
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% 


In the same way, we can prove'that if g(x) ~Y bn sin ne then 


n=l 
(4. 4) Ge(£) = 4 f cot sug (u)du~ 3 By sin nx. 
x nzi 
From (4.3) and (4.4) and from the inequality 
(4. 5) I4 f cot d uf(u) du |< J tuu = og n/T, 
we obtain ° ý 


Turorem 13. If |f(e)| S1, then 
fpa | Fe(2)| dæ < œ 
for every A’ <1. i 
THEOREM 14. If |g(x)| S1, then 


f Tapa | G(x) | dz < œ 
for every A< A i 
In order to deduce further results we require the following 
THEOREM 15. If |h| <1, then 


(4. 6) A= | J Ecot tdt | S1/rlog? 1/x + O(log 1/z), 


where h(t) = | /2r fame tan 4(¢ — u) )du ‘is the conjugate function 
of h(t). ` a 

Since its proof is rather long, we shall postpone it to 5. 

If we start with a bounded odd function g(z) ~ È bn sin nz, then 
g(r) ~ Si bncosnz. Observing that g(a) is an f(z) with bn = an, and 
making use of (4.3), we have 


(4.7) Gra f (4) cot 4t dt ~ > By cos na. 
æ nr 


Using Theorem 15 we thus ublain 
THEOREM 16. If | g(x)| <1, then 
f expa | G.(@)| *#de < œ 
° 
for every N < r”. 


With a similar argument, we obtain 
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Turorem 17. If | f(x)| 51, then 


fa | Fa(x)| dz < œ 
for every A < r%. 


5. Proof of Theorem 15. We shall estimate the integral 


(6 1) Asi | f cott f (i (u)/2 tan $ (¢—u))dudt |. 


We notice that we can interchange the order of integration here (for the 
inner integral is a Cauchy integral). If we let 


ʻ t-€ w+ ‘ 
felt) = 1al J+ J Sow tangtu du 
= 1 /or fag +u) — h(t — u)/2 tan gu) du, 
then by a theorem of Zygmund (cf. [6] pp. 249-250), the function | fe(t) | 
is certainly bounded by an integrable function independent of e. Hence 


by the very well-known theorem of Lebesgue about the termwise integration 
of sequences of functions majorized by integrable functions, 


2 J cot at tim ( f SJ). ew) 2 tan $(t— u) ) dudt 
=lim 2 Sf cot it ( S3 So (h(u)/2 tan 4 (t — u) ) dudt. 
We now interchange the order of integration and let e—-+ 0, then we get 
(5. 2) 2. Siw fa cot $t cot 4 (t — u) dtdu. 
Using the identity 


cot ¢ cot (t—— u) == cot u (cot {t — u) — cot £) — 1, 


we reduce the above integral (5.2) to 


(5.3) 5 fiw cot u/2 J Hoot 3(¢—u) — cot 4¢]|dtdu +-O(1). 


, ar Ene, s 
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In order to establish (4.6), we have only to prove that 


(5. 4) fi 4 cot u/2 f Hoot 4(t— u) — cot ft] dt | du 


= log” 1/2 t 2 Coe 1/z). 


In the following salen cas we “aha vasa suppose that af >2z> 0. 
We start our proof by first integrating the inner integral of (5.4). We gel 


(5.5) — f hoot 4(¢— u) — cot ți ]dt 
g . 
== log | sin 4z/sin $(a — w)| — log (1/cos u/2). 


Since the integral 


fi $ cot u/2 log 1/cos u/2 | du, 


is a finite constant, it is enough to estimate 


(5.6) I= f "| $ cot u/2 log | sin 4o/sin $ (2 — u)| | du. 


We observe that 


log | sin $a/sin $(a —u)| Ss ) 


Hence J can be written as follows 


log sin 4g/sin $ (u — x) for u >z, 
log sin 4g/sin $4 (g — u) for u < z. 


(5.7) I= fi 4 cot u/2 log sin 42/sin 4 (£> u) | du 


+m cot u/2 | log sin 42/sin 4 (u — v) | du = I +I, 


say. We shall reduce I, to the form 


sin 4a 
n=f3 cot u/2 OB (oa) 
me as sin dar 
Ja cot u/% log— eT 
sin 4z 
= f3 cot u/2 log tip a) eee 
and combine this with 
sin $2: 


I, = fa 4 cot u/2 log— 


n 3 (u— 


du + fa cote tog B2 a du 
sin pa 
an + J3 cot u/2 | log ae ay tea) | du 


noe (f+ fF Sa susp eee 


sin 4a 


PT +3 , ost u/2 | es | du. 
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Thus we get 


r sin (a + u) fi sin 3(# + u) 
Te J Foot u/2 antes Be u/2 A Ga) du 
5 gin 4(a@ -+ u)sin 4(u — z 
j = K, + K, + Kz. 


Applying the transformation cot $æ tan 4u = y to Kı, and noticing that 


sing(v-+-u) 1+ cot ġe tan gu 
sin 4(s—u)  1— cot 4z tan 4u’ 
we have 


(5.9) K= (cot 32)? f y= (y? + (cot 4)2)) log ((1 +y)/(1—y))dy 
< f y*log (G +9)/(1—9))äy 


This integral is evidently convergent. 


By applying the same transformation to Ke, we get 


2/ (4-tan? 2/2) 


(5.10) Ke fy [log ((y +1)/(y—1)) lay 
Sf y Dog ((y + 1)/(y—1)) lay, 


which is again a convergent integral. 

Lastly making the change of variable sin du = y sin 32 and noticing that 
sin 4(u-+ x) sin 4(u— z) = (sin 4u cos 42)? — (cos 4usin 47)", we reduce 
EK, to the following form 

*i/sinie 


isin da 
(5.11) . K= y> log(y27—1)dy = Pi log y?dy 
2 


2cos a /2 
; i/sin $e 
= J, Cg y/y) dy = log? (1/sin 3a) 


= log? 1/e + O (log 1/7). 
Thus we have 


I = Kı + Kı + K; Slog’? 1/2 + O(log 1/z). 


Theorem 15 is thus proved. | 
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ANALYTIC CONTINUATION OF FACTORIAL SERIES.* 
By V. F. COWLING. 


The object of this paper is to extend to factorial series some results on 
the analytic continuation of Dirichlet series proved by the author.* 

The fundamental results for factorial series are to be found in the books 
and papers of E. Landau [2], Milne-Thomson [3], N. Nielsen [4] and N. 
Norlund [5]. A very complete and systematic study is to be found in NGrlund. 

We shall prove the following theorem. 


THEOREM. Let 
(2) = Sannt/e(e+ 1) + (+n) 


with abscissa of convergence y < + œ. Let l, be a given real number. Let 
I—1<h<Ilwherel> | 1, | is integral and positive. Denote by A(h, Yı, Y2) 
a region of the w-plane y, 5S Arg(w—h) Sy, where 0 < yi =E r/2 and 
— 7/2 Swe < 0. 


Suppose there exists at least one set of real numbers h, l, L, K, Ri, yı and 
wo, where h, l, yı and y: are subject to the above restrictions, and a function 
a(w) satisfying the following conditions simultaneously. 


a. With the possible exception of the point at infinity a(w) is regular 
in the region A(h, Wr, Y2). 


b. a(n) =n n==11+1,--°. 
ce For w=h-+ Re in the region A(h, Wr, We) - 
a(h +- Ret?) = O[R* exp(— LR sin y) ], 
for R= R, and some 0< LD < 2x. 


Then f(z) may be continued analytically over any closed bounded region 
contained in the half-plane Ri(z) >l, not containing any of the points 
z==0,—1,—2,---. 


Proof. Suppose then for a given function f(z) and a given real number /, 


* Received May 24, 1948. 
See, Cowling, V. F. [1]. Numbers in brackets refer to the bibliography at the 
end of the papèr. l 
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there exists a set of constants h, k, L, Ri, yı and yr satisfying the conditions 
of the theorem. i 

Denote respectively by J;, I, and c the sides of a contour T (h, R’) bounded 
by the lines w = h + Ret: and w = h + Rett: and arc y, S Arg (w — h) S p 
of a circle | w — h | = R of integral radius K’. 

Let z be any complex number subject to the restriction that R(z2) > h. 
Then since by hypothesis 7 > | 1, | it follows that none of the solutions in w 
of w + z- 1 == N, N=0,—1,—2,:- - are contained in a region bounded 
by T(h, R’). Denote by B any closed bounded region contained in the half- 
plane (z) > 1, which does not contain any of the points z = 0, — 1, — 2, +. 

It is then simple to show by means of the Calculus of Residues that 
(integration being understood in the positive sense) for z contained in the 
half-plane R (z) > 1, 


; wT(w)IT(z)a(w)dw eie a(n)n! 
ri I gaa + 1) [exp (2riw) —1] =a a(z-+-1)+--(z+n). 


TOR’) 


(1) 
Set 
(2) G(2,w) =uT(w)T(z)a(w)/{T (2 + w + 1) [exp (2riw) —1]}. 
We proceed to show that 


Í G (2, w)dw 
c 


converges uniformly to zero as R’ becomes finite for z on a closed bounded 
portion of the real axis contained in the half-plane R(z) >h. 
On the arc C 


(3) | exp (2riw) —1] ~ = O(1). 
This follows from the periodic character of the function and the fact that w 


‘is bounded away from an integer by our choice of h, / and K. 
From the identity 


1/{exp (2riw) — 1} = exp (— 2riw)/{1 — exp (— 2riw)} 
it tollowo thal fur w uu C 
(4) | exp (2riw) —1|+—Ol[exp (27R sin y) I. 
This inequality is useful for —7/2 Sy < 0. 
By a well known result [4; p. 96] from the theory of the Gamma Func- 


tion, if we let z denote any complex number independent of w contained in a 
closed bounded region, then we may write | | 
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(5) TP (w) w*/P (w +2) = 1+ e(z w) 


where e(z, w) tends uniformly to zero as w tends to infinity in such a way 
' as to be bounded away from the negative real axis. In the definition of w? 
we take that branch of log w which equals zero for w—1. 

By application of condition (c) of the hypothesis and equations’ (3), 
(4) and (5) to equation (2) we obtain after simplification, for w on c, and 
z =r on an interval of the positive real axis contained in the. half-plane 


R(z) > li, 
(6) G(2,w) = OLR exp(— LR siny — r log R’ — rN (B’, y))], 


0<y<7/2; 
= O[R’** exp( (2r — L) R' sin y — r log R’ —rN (R, y) ) J, 
E SO; 
where 
(7) N(R’, y) = Flog (1+ h?/R? + 2h cos y/ R’). 


Clearly N(A’,y) converges uniformly to zero as R’ becomes infinite for 
Ye SYS th. 
Thus after some simplification it follows from (6) that 


(3) > J G(,w)dw = OLR], 


By inspection of the right hand member of (8) it is evident that the 
integral along c converges uniformly to zero as R’ becomes finite for z = r 
on any closed bounded portion of the positive real axis contained in the 
half-plane R(z) > 1, for which |z | =r =k +2 +8, 8>0. 

Hence for z == r on a closed bounded portion of the positive real axis con- 
tained in the half-plane R(z) > 1, for which |2| = r = Max [k + 2 +8, y +8], 
ô > 0 we have 


(9) Iep) +I (oa) —Daln)ml/a(e+1)--- (e+), 
where 


Jle ya) =f G (z, w)dw and J (z, Ja) = | G(s, w) aw. 


We next consider under what restrictions on z, J(z,W,) and J(2, ya) 
converge uniformly. We omit the details in view of the fact that they are 
quite the same as in [1] at this stage. | 
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By application of condition (c) of the hypothesis and equations (3) and 
(5) to equation (2) we find after some simplification that for z = ret? con- 
tained in a closed region B 


(%9) oO 
(12) J ot h + Res) dk = OL f Reres exp (— LR sin y, )dE]. 


It follows immediately from (12) that J (z, yı) is uniformly convergent 
for z = ret? contained in the region B. Hence by a well-known theorem 
[6; p. 99] it follows that J (z, yı} represents a regular function of z in any 
such closed region B. 

We consider next the uniform convergence of J (z, y). Again it is 
simple to show that for z in the region B 


OO 
(13) f 6, h + Rls) dk = O[ [Bees exp (R sin W.(24 — L)) dR]. 
i Ry 


Since 0 < L < 2r by hypothesis and sin y is negative if is easily seen by 
inspection of the right hand member of (13) that J(z, ya) converges uniformly 
for z == re?’ contained in a region B. As above it is then simple to demonstrate 
that J(2, Y2) defines a regular function of z in a region B. 

As the region B may be chosen so as to include any bounded portion 
of the positive real axis for which |z | = r = Max [k -+ 2 + 8, y + ô, h + 8], 
§ > 0, in its interior, it is a consequence of (9) that J(z, yı) + J(z, y) 
provides the analytic contitnuation of 


f(e) — È ayn l/a(e+ 1) >> (24n) 


Q 


over any closed region B. This completes the proof. 


LERIGH UNIVERSITY. 
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REPRESENTATIONS OF SEQUENCES OF SETS.* 


By C. J. Evererr? and G. WHAPLES. 


A class of sets is representable if there exists a choice function which 
assigns to each set in the class an element of that set, in such a way that 
the same element is not assigned to two different sets. To handle in a precise 
manner the more general—though scarcely more difficult—case in which 
the same set might be counted more than once, we define a sequence of sets 
to be a mapping of a set T (whose elements y shall be called indices) into 
subsets M(y) of another set E (whose members shall be called elements), 
with no assumption that all subsets of E appear among the M(y) or that 
different indices correspond to different subsets. We denote such a sequence 
by (M(y),T) or, if the mapping M is clear, by “sequence on T.” By 
subsequences, intersections of two subsequences, etc., we mean sequences on 
subsets of the index set, on intersections of two subsets, etc., all with the 
same mapping M. A sequence is called representable if there exists a choice 
function f which assigns to each index y an element f(y) of the corresponding 
set M(y) such that the same element is never assigned to two different indices. 


1. Generalization of Hall’s theorem. A sequence shall be called finite 
if its set of indices is finite. For such sequences, P. Hall [2] has proved: 


THEOREM 1. A finite sequence (M (y), T) is representable if and only 
if it satisfies the condition 


(H) For every integer k and every set & of k indices, the union of the sets. 
M(c) with o&% contains at least k elements. 


For the convenience of the reader we insert a new and short proof.” 
(H) is clearly necessary for representability. If we introduce the notation 
+t E for the cardinal of a set F, and M(3) for the union è? of all sets M (o) 
with oe 3, then (H) can be restated: l 


'* Received November 5, 1946; revised May 21,. 1948. Presented to the American 
Mathematical Society, April 25, 1947. 

t Part of the work of this author was supported by the University of Wisconsin 
Alumni Research Foundation. 

2 The basic idea of this proof was suggested by a conversation with P. Erdös; he has 
an independent proof of our Theorem 2, using transfinite induction and the above 
method of deletions. W. Gustin also contributed improvements. 

3 We shall use this abbreviation throughout the paper. A more common convention 
would have M(=) mean the class of all sets M (e), rather than their union; but we 
have no need of this class of sets. 
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Ht M(3) = # 3 for every ZGT. 
Call the subsequence on X perfect if # M(3) = # 5. 


Lemma 1. The union and intersection of any two perfect subsequences 
of a sequence which satisfies (HL) are perfect. 


Proof. Let the sequences on 3; and 3, be perfect. By (H) we have 
already : 
# M(3. U 32) = # (3: U 32). 
Also, 
# (3 U 32) = # 3, + # Z H (BM) 3e) 
and 
# M (31 U 3e) < # M (31) + # M (32) — # M (3: N 3) 
, = # 3+ # 3.—F M(3 1) 3). 


Since, by (H), # M(32: N 32) = # (3: N 32), we get # M(3 U $2) 
< + (3: U %.), and the lemma follows. 


Proof of theorem. It is trivial for all sequences with # T = 1; assume 
it for all sequences with less than n indices and suppose that (M(y),T) 
satisfies (H) and that T= {1,2,- - -,n}. For each element e of the set 
M (n), consider the sequence obtained by deleting e (if it occurs) from each 
M(y) and letting y run over IY = {1,2,---,(m—1)}. If, for any such e, 
the corresponding sequence should satisfy (H), then it would be representable 
and we could get a representation of the original sequence by assigning to n 
this element e. Suppose then that none of these new sequences satisfies (H). 
Then there must exist, for each ee M(n), a set of indices Xe such that: 


3e CI’, hence né 3o and + (M(3-) — {e}) < # Xe. 


Since delction of e can change the cardinal of M(3e) by at most 1, and 
since the original sequence satisfied (H), we see from the second relation 
that M (Se) always contains e and that the sequences (M(c), Ze) are perfect. 
Let 3’ be the union of the Xe; then the sequence on ¥ is perfect and 
MCS’) Mn). Mence the acl Z, ublained by adjululug n lo the šet 3’, 
contradicts (H). (# M(3) = # M(X) = # 3—1.) 

Halls theorem would be false if the restriction to finite index sets were 
dropped. Teo see this, let T be the set of all positive integers together with 
the symbol w, and define M (n) = {n}, M(w) = set of all positive integers. 
Then (H) is true, even for infinite index sets. But one sees easily that no 
number will work as the representative for w, so this sequence is not repre- 
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sentable. In view of our Theorem 2’, we point out that it has the further 
property that every finite subsequence is representable. 

We prove however the following generalization of Halls theorem, which 
has no restriction on the cardinal of the index set: * 


THEOREM 2. If (M(y),T) is any sequence of finite sets (i.e. if each 
M(y) is finite) then it is representable if and only if # M(3) = #3 for 
every finite subset & of T. 


In view of Hall’s result, this is equivalent to: 


THEOREM 2’. A sequence of finite sets is representable if and only if 
every finite subsequence is representable. 


Proof. Let (M(y),T) be a sequence of finite sets, with every finite 
subsequence representable. A function f, defined on a subset A of the index 
set to the set Æ, shall be called a universal representation function (u.r. £.) 
if every finite subsequence has a representation which agrees with f for all 
indices for which f is defined—i.e. if each (M(c), 3) with finite $ has a 
representation r with r(e) == f(e) on 3f) A. (This implies, of course, that 
f(8) e M@(8)—consider the subsequence on the single index ô.) 

Tf ø denotes the null set, and * the “function whose range of definition 
is ø,” then * shall be considered as a function, and hence a u.r.f. The fact 
that it is one is not a complete triviality, since it demands that every finite 
subsequence be representable—viz., the main assumption of the theorem. 

We prove our theorem by showing that there is a u.r. f. defined over the 
whole set T. Our proof uses the lemma of Zorn: Any non-empty partially 
ordered set, in which each linearly ordered subset has an upper bound, con- 
tains a maximal element [9]. We partially order the set of u. r. f. by defining 
one of them to be less than a second if the range of definition of the second 
includes that of the first, and if they agree whenever both are defined. 


Lemma 2. Every linearly ordered set of-u.r.f. has an upper bound. 


(This lemma needs no assumption about‘ the sequence.) Let £ be a 
linearly ordered set of u.r.f., A the set of all indices for which any one of 
them is defined: we must show that there is a u. r. f. defined on all of A and 
agreeing with every function in Æ. How to define this function is clear: 


t R. Rado, [4], a paper which was called to our attention by the referee, gives an 
entirely different generalization. He keeps the index set finite {except for one unproved 
remark) but replaces the cardinal numbers of the sets by a general metric, and extends 
the idea of a representation. 
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if à £ A, define 1(A) to be f(A), where f is any function in £ which is defined 
for A. One sees that there is at least one such f, and that 7(A) does not 
depend on which one we choose. If 3 is any finite index set, there is some f 
in Æ which is defined for all indices in 3: since f is a u. r. f., 3 has a repre- _ 
sentation which agrees with f and hence also with l. 


LEMMA 3. Let Ff beau.r.f., with range of definition A, for a sequence 
(M(y),T) of finite sets; and let r be any index not in A. Then f can be 
extended to a u.r.f whose range of definition is A|] {r}. 


Suppose the lemma false. Then for every element e of the finite set 
M (r), the extension of f obtained by assigning to r the representative e fails 
to be a u.r.f. Then there exists for each ee M(r) a finite set of indices %,, 
such that reS. and every representation of the sequence on Xe either dis- 
agrees with f or assigns to r a representative different from e. For each 
ee M(7r) choose one such že, and let = be their union. Since M (r) was finite, 
3 is finite. Any representation of (M(o),%) would assign to r some repre- 
sentative ee M(r), would induce a representation of the subsequence on Xe, 
and hence would disagree with f. This contradicts the assumption that f 
was a u.r.f., and proves the lemma. 

These two lemmas, together with the lemma of Zorn, clearly imply 
Theorem 2. Indeed, if we consider the set of all u. r. £. which exceed a given 
one, we get the somewhat stronger proposition: Any u.r.f. of a sequence 
of finite sets can be extended to a representation of the whole sequence. 


2. Representations relative to a partition. A partition of a set Ẹ is 
a class P= {p} of disjoint subsets of Æ, whose union is the whole set. 
(Nature of our proofs will justify our choice of notation.) A sequence 
(M(y),T) of subsets of # has a representation relative to $ (abbreviated to 
{3-representation) if there is a function f which, in addition to being a repre- 
sentation, satisfies the condition that representatives of different indices are 
contained in different elements of P (a 54 £, f(a) ea, f(8) eb implies a s£ b). 

A subset of Æ shall be called finite with respect to P ($-finite) when 
it meets only a inite number of elements of W. A class or sequence of sets 
is -finite when all its members are. 


THEOREM 3. If P is a partition of E, and if (M(y),T) is a B-finite 
sequence of subsets of E, this sequence has a -representation if and only if, 
for every finite index set Z, the number of pe P which meet M(3) is at least 
equal to the number of indices in X. 
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Proof. (Method due to P. Hall [2]). For each yeTI, define the subset 
My) of P to be the set of all pe P which contain elements of M(y). Since 
each M(y) is P-finite, the M(y) are finite sets. The number of elements 
(of P!) in MCS) is at least # X, for each finite Z. So by Theorem 2, 
sequence (M?(y), T) has a representation f, mapping T into R. Any f which 
maps T into # in such a way that f(y) e f(y) for all y (axiom of choice) is 
a ‘$-representation. 


3. de Bruijn’s theorem. Suppose Æ has two partitions, Y == {a} and 
B — {b}. We shall say that 2 and B have a common representation when 
there exists a one-one correspondence a~ b between Y and $ for which 
corresponding a’s and Ps have non-empty intersections, together with func- 
tions f defined on A and g on B such that f(a) —g(b) caf) b whenever 
a~m b. 

We can prove very easily the following theorem, which was first proved 
by de Bruijn (although our work was independent of his). 


THEOREM 4. If X and B are two partitions of a set E, and if each of 
them is finite with respect to the other, then they have a common represen- 
tation if and only if, for all integers k, the union of each'k elements ae% 
meets at least k elements of B, and also the umon of each k elements be% 
meets at least k elements of Y. 


Proof. Apply Theorem 2, with XN as the class of sets and % the partition: 
X has a representation relative to B. Similarly, B has a representation 
relative to 9. We only need further: 


Lemma 4. If Y and B are partitions of a set, if X has a representation 
relative to B, and if B has a representation relative to U, then A and B 
have a common representation. 


Proof. Let f be the representation of Y relative to B. Then if f(a) 
denotes that element of partition B which contains f(a), this function f 
defines a one-one correspondence between X and a subset of Y. In just the 
‘same way we get a one-one function g mapping B onto a subset of W. A 
theorem of Banach [5, p. 90] asserts that in just this situation there exist 
disjoint splittings Y — M, LJ A, and B — B, N) B such that f gives a one-one 
correspondence between N, and B, arid g a one-one correspondence between 
P, and Na. This correspondence, together with the function A, defined to 
be f on N, and gg% on M, gives the desired representation. 
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COROLLARY 4.1. If A and B are two partitions of E for which all a’s 
and all Vs have the same fimte numher h af elements, then X and B havo 
a common representation. 


-= For the union of k members of Y contains kh elements of E, hence meets 
at least k elements of %. 


COROLLARY 4.2. The system of left and right cosets of a finite sub- 
group of any group have a common representation. 


Konig and Valkó [3] proved 4.1. Van der Waerden [7] used their 
result to establish 4.2, and showed that this corollary can be false for an 
infinite subgroup of infinite index, but proved it (using group theory and 
Theorem 4 applied to finite partitions) for all subgroups of finite index. 
A proof of this case of the corollary can also be found in Zassenhaus, [8, 
pp. 11 and 35]. 


4. Concluding remarks. The full power of Theorem 1 is not needed 
to prove Theorem 4; de Bruijn uses the following trick, similar to one of 
Konig, for reducing this theorem to the denumerable case. Call ae! and 
DeB immediately connected if their intersection is non-null, and any two 
elements of M LJ B connected if there exists a finite chain of immediately 
connected elements leading from one to the other: one sees at once that %f 
and % fall into denumerable, connected components and that if W, B’ are 
components of A and %, then the sets (Joa and [}y-b are either disjoint 
or equal. 

So only the denumerable case of Theorem 2 is needed for de Bruijn’s 
Theorem. One may then avoid the theorem of Banach, also, by using an 
alternating process to build the common representation so as to insure that 
each ae % and each be% has a representative, using Lemma 3 at each step. 

No similar reduction of Theorem 1 to the denumerable case seems 
possible: and we would conjecture that the axiom of choice (or lemma of 
Zorn) for arbitrary cardinals is really necessary for proof of this theorem. 
Certainly no such simple deenmpositinn a¢ do Bruijn usoo io available iu 
this case. H'or example, let (x,y) —> z be a one-one correspondence of points 
of the unit square to points of unit interval, and consider the class of sets 
(of one, two, or three elements) {z, y,z} where (ay) > z. It is nondenum- 
erable and has a representation (take z as the representative), but every 
set is connected with every other set. 

Theorem 2 can be proved much more simply in the denumerable case. 
Let T be the set of positive integers, suppose (M (y), T) satisfies the assump- 
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tions of Theorem 2, and consider all functions f, defined on I, with 
f(v) © M(v) for each ye T. Let A, be the set of all such functions for which 
the values f(1),f(2),°--,f(m) are all distinct. We have to show that the 
intersection of all the sets A, is not empty. If we make the set of all these 
functions f into a metric space by defining p(f,g) ==-1/n where n is the 
smallest integer v for which f(v) g(r) [6, p. 74], then the A, are closed 
and compact, hence have a non-null intersection by the Cantor theorem 
[6, p. 30]. One could also show this fact by use of the Cantor diagonal 
process. 
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METRIC PROPERTIES OF DIFFERENTIAL EQUATIONS.* 


By D. C. Lewis. 


1. Introduction. The purpose of this paper is to discuss the depen- 
dence of solutions of a system of differential equations, 


(1. 1) dai/dt == X* (a4, ° ` `, En, É) = Xt] a, tl, t == 1, 2,° "yn, 


on the initial conditions. The classical existence proofs yield inequalities 
which show that the solutions depend continuously on the initial conditions, 
at least, if the right hand members satisfy a Lipschitz condition. In this 
paper we shall refine and supplement these classical inequalities, assuming 
that the Xt are of class C’. In so doing we call attention to the fundamental 
importance of a certain quadratic form Q to be introduced in the sequel. 
Still further, but less useful, refinements may be obtained on the assumption 
that the X? are of class O”, in which case a certain biquadratic form B plays 
the decisive role. It is also indicated, by consideration of simple examples, 
that our fundamental theorems are the best possible ones of their type. A 
simple application to the theory of qualitative integration is given. 

Our theorems are specified in terms of a metric which we assign to the 
space of the (#,:--,2%n,). For most purposes it is sufficient to assume 2 
Riemannian space. Much of the analysis, however, is not more difficult, if 
we assume a general Finsler space. 

Let fla, £| =f(2,,° © +, En iu © Ta) be of class C” and positively 
homogeneous of degree + 1 in 4,°--,%,. Furthermore, suppose f[æ, 4] > 0, 
unless all the «’s are zero, and that fas, [z, Z]A*A > 0 for all sets At,- - -, A”, 
not proportional tn a4,°°*°,7%+ Here, as in tho soqucel, the summalivu 
convention of tensor analysis is used, with all repeated indices summed from 1 
to n. The length of an are, ny = i(r),t—1,---,n, 0S7Sl, is defined 


1 

as the value of the integra], f fla(r),a’(r) |dr, which exists if the arc is 
0 

sufficiently regular and is, moreover, independent of the parametrization on 


* Received May 1], 1948. 

1 The purpose of this condition is to insure the “regularity” of the variational 
problem ôf f[2, ldr = 0 in parametric form. Cf., for instance, Marston Morse, “ The 
calculus of variations in the large,” American Mathematical Society Colloquium Pub- 
lications, vol. 18 (1934), p. 121. 
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“account of the assumed. homogeneity of f[a,Z]. The distance between two 
points is the length of the shortest arc connecting the two points. The 
parametric equations of such a geodesical arc are well -known to satisfy 
Euler’s equations, 


(1. 2) fa,{z(r), a’(r)] oy (d/dr) fa la(7), a’(r) | =0, t= 18 2%, ion 


2. Fundamental results on the hypothesis that the Xż are of class C’. 
THEOREM 1. Let us consider two integral arcs of the system (1.1). 
Co: ©, = 2,(t,0) and Oi: 4% = z: ($, 1), tb StS h th. 


We let D(t) denote the distance between [x(t,0)] and [x(t,1)] measured 
along the geodesical arc ge. We furthermore assume that all these gt are 
included within an open region R, and that no complete geodesic obtained 
by extending a gt contains entirely within R an arc whose end points are 
conjugate to each other (in the sense of the calculus of variations). 


If 
(2.1) a(t) S{falw, A] [a t] + fale, AJZ La, EJA} S B(t) 


for every set r2,---+,A" such that f{z, à] =1 and at every point [s] on 
ge, then 


+ 


t t 
(2.2) Dht) exp | aujdu £ D(t) S D(t) exp | B(u)du, 
to to 
hS h. 


Before proceeding with the proof of this theorem we note that in the 
important Riemannian case, when 


(2. 3) fla, è] ii (Jij [a] atat)®, 

the middle member of (2.1) can be replaced by a very simple quadratic form 
in A’,- +, A”, namely, 

(2. 4) QUA] = XN = (4409 1;/Oan + ginX"a,) NN. 

Here the \’s are components of a unit vector, inasmuch as f[z,A] =1 can 
now be written in the form gijAtA?=—1. In formula (2.4), Xs; is the 


covariant derivative of the covariant vector X; = gizX*. 
To prove the theorem, we let 


(2. 5) Ti = Ti (t, 7), t= l, n OKTI, 
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be the coordinates of the point on gẹ which divides g; into two ares of shorter 
length in the ratio r: (1— r) from [z(t,0)] to [2(t,1)]. The functions 
ai(#,r) maybe shown to be of class ©”. It is here that the hypothesis 
concerning the non-existence of certain pairs of conjugate points in Æ is used. 
By definition of D(t) we have 


(2.6) D(t) = f Fielt, +), z(t, 2) dr, 


which we differentiate under the integral sign, thus obtaining 


D' (t) = in (fo,| 2, tr | (021/07) + fale, £7] (8a4/8t0r) ) dr. 


The second term in the integrand can be integrated by parts, and, in a 
manner familiar to all devotees of the calculus of variations, we find that 


D(t) = S {eLa 6] — (0/0r) fi Le, ar] ) 04/60) de 
+ (fexle(t, 1), t0(4, 1) Jone (t, 1)/0t — fayLa(t, 0), 2e (t, 0) Oxi (t, 0) 06). 


In virtue of (1.2), which the 2,(¢,7) considered as functions of r are 
known to satisfy, the integral in the above representation of D’ (t) disappears 
at once. Remembering that the curves C, and C, are integral curves of (1.1), 
the rest of the expression can also be simplified, with the result that 


(2.7) D(t) = (fa, [e (t, 1), a (4, 1)]X[z(t, 1), t] 
— fala (t, 0), z(t, 0) |X*La(#, 0), t1} 
2294 4) 29 0), 


where we define J as follows: 
J(t,7) = fa,[a(t, 7), tr(t, 7) ]X*[e(4, r), t]. 
Differentiating this last equality and again using (1.2), we obtain 


(? R) J, (t, T) — fa laft, is z, (t, 7) )Xifw (6, t), i] 
-+ felst, T); tr(t, T) |X?z [x(t, T); t |@x;/dr. 


We now introduce the new variable s defined by 


(2. 9) peta) = J flee EE Mae 
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which has the obvious properties: 


(2. 10) 0s/ðr — fle (t, 1), t-(t,7)], 
(2.11) s(t,1) = D(t) 
(2. 12) fla, ôz/ðs] = 1. 


The last of these relations follows from the fact that, on account of the 
assumed homogeneity of f[z, 4], the parameter in (2.9) can be changed from 
T’ to s’, where s’ == s(t, 7), with the result, deduced from (2.9), that 


s= f ielts), (h Jas. 


Again using the homogeneity property of f[z,ċ] and the relations 
Er == Le (ĝ8/ðr] == xsf[ 2, £r], we obtain from (2.8) the result that 


J,(t, 7) = [fo [w(t, 8),.e]X*[ x(t, 8), t] 
+ falz, ve] (6X*/0x;) (d2;/0s) Ifl, xr]. 
From this we find with the aid of (2.1) and (2.12) that 
a(t)flz, s] S Jr(i,r) S B(t) fla, xr]. 


Integrating from 7 = 0 to r= 1 and referring to (2.6) and (2.7), we find 
that 
(2. 18) a(t)D(t) <D'(t) SB(#)D(t). 


The proof of the theorem is completed by integration of these last two 
Inequalities. 

The theorem just proved yields at once a result more reminiscent of the 
classical inequalities, if we take for a(t) and B(t) constants & and 8 which 
are respectively lower and upper bounds in # for the middle member of (2. 1) 
or (in the case of a Riemannian metric) for the quadratic form Q given by 
(2.4). We thus obtain the result - 


(2. 14) D (to) ts) = D(t) S D(t) Po, ty St, 
which may be compared with such a classical formula? as 


(2. 15) DE) S D(to) eM ete), 


* Cf., for instance, formula (2), p. 43, of Bieberbach’s textbook, Differentialgleich- 
ungen, Where a different notation is used in connection with a first order system and 
the usual Euclidean metric. 
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Here M is the positive constant appearing in the Lipschitz condition (or some 
positive constant multiple thereof in the more complicated cases). In other 
words, if the X’s are of class C’ and if we neglect a possible positive constant 
factor, M is an upper bound for the | @X+/da;|. As we shall show in 6, 
there are cases when Q is negative definite and hence 8 may sometimes be 
taken to be zero or even negative, whereas (except for the trivial case when 
the X’s are independent of 2,°--,2,), M must be positive. In this sense, 
at least, (2.14) is an essential refinement of (2.15). 


THEOREM 2. Let Cy and O, be defined as in the preceding theorem. 
Let Ti, be an arbitrary sufficiently regular curve, with parametric equations, 
v; = &(r),1=1,--°-,n, 0S7 S 1, whose end points are at [x(t 0)] and 
[w(to,1)] respectively. Let C, be the curve whose parametric equations, 
vı = Ti (t, r), satisfy the system (1.1) for each fixed value of + on the unit 
interval and take on the initial values xi(to,7) = & (7). Let Ts be the are 
whose parametric equations, for each fixed t, (to StSt +h), are likewise 
a, =a;(t,7), OS7rS1. Let L(t) denote the length of Te. 


Ij 
(2.16)  a*(t) S {fele AX*La, t] + fale, a] Xe, La, 41} S A*(2), 


for every set of the Ns, such that fla,r] = 1 and at every point [x] of Ty, 
then 


(2.1%) L(t) exp f A < L(t) S L(t) exp Ser urdu 
To prove this, we observe that by our definition of length 
(2. 18) L(t) = J filt 7), a(t) Jar, 
Differentiating under the integral sign, we have (after making use of (1. 1)) 
(2.19) V= J Galtin, E EE 
| faulo), de(t, 1) Xe, [a(t +), 6]004/0r ae. 
As in the preceding proof, we introduce the arc length s as a new parameter. 
pe Í, Fielt, r) e(t, 7)]d”, fle, ôz/ôs] = 1. 


Again using the homogeneity of f[wv,2] and hence the same homogeneity of 
the integrand in (2.19), we find that 
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L(t) : | l 
(2.20) L(t) = f {fe,[v, 0x/0s|X*[ a, t] + fe,[z, 0£/3s] Xr, |z, t]dx;/0s}ds. 
Q 
It now follows at once from (2.16) that 
(2.21) a* (HD) EL (t) Sp*(t) L(t), 
and hence the proof is completed by integration of (2.21). 


The relationship between Theorem 1 and Theorem 2 is made sufficiently 
obvious by the following remark: 


Although T: is not, in general, a geodesic for all values of ¢ (or even 
for any value of ¢), it is possible to choose T;, in such a way that for some 
particular ¢, Ty is a geodesic. For such a I; it is clear that 


D(t) = L(t) 
whereas 
D(t- At) & L(t + At). 
Hence 
{D(t + At) — D(t)}/At ss {L(t + At) — L(t)}/At, if At> 0, 
while 
{D(t + At) — D(t)}/At Z {L(t + At) — L(t) }/At, if At < 0. 


Hence, allowing At to approach zero first through positive values and then 
through negative values, we find that D’(t) = I(t). Thus the inequalities 
(2.18) used in the proof of Theorem 1 can be deduced from the corresponding 
inequalities (2.21) used in the proof of Theorem 2. The- indicated alterna- 
tive in the proof Theorem 1 was not adopted because of the essential impor- 
tance of formula (2.7) in 3. 


THEOREM 3. Let Co, Ci, D(t), a(t) be defined as in Theorem 1. Let 
the Ti, introduced in Theorem 2 be chosen as a geodesic, and then let L(t) 
and B*(t) be defined as in Theorem 2. Then 


t t 
0S L(t) — D(t) S D(t) [exp f B* (u) du — exp f a(u)du], 
to to 
t StSti, th. 
This theorem, which is a trivial consequence of L(t) =D (to) and the 
two previous theorems, gives some information about the manner in which 


geodesics are deformed under the transformations defined by the differential 
system (1.1). 


~ 
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3. Estimates for D” (t) and L” (t) on the hypothesis that the Xt are 
of class C”. So far we have not made use of the particular manner in which 
the parameter 7 was chosen in the proof of Theorem 1. Actually it was chosen 
in such a manner that 


s(t,7) = D(t) = | Hael r) a(t) ldr, 
0 
whence, differentiating with respect to 7, we have 
(3.1) D(t) = f[æ (t, r), a(t, 7) J 
(3.2) O = fe, (021/0) + fa, (321/072). 


On account of the assumptions made in 1 on f[z, 2], it may be shown that, 
although the n equations (1.2) are not independent, these equations taken 


together with (3.2) can be solved uniquely * for 6°2;/ér* in terms 2,° > +, En 
and @%,/67,- ` *,02%n/07. We accordingly write 
(3.3) | 0?2,/07? = F(a, dx/dr). 


It is easy to verify that the functions Ft[s, 2], here introduced, must be 
homogeneous of degree 2 in %,,:*+*,%n. It is perhaps also worthwhile to 
record the fact that these F’s are determined by the following system of n 
linear equations: 


(3.4) (Ffaid fafi) E? = ffe — flew + fifo) in =l, > +, 0. 
We introduce the abbreviations, 
(3.5) P(t, s, &] = faa {X AX nE" — XiX F e, — $( XX") 2 tF a) 
+ ficis (X Xion) oinin + fort, (X*XS) aye + fo X? 
+ fai (La?) a, + Xtar} 
+ fo {X4a,XI + X44}, 


3 These are essentially well known facts in the Calculus of Variations. It is also 
easily shown that a set of n independent equations eqnivalent ta thon | 1 oguationo 
(1.2) and (3.2) may be written 


[ab (f) /dx,] — L0/ar] Lab (f) /ae,] = 0, 


where ® is an arbitrary function of class O” whose first and second derivatives are positive 
for positive values of its argument. Formula (3.4) was obtained by taking @(f) = f°. 
If we set gi; (2, @) sag ire Taalk Gi =: —4Fi, ete., the relation (3.4) is seen to 
have obvious connections with certain equations given by E. Cartan, “ Les espaces de 
Finsler,” Actualités scientifiques et industrielles, 79, Exposés de Géométrie, II, pp. 16 
and 17. 
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and 
(3.6)  P*[t, 0,4] = foi X’ X ninie + foa, X Xinin + fo Xt 
+ Ti, { (X's A") ow, + Xt yt}; + fo {X rX + Xii}, 


so that the following theorems may be stated in reasonably compact form. 


THEOREM 4. With the same assumptions as those of Theorem 1 
regarding Cy; Ci, D(t), gi, we assume in addition that 


(3.7) (t) S PIE s, A] S y(t) 


at every point [x] on g: and for every set r\1,: + :, à” such that filz, àA] =1, 
then 


(3. 8) o(t)D(t) SD"(t) Sy()D(t). 


THEOREM 5. With the same assumptions as those of Theorem 2 — 
regarding Co, Ci, Tr, L(t), we assume in addition that 


(3. 9) o*(t) S P*[t, z, A] Sy*() 


at every point [x] on T: and for every set A1,- - -, à” such that f[z, A] =1, 
then l 


(3. 10) p” (t) L(t) SL (t) Sy*(O)L(2). 
In the Riemannian case we may write, 


(3. 11) j B[A] = [f[z, A] JP Lt, x, A] = Yijri (x, E) A AJAKA! 


B* [A] = [fIz, A] ]2P*[t, £, A] = Y* ijr (2, E) AIAIARAL 


These biquadratic forms, in their relation to the appraisal of the second 
derivatives of D(t) and L(t) are analogous to the quadratic form Q[A] 
given by (2.4) in its relation to the appraisal of the first derivatives. ‘I'here 
seems, however, to be no particularly simple interpretation for the coefficients 
Yajur or Y 43x. such as we had for the Xi; in (2.4) as the covariant 
derivative of X,. 


To prove Theorem 4, differentiate (2.7) with respect to t and remember 
that 2; = z: (t, 7), i=1,: --,n, for r= 0 and 1 satisfy (1.1). .We thus 
find that 


(3. 12) D” (t) = K(t,1) —K (t, 0) = (ee r) dr, 
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where 
K(t, 7) = fas, L(t, 7), tr (t, 7) ]X c [e(t 7), t] X*[e(t, r), tlôtx/ðr 
+ fiA XI + fiXa + fa Xe. 


Now differentiating this last equality with respect to`r and using both (1. 2) 
and (8.3) as well as the easily proved relations, 


(0/07) faa, ae fay — EAT Ea ET mee Fl iri F*,, -+ farn]; 
(3/ðr) fris; — fais; = firir hã oe, 
we obtain 


K, (t, T) = Plt, a(t, T); talt, r)]. 


Now, since P[t, 2,4] is homogeneous of degree + 1, we may introduce the 
parameter s as in the proof of Theorem 1, thus obtaining 


K,(t, r) = P[t, x(t, 8), e(t, 8) Iflx(t,r),e-(t,8)], fUæ(t, 8), ze(t, 8)] —1. 
From this, we find with the aid of (3.8) and (2.12), that 
o(t)f[2, t] S K,(t,r) S y(t) fir, £7]. 


Integrating from r == 0 to r == 1 and referring to (2.6) and (3.12), we find 
that (3.8) has been proved, as desired. 


To prove Theorem 5, we differentiate (2.19) under the integral sign 
and make use of (1.1). We thus obtain 


L(t) — f PFLt a(t), (f7) Jar 


Since P*[t, 2,2] is homogeneous of degree 1 in the 2’s, we have, upon 
introducing the are length as a new parameter, the following formula: 


*L(t) 
L” (t) = J. P*[t, e(t, S), Zs (4,8) |ds. 


It now follows immediately from (3.9) that (3.10) is truc, thus completing 
the proof. 


It is interesting to notice the difference between the two forms P and P*: 
P — P* = faa (XXa — XIX, — A (XiX) 2 W501 + XX got dn} 
+ fat {Xin K] Res XiXis,} r- 
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Upon rearranging the terms and writing l 
(3. 13) Si = fat, {X aE" — XF er — X'e F a + Xi sye trir} 

Sig Sf ajo dee FI ati ar (fas, ey ee foi X e) Tk, 
we thus obtain i 


(3. 14) P — P* = Xig,. 


4. Special case of a Riemann metric with constant coefficients. For 
most purposes it is sufficient to take a Riemann metrice with constant 
coefficients. If this is done, practically all formulas are enormously sim- 
plified. In this section we therefore assume that f? == gijtit;, where the g’s 
are constants. From (2.4), we have ` 
(4.1) QIN] = ga X”ni. 

Since f is independent of the undotted 2’s, we have fr, = feii; =fe,«, == 0, 
so that (3.4) yields Fi==0. Erom (3.5), we now obtain 
(4.2) FP = B[t] = (gapgij — gaigei) (X’ Xlor) aad pine 

-+ Jap Jin (Xie, X?) op Cal pinte 

-+ GJapg sha 449, tatpÉrtk 


From (3.13), we have 


(4. 3) FS: == (Jap Gis — JatG pi) Xi 2,0, Labpinvn 


Still further specializing to the Euclidean case we obtain 


(4. 1E) QLA] = Xt, ata 
(4. 2E) PP = (X'X+,,) atatatvln — (XX le) adidjdeien 


+ (X'e XI) atakabitin + Xa, Calabite. 
(4. 8E) FS: = Xe, 0,0aVqtnite — XI p, 0, Lib Endy. 

5. Second order linear systems. The simplest nontrivial system to 
which we may apply the above theory is the second order linear system, 
(5.1) dx/dt = A(t)x+-B(t)y, dy/di=C(t)a+ Dit)y, 
which we shall consider in connection with the metric, 


(5.2) ds? = Ede? +. 2F dedy + Gdy, EG—F?>0, E>0. 


7 ane 
ane as 
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Here F, P, G are constants. Thus, taking gu = E, gis = F, goo = G, àt = À, 
A? = p, Ty = T, T2 = Y, the fundamental quadratic form Q may be computed 
from (4.1). 


(5.3) Q= (4E + OF)A? + (BE + DF + AF + 0@)\u+ (BF + DG@)4. 


The extreme values of Q under the condition, WA? + 2Fàp + Gp? = 1, that 
A and » be the components of a unit vector, can be found by the method of 
Lagrange’s multipliers. The maximum, @(t), and the minimum, a(t), of 
Q[A] are thus seen to be the roots of the following quadratic equation in s: 


(5.4) s?—(A+D)s+ AD—BC 
— 4(BE — AF 4- DF —0G)?/ (EG — F?) =0. 


It is interesting to notice that the sum of the roots of this quadratic is the 
same as the sum of the roots of the equation, 


(5. 5) PAD \e ADB 0, 


which, in the case of constant coefficients, A, B, C, D, is commonly called 
the characteristic equation. We shall call it the “characteristic equation,” 
even when A, B, C, D are not constants. A most favorable metric (for some 
fixed value of ¢ in the non-constant case) is defined as a metric which makes 
B—« a minimum. Since «+f—A-+D is independent of the metric, 
it is clear that a most favorable choice also makes 8 a minimum and @ a 
maximum. We summarize our results on most favorable metrics in the 
following three theorems: 


THEOREM 6., If 
(5.6) (A + DY —4(4AN — RG) = (A— D)? | 480 >90, j 


a most favorable metric gives to a and B the values of the roots of the charac- 
teristic equation (5.5). There esist infinitely many essentially distinct? 
most favorable metrics l 


Prooł. Since (8 — a)? is to be a minimum, we must choose F, F, and G 
so as to minimize the discriminant of (5.4). But the discriminant of (5. 4) 


‘Two metrics, Hdx* + 2Fdrdy + Gdy? and H’da’? +- 2F’dady + G’dy*, are for the 
purposes of Theorems 6 and 7 regarded as essentially the same, if, and only if, 
B/E = F/F = G/@’. 
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is the same as the discriminant of (5.5) augmented by the non-negative 
quantity, 
(BE — AF + DF — CGY? / (EG — F°). 


Hence the required minimization is obtained by choosing E, F, and G, so that 


(5.7) BE — AF + DF —CG =0 
EG—F>0, EH>O. 

If BC>0, we satisfy (5.7) by taking F=|C|, F=0, G=—|B|. 
If BC <0, we take E= + (A—D)C, F = + 2B0, G= + (D—A)B, 
where + is chosen so that +(4—D)@>0. This makes BG — F°? 
= — BO[ (4 — DYF + 4BC}, which in view of (5. 6) must be positive in present 
circumstances. If B=0 and C s40, take E == 1, F = + 0, Q = + (D — A) 
>0. Similarly, if B40 and C = 0. Finally, if B= O = 0, take E = G = 1 
and F ==0. From considerations of continuity, it is clear that in each of 
these cases there are infinitely many other choices. 


= THEOREM 7. If 
(5. 8) (A + D)?—4(AD— BC) = (A — D)? 4+ 4B0 < 0, 


there exists an essentially unique most favorable metric, making a = 8 = 
real part of one of the conjugate complex roots of the characteristic equation. 


Proof. In view of the known relationship between the roots of (5. 5) 
and (5.4), it is sufficient to show that Ẹ, F, and G can be chosen in essen- 
tially just one way in such wise that (5.4) have a double root. Equating 
to zero the discriminant of (5.4) and making some algebraic manipula- 
tions, we find that F, F, and G must satisfy the relation, 


(5.9) (BE+CG@)?— (2BF + DG— AG) (CF + AE — DE) =O, 


if æ and 8 are to be equal. While there are obviously an infinite number 
of ways of satisfying this relation, it turns out that there is (neglecting a 
common factor) only one real set of values for E, F, G, namely 


(5.10) Be+tC>0, F=+4(D—4), G=—=B, 


which satisfies (5.9). 


In fact, if we set p= 2BF + DG—AG and q = 2CF -+ AH — DE, 
we find at once that 


(5. 11) (BE + CG) (D — A) = Cp — Bg. 
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It follows from (5.9) that p and q must satisfy the relation 
(5. 12) (Cp — Bq)*— (D— A)*pq = 0. 


The discriminant of this quadratic form in p and q is found to be 
(A —D)*[4BC + (A —D)?], which, because of (5.8), is surely negative 
in case A £ D. Since the left hand member of (5.12) is therefore positive 
definite, the only real values for p and g which can satisfy (5.12) are 
p==gq=Q. The stated result follows at once, in case A 4D. In the con- 
trary case, A = D, we are justified, in view of (5.11) and the fact deduced 
from (5.8) that BO £0, in writing p—&B and g=kC. Thus (5.9) 
becomes (BE + CG)? = kBC. The left hand side of this relation is non- 
negative, while, in view of (5.8), the right hand side is non-positive. Hence 
k == 0, and we are led to p==q = 0, as before, as well as to BE -+ CG = 0, 
from which the proof is readily completed. 


THEOREM 8. If 
(5.13) (A+ D)?—4(AD— BC) = (A — D)? + 4BC = 0, 


there is no most favorable metric, except when B = O ==0. But, for any 
number «> 0, a metric can always be found such that 4(A+ D)—e<a@ 
S4 +D) S8 <E4+D) +e 

‘Proof. We prove the second statement first. If A 4D, then BC < 0. 
Then, if we take E == + (A—D)C>0, F = + 2800, G = + (D—A)B, 
0 < 0 <1, we find that 


EG — F? = — BC(A-- D)? — 48°C? 
= — BCO[ (A — D)? + 4BC] — BC[4BC (6? — 1) ], 
which, on account of (5.18) reduces to 457C?(1 — 6?) > 0, so that EG —F 
> 0, as required. We also find that equation (5.4) becomes 
— (A+D)s+4(A+D)* —4[(A—D)*(1— 8) ]/(1 +0) =0. 


Mmee U< 4 <1., the roots of this equation are real; and, hy taking A 
sulliviently close to 1, we can make the roots differ from $(A + D) by less 
than e. If, however, A = D, either B or C is zero or both are zero. We now 
take E=] C| +7, F=0, G=]| B] +7, 7>0. It follows that EG — F”? 
> 0, while (5.4) becomes 


s*—2As + A? = 4[(B—C)*q]/(|B| +10 | +2), 
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_which yields real roots differing from A by less than «e, if 7 is sufficiently 
small. 

To prove the first statement, we note that the established second state- 
ment implies that for any most favorable metric, « = 8 ==4 (A + D), a 
double root of (5.5). Thus, equations (5.4) and (5.5) must be identical 
equations, and thus we are led to the relation, BE — AF + DF — CG = 0, 
to be satisfied by the coefficients of any most favorable metric. This relation 
can also be written in the form 


(5. 14) {Ae DPR = (BE — CG). 

From (5.13), we have (on multiplication by EG) 

(5. 15) — (A — DY EG = 4BCEG. 

Adding corresponding members of (5.14) and (5.15), we obtain 
— (A — D)? (EG — F?) = (BE + CGY = 0. 


Since' #G — F? is to be positive, this relation is impossible unless A = D 
and BE ==— CG. From these two relations taken with (5.18), we find 
at once that we would have to have B == C = 0 as stated. 

We shall not dwell on the obvious connections between Theorems 6, 7, 
and 8 and the explicit solutions of (5.1) which are available when A, B, C, 
and D are constants. We merely remark that such considerations show 
that Theorems 1 and 2 are the best possible theorems of their type. 

We now consider the biquadratic forms BTA] and B*[A] = B— fexXts,, 
whose significance is explained in 3. We see at once from (4.3) that, for 
any linear system (not merely second order system) and for any Riemann 
metric with constant coefficients, all the S; must vanish. Hence, our first 
result is to the effect that BLA] = B* [A]. 

In order to write down the expression for B[w]| in reasonably compact 
and yet illuminating form, we introduce A*, B*, C*, D*, and H, defined as 


follows : 
eo a) leg eral 
C*D* | \ FG CD CD: 
H = EG — F. 
We then find from (4.2) that 


(5.16) Blt] = H[— 04 + (A—D) ay + By? 
+ (Bi? + 2Fay + Gy] [4*2 + (BY + O*)éy + D*y*]. 
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Hence, lower and upper bounds for B, for sets (£, ġ) satisfying f? = #2? 

+ Fay + Gy? = 1, can be written in the form Ho? + p or p, where p being 

an extreme value of the quadratic form, A*t? + (B* + 0*)ay + D*9’, 

satisfies the quadratic equation, 

Hp? — [A*G + D*E — B*F — C*F]p + (A*D* — B*0*) —}(B* — 0*)? 
pasmi 0, l 


while ø, being an extreme value of the form, — Cz? + (A —D)ay + By’, 
satisfies the quadratic 


Ho? — [BE — AF + DF —CG]o + (4D — BC) —}4 (4 + D)? =0. 


In view of Theorem 7 and (5.10), the occurrence of the form, 
+ Ci? = (A— D}tý Bý’, in (5.16) is rather interesting. It seems 
worth while therefore to investigate what happens when, for a certain value 
of #, (5.10) may be assumed to hold. The result depends upon the following 
matric identity, which the reader will have no trouble in verifying: 


vam [ (sp oa a YG 3) 


— 4(A? + D? + 2BC) ar ait ad O 


Here the symbol symm M is used for the symmetric part of the matrix 
i.e. symm M = 4(M -+ MW’). Using the definition of A*, B*, C*, D*, and - 
H, we find from (5.16) that, when 


Ex? + 2Fay 4 GP = + CP + (D— Ajij = BY —1, 

we necessarily have 
B=}(A+D)* = {[CA: + $(D— A) Cila? 

+ [CB:— BC: + 4(D—A) (Di + At) Jig 

| [3 (D — A) BD: — BD: 19°} = PL, 2, £]. 

This result is fully to be expected in case the coefficients A, B, C and D 

of (5.1) are constants. Thus, if (5.10) holds for a particular value of £, 
it holds for all ¢. Our result shows that the estimates given in Theorems 4 


and 5 are the best of their types. For we have exhibited an example in 
which the estimates give the exact values. ` 
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6. Application to a simple non-linear system. Consider the second 

order system, 
dx/dt = — k(x? +- y e 

dy/dt = — g — k (£? + y?)*y, 


where k and g are positive constants, with the Euclidean metric, ds? == da? 
-+ dy?. Thus taking 93: = gz: = 1, Ji = 0, 21 = T, Te == Y, A == À, A? == p, 
the fundamental quadratic form Q may be computed from (4. 1E). We thus 
find | 


— (1/8) QA] = [2°/ (2? + y7)! + (2? + yJ + (2ay/ (2? + 9?) 8) Ap 
+ [y?/ (a? + 9’)? + (2? + y?) Bln? 


If we set v == (2? -+ y?)3, cos 8 = m/v, sin 8 = y/v, we obtain 


— (1/kv) Q[A] = (1 + cos? 6)? -+ (2 cos 8 sin O)Ap + (1 -+ sin? 6) p? 
= à? + pw? + (A cos 6 + sin 6)? 
== | + (Acos 6+ a sin 6)? for unit vectors (A, m), 


for which A? ++ g? = 1. Evidently, for such unit vectors, Schwarz’s inequality 
yields 
0= (à cos 0 -+ usin 6)? S1. 
Therefore | 
1S—1/(ko) QP] S2, 


— kv S Q[A] S— kv. 


We thus have an example of a system in which Q is negative definite at all 
points other than the origin. The biquadratic form B, however, seems too 
complicated to bother with. 


7. Applications to the qualitative integration of differential equations. 
We close our paper with a few indications of the way in which our ideas 
may prove to be of value in the study of functions defined by systems of 
ordinary differential equations. 


THEOREM 9. Suppose that the region R of Theorem 1 is such that the 
X*[a, t] are defined for [x] in R and fortpSt<-+ 0. Suppose also that 


— 
— 
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no solution curve which for t = tẹ is within R ever passes through a boundary 
point of R for t > te Let A be the least upper bound of 


(?.1) foile, AJZ [a t] + fala, A] Ze Le, EIN 


for [z] in R for every set of Ns such that flx, A] = 1 and for t= to. 

Then, if A < 0, any two solutions, which for t È t, Z to are within R, 
must approach each other asymptotically. If R is finite, this phenomenon is 
uniform. 


Proof. In fact, from either Theorem 1 or Theorem 2, it is obvious that 
the distance ‘between corresponding points on the two trajectories is less than 
or equal to the distance at t = t, multiplied by exp [A(¢—#,)]; (A <0). 
Hence it tends to zero as t—> œ. The uniformity results from the fact that 
the distance at t==t, for any two trajectories is bounded, if R is finite. 
Further details are omitted. 


THEOREM 10. Suppose that, in addition to the hypothesis of Theorem 9, 
wis assumed that the X’s depend periodically on t with period r and that R 
is finite. Then there exists in R a unique periodic solution of period r, 
toward which all other solutions entering R must approach asymptotically. 


Proof. Let a; = 2,°(t), t==1,---,n, be an arbitrary solution which 
for t È t, is within R. Then a —=a,"(¢) = 2,°(¢ + mr), t= 1,2,°--, 2, 
for each positive integral value of m, is also a solution. By the previous 
theorem, it is known that any two of these solutions approach each other 
uniformly. Hence, given a number e > 0 one can always find a number T, 
independent of p, such that 


| zP (t) — z? (t)| < € for i >T, p=1,2,---. 


In particular | 2;,°(mr) — z: (mr)| < e for integral m > T/r. From the 
definition of #,"(¢) this inequality can be written 


| m (0) — z (0)| < e for m > T/r. 
Hence the points [z”(0)] form a Cauchy sequence and we can write 


(7. 2) lim g” (0) = a4, tem l,:--,n. 
MIO 

The solution, v; = æ: (t), such that 2;(0) = a; then turns out to be periodic. 

To establish this it is sufficient (on account of the uniqueness theorem for 


METRIC PROPERTIES OF DIFFERENTIAL EQUATIONS. BIL. 


solutions of (1.1) taken together with the periodicity of the X’s) to show 
that w:(7r) =a; By the known continuity of solutions in respect to their 
dependence on the initial conditions, we know that (7.2) implies 


r(t) =lim 2;"(t), pa acy 
MO 


uniformly over the finite interval OS tr. In particular, 


wi(r) = lim q” (7) = lim z" (0) == lm a” (0) = ai, 
M-?0O POO 9-3 CO 


“as we wished to prove. Finally, the periodic solution [#(¢)] must be unique. 
For, if there were two periodic solutions [w(¢)] and [#(¢)] it is clear, from 


the fact that 3°|«i(#)—4;(t)|* is continuous on 0S<tXr, that this 
ixi 


quantity has (on 0 £ tS 7) a minimum value, which also serves (on account 
of periodicity) as the minimum value for all ¢. From Theorem 9, this 
minimum value must be 0. By the uniqueness theorem for differential 
equations, z;(¢) and %;(¢) would then have to coincide, and the theorem is 
established. 

The reader will notice that in the special case in which the X’s do not 
depend explicitly on ¢, the periodic solution, mentioned in Theorem 10, must 
be an equilibrium point (i.e. a- point where all the X’s vanish), toward 
which all other solutions tend asymptotically. In fact, we can prove the 
following theorem for the non-existence of periodic solutions, which is some- 
what reminiscent of a result of Bendixson in the case n == 2.° 


THEOREM 11. If the X’s do not depend explicitly on t it is impossible 
to have a periodic solution (other than an equilibrium point) in any pointi 
set in which the expression (7.1) is either positive definite or negative 
definite. 


Proof. We consider only the case when (7.1) is negative definite. The 
other case reduces to this, if ¢ is replaced by —7’. Suppose we had a given 
periodic solution [2(¢)] with period + on which (7.1) were negative definite. 
Then, referring to Theorem 2, we take Cy as the curve s; —2;(t), C, as the 
curve %=—=2,(¢-+ 7), and Te as the curve with one end point at [a(to) | 
drawn around Cy to the point [w(t + 7)]. Since 2; (to + 7) = zı (to), we 
see that T, and hence T+, is closed. The length L(t) is nothing other than 
the length of the given closed trajectory, which of course is a constant. Since 


SIvar Bendixson, “Sur les courbes définies par des équations différentielles,” Acta 
Mathematica, vol. 24 (1901), pp. 1-88, especially p. 78. 
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(7.1) is negative definite, the B* of (2.17 ) may be taken less than a fixed 
negative number. Here we make use of the fact that the closed trajectory 1s 
compact, but we omit details. Hence, from Theorem 2; L(t) > 0 as t— œ. 
Hence L(t) =:0. Thus the given periodic solution would reduce to an 
equilibrium point, and the theorem is proved. 

In conclusion, we point out certain obvious connections between the 
results of this paper and a paper by Wintner.® We refer, for example, to 
his theorem to the effect that, if A(t) is a matrix of n? real continuous 
functions satisfying g 
(7.3) lim sup i max (yA(s)y)ds < œ% 

m00 o jyj=i 
then every solution vector s == z(t) of dx/dt —A(t)xz is bounded as t —> œ. 

Here the quadratic form yAy plays the same role as our Q, and, in fact, 
this theorem of Wintner results immediately, if we apply our Theorem 1 
or 2 to a linear system and a Euclidean metrice. 


UNIVERSITY OF MARYLAND, COLLEGE PARK, MD. 
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¢ Aurel Wintner, “ Asymptotic integration constants,” American Journal of Mathe- 
matics, vol. 68 (1946), pp. 553-559, especially p. 558. 


THE ASYMPTOTICALLY PERIODIC BEHAVIOR OF THE SOLU. 
TIONS OF SOME LINEAR FUNCTIONAL EQUATIONS.* 


By N. G. De BRUIJN. 


1. Introduction. A typical example of the equations to be dealt with 
` in this paper is 


(1. 1) aaf (a) + f(a) — f(e -— 1) = 0, 


where « is a positive constant. Any continuous? function f(s), arbitrarily 
given in the interval 0 Sv S 1, can be continued to a solution of (1.1) for 
x = 1 simply by solving the differential equation reg (s) + g(x) = f(z — 1) 
for 1 S&S s & 2 with the condition g(1) —f(1), and so on. 

It is easily seen that a function satisfying (1.1) for s = 1 which is 
continuous for «= 0 and bounded by M on 021 is also bounded by M 
on0=4< æ. Namely, let U be the least upper bound of f(z) on 0 & s S X 
and let sọ be the smallest number = 0 with f(a.) == U. If a would exceed 
1, and so f (zo) 20, we could infer from (1.1) that f(zo—1) Z£ U and 
hence f(zo— 1) =U. This contradicts the minimum property of 23; con- 
sequently 0 Ss S 1 and U =f (T0) SM. 

We can prove more, e. g. that f(z) —f(*—1) - 0 for any solution of 
(1.1). If «%>1 we even find that f(z) tends to a periodic function y(x) 
of period 1; this function has derivatives of all orders and we have? 


(1.2)  f® (s) —y (x) 30 for 2 00, ee eee 


If 0 << «<1 this is no longer true. If 4 < «1 we still have a function 
y({x) of period 1 such that 


(1.3) f™ (2) —y™ {a — f rea) —> 0 for r œo, k=0,1,2,---. 
i : 


If 0< «<4 the asymptotic behavior of the solutions is not known. If, 
- however, «0 it is comparatively simple: any solution tends to a constant. 
We shall deal with this last case, and with generalizations of it, In a separate 


paper. 


* Received September 15, 1048. 

1 Throughout the paper all variables and functions are supposed to be real without 
explicit statement. 

2 If f(w) is continuous for 720 and satisfies (1.1) for «21, then f' (æ) exists for 
æ 21, f” exists for v= 2, ete.; ef. Lemma 2. 
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In the case of the equation (1.1) for æ >+, or more generally the 
homogeneous equations of class B, (n = 2) below, we apparently have a linear 
operator Tf = y; its domain è consists of the functions f(z) which are con- 
tinuous on 0 S s 1 and its range R consists of a set of periodic functions 
of period 1. This operator is continuous: if fa —> f uniformly on 021, 
then we have uniformly Tf» —> Tf. We shall prove furthermore that‘ R is 
dense in the space R, of continuous periodic functions of period 1, that is to 
say, if a function x £ Ry and a positive number e are arbitrarily given, then a 
solution f(z) of the functional equation can be found such that y == Tf 
satisfies | y(x) —yx(x)| < e for all values of a. 

The following uniqueness problem arises: Is the correspondence f—->w 
one to one? Or, what is the same thing, does f — 0 for z —> œ imply f==0? 
The answer is affirmative for a rather special class of equations (5), including 
the equation (1.1) for a> 1, but the result probably holds true for wider 
classes. Thus far we know no counter examples, as far as equations (2.1) 
of class B, (n Z2) with g(x) >0, r(s)==0 are concerned. For the 
equation of 6, Example 3, which actually gave rise to the present investiga- 
tion, the uniqueness theorem is also true, although the conditions of 5 are 
not satisfied. We do not prove it in this paper; it requires entirely different 
methods. 

Throughout the paper, in conditions and statements of the type “ f (s) 
is continuous for «= a,” f(a) must be interpreted as the right-hand k-th 
derivative. 


2. Functional equations of class Ana. We want to study equations of 
the type w(x) f (x) + f(x) —f(s— 1) —0, where w(x) is a positive func- 
tion. The methods used here compel us, however, to consider the more 
general non-homogeneous equation (2.1). 

We introduce an arbitrary decreasing positive function ®(z) for s Z= 1 


with convergent integral f "a (x) de. Let A be a positive number such that 
2 


& 
A> Wil), A > f D(a) da, 
1 


3 It is possible of course to extend our results to a wider domain, but such an 
extension would not lead to more essential generalizations. If, for instance f(#) is 
absolutely integrable over 0 Sa@S1 and if (1.1) is interpreted reasonably then f{w) is 
continuous for 1 Se £2. Our results are not essentially influenced by a shift æ > g + 1. 

4 The restriction q (æ) > 0 has to be made here; see Theorem 6, Remark 1, 5 
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If B is a positive and D a non-negative number, the equation 
(2.1) w(s)F (2) + p(x) f(«) —q(x)f(e@—1) =r (2) 


is called an equation of class 2[,(®, B, D) if the functions w, p, q, r are con- 
tinuous for « = 1 and if, furthermore 


(2. 2) | w(t) >0 (21) 
(2. 3) : p(t) >44 (t2B+1) 
(2. 4) | p(x) —9q(2)|< Ba (z), | r(x)| S Da (z) (x21). 


The equation (2.1) is said to belong to class U,(®, B, D) if it furthermore 
satisfies the following additional conditions: the functions w, p, g, r have a 
continuous derivative for = 1, a continuous second derivative for s = 2,---, 
and a continuous n-th derivative for sv & n -+ 1, which satisfy | 


(2.5) |w®|<Bo, |p| <Be, |q@|<Be, [r®|<SDe 


for c È k -+ 1, k—1,2,---,n. 

Evidently we have WW, DAD: DYAn An equation is said to 
belong to the class Y.,(®) if, for any n = 0, numbers B, and D, can be found 
such that it belongs to Wn (®, Bn, Dn). 

The class Bn (S, B, D) consists of all equations of class 2,(®, B, D) which 
satisfy 


(2. 6) {w(x)}* < Ba (2) (2 = 1). 


Evidently (1.1) belongs to U%.(a*"') if a@>0 and to %,(a*), where 
B= Min(2a,a+1), if a> 4. 

Henceforth symbols Cı, Cz,- - + will appear which have to be interpreted 
as follows. If such a C occurs in a formula or statement, then it can be 
given a positive value such that the formula or statement is valid; the choice 
of that value may depend on the function w(a) and on the values of A and B 
only, certainly not on 2, f(z), (x), p(x), q(x), r(x) and D. If, however, 
= a variable is written down explicitly, e. g. C(u), then the choice may depend 
also on that variable. Analogously we shall use symbols yı, y2,° ©- which 
depend on A and B only, and not on w(z). 

The proofs of the relations (1.2) or (1.3) do not require this convention 
about the Ọs, but more explicit estimates are needed in 4; it requires only 
little extra trouble to derive them here. 

A function f(z) is said to be a solution of (2.1) if it is continuous for 
a = 0, derivable for «= 1 and if it satisfies (2.1) for 721. 
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Lemma 1. If (2.1) belongs to No(®, B,D) and if the function g(s) 
is continuous for 0S 41, then a uniquely determined solution f(x) can 
be found with f(x) =g(z) (0S21). l 


Proof. Since w(x), p(w), r(x) and g(z— 1) are continuous for 
125 2, the differential equation 


w(x) f(x) + p() f(x) = q(2)g(e—1) + r(2) 


has a solution in the interval 1S a2 with f(1)—g(1). This process 
can be continued. 


Lemma 2. If the integers k and n satisfy 0SkSn, and if (2.1) 
belongs to U,(®, B, D), then any solution f(x) has k +1 continuous derwa- 
tives for z= k-+1. 


Proof. We have 
(2.7) P(e) = {q(@)f(e@—1) +r(z)— p(z) f(z) }/w(e) GZD. 


If f(x) has k (kn) continuous derivatives for x 2 k then the right-hand 
side of (2.7%) has the same property for s Æ k+1. Consequently f(s) 
has k-+-1 continuous derivatives for v = k -+-1. Our lemma follows by 
induction. 


Lemma 3. If the conditions of the previous lemma are satisfied, and if 
(2. 8) | f(«)| <M (0<2S1), 
then we have, for k =0,1,---,n-+1 and any s>0, 
(2.9) | fF (a) |S (M + D)-C4(s, k) (k& Sas). 
Proof. First take k = 0, and put 
(2. 10) q(x) f(@—1) + r(z) = $(2) (z= 1). 
The function y == f(z) solves the differential equation | 
(8. 11) wey + plie)y = (2), 
and so we find, for s È 1, £2 1, 


(2.12) f(a) = exp {— Í, “n(t) /w(t) dt) FCE) 
+ f(y /w(t) exp (= J “p(w /w(w) anya 


ASYMPTOTICALLY PERIODIC BEHAVIOR. 317 


Take é==1, lSx2; since | A(t)| S (M4 D)C. for 1StS2, we 
obtain 
| f(z)|S (M+ D/C; (1252). 


Now taking = 2, 223 3, we can apply the same process and we find 
an estimate for f on 22723. Thus (2.9) can be proved for k == 0. 

After that, (2.7) gives the result for k —1. By differentiation of (2. 7) 
we derive the result for k == 2, etc. 


THEOREM 1. Jf (2.1) belongs to Mo(®, B,D) and if a solution f(x) 
satisfies (2.8), then 


(2. 18) | f(a) |S (M+ D)C. (0<2< 0). 
Proof. Let B, (Bı > 0) be such that p(x) > 4 for z > Bı + 1; B= B 


suffices. Put 
M*(z) = Maxf(t);  M() —Max| f(2)|. 
Stig VStS0 


If «= 1 we either have M*(x) == M*(2—1) or there is a number go 
(e—1 2% 7) such that M*(c) = f(a), F (zo) 2&0. In the latter case 
we have, by (2.1) 


(Xo) f(%0) Æ (#0) f (z0 — 1) + r(e). 
It results from (2.2) that, for v = B, -+ 2 
M* (x) = f(x.) S M*(2—1) +2 | M*(a@—1)| BO(e@—1) + 2D6(¢4—1). 


This is, of course, also true in the first case. For Minf(¢) an analogous 
inequality can be found; it follows that 


M(x) S M(a—1)- {1 + 2B (a —1)} + 2D(x— 1), 
and so 


D+M(e)S(D+M@—1))-(14+2B4+1)8(e—1)} (=B, +2). 
Since €(1) < A, | 8(e)de <A, we have (0B, B) 


TI (1+ 2(B+1)8(Bi+9)} < v: GSD; 


and hence 


(2. 14) | f(x) | S (M(B, +1) + Dh («= B,). 
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We may take B, == B. By Lemma 3 we obtain 
f()|S (M + D)CL(B +1,0) = (M + D) (0SrS&B+1) 


and (2.18) directly follows, with O, = y1 (Cs + 1). 
If B, = 0 we do not need Lemma 3 for the proof of Theorem 1. Then 
(2.14) expresses l 


THEOREM la. If the conditions of Theorem 1 are satisfied and if 
p(x) >4 for e Z1, then a number yı, depending on A and B only, exists 
such that 


| F(2)| S (M + D)y: (z Z 0). 
Lemma 4. If the conditions of Lemma 3 are satisfied and tf nZ i, 
then for 1Sksn the function f(s) =f (a+) is a solution of an 
equation 
(2.15) > we(x) f’e(@) + pela) fee) — g (a) few — 1) = r (2) 
which belongs to Un-x(Px, Br, Du), where 
(s) = O(a -+ k), w£) = w(x +k), Bs = Cln), Dy = (M + D)CUn). 
Proof. Let N be a natural number and suppose that the lemma has been 
proved for n < N.53 Then we have, by Lemma 3 and Theorem 1 
(2.16) |f(c)|S(M+D)O(N) (Zk, k—0,1,---,N—1). 
Now suppose that n == N. 
It is evidently sufficient to consider the case k = 1; the cases k = 2, 3,- - 
immediately follow from this one by iteration. 
Since f(x) satisfies (2.1) we obtain by differentiation, for s = 2, 
w(x) f(x) + ip(e) + w"(2) fF (2) — gale) Pf (2—1) 
=r (x) —p'(a)f(2) + g (a) f(e—). 
Now putting 
ff Wwe i)—w(2), {p(t 1) +w (s+ 1)} = p:(2) 
(2.17) 4 %(e-+1) = q (2), 
L Rp) pl | Di] D gaH meh, 
the function fı(s) =F (s—1) satisfies (2.15), with k=1, for sz 1. 
We have to prove that the analogues of (2.3), (2.4) and (2.5) hold. 
First we have, since | w’ (s)| < B(s) > 0 for t-> œ: 


p(t) >} forz@2ZCy+1. 


5 If N = 1 nothing is supposed here. 
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We immediately find 
| w ® (x)| < 2B&,(2), lq") (w)| < 2B (2) (I= 1,---,N—1,221+1), 
and hence, for z=1+1, 
| {p1 (2) — qı (2)} P| < 2B, (x) + 2 | wl) (s +1)| < 4B, (x) 
l (1==0,1,---,N—1) 
| pi (x) | < 6B, (x) (eect he Nea 1), 
Finally, by (2.17), (2.16), (2.4), and (2.5) we have, for /=0,1,- - E 
N—1, «21+1, 
|r (2)| < 2{D + 2B(M + D) - 2'0,(N)} - (2). 
Now by taking o 
O.(N) = Max (Ca 6B), C: (N) = 2 + 244BO,(N) 
the proof of the case n == N, k = 1 is completed. 
We state separately the result (2.16): 
THEOREM 2. Jf OS kn, and if f(z) ts a solution of an equation 
Xn ($, B,D) with | f(e)| SM (OSeS1), then we have 
| F® (x)| S (M + D)Cw(k) (2 = k, k = 0,1, -> ,n). 
We may write Cio(k) instead of the OCs(n) from (2.16) since W,(%, B, D) 
is contained in W(®, B, D). 
In 4 we shall need 


Lemma 5. If f(x) satisfies the equations (2.1) of class %.(®, B, D) 
and if a number Q = 2 is gwen such that 


p(t) >} = p(t) +w (z) > 3 (t2Q+1) 
| F® (x)| SM (k = 0,1,2; 051S Q +1), 

then a number yz, depending on A and B only, can be found such that 
| f9 (£)] S (M + D) (b—0,1,2;22 Q). 


Proof. For k==0 this follows by applying Theorem la to f(x — Q). 
This same theorem can be applied to F (x— Q) which satisfies an equation 
of class M (Pq, Ba, Dı), where B, == ys, Dı = (M -+ D)y. (cf. the proof of 
Lemma 4). A third application yields the result for k = 2. 


THEOREM 3. Under the conditions of Theorem 2 we have, if n= 1, 
tZk, s= B-41, 


(2.18) | F® (2) —f® (w@—1)| S Cu (k) + {w(2) +8 (2)}(M -+ D). 
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Proof. We have by (2.1) 
(2.19) p(e){F(z)—f(s—1)} 
= (q(t) — p(x) }f (x — 1) +r (s) — w(x) (s). 
Hence for x= B + 1 we have by (2.2), etc. and Theorem 2 
2 | f(%) — f(z —1)| S Caa (%) - (w(x) +8 (s)} (M + D). 
We may write Ci, instead of C,.(n); cf. the remark after Theorem 2. This 


proves (2.18) for k= 1. The cases k= 2,3,-- + are easily dealt with by 
successive differentiation of (2.19). 


3. Periodicity Theorem. If w(z) +0 for e— œ, Theorem 3 yields 
f(x) —f(e—1)—0. It by no means implies that f(x) tends to a periodic 
function. But this is easily proved if we suppose that 


(3. 1) | w(2)| < Ba (2) (121) 
and that f(z) satisfies an equation (2.1) of class W (®, B,D). We then 
infer from (2.18) that l 
KODET ESN O 
(v, a = 1,2,83, >; Sne Z 0). 
Hence, by Cauchy’s theorem, lim f (2 + v) exists. 


We, however, drop this restriction (3.1) and replace it by the weaker 


one | 
(3. 2) {w (s) }? < B&(a), (z= 1); 


that is, our equation belongs to a class Bn. 


Lemma 6. If f(z) satisfies an equation (2.1) of class Ba(, R, D) and 
if (2.8) holds, then there exists a uniquely determined continuous periodic 
function w(y) of period 1 such that for £ È Cz 


(3.8) | f(a) —wta— S wP S (Ht + D) Cre J Sat 
Proof. By Theorem 2, f’(z) is uniformly bounded for «= 2. So it 
follows from (3.2) that, for s = B+ 2 
| Fæ + w(x) /p(z)} —f(e) —w(x)/p(a) - f’(#)| S (M + D) Cr (2), 
where Cis == 2BC1.(2). Consequently, by (2.1) 


3. 4 | fe + wle) pE) — fle —1)| S POY Hala) — p@HW@— 1) + 76 
oe) + (M+ D)Cy®(2) S (M + D) Cu: (2) (2 = B+2) 
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For x > Cys the function 
y=s— w(t)/p(t)dt 
B+1 
is steadily increasing, and dy/dz —>1. We put y = n(x), £ = é(y). Take 
To > Cis +- 1 and put yo = 1 -+ n(o — 1), c* = E&(y¥o), so that 
(3. 5) ot — m — f "w (t)/p(t)di. 
zorl 
Since 
|{w(x)/p(x) yY | < C8 (2) (z= B+1), 
we easily infer from (3.5) that l 
(3.6) | a — zo — w(z0)/p(z0)| < Czo® (zo — 1) (% Z Cz + 1). 
The function f'(x) is also uniformly bounded, and so by (3.6) and (3.4) 


| FLECYo) } — FLEC yo — 1)}| = | f(2*) — f(z — 1) | 
S | Hro + w(%o)/p(xo)} — Fo — 1)| + (M + D)Oio (1) + C28 (2o — 1) 
< (M + D)Cx®(t)>—1). 


Since f "oldoz co we find that 
¥(y) = lim f{e(y + v)} 
exists if y runs through the natural numbers, and (3.3) immediately follows. 


Evidently w(y) has the period 1. Moreover, from (3.3) and from the fact 
that F(s) is bounded,, it is easily deduced that 


(3.7) LY (y) —¥(¥2) | = (M+ D)C23° | Yi — Ye | 
for any pair of values Yı, Y2; hence w(y) is continuous. 


THrorem 4. If f(x) is a solution of the equation (2.1) of class 
Bnio(’, B,D), (n= 0) then there exists a uniquely determined periodic 
function w(y), with period 1 and with n successive derwatives, such that for 
b=0,1,---,n3 s Z k + Co4(k) 


(3.8) | f(a) —y™(a— f w/p) S (M+ D) Calk) f Oa 


Proof. Lemma 4 shows that f% (x -+ k) satisfies an equation of class Bs, 
so that, by Lemma 5, continuous functions Wo, Y1,* © -,%n exist such that for 
Hy = k +. C2,(k), 


(8.9) | f(a) —yalo— f O) S (B+ D) Calk) f Beat 
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Here we have p(t) = p(t) +- kw’ (t) (cf. the proof of Lemma 4), and à 
is chosen such that p(t), pi(t),:-°,pn(¢t) are all >4 for vZ Aà. Since 
for s ZÀ 


|ala) =] f TOPE — w(t) p(t) Jat < | WBE) B f DO 


(c£. (3.2)) we have, in virtue of (3.7), for k = 0, 1,: > -,n, 

(3.10) | f(x) — p(s — | w/p dt)| S (M + D)Cx(k) f B()dt, 
B+1 g-i 

where 


À a 
pe(u) = palu + (A) + f w/p dt). 


By integration of (3.10) we obtain, using the facts that the ¢;’s are con- 
tinuous and that w(x)/p(s)—>0 fòr c> oœ, 


B 
J "Ge(a) de = ralh) — de (a) (k= 1,2,- >n) 
for any a and 8. It results that 
po = br, Pi = po t t Pn = bn 


4. The correspondence f —> y; the completeness theorem. We consider 

an equation (2.1) of the type Ba (n= 2). Any continuous function f(x) 
arbitrarily given for 02 < 1 gives rise to a continuous function y(x) of 
period 1 im virtue of Lemma 6. We shall investigate this correspondence. 
Since it is linear we may restrict ourselves to the homogeneous case r(x) == 0. 
Then the correspondence f — y defines a linear operator y = Tf. The domain 
is the set D of all continuous functions on 0271, or, since any such 
function can be continued to a solution, the set of all solutions of our equation. 
The range R is the set of all y == Tf, fe D. By R.. we denote the set of all 
continuous functions of period 1. Using the metric: 


(4.1) |fl=Max|f(x)|, 1y I= Max | y(2)|, 
we have 
THEOREM 5. The operator T is continuous in D: 
(4. 2) UTR ONE (feD). 


Proof. This immediately follows from (2.13) (where D = Q since our 
equation 1s homogeneous) and from Lemma 6. 
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THEOREM 6. (Completeness Theorem). If q(x) >0 fort 1, then R 
as dense in Ro, that is to say, if ye R and «> 0 are given, then a function 
fe D can be found such that || y —Tf || < €. 


Remarks. 1. The condition g(x) > 0 for x = 1 is essential. If we had, 
for instance, g(x) = 0 for 1S 22, then any pair of solutions fı and f, 
with f,(1) = f.(1) would coincide for x = 1, so that R would consist of all 
multiples of a single function. 


2. Theorem 6 is also true if an equation of class W, is concerned, with 
the supplementary condition (3.1); only very little alterations in the proof 
below will be required. 


LEMMA 7. Let the equation (2.1) be of class Mo, with q(x) > 0 (e 21). 
For Q = 0 denote the set of continuous functions on Q Sax & Q +1 by Dy. 
Let for 0 = RSQ the operator Tro be defined as follows: if ge Dee Do, 
and if the function f(x) satisfies (2.1) for x Z R + 1, f continuous for «= R, 
f=9 (RSe¢Sk+1), fer (O@Se5S904+1) then we put h == Trog. 
Then FreDr is dense! in De. 

Proof. It results from (2.12), with é= R + 1, r(x) ==0, that the 
operator Tro is continuous. Furthermore, for P= R S Q, we have TreT pr 
=— Tpg. Thus, if TprDp is dense in Dr and TroDpgr is dense in Dg, then 
TpoDp is dense in De. Consequently it suffices to prove our lemma for the 
case R= Q=R-+1; the general case follows by iteration of this one. 

Let RS QOS FR+1,¢€>0 and he Dg. Construct a function A, € De 
with a continuous first derivative, such that 


(4. 3) w(x)h’,(e) + p(a)hi(e) — q (z)h (z — 1) = 0 
holds for z = Q -+ 1, and || hı —h || <e. Since g(x) > 0 we can continue 
hy(a) backwards over RS 2 Q such that it satisfies (4.3) for R-+1S2 
=< Q -+1 and such that it is continuous for RSa=Q+1. " 

If ge Dpr is defined by g(x) = h(x) (RS xSR+1), then we have 
Trog = hı, and so || Treg —h || < «, which proves the lemma. 


Proof of Theorem 6. Let My be the largest of the numbers | x], || x’ | 
and ||x” ||. Lete (0 <«,<1) be a number which is to be fixed later on. 
Let the number Q > B + 3 be such that for «= Q@—1 we have 


ua [PP r@ twe >4 g)>} 
. 4) La &(z—1) <4, ROLET 


€ With the metric defined analogous to (4.1). 
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and such that 
aQ 

(4. 5) N=Q— f w(t)/p(é)at 
B+1 


is an integer. It follows from Lemma 7, with R = Q — 2, that a continuous 
function fı(x) can be found in Q — 2? & x S Q 4+ 1 which solves (2.1) for 
Q— 1S rZ Q 1, such that 
(4. 6) | f:(2) —x(@—-Q)| <a (QSe5Q+1). 
Again by Lemma 7, with R == 0, a solution f(z) of (2.1) can be found such 
that 
(4.7) \f(t)—filt)|<a- Max p(2x){w(x)}° 
Q-1sS0Q+1 

(Q—252<Q—1). 
Putting f(z) —fi(v) = f(x) we have 
Fala) = (q(@)fo(@—1) — p(x) f2(2) }/w (2) (Q—1S2¢5¢0+1), 


and a similar expression for f'a (£= Q). From the inequalities (2. 4), 
(2.5), (4.4), and from p(z) > 4 we now easily infer that 


(4.8) [F® (2) —f,(2)| < ye 
(b= 0,1,2;Q—2 +kSeSQ—1+k) 


ys depending on A and B only. Consequently, by Lemma 5, 
(4.9) [f(2)|S Moty t a)y =M (b= 0,1,2;02 Q). 
We can now derive by the process of Lemma 67 

| Fæ + w(x) /p(e)} — f(@—1)| £ yM: (2) (=Q +1) 
and, if Tf =y, 
(4.10) | f(e) —We— f wpa Sys f Doa (=Q). 
It follows from (4.9) and from Theorem 4 (k—1) that |y | M. So 
(4.10) and (4.5) lead to 

| F(z) — y (2—9 +N) < aM, + yM (QST, 
and trom (4.6), (4.8) we inter 

Wx wl < atys + 1+ (1+ ye) (Mo + ys + 1) 72) = aye). 

Now take « such the right-hand side equals e; then it results that | x— y | 
= | x— TF | < e. 


1 We can take Cs = C., = Q, and then for «2 Q all other C’s can be replaced by y's. 
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5. The uniqueness problem. We consider the equation 
(5. 1) w(x) f(a) + p(x) f(z) — f(z — 1) =0. 


Let B and p be positive constants, p> 1, and suppose that for z= 1 
(n=0,1,2,---), the functions w(x) and p™ (s) are continuous and 
satisfy 


(5.2) |w% (s)| <Brinvare, |{p(£) —1} | < Betnraee (0 = 1). 
Under these conditions we can prove 


THEOREM 7. If f(x) is a solution of (5.1) and if lim 7(2) = 0, then 
we have f(x) ==0. 


Remarks. 1. The condition w(<) > 0 (s = 1) is not needed here. If 
it is valid, however, then the equation (5.1) belongs to Be o (27) and gives 
rise to a one-to-one correspondence f <> y. 


2. With very little alterations in the proof below we can show that 
Theorem 6 remains true if the right-hand sides of (5.2) are replaced by 


Brne nyg ER, 
where the numbers B, a, B, p satisfy 
B>0, p>1, p> 4% p>a—gß+4l. 


For instance, the function w(x) == exp (—e*) satisfies this condition, with 
x = 3, B and p arbitrary; it does not satisfy (5.2).* 


Lemma 8. If a= 0, if f(x) isa solution of (5.1), and if g(x) satisfies 
the “ adjoint equation” 


(5. 3) {w(a)g(a—1)}’ — p(x) g(z@—1) + 9(2) = 0 


for x Z a+- 1, g(x) continuous for £ = a, then the expression 


(5.4) (9) = J FODE + w(2)f(@)9(@—1) 


ws independent of « for x=a-+1. 


This directly follows by differentiation of (5.4) with respect to z. 


8 Condition (5.2) implies that w(#) and p(w) can be continued analytically 
throughout a region | arga#| <4, |æ] >1—2, (6,.> 0) and that w(x) = O(a), 
p(w) —-1=O(2-p), in that region. Conversely, from these facts we can deduce that 
(5.2) is valid for some B > 0. 
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Lemma 9. (Theorem of Carleman-Mandelbrojt®). If a< b andy >1, 
then a function go(x) exists for a <2 x = b, differentiable infinitely often, such 
that for n==0,1,2,° °° 


Fj go (2)| <n (aSeSb;0°=—1), go (a) = g.™ (b) =0, 
5.5 v 
oe) i goz) Z0 (aS255), f Jo(x) dz > 0. 
Proof of Theorem Y. Suppose that f(z) is not identically zero, then 
numbers a and b (0S=a<bSa+1) can be found such that f(r) 40 


(aS sS b). Takel<y<p. Let g(x) be the function of Lemma 9, put 
gols) =90 for b S gSa -+ 1, and let g,(v) be defined recursively by 


(5. 6) Ia (2) = (1 — On) gna (2), 

where the operator Q, is defined by 

(5.7) . mp = (2) -$ + {wr la) bY, 

(5. 8) n(x) =1— pls +n), Wa (£) =w(£ + n). 
Furthermore we define g(x) for s = a by 

(5. 9) gls +n) = gn(2) (aSr Sa + 1, n= 0,1,2, +). 


This g(x) clearly satisfies (5.3) for s Za -4+ 1; we shall prove that g(x) is 
bounded for g = a. : 

First we estimate the expression 0%,Qx,,° © © Qk go for lS hi <: < ks, 
@Se2Sa+1. We write it as a polynomial in the @’s, the w’s, gẹ and their 
derivatives, and we then observe, by induction, that all its terms are contained 
in the expansion of 


(5. 10) (1 + d/de)*{ (on, + Wry) © © (i + Wey) Go}: 


We can write this in the form 


(Ltn +: ot r) {èar + we,) o (ar + Wa) Go}, 


where p denotes the differential operatar working oan go only, my tho ono 
working on a, and w; only, We uuw seplave Lue a's, w's, go and therr 


° See S. Mandelbrojt, Séries de Fourier et classes quasi-analytiques de fonctions, 
Paris, 1935, p. 69; the above lemma is a direct application. Mandelbrojt’s contribution, 
viz., the fact that g.(a#) can be chosen 20, is essential in the sequel. 

We do not actually need the Carleman-Mandelbrojt theorem here since it can 
be verified that g(x) == exp i= {æ — a) 1/in-1) — (6 — B) A (a<a<b), gla) 
== gelb) = 0 satisfies the conditions of the above lemma. 
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derivatives by the majorants given by (5.2), (5.5) and we even replace m” 
for m < s by s”. We infer that the sum of the absolute values of the terms 


in (5.10) is less than 
U = B(k, - =k). (14 s +. 2s/k, + < -+ 28/ks)’, 
and a fortiori we obtain 


| Qe, + 3 om Qr go | = U = B (kyr oes k, ) P (As). 
ut co 
(5-11) S B(dy- > ka) PAST (1 +98) = B (ka> - ` ks)? (et (gt) eat 
0 


A1, As,* © - denote positive constants depending on B, p and y only. 
From (5.6) and (5.11) it results that 


| ga (x)| = | (1 — Qa) > > + (1—2) go | 
<B f tTI + Ask?tt) dt < B f et TL (1 + Agh-o/r40/7) rat, 
o k=1 & k=1 
where r=-4(p+7). Finally we obtain 
‘ oO OO 
| gn(w)| SB exp(—t + Arive $ kwir) dt. 
0 1 


The integral on the right is convergent (since p >r, n <7) and its value 
is independent of n. Consequently | g(z)| < A, for s Za. 

The proof of Theorem 7 now easily follows from Lemma 8. From 
f(z) —> 0, | g(x)| < Ay for z— œ we obtain by (5.4) that (f,g) 0. On 
the other hand, by taking zt ==a + 1 in (5.4), we find 


(f9) = S "racer, 


But since f(z) is continuous and 0 for a Ss Sb, g(x) 20, g(a) not 
identically 0, we find (f,g) +£0. This is contradictory; it follows that f == 0. 


+ 


6. Applications. We shall apply the contents of this paper to some 
equations of the form 


(6. 1) G (æ) = K (€)G (2—1), 
where K(z) is a given function, positive and continuous for s = 1. 


If G(x) is a solution of (6.1) and G(#) >0 for 0& z & 1, then 
clearly G(x) > 0 for sŒ 0. Moreover, if G(x) is a second solution, then 
G(xv)/Go(#) is bounded for +20. Namely, if M is the maximum of 
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| G(x)/G (x)| for 0 Sa 1, then it is easily seen by step-by-step integration 
that | G(r)| S MG,(x) for «= 0. 
If we put G(x) = G,(2)f(), the function f(a) satisfies 


(6. 2) f (x) (Go(x)/G%o(«)) + f(z) —f(e—1) =0, 
which belongs to class Wp. 
Example 1. The equation 
(6. 3) G(x) = 2xe**1G(a—1). 
A special solution is Go(a) = exp x’, and so (6.2) becomes 
(2) f (x) + f(x) — f(e — 1) =0. 


This equation belongs to class Bo with (2) =«a*. Hence any solution of 
(6.3) gives rise to a periodic function y(x) of period (1), such that 


G(x) = e*{w(a — flog x) + O(a) }. 
The completeness theorem is valid, but the uniqueness problem is still unsolved. 
Example 2. The equation 
(6. 4) G’ (x) = (exp °) G(s — 1). 


This example is less artificial than the previous one; it is not easy to give 
an explicit solution G (xz). Nevertheless we can try to find a function 
Go” (x£) = e#(@ such that the substitution G(x) = Go*(a)f(x) leads to an 
equation of a class B, (n = 2). We find, if H (s) = h(s), 


(6.5)  F(s)/h(s) + f(s) 
— exp {27 — fre -— t) dt — log h(x) }f(«—1) = 0, 
0 
and hence we have to find a function A(s) which makes the absolute value of 
(6. 6) T? — (“h(a —t) dt — log h(a) 
of ft 


less than a function # (v) with convergent integral. The following iteration 
process gives a result in a finite number of steps in this and in many other 
cases. Put 


ho(£) == 1, h(s) == 27, Ray (2) = len (@) + Ann (2) 


An (2) = Aa (2) — f An (æ — t) dt — log {ha (2)/hna(2)}, 
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so that Ann (x) is the result of substituting A(s) = hn(x) into (6.6). Since 
we shall find w(a) = {h(a)}~* ~ x? we cannot apply our theory with a function 
® of order less than s (cf. (2.5)), therefore we stop our iteration at the 
first An which is O (x°). 

We obtain 


A(x) = z — $ — 2 log z 

As (2) = $ — 2a7 -+ 2a? + 2r log r — 2a log £ + O(a") 

A,(x) = ġe? — 2a? log x + O (r°) 

As (x) = O (x°) 
h(x) =r +2+4— 2a H 4?— log g -+ 2e? log g — 42 log v + Oar). 
Now take 
(6.7) H(z) = $r? + Le? + Ba — 3e — 22 log « — 

— 2 log x — 2x" log x +- 2a? log z, 


so that H(z) = h(s) = ha(£) + O (x2). Now the equation (6.5) belongs 
to Bels); the required inequalities (2.5) for the derivatives of w(x) and 
‘q(a) easily follow from the fact that these functions are power series in s“ 
and x*loga. It results that to any solution of (6.4) there belongs a periodic 
function y(x), of period 1, having derivatives of all orders, with 


G(x) = BO {y (a + 2*) + O(e*)}, 


or 


G(x) = e2 {y (x) + O(x*)}. 


H (x) is given by (6.7). The completeness theorem holds; the uniqueness 
theorem can be proved by applying Theorem 7 to the equation (6.5); first 
divide it by the coefficient of f(a—1). 


Hzample 3. Mahler’s partition problem *° gives rise to the functional 
equation W (y) = F(y/r), where r is a constant >1. We transform it by 
y = 1%, P(rt) == G(x) into 


(6.8) G (x) = e*#*8G (a — 1) | (a> 0), 








10K. Mahler, “On a special functional equation,” Journal of the London Mathe- 
matical Society, vol. 15 (1940), pp. 115-123. 

N. G. de Bruijn, “On Mahler’s partition problem,” Proceedings of the Koninklijke 
Nederlandsche Akademie van Wetenschappen, Amsterdam, vol. 51 (1948), pp. 659-669 
= Indagationes Mathematicae, vol. 10 (1948), pp. 210-220. 
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where especially « = log r, 8 = log log r. Dealing with (6.8) by the method 
of the preceding example, we find 


ho(z) =1, hy(a) = ax + B 
A(x) = 4a — log a — log z — Bate -+ O (x?) 
A(z) == a7 (— 1 + o log a) + atr” loga 
+ a? (— B — ġa t- log «)a log s + 4a?r? log? x +- 0O(r°) 
A(z) =— ġar log s — ata? log s + O(s?) 
as (2) = O (1) 
(H(x) =ġa(r— a logs)? + (1-8 + 4a — log a)z 


(6.9) i + (—1+ a™ log a — 8/a) log x — a?r log? a 
+ a? (a -+ B— log ajr” log z. 


To every solution of (6. 8) there corresponds a function y (y) of period 1, 
with derivatives of all orders, such that ++ 


(6.10) G(x) = e”) {y (gz — log s/a + log v/a*x) + O(a)} : 


the rather complicated function H (x) is given by (6.9). Section 4 applies 
to this case, section 5 does not. Nevertheless the uniqueness theorem is true; 
this will be shown in a separate paper dedicated specially to (6.8). There 
we shall express y(x) explicitly in terms of the values of G(r) on 0S aS, 
and vice versa. 

From the results to be obtained in that paper it follows that (6.10) is 
the best possible result of its kind: it is not true that functions H, (s) 
== O{H(x)} and (x) —> œ exist such that every solution of (6.8) is of the 
form 


G(x) = es (yina) } + 0(a*)), 
u(y) periodic mod 1. 


MaTHEMATISCH INSTITUUT DER TECHNISCHE HOGESCHOOL, 
DELPT, Mutiunranns, 





11 We take $ (s) = g- 


ON THE CLASSICAL EXISTENCE THEOREM OF LINEAR 
DIFFERENTIAL EQUATIONS.* 


By AUREL WINTNER. 


The purpose of the following considerations is, first to formulate, and 
then to prove, the classical representation theorem of homogeneous, linear 
systems of ordinary differential equations so as to apply to absolutely conver- 
gent Dirichlet series or Laplace integrals. 


THEOREM. On the half-line 
(1) 1Si<o, 


let a(t), R(t) denote n by n matrices of functions each of which is of bounded 
variation on (1), and put 


(2) A(s) = f estda(t). 
and i 

(3) B(s) — | eede), 
where i 

(4) O=s<c o. 


There belongs to every a a B having the following property: n linearly 
independent solution vectors x(s) of the system of n linear diferential 
equations 


(5) a’ = A (8)z, 


where z == da/ds, are supplied by the n columns of the matrix 


(6) X (s) =E + B(s), 
where 
(7) E is the unit matrix. 


It should be emphasized that the absolute convergence of the unknown 


* Received September 3, 1948. 
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matrix integral, (3), is claimed on the entire half-line, (4), on which the 
absolute convergence of the given matrix integral, (2), is assumed. 

It will be clear from the proof (cf. (27) below) that the assertion of 
the theorem can be amplified by the following 


Remark. Under the assumptions of the Theorem, the spectrum of B is 
contained in any closed ray containing the spectrum of a. 


It is understood that the spectrum of œ is defined to be the set of those 
points to of the half-line (1) corresponding to which there does not exist an 
e > 0 satisfying a(t) = const. for:|¢—t, | <<, and that a ray, E, of a set, 
S, is meant to be a set containing 9 and having the property the sum of any 
two (not necessarily distinct) values contained in R is in R. 

In order to illustrate the content of the Theorem (and of the Remark), 
suppose that each of the n? elements of the coefficient matrix A(s) of a 
system (5) is a Dirichlet series without constant term, say 


(8) d(s) = S anes, where 0 < Ap Là L'eta - 


m=i 

that each of these Dirichlet series is absolutely convergent on (4); finally, 
that (by the insertion of vanishing coefficients am) the notation is so chosen 
that there belongs to every h and every j (Sh) an m satisfying Ar + Àj = Am. 
It then follows that every component 2; ==2a;(s) of every solution vector 
Z==(%,°-°*,%) of (5) is of the form s(s)= c; + di(s), where 
C,=2,(0),--*,€n=2%n(c) are integration constants, which can be 
assigned arbitrarily, and d,(s),---,dn(s) are Dirichlet series having the 
same exponents Am as (8) and converging on the entire half-line (4). 

The particular case Am == m is classical. For, if the n? elements of A(s) 
belong to the case Am = m of (8), the substitution e~ == z reduces (5) to 


(10) du/dz— P(s)w, 


where each of the n? elements of P(z) is a regular power series, 


oO 
(11) Z bmz™ 

m= 
(whee boot ty allowed). Hence, what results is the classical result, 
according to which the regularity of the coefficient matrix (11) in a circle 
|z| <r implies the regularity of every component w,==w,(z) of every 
solution w = (wi, ++, Wn) of (10) in the entire circle. 


1 What actually follows is somewhat more, namely, the absolute convergence of the 
power series of every function w,(z) on the boundary ! 2 | == f, if the power series (11), 


n 
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The classical proofs of the latter theorem fail to apply in the case of 
arbitrary Dirichlet series, Am 54m, mainly because the regularity of the 
functions ceases to imply the convergence (not to say the absolute convergence) 
of the Dirichlet expansions. In fact, this difficulty arises even in the case 
of ordinary Dirichlet series, 


(12) d(s) = S am/m°, 
mz2 

where, in (8), 

(13) Am = log (m + 1). 


It is of no avail that (12) cannot have a half-plane of convergence without 
having some half-plane of absolute convergence. 
The proof of the Theorem proceeds as follows: 


Under the assumptions placed on the coefficient matrix, A(s), of (5) 
in the Theorem, put 


(14) [a] == max (Len, [a2], a ee ry [enn]), 

where, if a(t) denotes the (t, #)-th element of the matrix a(t), 
oO) 

(15) Lose] = f | dæix(t)|. 

l i 

Then the assumption placed on (2) is 

(16) [a] < œ. 

It can be assumed that 

(17) akl) = 0 


(0 = zero matrix), since (2) remains unaltered if a constant matrix is 
added to the matrix a(t). 

Let X be an n-ary square matrix the columns of which are solution 
vectors of (5). Then (5) is equivalent to 


(18) X’(s) = A(s)X(s). 
Hence, if B(s) is defined by (6) and (7), 
(19) BY(s) —A(s) + A(s)B(s). 


representing the coefficient functions of (11) when je|< r, are supposed to converge f 


absolutely on |z| =r. s 
This refinement of the classical theorem can readily be verified directly. 


ats 
pas 
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Since B(s) is required to become of the form (3), it is required that 


(20) B(w) =0. 
Hence, the successive approximations B,(s), Ba(s),: + -, which should lead, 
in the form 
[s0 
(21) B(s) = 3 Ba (s), 
m=i 


to the desired solution, (3), of (19), must be set up as follows: 


(22) Bm: (8) = A(s) Bm (8), 
where m == 1,2,- - and 
(23) B,/(s) = A(s). 


In order to obtain every term of (21) in a form corresponding to (3), try 


i 
OO 


(24) Bu(s) = | eaba), 
1 
where m == 1,2, +. The unknown matrices Bm(t) occurring in (24) can 
be normalized by 
(25) Bu(1) =0; 
cf. (17). 


According to the case m = 1 of (24), the initial requirement, (23), 
of the recursion formula, (22), is satisfied if 8, is defined (at its continuity 
points) by (25) and ` 


(26) — tdB,(t) = da (t). 
For Bo; Bese c’ substitution of (24) into (22) supplies the recursion formula 
(27) — tdBmsi(t) = d{a(t) * Ba(t)} 


Whee Lue aslerisk is Lle sybul of convolutions (of matrices; so that A*u 
is not identical with u =A). Needless to say, only Bm(t + 0) or Bn{t— 0) 
is relevant in (26), (27). 

It is readily seen from (15), and from the definition of a convolution 
as an integral, that, if A(t) and pj,(¢) are scalar functions, 


: [Ace * aye] SS Dax] Lew]. 
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Hence, if A(z) and p(t) are n-rowed square matrices, it follows from (14) 
and (15) that 


(28) [à * p] S nla] el, 


the factor n being introduced by the summations which occur in a matrix 
product. On the other hand, ¢=1, by (1), and so, by (26), 


(29) [4] S [a]. 


For the same reason, 


[Bman] = [a = Bul, 
by (27). Consequently, an induction and (29) show that 
(30) [Bm] = (nLa})™. 


It follows from (29), (30) and (16) that (26) and (27) define on the 
half-line (1) matrix functions each of which has a finite total variation on 
(1). Thus, each of the integrals (24) is defined, and converges absolutely, 
on the half-line (4). 

On the other hand, (29) and (30) fail to lead, via (24) and (21), 
to an integral representation (3) in which, as claimed by the Theorem, 
[8] < œ. In fact, all that follows in this manner is the absolute conver- 
gence of (3) on some half-line so = s < œ, with a sufficiently large So, rather 
than on the gwen half-line (4), where s.—0. Correspondingly, what is 
thus supplied by (30) is of the type of the local existence theorem of non- 
linear analytic differential equations. 

Thus, in order to prove the Theorem, the linear character of (5) will 
have to be used more fully than above. This will be accomplished by proving 
that (30) can be refined to 


(31) [Bm] S (n[a])”/m!, 
where m = 1,2,7». | 


To this end, use will be made of the notion of the spectrum, as defined 
after the italicized Remark following the Theorem. It is clear from this 
notion, and from the integral defining a convolution A*a of two matrices 
p= p(t), A—A(t) on (1), that a t-valuė, say to, cannot be in the spectrum 
of X* p unless tọ is in the closure of the set of those numbers which are 
representable in the form t, -- tz, where tı, t% are points contained in the | 
spectra of A, w respectively. This implies that, if the spectra of A, » are 
contained in the respective half-lines aS t < œ, b& t< œ, where a= 0, 
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b = 0, then the spectrum of À * i is contained in the half-linea+b6St< ow. 
Ñ Since-all spectra are confined to the half- line (1), it now follows from 
(26) and (27), by choosing 


A = Q, p = Bm, a = 1, b =m 


and applying an induction, that the spectrum of Bm is contained in the 


half-line m & t < «©, where m = 1,2,- -. In view of (25) and of the 
-= definition of a spectrum, this means that 
(32) Bm(t) ==0 for 1S t< m (if m>1). 
It is seen from (32), (27) and (1) that 
(33) (m +1) [Bman] S Le * Bm]; 
ef, (14), (15). But (33) and (28) show that 
(34) [Bm] S aa] [Bm]/(m + 1). 


If an induction is applied on (84), it is seen from (29) that the proof of 
(81) is now complete. 

Let c= n[a]. Then, since n is the fixed dimension number, 0 Sc < o, 
by (16). Hence, from (381), 


S Bu S S/M! < æ. 


mrzi 


It follows therefore from (14), (15) and (25) that the series 


Á B(t) = 3 Bn (#) 


defines on the half-line (1) a function B(¢) satisfying 
R< æ (and 8(1) —=0). 


It is also seen that this @(¢) and the assignment (3) define on the half-line 
(4) a function B(s), and that the latter is representable on the half-line (4) 
in the form (21). In fact, the convergence of the series (21) at every s = 0 
and the legitimacy of the term-by-term integration leading from (3) and 
(24) to (21) are clear from the last three formula lines. 

Finally, the functions Bn{s) occurring in (21) have been defined, after - 
(21), by the method of successive approximations, which belong to the initial 
condition (20). Hence it is clear, from the standard argument in successive 
approximations, that the matrix X(s) which is defined on the half-line (4) 
by (6) and (21) is a solution of (18). That the assignment (20) is actually 
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satisfied by the B(s) constructed, is seen by using for B(s) its repre- 
sentation (3). In fact, since [8] < œ and ¢2=1>0 in (8), the integral 
(3) tends exponentially to 0, as s—> œ. 

In order to complete the proof of the Theorem, all that remains to be 
ascertained is that the columns of the matrix (6) are linearly independent, 
i.e., that det X(s) 40 for every s on (4). Since (18) is known to imply 
that 


& 
det X (s) == det X (so) - exp f trace A(t) dt, 


8o 


it is sufficient to show that det X (s) 40 for some s on (4). But this is 
clear from (20) and (7). 


APPENDIX. 


The Theorem, thus proved, has extensions in two obvious directions. 

On the one hand, the lower end-point, t == 1, of the half-line (1) can 
be replaced by any positive number, t= p œ> 0. For, if the lower limit of 
integration in (2) and (8) is any t= p >0, it can be reduced to t==1 by 
a change, t-—> pl, of the integration variable. It is true that the e-*! in 
both definite integrals then becomes replaced by e7*??. But this reduces to 
est by the substitution s—>s/p, which is admissible, since it transforms the 
half-line (4) into itself. 

On the other hand, it is clear from the absolute convergence of both 
integrals (2), (3) on the closed half-line (4) that the latter can be replaced 
by the half-plane (o 2 0, — 0 <t< o) of a complex variable, s == o + ii. 
In particular, since this half-plane is closed, the Theorem is applicable on 
the boundary line, o == 0, where s = tt. 

These two obvious extensions of the Theorem contain (and are substan- 
tially equivalent to) the following statement: 


Let A(t), where — œ < t< œ, bea matris function of n by n elements 
each of which is representable in the form 


00 
f etdan (A), (j; k =1,: - -,n;— o <t< ow), 
p à 


where p is a positive number and each of the n? scalar functions ai; (à) has 
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a finite total variation on the half-line pr < œ. Then every vector x(t) 
representing a solution of dz/dt = A(t)x is of the form 


z(t) =c + f ettAdy(X), — o cic ow, 
P? 


where the vector c is an integration constant, which can be assigned arbi- 
trarily, and each of the n components of the vector y(A) = ye (À) has a finite 
total variation on the half-line p EA < œ. 

If all n functions æj(à) are chosen to be step-functions (which can 
have clustering points of discontinuity), there results the following corollary: 


Let A(t), where — œ < t < œ, bea matrix function of n by n elements 
each of which is uniformly almost periodic. Suppose that 


(i) the frequencies, Am, occurring in the Fourier expansion, 


A(t) ~ (3 a ™ emt), 


of A(t) have a positive lower bound, (or a negatwe upper bound), and that 


(ii) these n? Fourier expansions are absolutely convergent, 


n n 
3 3 S| an |< o. 
gal k=l m 


` 


Then every vector x(t) representing a solution of dx/dt = A(t) 


(I) ts uniformly almost periodic, with a mean-value, 
M2) = lim (v—u)* f a(t) dt, 
V-u OO 
u 


which can be assigned as an arbitrary integration constani, c = M(x), deter- 


mining z(t), and 


(IL) the Fourier expansion of each of the n components of every x(t) 
is absolutely convergent. 

in addition, every ray containing the frequencies Xm contains every non- 
vanishing frequency of each of the n components of every solution x(t). 


The last assertion, in which the “ray” is meant to be generated by 
positive integral coefficients, corresponds to the Remark following the Theorem. 

It would be interesting to know whether the last italicized theorem 
remains true if its assumption (ii) and its assertion (II) are omitted. 
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ON 1-REGULAR CONVERGENCE OF SEQUENCES OF 
2-MANIFOLDS.* a 


By GAIL S. Youne, JR. 


By results of Whyburn’s [5],! if a sequence of 2-spheres, in a compact 
space, converges 1-regularly,? then the limiting set is either a point or a 
2-sphere; and if a sequence of 2-cells converges l-regularly while the boun- 
daries of the cells converge 0-regularly, then the limiting set is either a point 
or a 2-cell. Generalizations of these have been made by Vaughan [3], 
White [4] and Begle [1]. Of particular interest to us here is this result ? 
proved by Begle: If a sequence of compact orientable 2-manifolds (without 
boundary) converges 1-regularly to a non-degenerate set P, then (1) P is 
itself a 2-manifold, and (2) P is homeomorphic to all but a finite number 
of terms of the sequence. 

In this paper I intend to extend the above theorems to the case of 
1-regular convergence of 2-manifolds in general.* If we try to get Begle’s 
conclusion in the non-compact case, however, we find that the usual definition 
of 1-regular convergence is stronger than needed for (1) and not powerful 
enough for (2). To see this last statement consider the following example: 
Let M, denote the set in 3-space which is the sum of all the points in the 
zy-plane exterior to or on the circles (x + 2)? +- y? = 1 plus all the points 
with positive z-coordinates lying on the torus of revolution cutting z= 0 
in these two circles. For each natural number n, let Mn» denote the image 
of M, under a translation sending each point (x,y,z) of M, into the point 
(x+n, y,z). Then, in the usual sense {Mn} converges l-regularly to z = 0, 
but no M, is homeomorphic to this plane. An example illustrating a slightly 
different trouble is furnished by the sequence of half-planes {z == 1/n, 


* Received May 10, 1948; presented to the American Mathematical Society, 
December 27, 1946 and September 4, 1948. 

t Numbers in brackets refer to the bibliography. 

* In a compact space, a sequence {4,,} of closed sets converges r-regularly to a set 
A provided that, first, fA, converges to A, and, second, given e > 0, there exist numbers 
§ > 0 and N such that for OSisr, and n > N, every i-cycle of A, of diameter < 6 
bounds in 4, on a set of diameter < e. 

‘Theorem 7 of [1]. In Begle’s paper, this appears as an application of more 
general results on convergence of sequences of generalized orientable manifolds. 

4 By a 2-manifold, I mean here a connected metric space, each point of which has a 
neighborhood whose closure is homeomorphic to a closed 2-cell. The set of all points 
not having neighborhoods homeomorphie to open 2-cells is the boundary of the manifold. 


339 


340 GAIL S. YOUNG, JR. 


v = —n}, which also converges i-regularly to z==0. To remove these 
difficulties, I make the following definitions. 

We suppose throughout this paper that all sets considered are imbedded 
in a locally compact complete metric space S. We use Vietoris cycles and 
homologies on compact carriers only. 


DEFINITIONS: A sequence of closed sets {An} converges W-r-regularly 
to a set A provided that (1) lim An = A; (2) for each point p of A and 
each e > 0 there exist positive numbers $ and N such that for each two 
integers n and k, n > N and 0 S k 5 r, every k-cycle of A» in the 8-neighbor- 
hood of p bounds on a subset of A, in the e-neighborhood of p. The sequence 
converges S-r-regularly to A provided that (1) given «> 0, there is an 
integer N such that, for n > N, each point of A, is at distance < e from A, 
and each point of A is at distance < « from A,; and (2) given e > 0, there 
exist positive numbers 6, N such that, for n > N and 0 & k £ r, every k-cycle 
of A, of diameter < 8 bounds on a subset of A, of diameter < e. 

For compact spaces these definitions coincide with r-regularity. We can 
now state the principal results of this note. 


THEOREM 2. Let {Mn} be a sequence of 2-mantfolds converging W-1- 
regularly to a non-degenerate set M. Suppose that the (combinatorial) 
boundaries Bn of the sets Mn are either empty or converge W-0-regularly or 
have an empty upper limit. Then M is a 2-mamnfold. 


THEOREM 3. Let {Mn} be a sequence of 2-manfolds converging K-L- 
regularly to a 2-manifold M. Suppose that either the boundaries of M and 
the sets Mn are empty, or the boundaries Bn of the sets My converge S-0- 
regularly to the boundary of M. Then M is homeomorphic to all but a finite 
number of tie sets Mn. 

We prove some preliminary results. 

Lemma 1. Let the closed set B be the limit of a sequence {Bn} of closed 
sets converging W-0-regularly to B. Then 

(1.1) If {@n3;2ne Bn} and {Yn; Yn € Bn} converge to the point x of B, 
then for almost all n, tn + Yn ts conluined in a component of By; 

(1.2) If for each n Un ws a component of Bu, and lim inf On ~ 0, then 
lim inf Cy, and lim sup On are each closed and open in B; 

(1.3) Hach component of B is open in B; 

(1.4) If the convergence is S-0-regular, then for almost all n there i8 
a one-to-one correspondence tn between the components of B and those of Bn 
. with the property that if C is a component of B, then lim ta(C) =C. 
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Proof. Let e be chosen so small that the 2e-neighborhood U of x has 
a compact closure. For n large, diam (a+ Yn +- 2) is so small that every 
0-cycle of B, carried by €n -+ Yn bounds in U-B,; and any irreducible 
carrier of this homology is a connected subset of B, containing Zp -+ Yn. 
This proves (1.1). 

If lim inf Cn = H, then H is closed. Let s be a point of H, and choose 
any e > 0; then there exist numbers 6, N, satisfying the conditions in the 
definition of W-0-regularity for v and e. Let y be a point of B at distance 
< 8/3 from 2, and let {Yn; Yn€ Bn} converge to y. Let {£n} £n € Cn} con- 
verge to æ. There is a number N’ such that, if n > N’, d(Y, Ya) -and d(a, £u) 
are both less than 8/3. For n > N + N’, any 0-cycle of B, carried by En + yn 
bounds in B, on a connected subset, of diameter < e. Hence yn also lies in 
Ca, so that y is in lim inf Cn, proving that H is open. A similar argument, 
using a subsequence of {Cn}, proves that lim sup On is open, and so establishes 
1.2. I remark in passing that for non-compact sets, 1.2 cannot be 
strengthened, though for compact sets we can actually prove that lim inf Cy 
= lim sup Cn, using 1. 8. 

Since every component, C, of B intersects lim inf Ca for some sequence 
{Cn} of components of {Ba}, it follows from 1.2 that Ọ is in lim inf 0a. 
Let x be any point of C and choose e, 8, N, y, {an}, {yn} and N’ as in the 
previous paragraph, «e being so small that the 2e-neighborhood U of a has a 
compact closure. Then if K, denotes a subset of Ba of diameter < «e, 
n>N + N’, on which t,—yn irreducibly bounds, Kn is closed and con- 
nected, and so is limsup Kn, from the compactness of U. Hence y belongs 
to C, and 1.3 follows. 

If the convergence is S-0-regular, the argument used in the previous 
paragraph shows that there is a 6 >0 such that if two points of B are at 
distance < 8, then they lie in the same component of B. We may choose 8 
so that, similarly, there is an N, the same for all points of B, such that if zn 
and yn are points of Ba, n > N, which are within 8 of a point s of B, then 
they lie in the same component of Ba. There is an N’ such that each point 
of Bn, n > N’, is within 8/3 of some point of B. Forn>N+WN’ if C isa 
component of Ba, then no point of C is within 8/3 of each of two components 
of B, for if two such components existed, C would intersect the boundary oi 
the 8/3 neighborhood of their sum K, in some point. This is impossible, 
however, as then some third component of B has points within 28/3 of K. 
For n > N +- N’, then, to each component of B, make correspond the unique 
component of B at distance < 8/3 from it. This satisfies the conditions of 1. 4. 
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THEOREM 1.5 Let {Bn} be a sequence of closed sets converging W-0- 
regularly to a closed set B. If each component of each B, is a simple closed 
curve or an open curve, and no component of B is degenerate, then each com- 
ponent of B is also a simple clused curve or an open curve. If the convergence 
as S-0-regular, then B is homeomorphic to almost all {Bn}. 


Proof. If each point of B is of Menger order 2, the first part of the 
theorem is true. Suppose, then, that some point v of a component C of B 
is of order other then 2. If order s==1, there is a neighborhood U of a, 
with compact closure, such that 8(U)-C is a point, @(U) denoting the set- 
theoretic boundary of U, and such that (S — Ū):C £0. Then if for each 
n Cy is a component of Bn, and lim inf C, contains C, we can choose two 
sequences {Ln ; Zn € Cn} and {Zn ; Zn € Cn}, the first converging to x, the second 
converging to a point z of C not in U. One, two, or possibly three components 
of Cn —— En ——Zn meet B(U); im each such component an arc irreducibly 
contains its intersection with B(U). Let Hn» denote the sum of these arcs. 
If an and bn are points of B(U) in different components of Hn, then no 
Q-cycle carried by a, + bn bounds in Ca—~%,——2n. Since Cnr-B(U) con- 
verges to y, for n large every 0-cycle carried by an2+ bn does bound in 
Cn — En — Zn, SO that for n large Hn has just one component. Then Hn 
clearly separates Cn, one component of Ca — Hn being in U. Since an arc 
cannot separate a simple closed curve, Cn is an open curve, which contradicts 
the compactness of U. 

Suppose that order «>2. Then v is the junction point of a simple 
triod az + bg + ca, since by Theorem 2.2 of [5] and Lemma 1, each com- 
ponent of B is locally connected. By Theorem 2.21 of [5], whose proof is 
still valid here, there exist sequences {Ain}, {Aon} and {Asn} of ares of On 
converging 0-regularly to arb, azc, and bac, respectively. Since each Cn 
is atriodic, these can be chosen to be non-intersecting. In each Ain, select 
a point £in such that lim Zin == v. Then no 0-cycle carried by, say, tin +- Yen, 
bounds in C,— B(Ain + Aon + Asn). For n large, this contradicts W-0- 
regularity and proves the first part of the theorem. 

In view of 1,4 of Tenma 1, a1] khak is meade to finish tho proot ot 
Thoorem 1 is to show thal uv seyueuve uf simple clused curves can converge 
S-0-regularly to an open curve and that no sequence of open curves can 
converge even W-0-regularly to a simple closed curve. Suppose, then, that 


7 A more general theorem concerning 0-regular convergence of certain 1-dimensional 
sets could be proved, but there seems no great necessity for it. If in Theorem 1, each 
component of each B, were a simple closed curve, Theorem 1 would follow from Lemma 
1 and Theorem 3.2 of [5]. 
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the sequence {Jn} of simple closed curves converges S-0-regularly to the open 
curve L: In L there is a countable closed set H having no limit point and 
with the property that each point of Z is between some two points of H 
(which corresponds to the set of all integers in the number line). No infinite 
subset of H forms a Cauchy sequence, since A is complete, so that there is 
an e > Q0 such that no infinite subset of H is of diameter = 2e. There is 
an N such that each set Jn, n > N, is within «/2 of L and such that each 
point of L is within ¢«/2 of each such Jn. Let {2} be an ordering of H. 
For each integer t, let y; denote a point of Jn, n >N, at distance < ¢/2 
from a. Some point y of J, is a limit point of diy; Then infinitely many 
points a; are- within e of y and hence form a subset of H of diameter < 2e, 
which is impossible. 

From the local compactness of our space, every simple closed curve has 
a neighborhood with compact closure. As an open curve is required to be 
closed, such a neighborhood cannot contain one, which would dispose of the 
second case. However, this argument rather avoids the issue, and it is true 
that the assumption of closure is not needed. Suppose, in fact, that a sequence 
{On} of homeomorphs of the line, not necessarily closed, converged W-0- 
regularly to a simple closed curve J = asb -++- ayb. Examination of the proof 
of Theorem 2. 21 of [5] shows that in each On there exist arcs Gn2nbpn, AnYnbns 
such that {@n¢abn} and {@nynbn} converge O-regularly to asb and ayb, 
respectively. For n large, this implies the existence of a simple closed curve 
in On, which is impossible. 

The circles x? +- y? — 2ny == 0 converge W-0-regularly to y = 0, showing 
that S-0-regularity was needed in Theorem 1. 


Proof of Theorem 2. I have proved in [8] that a 2-manifold, N, is 
characterized among locally compact, locally connected and connected metric 
spaces by these two conditions: (1) M has no local cut points, and (2) if C 
is a compact subset of W, there is an «> 0 such that every simple closed 
curve in C of diameter < e separates N. Hence we, need only show that M 
satisfies these conditions. However, in the proof of his theorem mentioned 
above, Begle has given an argument which needs only slight modifications ' 
to prove that M satisfies (2), so that a proof is needed only for (1). Con- 
dition (1), however, is not frivial, and the reader may perhaps follow the 
rest of the argument better if he keeps in mind the following two examples. 
The first is formed by the sequence of sets 1 — 1/n S z -+y 5&1 + 1/n, 
which converges 1-regularly to the unit circle, though the boundary does not 
converge Q-regularly. The second is formed by letting M denote a pinched | 
torus and {M,a} denote a sequence of tori converging smoothly to M, the 
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convergence being 0-regular, and failing to be 1-regular only at the local cut 
point of M. 

Suppose, then, that some point, z, of M were a local cut point of M. 
There is a neighborhood U of x with compact closure such that (1) letting 
Un == Mn: U, for almost all n every cycle of Ma that is carried by a subset 
of U, bounds in Mn; (2) M-U is connected, but some two points, a and J, 
are separated in M-U by x; (8) for each n, Un — Bn: U contains two points, 
a, and bn, for which lima, = a, lim ba =b; (4) a, b, and g are so close 
that for n large any 0-cycle of My carried by an -+ bn bounds in Un, so that 
an and by lie in the same component of Un; and (5) for no n does Un contain 
all of a component of Ba, nor does it contain points of two components of Biz" 
The second part of (5) follows from Lemma 1. The first part of (5) follows 
from the fact that if it were not so, we could find a sequence of components 
of Ba containing a subsequence converging to x; since a cycle carried by a 
component of B, can bound only on all Mn, if at all, W-1-regularity would 
imply lim inf M,, == z, an impossibility. Let V be a neighborhood of s whose 
closure lies in U —a-—b. Then, for n large, V- Mn separates a, from ba 
in Un. Otherwise, for infinitely many n, there is an arc dnb» in Un— Mn V, 
and lim sup az0, is a connected subset of M-(U—-V) that contains a and b 
but not « There is no loss in assuming that V is so small that for some open 
neighborhood R of V, and for n large, every 0- or 1-cycle of R: Mn bounds 
in Un— an —- bn, and every 0-cycle of Bn: R bounds in Ba’ Un— an — On. 
Choose one such value of n. By considering a triangulation of M, of small 
enough norm we can obtain a closed set Cn which is the sum of a finite 
number of cells of the triangulation and which les in R- Mp and contains 
7 -Mn in its interior—possibly On is not connected. There is no difficulty 
in assuming that each component of the closure of the mod 2 boundary of 
Ca (considered as a complex) is a simple closed curve,® though the mod 2 
boundary of C'n may be larger than the set-theoretic boundary if On: Bn z£ 0. 
Now I assert that one such simple closed curve separates an from 6, In Un. 
For suppose not, and let anbn be an arc in Un. Let J be the first component 
of the closure of the mod 2 boundary of Cn that dab» intersects. Since any 
uyule vasrled by J bounds im U,—d_»— bn there is a connected set Na in 
Un — an — bn, open rel. Mn, whose boundary rel. Mn is J. Let p and q be the 
first and last points of anba: J in order an to bn in anban. Then neither anp 
nor @.g is in Da. By definition of J, the component of U,— J containing 
anp — p cannot lie in Cy. But every point of J is a limit point of Cn, so 


.° Cf. Theorem of Roberts and Steenrod [2], for example, which, while proved only 
for a manifold without boundary, can clearly be extended. 
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that Dan must intersect Cn, and, indeed, every point of Dn near enough to J 
is in Cn. Hence the points of gb, near g lie in Un—Cn, J being in the 
closure of the mod 2 boundary of On. Now an 4- bn lies in one component, 
K, of U,—J. Unless J intersects Bn, K has all of J for boundary, and 
even if J intersects Bn in more than one point, K has either all of J or an 
arc of J for boundary, a statement that requires some argument. First, by 
the condition that # is so small that every 0-cycle of R- Ba bounds in Bn- U; 
and the fact that U is so small that no component of Bn hes entirely in UV, 
we can find a unique arc T of Ba:U that irreducibly contains J> Ba. 
Exactly one component, C, of U,—J both les in Uy and has all of J for 
boundary. If L is a component of J—B,-J then L spans an are A of T, 
and L -+ A is a simple closed curve separating Un into exactly two connected 
domains, one of which contains C, and the other of which has all of L + A 
for boundary, and is the only one of the two that does. Hither K is C or is 
one of these components of Un — J whose boundary is such an are L; in 
either case, our remark is proved. Using this result, then, it is possible to 
find an arc from anp to gb» in K which is close enough to J not to intersect 
Cn, thus constructing an arc a,b» not intersecting J at all. Repetition of 
this argument gives finally an arc a,b, not intersecting Cp but lying in Uy. 
Hence there is a simple closed curve, Jn, in the mod 2 boundary of Cn that 
separates a, from bn in Un. Even more than this, some are An of J» separates 
a from bn in Un, for if Jn irreducibly separates Un, it separates it into two 
connected sets, one of which lies in U,—ad,— bn, since any cycle carried 
by J bounds in that set. Of course, the existence of A, implies that 
Jn* Bn =~ 0, so that, as before: there is an arc Tẹ, of Bn: U such that An + Ta 
is a simple closed curve which separates Un into two connected sets, one con- 
taining adn, the other bn. It will be recalled that B» does not contain an or bn, 
so that T, contains neither. We now have a contradiction, since An + Fa 
cannot bound in U,—d,— bn. Hence M has no local cut points, which 
completes the proof of Theorem 2. 


Proof of Theorem 3. We shall form a particularly desirable triangulation 
of M. There exist numbers n > 0 and N, such that, for n > N,, every 0- or 
l-cycle of Mn (Bn) of diameter < 3y bounds on a subset of Ma (Bn) of 
diameter < 1/3 diam Mn (Bn). (There are no small non-zero 1-cycles in By.) 
As may be seen by an argument similar to that of Lemma 1.1 of [5], there 
exist numbers y, y such that every 0-cycle of M (B) of diameter < y 
bounds on a subset of M (B) of diameter < y/3, and such that every 1-cycle 
of M of diameter < y bounds on a subset of M of diameter < y. In M there 
is a set of points {v;} such that (1) every point of M is within y’/2 of some 


T 
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vi; (2) every point of B is within y//2 of some v; in B; and (3) no two 
points v; are closer than y’/4. These will be the vertices of our triangulation, 
A, with a 1-dimensional skeleton L. If two points v; v; are in B, with 
d(vi,v0;) < y, and if no other vy is on the unique arc vv; of B with diameter 
< y/3, then put vw; in L. If no more than one of v; v; is in B, we can 
select an arc viv; of diameter < y/3, having at most one end point in common 
with B. By well known theorems on 2-manifolds, we can select all these arcs 
so that each two have no more in common than an end point. Put all these 
in L. Now let J = vv: + VWs + Vwa be a simple closed curve in D. Then 
diam J < y, so that any 1-cycle carried by J bounds on a subset of M of 
diameter < n. Using this, and the definition of L, we see that J separates 
M into two connected open sets, one of which, D, has diameter < y and has 
all J for boundary. With the help of Theorem 3.1 of my paper [8] and 
the properties of y, it follows that D+ J is a closed 2-cell. It is then easy 
to see that L- (D -+ J) defines a triangulation of D+ J. It follows readily 
that L is the 1-dimensional skeleton of a triangulation A of M of norm < 2, 
and that every 1- or 2-cell of A has diameter > y’/4. 

As has been said before, Whyburn has proved in Theorem 2.21 
of [5] that every are A of M is the limit of a sequence of arcs, one from 
each Mn, that converges O-regularly to A. Examination of this proof will 
show that, by the aid of uniformity properties of S-l-regular convergence, we 
can select for each closed 1-cell, C, of L a sequence {On} of arcs converging 
0-regularly to C, such that (1) for each n, Cn is in Mn; (2) if C is in B, the 
boundary of M, then Cn is in Ba; and (3) given « > 0, there is an N such 
that for each such 1-cell, C, and n > N, each point of Ca is within e of C, 
and each point of C is within e of Ca. Since each 1-cell of L is of diameter 
> y’/4, it follows from this and (3), that for n greater than some number 
No, the correspondence between the cells C and the ares Cn is one-to-one. 
Hence, for each fixed n > Na, the sum of the sets Cn, summed over the 1-cells 
of L, is an approximation, in some sense, to L; call this sum K'a. I will 
modify L'n to make it homeomorphic to L, for n large. First, it is clear— 
from Whyburn’s argument, if nothing else—that we can assume that if {Cn} 
and (O'n) are the sequences cliuseu lu vuuverye lu T-vells uf L with a common 
vertex, then C,- 0’, contains an end-point of each. Let x be a vertex of L, 
and let y:,° ©, Yy be the vertices of L which can be joined to æ by a 1-cell 
of L. For each j, 17k, let {tayjn} denote the sequence of arcs chosen 
above to converge to ry;, £n converging to s. If for each n, d,(x) denotes 
the l.u.b. of distances d(£a, z), where z is any point common to two arcs 
EnYin, then dn(x) converges to zero with n, uniformly in g, by (3) of our 
third sentence. There is an W; such that for n> N, and for any 2, 
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dn(@) < 1/4 min d(2n, Yin), the minimum being with respect to j. For such 
an n, I will modify Ln at æ so that the new arcs ayjn will have only a» in 
common, by the following construction. If anyin > EnYon £ Cn, then. one of these; 
SAY CnYon, is not entirely in Bn, since each point of Bn is of Menger order 2. : 
Using standard accessibility and separation properties of 2-manifolds, we can’ 
construct an are LpZen, With Zon In UaYon, of diameter < 1/4 da(s), that has 
just £n in common with 2nyin + Bn, and such that YonZon + Zenon is an arc. 
Suppose now that for 1Si=7—1< k, arcs ZaZin have been constructed 
so that diam &nzin < 3/2 dn(x), no two have more than £n in common, and 
so that no one intersects Ba unless it lies therein. Then if £aYin is not in Ba,’ 
we can construct an are 2jn%, trom a point Zin ID LnYin to <n, of diameter: 


l jut. 
< 3/2 da(x) and having only z, In common with $, ZnZinYin + Bn. (Roughly, 
iai ; 


what we do is start from Zin, follow anyjn along until we meet either the first 
modified arc or Ba, then run along next to that arc to a.) Of course, if 
tryin is in By, nothing need be done to it for the induction. Proceeding in 
this manner, we can therefore modify L’, at æn so that DL’, as thus modified 
is locally homeomorphic to L at x. But by the uniformity of S-l-regularity, 
this process could be carried out simultaneously at every vertex of Ln, 
yielding, for each n sufficiently large, 1-complexes Ln which are homeomorphic 
to L, under a homeomorphism sending each vertex of LZ, into the nearest 
vertex of L. The sequence {Ln} can easily be shown to converge S-0-regularly 
to L. 

By the definition of y, for n > Ni, if £182, easy, and Tıg; are the (closed) 
1-cells of the boundary of a 2-simplex of the triangulation A, then the subset 
T = Linton A- LonZan + CinVsn Of Ln bounds an open set Din Mn, with T + D 
compact. The set T -+ D cannot contain a component of Bn, for such a com- 
ponent can bound only on all of Mn, if then, and this contradicts the definition 
of y, for n large enough. But, this being so, it is clear that T+ D has no 
local cut points: Further, every simple closed curve in T -+ D distinct from 
T separates T + D. To see this, let J be such a simple closed curve and let x 
be a point of T—T-J. There is an arc zy in (Mn — T — D) + z from g 
to a point at least 1/2 diam M, from J. This arc does not intersect J, and 
since J bounds an open set E of diameter < 1/2 diam Mn, E: (T +D) and 
(M,—#)-(£+D) both exist. Hence by Theorem 3.1 of my paper [8], 
TH+ D is a 2-cell. 

Now clearly the homeomorphism between L and Ln can be extended to 
one between M and a subset K of M,. We need only prove that every point 
of M, is in K. By Theorem 1, and the definition of L, every point of B, 
is in Ln. Then K is an open subset of Mn, since the star of every point of K 
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in a 0- or 1-cell of K — Bẹ, is homeomorphic to an open subset of M — B. 
On the other hand, the diameters of the closed 2-cells forming K are bounded 
away from 0, by the definition of A, so that K is closed. Hence K is M. 

I will point out, in passing, that just as Theorem’ 1 gives us information 
about 0-regular convergence of sets whose components are 1-manifolds, so we 
can prove a theorem on 1-regular convergence of sets whose components are 
%-manifolds. The nature of such a theorem is so obvious that I will not 
state it. 

Whyburn has proved that a sequence of 2-spheres (or 2-cells) converging 
0-regularly converges to a cactoid (or hemi-cactoid), in other words to a set 
that can be obtained from the original sets by a monotone transformation. 
This is not a property of 2-manifolds in general. In other words, it is false 
that a sequence of compact 2-manifolds, converging 0-regularly, converges 
to a set that can be obtained by a monotone transformation from any com- 
pact 2-manifold whatever. Consider, for example, the set M which is the 
sum of the intervals (0,1) of the z- and y-axes, and of each of the intervals 
joining (1/n,0) to (0,1/n). For almost all null sequences {en}, the set Mn 
of all points «, away from M is a 2-manifold, and the sequences Mn converge 
O-regularly to M. However, M has infinite coherence, whereas a monotone 
transformation can only lower coherence. It seems probable that a sequence 
{Mn} of homeomorphic manifolds converging 0-regularly converges to a 
monotone image of its elements, but I have not tried to prove this. For 
further discussion of the 0-regular convergence problem, see Whyburn’s paper 


[6]. 
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ON THE APPROXIMATION OF IRRATIONAL NUMBERS BY THE 
CONVERGENTS OF THEIR CONTINUED FRACTIONS.* 


By ALFRED BRAUER and NATHANIEL Macon. 


Introduction. Let é be any positive irrational number. We shall con- 
sider the expansion of é as the regular continued fraction 


E= [go di dz" * ]. 
Let us denote the numerators and denominators of its convergents by Anz 
and By; respectively (n = 0,1, 2,---), and set 


(1) | — An/Bn | = 1/(AnBn?). 


Hurwitz [10] proved that for any given é there exist infinitely many 
An > V5, and that there exist numbers é for which only a finite number of 
the A, are greater than c for any c > V5. Vahlen [16] showed that for 
every é at least one of two consecutive A, exceeds 2, and Borel [1] proved 
that 
max (An, Ani; Anvz) > V5, 


for every n. These results were improved for special cases in which conditions 
were imposed upon the partial quotients qn. 
Let us assume that qny2=22. It was shown by Humbert [9] that 


max (An, Ani, Anse) > V8, (n == 0,1,2,° ), 
and by Fujiwara [3] that either Ann > 2.5 or | 
. min (Ans dniz) > 2p; 


Moreover, the following theorems were obtained by Fujiwara [3, 4]: 

If quy = 2 and gua = 1, then at least one of the five numbers Àn, Ana; 
Mis E E greater than (2 -+ 5V 10) /6. 

If é is equivalent to neither 4(1 + V5) nor 1+ V2, if qm ==2 and 
qnss, = 1, and all the q; are less than 3, then 


max (An; An+1) An+2) Àn+33 Ansa) > V 221/5, 
except for 


lans n3; fns ° `G’ Anso] Sea [2, 1; Rs Rs 1, 1, 2]. 


* Received May 27, 1948. Presented to the American Mathematical Society, 
December 28, 1948. 
349 


È ` 
250 ALFRED BRAUER AND NATHANIEL MACON. 


Other proofs of these results were given by Perron [13], Hardy and 
Wright [7], L. R. Ford [2], Kurosa [12], Fukasawa (Morimoto) [5, 6], 
and Shibata [15]. For a more detailed history of-the problem see Koksma 
[11]. 

In this paper, we shall prove the following extensions of Borel’s theorem: 

-For every irrational number é, either at least two of each set of five 
consecutive A, exceed V5, or at least one of them exceeds 8. 

Let ¢ be any number of form 3m -+ 2. In each sequence of ¢ consecutive 
dn, there are either at least m + 1 elements which exceed V5 or m elements 
which exceed 3. 

These results will be improved further for the case in which all of the 
partial quotients are less than 3. Moreover, we shall consider some-further 
relations between consecutive numbers Ay. In particular, we shall prove that 
for every n 

min (An, Anse) > Ana / (Ana E 1), 
and 
Ànn > An + An > Max {An?/ (An — 1), Ana / (Aner _ 1)} > 4. 


Heawood [8] and Perron [14] investigated those numbers é for which 
the upper limit of the A, is less than 3. It follows here that for each such 
number, only a finite number of A, may be less than 3/2. 

Finally, estimates for the sums of three, four, and eight consecutive An 
are obtained. It follows from these results that 


lim (E u)/m > (31 + 15 V 5)/82 > 2.0169. 
T ë 4=0 


1. The theorems of Vahlen and Borel and some consequences. We will 
need the following well-known facts about continued fractions which may 
be found in Hardy and Wright [7], p. 150 f. or Perron [13], p. 48 f. 

Let us denote-the m-th complete quotient, [gm, gma °°] of the con- 
tinued fraction é by ém and set 


(2) pı = 0, and m = Bun-2/ Bm- (m = 2, 3,° 2 
Then wo havo 
| [= Am/Bm | =, 1/Bm? (Emer -+ mri) S L/ Bry? (Emig ~H dine). 


Hence 


(3) Am mee Ém -+ Pm = Éma + Om™. 


Moreover, we have 


(4) | Pe Ae) Bg PISA ee baa] e Da 


a 
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Two consecutive values ¢m and m+ satisfy the condition 


(5) min (dm, pma) <$(V5—1). 

Finally, if we denote the partial quotients by gm (m=—0,1,2,---), then 
(6) Em == m F Emer; (m = 0,1,2,° - -), 
(7) Per = (Ym hm); | (m = 1,2," > >). 


Let us now prove the following lemma, which is due in part to 
Fujiwara [3]: ; 


LemMa. For all n, we have 
(8) na = FAnn {1 — (1— 4/dnAnsa)?}; 
(9) : nso = Ama (1 H (1—4/Anrnes) 3}. 
Proof. It follows from (1) and (4) that 
1/\aBn? F 1/AnstBust? = | E — An/ Ba | + | E—Anea/Bon | = 1/BoBoa; 
and, multiplying by AniiB,? and Di (2), we have 
(10) el = N EPE ye. 


Moreover, by (3) 
An+1 — nse + Pris, 


An == Én aia ni2 t. 


Hence, i 
(11) EnsoPnae — Anes / An: 


If we consider (10) as a quadratic equation for dase, it follows from (8) and 
(11) that n2 and nz are the roots; and since ma > 1 > dni, the lemma 
is proved. 

Fujiwara obtained from (8) the following proof of Vahlen’s Theorem: 
since ¢niz is real, we have 


Max (An, Anu) > 2. 


Now we shall prove the following somewhat modified version of Borel’s 
Theorem : 


THEOREM 1. If 
(12) pn < (V5 — 1) 
and àn <= V5, then 
An + Àn > 2V5, 
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that is, under the assumption (12), either ìn > V5 or Mnu > V5. 
It is seen from (5) that Theorem 1 contains Borel’s Theorem. 


Proof. The function «+ s> is decreasing for s S 4(V5—1). Thus 
it follows from (3) and (12) that 


(138) An F Ansa = fns + Éma ™ + nse H Gnas > Éni + Enso? + V5. 
Since A, = V 5, we have | 

Enso? F Pn ™ SS V5, 

émet SVE — due? < VEB—F(V5-+1) =4(V5—1). 


Hence, from (13), 
An + àn D> 2V 5. 


THEOREM 2. If dave Z 4 then guy = 1. 


Proof. The theorem follows at once from (7), since Quma + dns S 2. 


The following extension of Vahlen’s theorem is now an immediate 
consequence : 7 


THEOREM 3. If every partial quotient is greater than 1, then 
(14) max (Ans Naz) > V5 (n — 0, L, Qs ie: ). 


Proof. By Theorem 2, we have me < $< $(V5—1) for every n; 
and so (14) follows from Theorem 1. 


2. The sum and the product of two consecutive A,. It follows from 
(8) that AnAnuw > 4. More exactly, we have- 


THEOREM 4. The following inequalities hold for every n: 
'Anàma > An + Anis > Max {An?/An — 1), Àn / (Ànn —1)} > 4. 

Proof. Two cases arise. | 

(Jase Te Ama > 

Since n+: < 1, it follows from (8) that 


Aner (1 — 4/AnAnst) 3 > àmi — R; 
and so 


(15) Naa? — 4Anea/An > Anes? — An + 4, 


Àn +F Anma < Ànn: 
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(16) An > àn/ (Àn — 1) and ànn > An/(An—1). 

Moreover, we obtain from (16) 

(17) Àn F Ans > Anf (Ansa — 1) -H Ane = Anma / (Aner — 1) > 4, 


since the function x?/(s— 1) assumes us minimum for v = 2, and, by (1), 
Ane 1s irrational. Similarly, 


(18) Àn + Ann > Àn + An/ (An —1) = An?/(An — 1) > 4. 
-Thus for Case I, the theorem follows from (15), (17), and (18). 
Case II. Anu < 2. 
Since n > 1, we have, from (9), 
Ansa (1 — 4/AnAnsr)? > 2 — Ans 
and the proof is exactly as in Case I. 
From (16) we obtain at once 
THEOREM 5. For all n, we have. 
min (An, Anse) > Anst/ (Anes — 1). 


COROLLARY 1. If only a finite number of the Àn exceed 3, then only a 
finite number of them are less than 3/2. 


COROLLARY 2. If n< V5 and Ani < V5, then 
min (Ans Ansi) > (5 + V 5) /4. 


Proof. This follows at once from the fact that -An/(An—1) and 
Ant1 (Ansa — 1) are monotonic decreasing. 


THEOREM 6. If ọn < 4(V5— 1), then nàni > An + Ane > 2 + VS. 
Proof. On putting m = n -+ 1 in (8), we have from, Theorem 4, 
AnAnsr > An Anes = Ena” + dasa F Ens + Pm 
> 2+ pn Hon > 2+43(V5—1) +3(V5 + 1). 


Hence 
AnAnst > An F Ane > 2+ V5. 


COROLLARY. For every n, we have either 


AnstAnse > Ansa — Anse > 2 a ae vV 5, 
or both 


AnAnv > An + An > 2 -+ V5 and AnseAnds > Anz -4+ Anis > 2 + V 5. 
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For two important special cases, we have the following improvement of 
Theorem 6: ; 


THEOREM 7. If dase < $(VS—1) and Anu ZÈ V5, then 


(19) An + Anes > 2 V5, 
and 
(20) An Ss. 


Proof. If dn == V5, then (19) follows from Theorem 1. For A, > V5 
(19) is obvious. 
In order to prove (20), we note from (8) that 


Znz Te Aner {1 amos (1 — 4/rnAna)?} < V5 = 1; 
and so 
Anu — V5 + 1 < Ama (1 — 4/Ànàn) 4. 


The left member is positive, and so 
Ana -+ 6 — 2V5 a RAns1 ( V5 os 1) < Aner” Jea AÀn+1/Àn; 
An {Anu ( V 5 — 1) Aa (3 — V 5)} > PAn 


Since the coefficient of Àn» is positive, we have 


An > 2Anea/{(V 5 — 1na -— 3 + V5}. 


Hence 
(21) AnAnsr > 2Ane?/{ (V5 — 1) Anes — 3 + V5} 
The right member is differentiable for 

Ama  (8— V5)/(VE—1) =4(V5— 1) 


and has minima at àn ==0 and àn = V5-— 1. Thus it increases for 
Aner = V5; and, from (21), we obtain AnAna > 5. 


COROLLARY. If àn V5 and àn & V5, then AnAnuw > 45. 
THEOREM 8. If dase < $(V5—1) and das < 4(V5— 1), then 


(22) Ant Ana “> 2A + VA 
and 
(23) AnAnsi > (11 +55) /4. 


Proof. We have, from (7), 
Inz -+ Pnz nia Pn” > 4(V5 -+ 1), 


and so 
qm > (V5 + 1) —4 (V5 —1) =1. 
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Hence, by (6) 
(24) Eno > Qna = 2. 
Tt follows, then, from (3) and (24) that 
An E Anas = Éma F Gnas? + Éma + ae 
> 2.5 + pn? + dna > 2.5 + V5. 
Similarly, we have 


AnAne = 2 -+ Pn+2/ Ens + Enia/ Pee 
But, by (24), | 
Eel Guin a (VB 1) VB, 
so that 
Anna > 2 V5 -1+ (V5 4+1)7 = (114 5V 8) /4. 


Remark. It follows from (24) and Theorem 2 that the assumptions of 
Theorem 8 are possible only if n3 < 4. 


3. The main theorems. We are now able to prove 


THEOREM 9. In each sequence of five consecutive terms, An-2, An-1» An; 
Ansty Ansa, etther at least two terms exceed V5 or A, is greater than 8. 


Proof. If only one of the five numbers is greater than V5, then, by 
Borel’s Theorem, it must be Ax; whence it follows from Theorem 1 that 


(25) min (n ¢nis).> $(V5—1). . 
Then, by (5), l 
(26) MAX (n-i brit, Pns) < $( V 5—1), 


thus, by (24), 

(27) | quit = 23 
and, by Theorem 2, 

(28) Gn-1 = Jn = L. 


Moreover, by (3), 
An-1 = En + bn < V5, 
and, by (25), | 
Ex < V5—3(V5—1) = 3(V5 +1). Í 
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Hence we have, from (6), 


By repeated applications of (6) and (7), we may write én and gnu. as 
continued fractions and obtain, by (27), (28), and (26), 


(30) An == Eni -f Pn1 aa [Oasi Gn+2y Ens | + [0, Ons Gni + dnt 
> [2, l, 1] + [0, 1, 1] == 3. 
In exactly the same way, we obtain the following result, of which 
Theorem 9 is a special case: 


THEOREM 10. Let t be any integer of form 3m-+-2. Hach sequence 
of t consecutive Àn contains either at least m-+-1 terms which exceed V5, 
or at least m terms which are greater than 3. 


We shall improve Theorem 10 for a particularly interesting special case, 
namely that in which all the partial quotients g, are less than 3. We under- 
stand by [(¢, B, y)p] the finite periodic continued fraction [a, 8, y, « Bytt], 
where the period occurs p times. 


THEOREM 11. Let £ be an irrational number having only 1’s and Xs in 
its expansion as a continued fraction and t be any integer of form 3m + 2. 
In each sequence of t consecutive terms, An-2, An-1,Any* © *>Anssm—a1, either 
there are at least m + 1 terms which exceed V5, or the following relations 
hold for »==0,1,2,°-+,m—1: 


if m and p are both even, then 


An+sp > [(2, l; 1) m-1-py 2, l, 3 | -+ [0, (1, l, 2) p 1, 4/3] ; 


f 


if m is even and p is odd, then l 
Ansan > [CR 1, 1).m-v] + [0 (1, 1,2)m 1,4(V5 +1)]; 
if m is odd and pu is even, then 
Ansu > 1 (2,1, 1) mu] + [0, (1, 1, 2)p, 1, 4/3]; 
wit nubiy, of m und p wre buih odd, then 
Ansan > [(2, 1,1) mrp, 2,1, 3] + [0, (1, 1, 2)p,1, (V5 +1) ]. 


Proof. If only m of the terms exceed V5, then, as in the proof of 
Theorem 9, we have 


nirre == È, (u= 0, L : -,m—1), 
Ansan = 1, (= 0,1, : :,m— 1), 
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and 
Qn-1+3p = I, (p == 0, l,- -+ m). 


As in (30), we obtain 
Ena = [2, 1, face] — [2, 1, 1,2, 1, fac enr > 
rane | (2, l, 1) m-15 ee ere 
Since 3 > Ensam > 1, by (6), we have 


Ener > [ (2, 1, 1) m1, 2, 1,1] = [(2,1,1)m], if m is odd; 
and 
Ena >> [ (2,1, 1) m-1, 2,1, 3], if m is even. 


More generally, we obtain for p—0,1,---,m—1, 

(31) Enap > [(2,1,1) mp] if m — p is odd; 

and 

(32) nuan >> [ (2,1, 1) mp, 2, 1,3) if m—p is even. 
Similarly, we have for »=0,1,---,m—1 


(33) Pnishi ace L9, (1, dis 2) my 1; dn-ı + Pn-1] > [0, (1, l; 2) p 1, 4/3] 
if p is even; 


since 1/8 < dy. < 4(V5— 1), by (7) and (26). Finally 
(84) pnan > [0, (1,1, 2), 1, 4( V5 +1)] if » is odd. 
The theorem follows at once from (31), (82), (83), and (84). 


4. The sum of more than two consecutive Àn. 
THEOREM 12. For every n, we have 
An + Ans + Anse > (5 +. BV 5). 


Proof. By Borel’s Theorem, at least one of the three numbers An, Ans 
Anew 18 greater than V5. First we assume that A, > V5. It follows from 
Theorem 4 that Ani + Àn > 4. Hence 


(35) An F Anat F Àn > V5b+4>4(5+3V5). 


If àn > V5, the proof is exactly the same. Thus we need to consider only 
the case in which ànn > V5. By (5), at least one of the numbers n+: and 
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Pns is less than 4(V5—1). Let us first assume it is n.2. It follows from 
Theorem 6 that 


(36) An > (2+ V5) Anis 

and from Theorem 5 that 

(37) Anse > Ansi/ (Ana — 1). 

Hence, by (36) and (387), 

(38) An + Ansa + An > (2 + V5) /Anar + Ana H Anet/ (Aner — 1). 


Let us write A for àn and denote the right member of (38) by f(A). 
The maxima and minima of f(A) are taken at the real roots of 


g{A) == At — 289 — (2+ V5)a? + 2(2 4+ Ve)A—2— V5 =0. 


We have 
g (A) = 405 — 6X? 2(2 + V5)A-+ 2(2 + V5), 
g” (A) = 12A? — 12A — 2(2 + V5). 


It is sufficient to consider A > V5, for A Anu. Now g”(A) > 0 forA > V5 
and so g’(A) is monotonic increasing for A> V5. Since g’( V5) > 0, it 
follows that g’(A) > 0 for A> V5. Hence g(à) can have at most one root 
greater than V5. On the other hand, A= 4(3-+- V5) is a root of g(A) =0. 
Hence if A> V5, f(A) has its only minimum at A—4(3+4+ V5). Thus 
it follows from (38) that 


(39) An + Ann F Ane > FG + V5)} = 9(5 + 38V5). 


Secondly, if gus < 4( V 5—1), then the left-hand sides of (36) and 
(37) must be interchanged. But (38) and the proof of (39) remain the 
same. Theorem 12 now follows from (35) and (389). 

Tf Anu > $(8 + V5), we may use (37) instead of (36) for A, and Ani 
and obtain 


( ANY hit | l | Nis D Bnei! (Ansi 1) | Kast 


which is sharper than (38). For Ana =4(38 + V5), (40) gives us the same 
estimate as does (39). 
Now let us consider four consecutive Ag. 


THEoreM 13. For every n, we have 


Àn -+- Ant +- Àn+2 ++ Anis > (21 + 5V 5) /4. 
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Proof. We must distinguish between two cases. 
Case I. Only one of the four A; is greater than V 5. 
Clearly either Apu > V5 or Ane > VÕ. 
(a) IÉ Anu > V5 then, by Theorem 4, we have 
(41) Anto + Ansa > 4 
and 
(42) An + Ama > Anes?/(Anex — 1) > B/(V5—1) = 5(V5 + 1)/4. 


Hence, 


An + Ans + Ans2 + Anes > (2i + 5V 5) /4. 


(b) If Anwe > V5, the proof can be obtained by interchanging the 
left-hand sides of (41) and (42). 


Case II. At least two of the A; are greater than V5. 


(a) max (An; Anu) > V5, and Max (Antz; Anaa) > VÕ. 
From Theorem 4, we obtain 


An F Ana > 5(V5 + 1)/4, 
Àn+2 + Ang > 5(V5 + 1) /4. 


Hence 
(48) An F Ansa + Ama F Ama > B( V5 + 1)/2 > (21 + 5V5)/4, 
(b) min (Àn Anu) > V5. 


Here we have 
Àn + àma > 2V5, 


Mn+ + Anes > 4. 
Hence i 


(44) An F Ana F Anse F Anma > 4+ 2V5 > EVE + 1)/2 > (214 5V5)/4. 
(e) min (Ans, Anss) > V5. 


The proof here is exactly as in case (b), and so the proof is complete. 
From Theorem 13 we obtain easily 


THEOREM 14. For an arbitrary irrational number é we have 


lim ($ s)/m = (21 + 5V5)/16 > 2. 
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Proof. Let k be an integer such that 4e S m S 4k +3. Then 
m-l gil 
(SA) /m = (DA) /m & k(21 -5V 5)/4m = k(21 -+5 V5)/(16k + 12). 
4=0 420 


Theorem 13 can be improved by using larger sequences of consecutive Ai. 
We shall consider only sequences of eight. 


THEOREM 15. The sum of any eight consecutive à; 1s greater than 


(81 + 1575) /4. 
Proof. Let An; Ans * *; Aner be the sequence in question. Since 
(31 + 15V5)/4 = (21 + 5V5)/4+ 5(V5+41)/2, 


it follows from (48) and (44) that we need to consider only the case in 
which the first four and the last four of the A; each contain only one term 
exceeding V5. In this case it follows from Borel’s Theorem that Am2 > V5 
and Anus > V5, and all the others are less than V5. Thus, by Theorem 9, 


Anis > 3 and. Anes > 3. Since Àn -+ Àn+1 > 4, Anes -+ Àn+4 > 4, and An+6 + Ans? 
> 4, we obtain 


S Ami > 18 > (31 + 15V 5)/4. 


4=0 


THEOREM 16. We have 
m-t 
lim (Ag) /m & (831 + 15 V 5)/832 > 2.0169. 
eTe 420 


It follows from Hurwitz’? Theorem that this lower limit cannot exceed 
V5 for certain irrational numbers é. 
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ON LINEAR REPULSIVE FORCES.* 


By AUREL WINTNER. 


1. The following theorem, and a refinement of it, will be proved: 


In a linear, non-conservatiwe system, of reversible type and of n degrees 
of freedom, let the kinetic energy be determined by n constant, positive mass 
factors, and let the potential energy be a non-positive definite quadratic form 
at every fixed t, with a coefficient matrix which varies with t continuously ; 
OSt< o. Then, no matter what the behavior, as t—> œ, of this matrix 
may be, there exist solutions which are bounded ast— œ. More spectfically, 
n (out of a total of 2n) linearly independent solutions will be of this type. 


The situation is illustrated in the trivial conservative case, in which the 
general solution is of the form 


n 
-3 (apert -+ brett), 


k=l 


where ay, by are 2n-ary constant vectors, and Àn’ °> `, À» denote non-negative 
exponents which are independent of ¢ and of the integration constants. 
Another illustration is the non-conservative case with a single degree of 
freedom. Then the theorem reduces to a well-known result of A. Kneser? 
concerning the scalar differential equation 2” == p(t)z, where p(t) >0 is 
continuous for OS t< œ. 


2. Since the kinetic energy is of the form 4% m 2,7, where every mz 
is positive and independent of ¢, there is no loss of generality in assuming 
that every my is 1. In fact, the substitution 3 mysg? > X x? can be effected 
by a linear transformation of the coordinates 2,,- - +, 2%, which is independent 
of ¢ and has a non-vanishing determinant; so that, by the inertia theorem, 
the signature of the quadratic form representing the potential energy remains 
unaltored at ovory t. 

In the resulting normalization, the Lagrangian equations can be written 
in the form | 
(1) g” — F(t)e = 0, 


* Received July 19, 1948. 

t A. Kneser, “ Untersuchung und asymptotische Darstellung der Integrale gewisser 
Differentialgleichungen bei grossen reellen Werthen des Arguments, I,” Journal für die _ 
reine und angewandte Mathematik, vol. 116 (1896), pp. 17 8-212. . 
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where F(t) is a real, symmetric, non-negative definite, n-rowed matrix which 
is a continuous function of ¢, and x is the coordinate vector (a,°- -,@n). 

If a dot denotes scalar multiplication of vectors, the quadratic form 
belonging to the matrix F(t) is x- F(t). Since this form is supposed to 
be incapable of negative values, it follows from (1) that the inequality 
x£- £” = 0 holds for every ¢, if x(t) is any solution vector (with real com- 
ponents). On the other hand, z: a” = ($”7)” — 2, where y? = y: y = | y |? 
for y =x, z. It follows therefore from z'a” = 0 that 


(2) T” = 0, where r= |g |?. 


3.’ The last inequality means that the squared length of any solution 
vector x(t), when plotted against the t-axis, is everywhere convex toward the 
t-axis. Since the curve r==r(¢t) must be above or on the t-axis, it follows 
that, if the trivial solution, s(t) ==0, of (1) is excluded, the curve r= r(t) 
cannot have more than one of its points on the t-axis. Accordingly, if 
0S=a<B< w, a solution vector z(t) satisfies both n-ary conditions 


(3) s(a) =0,  2(8) =0 
only if a(t) = 0. 


Jt follows that, if a, b is any pair of points in the g-space, there exists 
a unique solution vector x = z(t) == a(t) satisfying the boundary conditions 


(4) x(a) —=a, 2(8) =b. 


In fact, if 2(¢),---,2?"(t) is: any fixed system of linearly independent 
solutions of (1), every solution æ(t) determines a unique set of 2n scalar 
integration constants c; satisfying 


2n 
(5) a(t) == X cxt (t) ; 
421 


conversely, (5) is a solution for every choice of ¢,,- * *, Cne Hence, if a 
and b are given, (4) represents 2n linear equations for 2n unknowns ci, 
and so the assertion is equivalent to the statement that the determinant of 
these equations is not 0. But if this determinant were 0, the homogeneous 
equations, those represented by the case (8) of (4), had a solution 
(C1,° © *, Con) Æ (0,---,’0). Since such a set of integration constants c: 
defines a solution (5) distinct from e(t) ==0, there results a contradiction 
to the fact that (3) holds only if x(¢) == 0. 

Clearly, this argument is just the n-dimensional formulation of Jacobi’s 
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proof for the non-existence of conjugate points on the geodesics of surfaces 
of non-positive Gaussian curvature. 


4. Choose in (4) 
(6) a= 0, B =m; a= e, b = 0, 


where m is a positive integer and e a point of the unit sphere |e | =1. 
For an arbirarily fixed e, let "x(t), where Ot < œ, denote the solution 
a(t) determined by (6) and (4). Then, as shown above, none of the 
functions - 


(7) Tm = fm (t) = | "a (t) | ? 


can have two zeros. On the other hand, each of the functions (7) has a 
zero; in fact, by (6) and (4), 


(8) tm(0) =1, Tm(m) =0. 


But (8) and the convexity condition (2) imply that rm(¢) is monotone for 
OS t< m. Accordingly, 


(9) Tal) D0 rm(t)S0, 1n(t) 20 if OStem. 


The first of the conditions (8) and the second of the inequalities (9) 
imply that the functions rm(¢) are uniformly bounded on every fixed, bounded 
t-interval. In view of (7), the same holds for the vectors “«(t) and so, 
by (1), for the vectors ™a’’(t) as well, the elements of the matrix F(t) 
being continuous, hence locally bounded. On the other hand, the uniform 
boundedness of ”g” (t) for 0<t<1 implies, by Taylor’s theorem, the 
boundedness of "#(1) — ”s (0) —™a’(0) as m—> œ. Since both ™x(1) and 
my(0) are bounded, this means that ™z’(0) is bounded, as m—> œ. Hence, 
a quadrature shows that the uniform boundedness of "q” (t) on every fixed, 
bounded #-interval implies the same for ”z’ (t). 

Accordingly, both sequences *2(¢), s(t), +--+, 12 (t), *a’(¢),-- - are 
uniformly bounded, and have uniformly bounded derivatives, and are there- 
fore equicontinuous, on every fixed, bounded ¢-interval. Consequently, the 
sequence 1,2,- - - contains a subsequence having the property that, if the 
m-th element of the subsequence is denoted simply by m, then “#(t) and 
mo’ (t) tend, as m— oo, to certain functions, z(t) and 2’(t), uniformly on 
every fixed, bounded interval contained in the half-line 0S ¢ < œ, and the 
limit (ty is the derivative of the limit (E). 
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5. Since every ”æ(t) is a solution of (1), it is clear that the limit 
function x(t), just obtained, is a solution of (1), and that, corresponding 
to (9) and (7), - 


(10) r(t) > 0, r(t) SO, r’(t) 20 for OSt< oa, 


where r(t) == | a(¢)|*. Hence, the theorem italicized above can be refined 
as follows: 


If F(t), where OSt < œ, is an n-rowed, real, symmetric matria of 
continuous functions which is non-negative definite at every fired t, then the 
system (1) has n linearly independent solution vectors x(t) which are 
“asymptotic solutions,’ in the sense that r(t) =| 2x(t)|? satisfies (10); 
so that, in particular, 


lim r(t) exists (< œ) and lim 7’(t) =0. 
t->00 t->00 


In fact, since every ™z(0) was chosen to be e, an arbitrary vector of 
length 1, and since ”sz(t)—> x(t) as m— œ holds for every ¢ and so for 
t = 0, the initial vector 7(0) of the solution occurring in (10) can be chosen 
to be any vector e of length 1. Hence, there are admitted n linearly inde- 
pendent initial vectors (0). But then, no matter what the initial vectors 
z’ (0) may be, there must result n linearly independent solution vectors æ(t}. 


6. If A is any matrix, let A* denote the transposed matrix. 


The preceding theorem remains true if F(t) in (1) is replaced by 
F(t) + S(t), where S(t) is any matris which is skew-symmetric and con- 
tinuous at every t. 

In particular, instead of the assumption that F(t) in (1) ts symmetric 
and non-negative definite, it is sufficient to assume that F(t) in (1) is such 
as to make the matrix F(t) + F*(t) non-negative definite. 


The second of these assertions follows from the first, since F + 8 becomes 
$(P 4+ F*) if S=—4(F*— F). 
In order to verify the first assertion, let (1) be replaced by 


a’ — (F+-8)r¢#=—0., 
Then, since x-S2=-0 is an identity for every skew-symmetric S, 
geo! = g: Fr. 


This leads to (2), as above, and the balance of the proof remains unchanged. 
Interesting is the particular case s” == S(t)x, where S(¢) is any real, 
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skew-symmetric matrix of continuous functions. This case is covered by the 
above results, since the zero matrix, being non-negative definite, can be 
chosen to be F(t) in F(t) +,8(¢). 


7. The result concerning the number of “asymptotic” (or, for that 
matter, just bounded) linearly independent solutions cannot be improved. 
In fact, under any of the above assumptions, there exist n (out of Rn). 
linearly independent solutions x(t) satisfying | a(t)|—> œ as t— œ. 

First, it is clear that there exist n linearly independent 2n-ary vectors 


V1,* °°, Un having the following property: If v== (¢:,: + *,Cə) is any of 
the 2n-ary vectors 0;,°°-+,Un, then a:b >0 holds for the pair of n-ary 
vectors defined by @== (¢1,° © `, Cn), 06 = (Cni,° * *, Con). 


Corresponding to any such a, b, let x(¢) denote the solution defined 
by the initial conditions 7(0) =a, 2’(0) =b. Then 7’(0) =: 2a-b, since 
r(t) == a(t): a(t). Consequently, 7’(¢) > 0 holds at ¢==0 and therefore 
at every é close enough to ¢==0. It follows therefore from (2) that, for 
reasons of convexity, r(t) —> œ as t— oo. 
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ON THE LAPLACE-FOURIER TRANSCENDENTS.* 


By PHILIP HARTMAN and AUREL WINTNER. 


The present paper deals with extensions of the results proved on 
. pp. 87-96 of vol. 69 (1947) of this Journal. The nature of the extensions 
in question can be illustrated by the following theorem, proved loc. cit. only 
for the particular case @ = 4, =' : =Q: 

If an, bn are real, non-negatwe numbers corresponding to which the 
coeficient functions of the differential equation 


(1) a! +. a” S (—1) n/t?" p aeS (—1)"b,/82" — 0 
n=0 n=0 


are entire functions in 1/t, then (1) has on the half-line 
(2) 0<t<m 


a solution of the form 
(3) w(t) =( | )etda(u) £0, 


where a(u) is monotone (but not necessarily bounded) for 0S u < œ, and 


the convergence of (3) on (2) is part of the statement. 
In (8), the parenthesis of the integral sign refers to the Abelian 


evaluation of 
co o0 


f ettuda(u), 48 lim f eee ttuda(w). 
€->+0 
0 


If k is a real index, not necessarily an integer, then Bessel’s equation, 
ty” + ta’ + (P — k?)x = 0, | 
supplies an illustration of the theorem, since the coefficients a,, bn in (1) 
become 
Qo = 1, a—a=—-°'0, Oo 1, b=, b: = b; =' > -= 0; 


cf. loc. cit., p. 89 (the footnote on p. 89 is relevant in the present case also). 
If ¢ is replaced by ti, then (1) goes over into 


(4) a” + r(t) — q(t)s = 0, 


* Received September 1, 1948. 
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where: 5 
k: 


(5) r(t) = Z an/, g(t) = 3 dn /t™. 
s n=0 n=0 


If m = 0, 1,2,- - +, then (— 1)” times the m-th derivative of either of the 
functions (5) is non-negative on the half-line (2), since @ = 0, bn = 0. In 
other-words, both functions (5) are completely monotone on (2). It will be 
shown that this alone implies for (4) the existence of a solution of the form 


co 
(6) z(t) = | etda(u) £0 
a 

on (2), where a(w) is monotone for Ou< œ. For reasons of analyticity, 
(6) must be a solution of (4) when t, instead of being positive, is complex . 
with a positive real part. In particular, (6) will represent a solution of 
(4) on the line e- it, where e > 0 is fixed and ¢ is a real variable. Hence, 
the existence of a solution (3) of (1) follows by letting «— 0. 

The proof for the existence of a solution (6) of (4) will be based on 
the following 


LEMMA. On an-interval 
(7) OSt<f, 


where the case of a half-line (T = œ) is allowed, let p(t), r(t), q(t) be 
real-valued, continuous functions, the first of which ts positive, the second 
arbitrary, the third non-negative. Then the differential equation 


(8) p(t)a” + r(t)2’ —q(t)é—=0 


has a solution which is positive and non-increasing on (7). 
The same is true if (8) is replaced by 


(9) (P(r y — Q (i)e =0, 
where P(t) > 0 and Q(t) Z0 are continuous on (7). 


BReEmaRg. he assertions af the Lemma remain true if (Y) is replaced 
by the open interval 0 < t< T (where, as before, T = œ is allowed). 
It will be noted that (9) becomes a particular case, 
p =P, r= P, g => Q, 


of (8) only if P, instead of being just continuous, is required to have 2 
continuous derivative. 


as 4, i6 ' 
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re a 


If (8) reduces to | e 
(10) x” — q (t)x == 0, where q(t) > 0, 


the assertion of the Lemma becomes identical with the result of A. Kneser 
(1896), used loc. ett. 


In the case of (9), replace t by s= s(t), where 


t 
S =f dv/P (v). 


Then s is an increasing function of ¢, and (9) appears in the form (10), 

if the independent variable of (10) is s, and q denotes the product PQ (as a 

function of s). Since PQ = 0, the assumption, g = 0, of (10) is satisfied. 
In the case of (8), put 


P(t) = exp f r(v)dv/p(v) 


and multiply (8) by P(t)/ p(t) (which is positive throughout). Then (8) 
appears in the form (9), where Q(t) = q(t)P(t)/p(t) (hence Q(t) > 0). 
This proves the Lemma. The Remark following the Lemma results if 
(7) is replaced by the interval «<= ¢ < T, where e > 0, and, after the Lemma 
has been applied on the latter interval, « tends to 0. 
By the procedure applied loc. cit., there will now be proved the main 


THEOREM. Let two functions, q(t) and r(t), and the first derivative, 

p (t), of a third positive function, p(t), be completely monotone on the half- 

line (2). Then the differential equation (8) has a solution a(t) 0 which 

is completely monotone on (2), i. e., which is representable on (2) in the 

. form (6) (Hausdorff-Bernstein), where a(u) is non-decreasing, but not 
necessarily bounded, for O=u< œ. 3 


COROLLARY. If p(t) is positive on (2) and if. q(t) and the first 
derivative of p(t) are completely monotone on (2), then the self-adjoint 
differential equation 


(p(t)2’)’ — q (t)z = 0 


_ has a solution x(t) £0 which is completely monotone on (2). 

In fact, the assumptions of the ee imply those of the Theorem, 
r(t) being p(t). 

In the particular case (10) of (8), the assertion of the Theorem was 
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proved loc. cit. Although (8) is a normal form“of (10), the reduction of 

the assertion of the Theorem to this normal form leads to difficulties. For 
this reason, the following proof for the general case will proceed directly. 

First, since p > 0 and g = 0 are continuous on (2), the Remark following 

the Lemma assures for (8) the existence of a solution x(t) +0 satisfying 


(11) (— 1)"d"a/di" = 0 for n= 0 and n = 1, where 0< t< œ. 
Next, if a ——1?, then (2) goes over into — œ < s <0, and (8) into 
(12) P(s)d°a/ds* == R(s)dx/ds + Q(s)2, 
where 
(18) P(s)—=p(—s), B(s) =r(—s), — Q(s) = G(s). 


Since p(t) is positive, and dp(t)/dt, r(t}, q(t) are completely mono- 
tone, on (2), it is clear from (13) that P(s) is positive, that each but the 
0-th derivative of P(s) is non-positive, and that each (including the 0-th) 
derivative of A(s) and (s) is non-negative (if the derivatives are taken 
with respect to s, where — œ <s<0). Hence, if (12) is differentiated n 
times with respect to s, it is seen that the product Pd"**x/ds"** is a linear 
form, with non-negative coefficients, in 


(14) x, dz/ds, d*x/ds*,- + -, d"a/ds*, d™*x2/ds**', 


Since P > 0, it follows that d***x/ds"** is non-negative if each of the n + 2 
functions (14) is non-negative. Consequently, 


(15) d"z/ds” = 0, where — œ <s < 0, 


holds for every n, if (15) holds for n = 0 and for n = 1. 


Since 4 = — s, the assertion of (11) is that (15) holds for n —0 and 
for n==1. Hence, (15) holds for every n>0. In view of t= — s, this 
means that 
(16) (—1)"d"a/di" = 0, where 0< t< œ 


holds for every n > 0. 

According to (16), the solution x(t) of (8) is completely monotone on 
(2): Hence, in order to complete the proof of the Theorem, it is sufficient 
to ascertain that z(t) >0. But this follows from the -choice of g(t), 
according to which z(#) is positive (at every t > 0). 
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APPENDIX, 


As emphasized above, the non-decreasing function afu) Æ const. occurring 
_ in-(6) is not in general bounded as u—> œ. A by-product of the following 
considerations will be a characterization of the coefficient functions p(t), 
r(t), g(t) of those differential equations (8) corresponding to which the 
function «(u) occurring in the solution (6) is bounded as u—> o. 

First, since a(w) is non-decreasing, it is clear from (6) that a(w) is 
bounded as u—» œ if and only if z(t) is bounded as t—> + 0. But the 
boundedness of s(t) near ¢==0, being an issue of purely local nature, has 
nothing to do with the question of complete monotony. Hence, it is sufficient 
to answer the question for the case in which (8) is given in its normal form 
(10). The answer then runs as follows: 


Let q(t) be real-valued, continuous and non-negative for 0<¢tS1. 
Then, according to the Lemma, 


(17) g” — q (tje = 0 
has a solution satisfying 
(18) a(t) > 0 and g(t) S0 fr 0 Ct 1. 


In order that this solution be bounded (as t— 4-0), the condition 


1 
(19) f tg(t)di < œ 
+0 
is necessary and suficient. 
The sufficiency of (19) is quite on the surface, in the sense that it has 
nothing to do with the assumption q(t) = 0. In fact, if q(t), where 
0<t=1, is any continuous function, then 


(19 bis) | f tla@|at< « 


is sufficient in order that every solution s(t) of (17) be such as to have a 
finite limit (+0). This is contained in Bécher’s extension of the theory 
of Fuchsian points to the real field (Trans. Amer. Math. Soc., vol. 1 (1900), 
pp. 40-52, $ 4). 

The proof of the converse depends on the consideration of the Lagrangian 
function, say 4L, of (17) along an arbitrary solution æ(¢) of (17); so that 
L= L(t) and 
(20) L(t) = 2” (t) + q(#)22(t). 
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Even if q Z 0 is not assumed, 
1 


(21) to(t)a/(t) = const. + 4r? (t) — f sL(s)ds 
t 
holds for 0 < ¢1. In fact, it is easily verified by differentiation that (21) 
is an identity in ¢ by virtue of (17) and (20). 
It will be concluded from (21) that, if z(t) is a bounded solution 
satisfying (18) and if g = 0, then the improper integral 


1 
(22) f tL(t)dt is convergent. 


+0 


In view of (20), where g = 0, this will imply that 


1 
f ig(t)a?(t)dt'< œ. 
+0 
Hence, (19) will follow from the fact that, according to (18), the function 
v(t) must keep away from 0 as ¢->-+ 0. 
Actually, (18) and the boundedness of x(¢) assure the existence of a 
positive limit +(+ 0) Æ œ. Hence, 


23(1) —a(-4 o= f da? (t) =2 | 0(t)a’(t) dt. 


Suppose that 2(t)a’(¢) is monotone. Then the convergence of the last 
integral implies that 
tx(t)a’(t) —>0 as t— -4+ 0. 


This limit relation, when combined with (21), where z? (~+ 0) is supposed to 
exist (£ œ), contains the truth of (22). Hence, the proof will be complete 
if it is ascertained that x(¢)z’(t) is monotone. 

To this end, the assumption q == 0 will be used again. It implies. by 
(17), that aa’ = Sinee (rry —~ ca” | a°, it followo that (1.')’ = 0, 
Hence, «(t¢)a’(¢) is non-decreasing. 
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FURTHER CONGRUENCE PROPERTIES OF THE FOURIER 
COEFFICIENTS OF THE MODULAR INVARIANT j(7).* 


By JOSEPH LEHNER. 


This article is a continuation of a previous one [2], in which it was 
shown that the Fourier coefficients, Cn, of the modular invariant j(r), 


(rt) =a 4- 744-4 196, 884r +: -+ -, w—exp2wir, I(r) > 0, 


enjoy certain congruence properties with respect to the moduli 5, 7 and their 
powers, and 11, 11°. In this paper we shall consider the moduli 2%, 3¢, ¢ = 1, 
and prove 


THEOREM 1. If 


(i) ilt) = a H- Co -+ È cna", z= exp rir 
then 

(2) Cn = 0 (mod 2°48) if n == 0 (mod 2¢) 

(3) Cy = 0 (mod 378) if ne=0 (mod 3*) 


w 


for a, n = 1,2,3,- +. 
The method of proof is that used in [2]. The congruences follow from 
identities, in which the left members are series 


oQ 
>) Cnu”, n == 0 (mod p*), p == 2 or 3 
H=0 i 


while the right members are polynomials, with rational integral coefficients, 
in certain functions ¢, which themselves have series expansions with integral 
coefficients. 

The proof is in two parts. The first part consists in showing that for 
«= 1 (in Theorem 1), both members of the identity described above are 
modular functions belonging to a certain subgroup of the modular group. 
The identity is then established by matching the principal parts of the two 
members at the parabolic vertices of the subgroup. 1 is concerned with this. 

The second part of the proof proceeds by induction on « Here the 
modular equation for the function ® plays an essential role. The modular 
equation is an algebraic equation connecting (7) and (pr). For p = 5,7, 


* Received September 3, 1948. 
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these equations were worked out by Rademacher ([3], pp. 626, 628). It 
seems worth while to give here a systematic method which is applicable to 
all primes of interest, viz., p == 2, 3, 5,7,13. This is done in 2.and the 
modular equations given. As will appear in the course of the argument, the 
above primes are those for which the subgroup Iy(p) is of genus zero. 
(To(p) is defined by the condition p|c:in the modular substitution 
7 == (ar+b)/{cr+d).) The induction on «œ is carried out in 3 and 
completes the proof of Theorem 1. 

In 5 we consider modular functions other than f(r) which share with it 
the congruence properties of Theorem 1 and of Theorems 1 and 2 of [2]. 


, 1. Congruences for the moduli 2 and 3. We are going io follow 
closely the reasoning in [2]. We recall that f(r) is a modular. function on 
a group Tif - 


1) it is a meromorphic function of r in the half-plane I(r) > 0; 


2) it possesses only poles in the local variable at the parabolic vertices 
of T; 


3) it is invariant: F(Vr) = F(7), for every modular substitution 
Vr == (ar + b)/ (er +d) of fT. 


In what follows, r may be either the modular group or one of its subgroups 
of finite index. Iy(p) is the subgroup given’ by c= 0 (mod p). p is one of 
the primes 2, 3, 5, 7, 138. 

We introduce the linear operator 


(1.1) Ua l) = P> SH ((r + A)/P) 


where f(r) Is given by the expansion 


co 
f(r) aa 2 Anz", 
and throughout this paper a 
(1.2) © = Xp 2rir, I(r) > 0. 
In [2], 2 it is shown that 


(1. 8) Unf (1) = È apna, t= — [s/p]. 


n=t 


Moreover, it is proved that if f(r) is a modular function belonging to the 
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. full modular group, then U,f belongs to the subgroup To(p). (The proof 
= was carried out for the function j(r) but is easily seen to be valid for any 
f(r) on the full group.) 

A formula which will be useful later is (8.81) of [1]: 


(1.4) ` pU (—1/pr) — pUpF (pr) = F(—1/p*r) — F(z), 
where F(r) is an entire modular function of [y(p). By UpF (pr) we mean 
UF (+) with r replaced by pr; similarly for U,#(—1/pr). 

Since the subgroups [o(p) are of genus zero for the primes of interest, 
they will possess univalent functions, which may be taken as 


(1.5) Ppr (r) == 0 (1) = {n (pr) /n(7) Poo, 
with | 

(1. 6) . n(r) = exp (wi7/12) il (1 — 2”), 

and 

(1. 7) r(p— 1) = 24. 


That the functions @ belong to To(p) has been demonstrated by Rade- 
macher for p > 3 ([3], Theorem 1, p. 619) if we keep in mind that, for the 
primes under consideration in this paper, r is always even. But his proofs, 
with minor modifications, are readily seen to hold for? p = 2,3. 

The functions ® are clearly univalent in the fundamental region of 
To(p), as is evident from the following facts: 1) the fundamental region - 
of Iy(p) has two parabolic points, say r=-100,0; 2) ® has a simple zero at 
t= iœ% and a simple pole at r == 0 measured in t == exp 2air; 3) & is regular 
and zero free in the interior of the fundamental region. ‘These considera- 
tions are developed in detail in [2] for p> 3 (2) but are equally valid 
for p= 8. 

With these preliminaries out of the way, we are ready to express Upj(7) 
as a polynomial in @(7). For this purpose we need consider the vertex at 
r==0 only, since U,j and © are both regular at r= tœ ([2], (2.3)). 
From [2], (2.4), (2.6) we take the expansions, valid for pS 3, 


(1. 8) pU pj (r) =r 4: > > 
(1. 9) peer) atte: :, 7 = — 1/pr, 


*When p= 2, r= 24, and $= {n(2r)/y{r) }** =A(2r) /A(r), where A is the 
“ discriminant ” of elliptic function theory. A is a modular form of dimension — 12; 
its transformation equation is A(Vr) = (er-+d)**A(r). It follows easily that 
A(2r)/A(r) is invariant on T,(2). 


876 = JOSEPH LEHNER, 


the coefficients in the right members being integers. From a comparison 
of the principal parts it follows that Ọ,j is equal to a polynomial in @ whose 


coefficients, except possibly for the constant term, are integers divisible by 
Peh 


al . 
(1. 10) Upj (7) = Co + pl? E Capt Ov 2a" (r), ee 
h=1 


with integral Ci, Ca +. 


Since for p = 2, r==24; for p==3, r= 12; Theorem 1 for a= 1 
follows at once from (1.10) and (1.4). 


2. Modular equations. In order to generalize the congruences just 
proved to powers of 2 and 3 as moduli, it will be necessary to introduce the 
modular equation of . The required results are contained in 


THEOREM 2. Let the genus of To(p) be zero. Put 
Z=Bor(r), W = p'?h,,(1/p). 


Then 
p 
(2.1) U, = p X, b;Ži, 
gal 
Moreover, the modular equation connecting Z and W is 
(2. 2) We 4+. Ù (—1)ip Wm = 0, 
j=l 
where . | 
Dp 
(2.3) (—1) #49; = pr? > Ze, 
I=} 


Here, the b; are integers with one exception: for p = 13, 13b, tis an integer. 


Proof. The proof follows a method sketched in a previous paper ([1], 
p. 511). Applying (1.4) with F = ®pr(r) =Z, we have 


(2. 4) pUpZ (— 1/pr) — pUp4 (pr) = Z (— 1/p°r) — Z (7). 
Now assuming the truth of (2.1) for the moment, we get 

p . 
(2.5) pU (— 1/p7) E ee 1/pr)? 


= p? bp TIPS (r), 
i 


= 
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where we have used the property ° 

(2. 6) : Z(—1/pr) = p7”Z (r), 
as given in [1], (8.83). Also 

(2.1) pU (pr) = p° È bZ (pr), 
and 

(2. 8) Z(—1/p°r) = p"Z (pr), 


‘ as follows from (2.1) and (2.6) on replacing r by pr. 
Substituting (2.5), (2.7), and (2.8) in (2.4) gives, after replacing + 
by 7/D, 


(2. 9) pit Sb, (W4— Zi) + W—Z4 = 0, 
jut i x 


an equation whose left member obviously has the factor W*-—-Z. If we 
exclude this factor, multiply by W?", and rearrange, we obtain 


ot 
(2.10) We — pr/»2 $ b; X WeeAZs* — 0, 
j=l = k=0 


which, with a change of summation variables, is exactly (2.2) and (2. 3). 

The remainder of the proof is taken up with establishing (2.1) and 
calculating the b;. First we show that UpZ is a function of T)(p). Its 
invariance under the substitutions Vr of this subgroup follows from [1], 
Lemma 1, p. 501: 


1 i 
(2.11)  UpZ(Vr) = pS Z (TV7) ee p> Z (WaT ur) 
‘ a = 


= +S A(T) = UZ (r), Wae To(p?). 


Next, Z vanishes at r = to ; therefore, UpZ does also. Finally, at r’ == 0, we 
apply (2.4), (2.8) and have 


(2.12)  pUpZ(—1/pr) == pUsZ (pr) 4+ p"Z (pr) —Z(r) 
=o pola -+ O (1), 


i. €., Up has a pole of order p in z at 7’ == 0. 


Since Z has a pole of first order at zero while U,Z has a pole of order p 
there, it is clear from familiar arguments that U,Z is a polynomial in Z 
of degree p. This polynomial will not have a constant term, since U,Z and 
Z both vanish at infinity. , 
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Write ` 
(2. 13) Í Z(t) =z (1 -+ 4,%2 + 4,2? H. . ), 


and note that, by an elementary theorem on binomial coefficients, 
(2. 14) p | a P, AP e E PE 


Then, using (2.12) and (2.6), we have the following equations which secure 
agreement of the principal parts of the two members of (2.1) at 7’ = 0 and 
thus serve to determine the coefficients b;: 


pTI? = byp 0/2 
(2.15) : = bpp e/a, P + bp pre? 


0 =x bpp? ap, P) + bp-1 p" P(g, (Prd) + Ba are + b 1p7. 


By solving the system (2.15) recursively and remembering (2.14) one 
finds easily that 


by oie pr p-t) [2-2 non p’, 


(2. 16) 
pri- /2-1 | bj, = 1, an y p— i. 


Hence, b; is always an integer when j > 1, since r = 2; and pb, is an integer. 
Actually, it will turn out in the calculations that 6, itself is integral except 
when p = 13. 

It remains to compute the b;. We list below for each value of p the 
expansion of p’/*Z(—-1/pr) to p terms, from which the needed powers of Z 
are readily obtained. From these and (2.12), the b; are calculated com- 
paratively easily. The b; are also listed. 

The b; shown in the table agree, for p— 5,7, with the coefficients of 
Rademacher’s modular equations ([3], pp. 626, 628). However, we have 
used a slightly different notation. If, in our equation (2.9), 7 is replaced 
by Ör, thon tho oquation is multipliod by 41’, it booomco Rademacher’) 
equation following (11.4), with the identifications 


X = W-(5r), Y = Z (5r), 52b; = h}. 


For p==7, our formula (2.9) is directly comparable with Rademacher’s 
equation (12.5). 


* 
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VALUES OF b, IN (2.1) 








Pp 
po 2 3 5 7 13 
j 
l 3.22 10.3 63 82 1,165.13 
2 gro 43° 52.5? 176.72 9,604 
3 gre 63.55 845.73 27,272.13 
4 6.58 272.7" 41,140.13? 
5 519 46.77 3,014.13‘ 
6 4.7? 25,660.13 
T 7? 12,086.13° 
8 4,180.13° 
9 1,064,137 
10 . 196.138 
Il 25.13° 
12 2.1319 
13 131° 


EXPANSION or p’/??Z(—-1/pr) IN POWERS OF v = exp 2rir 








Power of 
~~] 0 l 2 3 4 5 6 7 8 9 10 Il 
p 
2 1 —— 24 
3 1 —12 54 
5 l —6 9 10 —30 _ 
T l —4 2 8 —5 —4 —10 
13 1 —2 wm J} 2 1 2 —2 9 —2 —-2 I! 9 9 


Remarks. (1) If only the modular equation (2.2) is wanted, one can 
proceed more easily as follows. j(r) is a rational function of Z of the form 


P? 
(2. 17) i) =Z) +S uZ), 
0 
the integers a, being determined by the expansion of the two members of the 
equation at zero. Now using the invariance of j under the substitution 
Tr = — 1/r, we obtain 


(2. 18) ZS aZ = WS LW, 


where we have employed the relation 


Le 1/r) = W(r), 
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obtained from (2. 6). Equation (2.18) is of the same form as (2.9), from 
which the modular equation follows. 


(2) The foregoing discussion has been carried out for a particular 
modular function of To(p). However, any univalent modular function, 
Vv, of To(p), possesses a modular equation. This equation may be obtained 
easily from (2.2) by using the relation between Y and Z, which, in accordance 
with the univalence of both functions must be of the form 


` Z= (ab + B)/(ye +8), að — By ~0. 


W is, of course, the same function of p*/?¥(7/p). 


3. Congruences for powers of 2 and 3. In order to prove Theorem 1 
for « > 1, we shall have to iterate equation (1.10), as was done in 5-6 of 
[2]. We treat the case p = 2 first. 

In order to have (1.10) in a form suitable for iteration, | we rewrite it as 


- (3:1). - U2} == By + 2" > BEO Gb — B, + 2U8, 
where # is å polynomial of the form ? 
(3. 2) R= dð + d.286? +--+ +--+ dgxevet, - ({=1) 


with integral d. Applying the operator U, to both sides we obtain 

, Ha 
(3. 3) 274 — Bo -+ Dt > By28 G1) U,” = By -4 Qi UR. 

1 


In the above equations, the B’s are integers. Ua? is the iterate of U2: 


U} (t) == U2{U2j (7) }. 

We wish to have the right member of (3.3) in the same form as that 
of (3.1) but with a higher power of 2 multiplying the sum. We shall, in 
fact, prove 


(3. 4) Q8(h-1) U Gh — 2R, EET 


Theorem 1 will follow without difficulty from (3.4). 
The proof of (3.4) is by induction. First, note that 


(3. 5) UB" = pe So (r -+ A)/p) = roe = Wy}, 


2 R is not necessarily the same polynomial at each appearance. 
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where W, = p’/*@((7-+A)/p) are the conjugates of the algebraic (modular) 


equation (2.2). Thus with 


-1 
(3. 6) l Sh =S Wy’, 
0 
(3.4) is equivalent to 
(3. 7) Sp = 24092 F, 


since r == 24 when p= 2. 


h—=1,2,: °° 


The proof makes use of Newton’s formulae for the sum of powers of 


the conjugates of an algebraic equation: ° 


h 
(3. 8) Sr = $ (— 1) pSr- 
j-1 


with the conventions 
Pi = 0 for j >P, 


So = h, 
where the algebraic equation is written as in (2. 2). 
and So. 
From (3.8) we have 
(3. 9) Si = Pı 
(3. 10) So = 7191 — 2 P2 = P’ — pa. 


From (2.3) we get 
(3. 11) pı = 218 (3P -+ 28h?) = 2" R 
(3. 12) Do = — 24D == 24K, 


h—=1,2,°°°, 


We now calculate S, 


where we have used the values of b; given in the table toward the end of 2. 


The polynomials FR, 


t 
(3.13) . R, = BR = > dja 


j=l 


form a ring. In terms of R, we can rewrite (3.11), (8.12) as 


(3. 14) pı = Rp, Pe = IR. 


Hence, from (3.9), 


3 The above device was first used in this connection by G. N. Watson [4]. 


~ 


\ 
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(3.15) = S= 2R, 
82 = (2°R,)? + 2- 2R, — VER? + 2R, 
= 2R, -+ IR, = 2R, — 24R = QR, 
satisfying (3.7) for h= 1,2. 
Now let k > 2 and assume that (3.7) is fulfilled for h < k: 


(3. 16) Sy = BABA es 2441) R, h == 1,2, > +, k —1, 
(3.8) gives 

Si = Pisk- — Dp2Sx-2 (k > 2) 
(3. 17) == RSR PER, + 28h, : 24 A, 


pam Dtk R == Q4K+16 P — DRA D, 
which, together with (3.15), completes the proof of (3.7), i.e., of (3.4). 


A simple consequence of (3.4) is 

(3. 18). UR = 2 R. 

* We can now apply (3.18) to (3.3) and obtain 
(3. 19) U] == By + 214. 
By successive iteration we have 
(3. 20) U2"j(r) = Bo + 238R, m = 1,2,3, °°. 
Since, however, we also have 
(3. 21) Umj(r) = > pee Pea 


by iteration of (1.3), the truth of Theorem 1 follows at once for all positive 
integral « and p= 2. 
The development for the case p — 3 is parallel. We write (1.10) as 


(3. 22) Usj = By + 3°T, 
where T is of the form 


t 
(8.23) ` T = X d8 De, 


ł=1i 
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and the d; are integers. We prove | 
(3. 24) BACh-1) U7 pt == B77”, h == 1, 2,° 7, 
or, what is equivalent 
(3. 25) Sn = 377, | h= 1,2, °°. 
From 2 we find without difficulty 
Pı = 3 T = BT, 
(3. 26) P2 = BUT = 3"T, 
ps = 3ST = 3"T, 
where the polynomials T, 
(3. 27) T, == 3*7 = S aste! 
form a ring. From (3.8), we have 
(8.28) Sis=m, So = pr” — 22, Ss = P? — 3 pipe + 8Ps. 
Substituting (3.26) in (3.28), we obtain 
S, = 3°T, 
(3.29) S= (3°71)? + 2-37, = ZPT, = gup ST, 
Sz = (8°7,)§ + 3(857,)(38°T,) + 3- 84T, = 37, == ZPT = 3187, 
Thus, (8.25) is proved for h == 1, 2, 3. 
Now let k > 3, and let (8.25) be true for h = k— 1, 

(3. 30) Sy == ZIT m ZT, h = 1,2, - -,k— 1. 
Then, from (3.8), (3.26), and (3.30), we get 

Sy = PEE E ER E (k> 3) 
(3. 31) == B97, BHT, H BIT, BRAT, -+ 34T, . 32T, 

mas BMT, = BROT m BATT 


as required for the proof of (8.25). Theorem 1 for p= 3 now follows in 
lhe same way as in the case p == 2. 


4, Comparison with numerical results. H. S. Zuckerman has com- 
puted the coefficients c, for n = 24 ([5]). The table which follows shows 
the factorization of the cn with respect to primes < 13. 
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HIGHEST POWER or p DIVIDING Ca 





l 2 3 0 0 0 
2 LI 0 l 0 0 
3 1 5 1 0 0 
4 l4 3 0- 0 0 
5 3 0 2 0 0 
6 13 6 0 0 l 
T 0 3 l l 0 
8 17 l 3 0 0 
9 2 7 l 0 0 
10 12 5 3 0 0 
1} 1 1l 0 0 1 
12 16 5 1 0 0 
13 3 3 1 0 0 
l4 14 0 0 l 0 
15 0 7 2 l 0 
16 20 4 1 0 0 
17 3 2 1 0 0 
18 l1 8 l 0 0 
19 ji 3 3 0 0 
20 15 0 2 0 0 
21 T 5 0 2 0 
22 13 5 1 0 1 
23 2 ] 1 0 0 
24 19 6 0 1 0 


This table serves to verify Theorem 1 and Theorems 1 and 2 of [2] 
for n== 24. Note that these theorems predict the exact power of the prime 
dividing cn for n == p and n= p* (p < 138). 


5. Modular functions with congruence properties. The preceding dis- 
cussion does not by any means exhaust the possibilities as regards congruence 
relations for Fourier coefficients of modular functions. Extensions are possible 
both to other moduli and modular functions other than j(r). We close with 
an example nf a thearem nf the latter type. 


THEOREM 3. Let F(r) be an entire modular function of Ty(p), with 
p11, having the expansions * 


& 
(5.1) F(t) = asr ++ e e aat? H 3 ana”, 
0 ` 


t F{7r) necessarily has expansions in æ at both parabolic vertices of Ty, 


a 
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(5.2) F(—1/pr) = baat +e o bant e, 
where Qı,’ **, Qs, b4,- © -, b- are integers, and 
s< p. 


Then the Fourier coefficients an, with n =È 1, have the congruence properties 
of Theorem 1 of this paper and Theorems 1 and 2 of [2], viz, if n==0 
(mod 2°3°5°7911°), then an= 0 (mod 234*832+35en7¢]1¢) for n, a,b,c,d 
—1,2,3,---; and e = 1,2. | 


Obviously j(7) satisfies the hypotheses for all p. 


Proof. By (5.1) and (1.3) we see that U,F(r) is r at infinity, 
since s < p: 


(5. 4) UpF (7) =o + dpe ++: 


At zero, we use (1.4), (5.1), (5.4), and (5.2), the last two with r replaced 
by pr, and find | 


(5.5) pU,pF(—1/pr) = O(1) + bia? +- -4 baat 
— (ast +-- : - + aart) +. <% 


At all interior points of the upper half-plane UF (7) is regular. Moreover, 
it remains invariant under the substitutions of ro, as may be checked by 
reference to Lemma 1 of [1] (p.. 501). Therefore, Hee is. an entire 
modular function on the subgroup Ty(p). 

We now separate the cases pS 7, p= 11, treating the former first. 
By fitting a polynomial in #,, to UF at +r’ = 0, we find in the usual way 
an identity of the form 


J 
UF (r) = const. + p" X, dyp 0-0/0, 
oe j=1 

with integral dj, i. e., 

(5. 6) U,F (r+) = const. + py, 


where V is a polynomial of type k (p=2), T (p==3)—as in 3 of this 
paper—or Q (p = 5,7)—cf. 5 of [2]. No difficulty arises at r —io since 
both members of (5.6) are regular there. The iteration of (5.6) under the 
operator Up now proceeds in exactly the same way as in 3 of this paper and 
5, 6 of [2] and establishes the congruences of the theorem when p< 7%. 

For p == 11 we apply the methods of [2], 3, 4 and obtain identities with 
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+ 


integer coefficients for UF, Up F in terms of the functions Aii(7), Cu(r); 
which themselves have integral coefficient expansions. The congruences for 
p == 11, 11? are then immediate consequences. 


Added in proof. One additional value of c, appears in the literature, 
namely czs, on p. 491 of D. H. Lehmer’s paper, “ Properties of the coefficients 
of the modular invariant J(r),” American Journal of Mathematics, vol. 64 
(1942), pp. 488-502. cə; has the factorization 27- 3%- 53- A, where p < 13 does 
not divide A. This value further illustrates the remark at the close of 4. 


Theorem 8 can be extended to the case e—3. See addendum at the 
end of [2]. 


New York CITY. 
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DIOPHANTINE EQUATIONS IN ALGEBRAIC NUMBER FIELDS.* 
By L. G. Pox. 


Consider a system of algebraic equations, 
fi (ta © +, Za) = 0, 
(1) 
fat, "+ +, q) = 0, 


where f; is a homogeneous polynomial of degree m; with coefficients belonging 
to the ring J of integers of a given finite algebraic extension K of the 
rational field. The main object of this paper is to prove the following result. 


THEOREM 1. If K is totally complex, then for every system of degrees 
M3,°°*,m, and every positive rational integer m there exists a positive 
number Q =Q(m; Mm, `- mnr; K) such that whenever g=Q the system 
of equations (1) has an m-dimensional linear manifold of solutions in J. 


Using Theorem C of [I], one sees that Theorem 1 is equivalent to the 
following 


THEOREM 2. If K is totally complex, then for every positive rational 
integer m there exists a positive number Q = Q (m; K) such that whenever 
q ÈQ the equation 


(2) AA He e + Aag” = (1 °°, %ed) 
has non-trivial solutions in J (the trivial solution being M =: - + =Aqg=—0). 


It should be remarked at once that the requirement that K be totally 
complex is also necessary for the conclusions in Theorems 1 and 2, since in 
the case that K has real conjugates there exist forms in arbitrarily many 
variables one of whose real conjugates ‘is positive definite. Nevertheless, it 
will turn out to be possible to obtain a generalization of Theorem 2 for non- 
totally complex fields by adding the requirement that the form ays,” +- 
+. G%@%q" be indefinite (cf. Theorem 3 below). 

The method which I use in the proof was developed by ©. L. Siegel 
[II, IIT] for the treatment of Waring’s problem in algebraic number fields. 


* Received November 17, 1948. 
1 Numbers in square brackets indicate papers in the list of references at the end. 
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Siegel’s calculations for the form sm,” +- - -+ 2a” apply with only slight 
modifications to the form ıı” -+> - -+ qaza”, the only essential difference 
arising in the proof that the “singular series” has a positive lower bound. 
I wish to express here my deep gratitude to Professor Siegel for his invaluable 
advice in the preparation of this paper. 


1. Notation and plan of proof. Let K be an algebraic field of degree 
n over the rationals. K™,---+,K‘ are the real conjugates and KO,- -, 
K+) the complex conjugates of K. Here r- 2s= n. The complex con- 
jugates are so arranged that, for r+ 1 & kS r -+ s, the fields K™ and Ks) 
are obtained from one another by interchanging i(== V— 1) and — i. 

Elements of K are denoted by small Greek letters; their conjugates by 
the same letters with superscripts. The norm and trace are defined by 
N (a) == a+ + - al) (a) =a 4- - -+ a), the same definition holding 
also for Greek letters which are not necessarily elements of K. 

If w,' © +, on is a basis of J, then the transposed inverse (p:™)) of the 
matrix (#:)) yields a basis p:,::-,pn of the ideal b7, where b is the 
ramification ideal. For the absolute value D of the discriminant of K it 
follows that D? = | det (o:)|, D=N(b). It will be important to recall 
the following property of b: 


, §e d` af and only if S(ai8) == a rational integer forl = 1,2,- + -, 2. 


Introducing real variables a, Yr, Yur (k =1,: n; l=1,2,---), 
define 
(3) E = p10, ++ * + Pnn, n = wY + + + onYn, 
Nt = HY t ; -+ WnYnt (l = 1, 2,- i -), 
The points (21,- * `, En), (Y1° °°, Yn), etc., are to be regarded as variable 


points in-an n-dimensional Euclidean space X. The conjugates of £ 4, y 
are obtained .by inserting the superscript ™) above each of the Greek letters 
in (8). All relations involving Greek letters without superscripts (except 
those with W or 8) will henceforth stand for the n relations obtained by 
inserting siperseripts as ahnye 

A homogeneous polynomial f(z **, Za) with coetticients in K will 
be called (in)definite if each of the real polynomials f)(z,,- - -, Za) 
(k==1,"- r) is (in)definite. Thus, in totally complex fields, the require- 
ment of (in)definiteness is no restriction at all. It must be remarked, how- 
ever, that in fields with real conjugates there are polynomials which are 
neither definite nor indefinite (e. g., if 6?— 2, one conjugate of z? — @w* is 
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indefinite while the other is definite). The generalization of Theorem 2- 
mentioned in the introduction may now be stated. 


THEOREM 3. F q = 1 + max [4m?™3, (2m1 -+ n)mn] and if the poly- 
nomial a2,” E ` -+ Xag” is indefinite, then (2) has non-trivial solutions 
in d. l 

Note that q depends only on the degree n of K. Hence, in Theorems 
1 and 2, Q(m; m, ; K) and Q(m; K) may be replaced by Q (m; m`- +3 7) 
and Q(m;n). oe 

If a; = 0, then (2) has the solution <i ae (kj); hence it 
will be assumed throughout that ¢,540 (k=1,:--,q). 

_ The first step in the proof is to obtain an Res for the number 
R(T) of solutions of (2) satisfying [Ar] <T (J—1,-:--,q). To this 
end, using the notation 1* == ¢?*! introduce the function 


f(a3a) = F sare (aeJ;a740), 


and define 
F(a) =f(£;%) > + -f(2; a4). 


From the fact that the function 15%8 has, when » is an integer, period 1 


in each of the variables 7,,°--+,%n, it follows that 
0 (#0) T 
SUD dg = > ae PE 
fi n9 dæ j 1 (w—0), (dz = da, din) 
where the domain of integration is the unit cube 
| E:0<¢m<1 (isthe Sin) 
Hence 
(4) R(T) = f f(x)de, 


In what follows, a slight modification of Siegel’s generalized Farey 
dissection will be applied to the cube # and the contributions of the major 
and minor ares will then be estimated. In this way it will be shown that 


(5) N(T) = Teme] +- o( Tram) 


where the “singular series” o and the “singular integral” J will turn out 
to be positive and independent of T. In (5) and throughout the paper, the 
symbols n and O refer to the passage to the limit T — œ. 


2. The Farey-Siegel dissection. Since Theorem 8 is trivial for m = 1, 
assume m = 2 and let 
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a= (22 4. n), t = Tie, 
Let 


and suppose T is sufficiently large to ensure T% > 2oD™», 

For each y in K the ideal a, is defined by the relation ay? = (1, yd), 
and for any positive real c the domain B(y,c) is the set of points se% 
which satisfy 

N[max (T" | é—y|,e7)] S tN (ay*). 


(The domain By in [III] is here denoted by B(y,1).) Clearly, Bry, c) is 
empty if V(a,) > (ct)*; moreover, B(y,c) and B(y’,c) have no common 
point when y 54y, for if x were a common point of the two regions and 


max (T™ | é—y |, c>) = to, max (7T™|é—y' |, 0) = to", 
then 
e & ct, o Z ct, N (ayay) = N (o0), 
and 
ly—Y¥ | Slé—y|+|é—-7¥ | 5T +o) 
< Tem, paa 
N((y— yY) avar) S N (| y— yY |) N (0) 
S (cL?) 9 < D7; 


this would mean that the integral ideal (y—y’)a,a,d has norm less than 1, 
which is impossible. 

Because of the periodicity of f(s) it is clear that whenever y= y 
(mod ò>), 

f f(x)dx = f(z)dz. 
B(¥;¢) Biye) 

Consequently, if T is a complete set of modulo b> incongruent numbers y 
satisfying N (ay) SS (ct)”, and if Xọ(c) is the subset of X consisting of those 
paints whirh (for the particular ¢ under consideration) do not lio in any 
B(y,¢), then (4) may be written in the form 


(6) RTS oat f fede, 


where y (here and in the sequel) runs over the finite set T. 
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3. The minor arcs. The last integral in (6) will be estimated in the. 


three lemmata of this section. 
Lemma 1. Ifa isan integer, a = 0, then 
N (aay) SEN (| a DN (ay>). 


Proof. day consists of all numbers of the form A-+- ayd where ed, 
Sed; on the other hand, aa, consists of all numbers of the form a(A + yè) 
where again Ae J, Sed. Hence aay" | aa,* and the lemma follows. 


LeMMA 2. For the integer a (5&0) let 
E = Of = py’) + pnt ne 

If |a| Sc and xe X,(c), then x'e X,(1). 

Proof. Let y = ay. Since 

N[max (T™ | E—y|,¢*)] > @N(ay*) 

for every y in K, it follows that 

N[max (T™ | #—y |,1)] = Nimax (7” |a| |é—y|,|#]e7)] 

> iN (| a |)N (ay) = tN (ay) 

for every y in K. This proves Lemma 2. 

LemMa 3. If we X,(c) and |a|sSc then 

f(t; a) =o( Teen ). 


Proof. By Lemma 2, 2’¢X,(1). Now the proof of Lemma 8 in [IIT] 
may be used with the following modifications: x is to be replaced by 2’, € by @, 
and the set T by the set of integers A satisfying |A| < T. 

Lemma 3 makes it possible to write (6) in the form 


(7) RT) =E fp f(e)de+ o( Laem), 


4. The major arcs. 
Lemma 4. For any integer a (£0) set 


Galy) =N (a>) B 18H 
amod ary 


x 
A 
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where u runs over a complete set of incongruent integers modulo the ideal ay. 
If ce B(y, c), then 


(asa) = Galy) f  1stermenidy 4, O(Te*), 
MLT a 


where » is defined by (3) and dy = dy, ` > - dyn. 


Proof. ` Since N[max (T™|é— y|,e*)] < iN (ay) and N(ay) 
= (ct)*, one can determine positive numbers 89,- - -, @&) with 9(*) == Q (+s) 
(e#==r-+i1,--+,7-+- s) such that 

0 max (T™|é—~y|,c7) StD”*", N(0) = DN (ay). 
By Minkowski’s theorem, the ideal a = ay contains a number & satisfying 
0< |2| &09. Then ža = b is integral and N (b) < D¥?, so that b belongs 
to a finite set depending only on K. The basis 8,,* > +, Bn of b> gives rise 
to a basis är = y (k= 1,:'-+,n) of a; and, since 8a = 0 (1), it follows 
that & = 0 (8). 
Clearly 


(8) f(e) = X aD g plong), 
moda laa cd 
a 


where » runs over a complete set of integral residues modulo a and A runs 
over all elements of a which satisfy |à +a] <T. Introduce the variable 
point z in X and let ¿= ği > e -p Gen If A= git: + gndn 
with rational integers g:,- - -,9n then the cube #(A) may be defined as the 
set of points z satisfying gr Sz < gy + 1 (k=—1,---,n). It follows that 
when ze F(A), 

¿— à = 0 (8) = O(t), 


and 
a(é— y) (E+ e)” — (A+ u)”"] 
= a(f—d) (E€—y)O (| E+ a | "+ [Ate] ™) 
— a8 (E — y) O (T=) = at TO (T™-1) = O (T=); 
hence 
(9) (Sla (Ara) ™ (Ey) ] [Slaw (EWldz 4. O(T-), 


E(x) 


For a fixed » the conjugates of any à which occurs in the inner sum in (8) 
all lie in fixed intervals of length O(T). Hence the number of these À is 
N(a7)O(T"), and therefore the error term which results when (9) is 
summed with respect to A is N(a*)O(T"*). 
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For real u, let F(u) be the domain defined by the inequality | ¢ +- a | 
<T- uð; then the volume of F(u) is 


Sitter D-*N (a) N (LT + ub) (T + ub > 0), 
(10) EUS l Ja (otherwise). 


There exists a positive constant A == O (1) such that 


..  F(—A) Cà (x) C F(A); 


and, on the other hand, 
F(—A)C F(0) C.F(A). 


Since (10) implies that o 
© V(4) —V(— 4) =N (a>) T™0 (6) = N (a) 0 (T), 


it follows from (9) that 
(11) SO (Siera) ™ (E-¥) 7 — [Slaw ldg + N(a?)O(T"*), 
jAy] < T F (0) = ’ 
alr ; ae 
Using (3), substitute €-+- p = ņ in the above integral. Since 
O(A1, ee eg Zn) /0 (Y1 75 Un) = N(a*), 
the lemma is a consequence-of (8) and (11). 


Lemma 5. For N(a,) > œ, the estimate 


Ga(y) = N (ay) O(1) 
holds. 


This will be proved in 7. 


LEMMA 6. 
S {Stan EY) Idy — N [min (1, T= | a(é—y)| =®)] - O(T”). 
mi <T 

This follows in the same way as equations (80)-(83) in [III]; the details 
of the proof are therefore omitted. 

To obtain an estimate of the first term on the right side of (7), set 
G(y) = Galy) Dae Ga,(y) and du; = dy aye dYnt (l = e q). Then 
lemmata 4, 5, 6 imply 


10 
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(12) f(z) = G(y) f T f [Sllagn™+.r0ane™) (EVI dy,» - dug 
Imi <T Ima] <T 
FOT) + N (ay!) N[min(1, T0 | o(€—y)] 6-9) JO (Tore). 
Moreover, 
(13) f N[min(1, T*-4 | ¢(€—y)| 2) ]dx 
Bye) 
S Tre È N{min(1, | og | 0) Jde = O (Tr), 
x 
and (since g — 1 > 2m) 
(14) SN (ayem) SSN (aom) = O(1). 
Y a 
Using the obvious estimate $, | dz 1 and the fact that a(q —1) = mn, 
"Y B(y,0) 
it now follows from (7), (12), (13), and (14) that 
R(T) = 


Taly) f f cu f Slet- Idu, - - + dug +- o (Triem), 
m Biyo Inl <T inal <T 


where o = am” +` - --+ am”. As in [TII, p. 336], it is now possible to 
replace the integration domain B (y, c) by the entire space X with an error 
of o(T”(e-m)), Thus, 


(15) N(T) =o(T)I(T) + o(T” m) 
where 

(16) o(T) = > G(y) 

and 


6. The singular integral. If the substitutions y —> Ty, (l= 1,:::,q) 
‘and £—> Té are made in the integral (17), there results 


I(T) = Trem] (1). 


It will be shown in this section that the singular integral [(1) = I, which is 
clearly independent of T, is positive. The following two cases require separate 
consideration: (i) r > 0-and m==0 (mod 2); (ii) all others. 
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Let u, denote the point (yu,- °°, Yn1) in X, and consider the set, © 
of points (w,°--,uq) in an ng-dimensional Euclidean space defined by 
the inequalities — 

|u| <1 (T==1,---,q), 0< mq <1 (4=1,°-°,1), 
— r/m <argyg® <r/m (k=r+1,:-+,r-+s) in case (i); 
[m| <1 (t—=1,---,g), —«/m <argyg® <a/m 
(k=r+ 1,- -,r+s) in case (ii). 
Further, let 


(£) =w f 1800au: ` + dug 


where w = 2"m5 in case (i), w == m’ in case (ii), and w has the same meaning 
Rs in §& If J(u) = -Í @(£)1-5()dz (the integral being absolutely con- 


” warpent by the reasoning at the end of 5), then clearly J = J (0). 

For a fixed w= wt, +: - -wontn let E(w) be the set of points 
(Ui, ° *, Uga) in an a Euclidean space for which wg 
can be found satisfying o =o" +- -+ ag” and (w ++, ug) EC. 
Then every (t,°°-+,Uq)e€ gives rise to a unique œw and every w and 
(U,° * +; Ug1) € E(w) gives rise to a unique uge X. Therefore, since 


OY °° Yna) / Ctr: + + tn) =N (m7 | Ag | = | nq | arr) 
it follows that 
(£) =w f E(w) 188 dt, 
X 


where 
(18) ¥(o) = J. N (m | ag |= | qa |) dun > > + dutgs. 
, (w) 


It is clear that ¥(w) vanishes outside of a certain bounded region, e. g., 
F(o)=0 when | o™ | > |, |---| a, | for some k. The con- 
tinuity of ¥(w) is, moreover, a consequence of the following calculation. 


In case (ii), set 
ar (qp) — Vpl (k ==1,: r; l= 1, < +, ,q— 1); 


| a2 ) | 2 | gH) 





2M — Ver, arg g) (97) )” = ppi 


(h-r j| dyer eye | ost dyer eyg 1). 


Then, for /==1,--+-,qg—1, the Jacobian of the y’s which have second sub- 
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script 1 with respect to the vs and ¢’s which have second subscript 1 is 
DAN (m> | a | | q |1"), and 
¥ (0) = DOM mnt | (a) + - - N (aq) |" TI Falo) TI Hix (o®), 
k=l kept 


where, for k= 1,:--,7, 
Fy, (oa) =f o: : ` Vga (wl) 2 yy —- š + — Vq-1) | (1-m)/mqy, + « ‘Agis 
the integral a extended over the domain 
pal<a] 0=1 g1) 
| of) —y,—- i E | < | a, | ; 


and. for k==r-+1,---,r+s, 


Hy, (o™) Sum f . | V1 .. > Vq-1(o™ — P gta — $ . > —— Vq- etb)? | (1-m) /m 


° dv, * + 6 dVg..dd, a + > deq-is 
the integral being extended over the domain 


O< or |a]? —r Lpr ((=1,: < :,q—1), 


| o FF) a p Beit PAN oo —— Vq.1 et | re | Og ™ | N 


In case (i), the domain €(w) may be split into 2°(¢v domains, in each 
of which the quantities y ®© (k ==1,:: :,r; l=1,-+-,q—1) are all of 
constant sign. In any one of these domains, new variables may be introduced 
by the formulae 


| 2) | (q ©)” = vr (k= 1, r; =l g1); 
|ar| 2 | gg | mee on, arg ar ™ (q) == bys 
(k=r+1,: ae tS; l == 1,: , 4—1), 


and, as before, one obtains 


r rtg 
P(w) = 8 o yui | N las) e N (aa) | It Halo) L Hilot, 


a ia 


where, for k = 1, -,7, 


FPrlo) == f | v: . ` Vq- (w POA (sgn hy) JV mm * sae 


— (gn Qq-1™ ) gr) | 077M doy: + + dq, 
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the integral extended over the domain 
0< 1 < | a™] 3 (= 1,: - -q — 1), 
0 < [w*) — (sen g) Jv —> E TERS (sgn Gq) ) Vg] /tq ® < i 


(19) 


and H;,(w) has the same meaning as in case (il). 

Classical considerations show that (0) and H;(#)) are in both cases 
continuous. Hence ¥(w) is continuous and Fourier’s theorem shows that 
J (o) == w(o). Thus, [= w(0). . 

It is clear that the quantities H;,(0) (kK=r+1,---,7r-+s) are 
positive; also in case (ii) F(0) >0 (k=~1,--:-,r). In case (i), the 
requirement that azı” -+--+ ageg™ be indefinite means that for each 
fixed & in the interval 1 kr not all of the quantities q,- - +, a) 
have the same sign. Hence the domain (19) with wo) ==0 has a positive 
volume and again F;,(0) >0 (k==1,;--,r). Thus, in any case, 
I[=wv¥(0) > 0. 


7: The singular series. The following four lemmata have as their 
immediate objective the proof of lemma 5, but will be used later in this 
section for the estimate of the quantity o(7) in (16). 


Lemma 7. If (ay, ay) == 1 then ayy = a0y and 


Galy HY) = Galy) Gay’). 
Proof. The hypotheses (ay, ydba,) = 1, (ay, ay) = 1 imply 


1 = (ay ybayay) = (ay, (y + y) dayay) . 
Similarly, 
1 = (ay, (y + y) dayay:) 
and therefore 
l 1 = (ayay, (y + y) davay), 
le @., 
Cy Oy? = (1, (y + y) dD) = ayy. 


If à, A’ are integers such that 


È Qy | A; Ory | x; (A, Cy) = I, (X, ay) — 1, 
then 
N (ayay) Galy +y) =. Z 18i" (yrl 
amodayay’ 
== [Slo (Nat An) ™ (y+y)] 
Bmoday pz’ mod ay’ 


= >, DB ISun — N (ay) N (ay) Galy) Gay’); 


wmoday #“#’moda-y’ 


which proves the lemma. 
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Let p be a prime ideal, and for any integer a let P(«) be the rational 
integer for which p?( | « and pP +F a. In what follows, m is any integer 
satisfying P(r) =1. 


Lemma 8. If ay =p}, LZ 2P(m) +2, then 


Gs (y) = N (p) Ga (7y). 
Proof. 


N(p)Gi(y) = 2 180r 
H 


mod p? 
=e {SE Cat Pm —1y) my] 
mod pi-P(m)-1 ymod pP(™ +1 
Slam +mp™—) mi Pm ly) y] 
Bmodp!-P(™-1  pmod pP(™+1 


The inner sum equals N (pP) 1S WV if p! | murri Pm 1) i. e., if p |a; 
otherwise this sum vanishes. Hence 


N(p PGy) = sem 


amod p t—-P(m)+1 s 
Plu 


E E E LA enet N (prema Ga (ay), 


The last step is clear when m = P(m) +2. If m< P(m) + 2, it must be 
observed that 


N(p t-m) G (ay) = 5 1S (amarmy) 
mod pi-™ i 
= > 1 SU (ata t- POW 2p) m mmy] 
amod pi-P(™-2 ymod pP(m)42-m 
= N (pP 0m) +2-m) > 1S (amrmy) 
mod pt-Pm)-2 


so that the step in question is again valid. This proves the lemma. 


Lemma 9. If ay =p}, 12 2P(ma) +2, and the rational integer k 
satisfies l— (k —1)m = 2P(ma) + 2, then 


Ga (y) = N(p*) Ga(a*"y). 


Proof. Smee day = pt, it is clear that Waly) =Ui(ay), and the 
desired resull fulluws by repealed applivalion of Leuuna &. 


Lemma 10. If ay =p and N(p) is sufficiently large (specifically, if 
N (pim-2)/2m) => m — 1 and pT a), then. 


| Ga(y)| SN (py). 


Proof. Let = be the set of characters of the multiplicative group A of 
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integers modulo p. If 8== ay, then asp and, for any non-principal 
character y ££, 


ERA =g ZIARAH) 
HE ZIG) =F I 10y) — N (p). 


AeA veA r&i A\modp 


t 


Hence 
|N) @a(y)| =| 1+ 31500) 
= | 1+ (N(p) —1)7 > > D 15003 (HX) | 


ASÀ wed xe 
ell + 223 2 OR (H) | S [(m, N(p) —1) —1]N (p%) 
pias am 


S (m—1)N(p*) S N (p/n), 


which proves the lemma. 

Using Lemma 9 with the largest Seca value of & together with 
Lemma 10, one sees easily that when a, = p? and N(p) is sufficiently large, 
| Ga(y)| S N(p-¥/™). On the other hand, if p is one of the finite number 
of prime ideals whose norms are not “sufficiently large” then Lemma 9 
shows that Ga(y) = N(p-’")O(1). These facts, together with the multipli- 
cative property of Ga(y) proved in Lemma 7 lead at once to Lemma 5. 

An immediate consequence of Lemma 5 is that the singular series 


jae S GG) 
modà- ' 


is majorized by X N(asv’™) < X, N(at'V™) (the latter sum running 
&modz-t a 


over all integral ideals a) and is therefore convergent (since g > 2m).. 
Hence off) =o + (1), a Theorem 3-will follow when it is shown that: 
o> 0. 

Let H(a)—= © G(8). Lemma 7 shows that H(ab) = H(a)H(b) 

Ganea 
whenever (a, 5) == 1, and thus, because of the absolute convergence of all 
series involved, the Euler factorization of o == X H (a) is given by 
g ; 


(20) o=[][ op (p runs over all prime ideals), 
p 

where 
OO 

(21) op = È H(p’). 


Since the product (20) is convergent, it is now sufficient to show that, for 
every prime ideal p, ap > 0. 
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Lemma 9 shows that H (pi) == N(p™-4)H(p'") whenever 1 = 2P(ma;) 
+2 (7=1,:--,¢g) and iZ m. Hence writing 
Q = max [2P(ma,) N7 © +, 2P(maq) + 1, m— 1], 


it is clear that 
Q-m Q 
(22) op— E H(p) + (+N (pre) + (pa) o) S H(p), 


where the first term is to be deleted when 0 = m — 1. 
The partial-sum 


j yo 
S H(p?) == N (p) > ` =- >` [Sl Carer +.. taaua") y] 
t=O ers imod p*¥ Hamod pe — l 

; Liy 


is easily computed with the aid of the formula 


N(p*) if pF] A 
S(8) ? 
a i l 0 otherwise, (1 A). 
1| ôùp* 


The result is 
k 
2 H(p!) = N (p89) M (k) 
ł=0 f - 


where M(k) is the number of solutions of the congruence 


(23) aim” ° + + + Gaua” = 0 (mod p*). 
Consequently, (22) yields 


(24) op = (1— N(p™*))>[ NV (p009) M(Q) 
: — N (po %an-a) M (Q — m)]. 


Let M,(¥) be the number of primilive sululions of (23), ù ë. suluLions 
satisfying (#1,° © °,¥g Pp) =1. Any non-primitive solution of (23) may be 
written in the form 


(25) fis, = Ay,” ' ‘spo = Agr (mod př), 
and (25) is a solution of (28) if and only if (for m & k) 
QÀ” + RA -}- Aqq” == 0 (mod pi), 


Since M (k— m) counts the number of sets of Xs modulo prm, whereas in 
(25) they must be counted modulo p*+, it follows that 


M (hk) — Mo(h) — N (pt? ) M (b — m) . (k= m); 


oe, 5%, 
à r" am 
NS isp 
=n” Seet >; t 
“1% 
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t 
< 
i 


and therefore, from (24), 
op == (1 — N (p2) ) N (pO ®) M, (Q). 


To prove øp > 0, it therefore remains only to show that M (2) > 0. The 
concluding argument will actually yield M,(¥) > 0 for every k. If P(a;)=k, 
then (23) has the solution pj = 1, pm = 0 (1547). Hence it will be assumed 
in what follows that k > P(a;) (7=1,:-+:,@q). 

An equivalence relation for integers in K is defined by the statement, 
a~ B whenever P(e) = P(8) (modm). Since there are m equivalence 
classes, it is clear that if q’ is the smallest integer not less than g/m then 
at least g’ of the integers a,,---,a%, belong to the same class. Suppose 
without loss of generality that &, ~ as œ~: - -~ @g; P(aj) = hħ + mh; 
(j==1,---+,9'), O& ho <m. Then integers 8; can be found satisfying 
aj = nt mug; (mod p*), (8;,p) =1 (7—=1,:--, 97). 

Consider now a second equivalence relation for integers of K defined 
by the statement, « — 8 whenever (4, p) = (8, p) = 1 and e = à”ß (mod p*) 
for some integer A. If Ny is the number of solutions -of the congruence 
A” = 1 (mod p*), then (V(p*) — N(p**))/N;y is the number of incongruent 
m-th power residues modulo p* which are relatively prime to p,.and therefore 
Nx is the number of equivalence classes under ~. | 

To estimate Nx, observe first that N, = m, since the multiplicative group 
modulo p is cyclic. It is also clear that Nr S N(p)Na. (k =2,3,-- -), 
whence 


(26) Ne N(p)m (k&=1,2,-°-). 


If kZ 2P(m) +1 and à” = 1 (mod p*), then a == à (mod pP) implies 
p == À + re Pn) y (mod pt), whence p” == (A + at Pm) y)m == X™ == 1 (mod p*) 
independently of v, whereas, writing A” — 1 == rta (mod p**1) and m == wP(™ B 
(mod pt) with (8,p)—1, the congruence 1 == p™ == A” + mah Pim) mt, 
: (mod p***) is seen to be satisfied only when «-++ BA" 4y==0 (modp). Thus 
the number of solutions of p” ==1 (mod p*), p== Aà (mod prP(™) is N(pP(™) 
and the number of solutions of p” ==1 (mod ptt), p= à (mod p*?™)) is 
also N(p™); in other words, Nr = Ng when &2=2P(m)+1. Taken 
together with (26), this information yields the inequality 


Ny < N (p??(™)) m <= N(m?)m == men, 


If g” is the smallest integer not less than g’/m?""*, the last inequality 
shows that at least g” of the integers 61,---, Ba belong to a single equi- 
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valence class under ~. Suppose without loss of generality that B, ~--- = Ba" 
and hi ==: + -:Shq. Determine integers y; all relatively prime to p such 
that y™8; == Bq (mod p) (j= 1,---,g”—1), and set 


wey; (g==1,>°°,9°—1), 
a = 1 (J == g”), 
Lo G=¢'+1,-°°,¢). 


(27) 


Then (23) becomes 
car (vt + > $ veran + 1) = 0 (mod pt), 
which certainly holds if ,- + +,vg-. are rational integers satisfying 
- (28) WO fees ob vee ge — 1 (mod pe’) 
where p is the rational prime divisible by p and k’ = k — Pay). 


Since q = 4m?"*4 + 1, it follows that g = 4m?"**-++ 1 and g” Z 4m +1. 
But it is known that every rational integer is congruent modulo an arbitrary 
rational prime power to a sum of 4m m-th powers. Hence (28) has indeed 
a solution. This may be substituted in (27) to obtain a solution of (23) 
which, since pg = 1, is certainly primitive. 
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SOME DIOPHANTINE ASPECTS OF MODULAR FUNCTIONS.* 
I. ESSENTIAL SINGULARITIES. 


By Harvey COnN. 


1. Introduction. The modular group is a natural invariant involved 
in many problems in diophantinc approximation. Some very basic properties 
of real numbers x are preserved under the transformations of the modular 
group: g == (aw-+b)/(cx-+d), where a, b, c, d are integers satisfying the 
relation ad — be = 1. To cite a few of these properties, we might mention - 
the rationality of z and the boundedness of the partial quotients in the simple 
continued fraction for v. 

Although any real function of the real variable v, invariant. under the 
transformations of the modular group, is either constant or totally discon- 
tinuous, there are functions of a complex variable x, analytic in the upper 
half plane, and possessing the desired invariance. Aside from the constant 
function, these so-called modular functions all have essntial singularities on 
the real axis. Our problem is then that of investigating the influence of the 
diophantine character of a real number ~ on the essential singularity of 
certain modular functions at z. 

Hardy and Littlewood [3], [4] * carried out such an investigation for 
the purpose of setting bounds on certain exponential sums (given by the 
Jacobi theta functions on their boundary circle) by studying these functions 
near the singularity in question. Conversely, Wintner [7] analyzed the 
behavior of the Dedekind y-function by considering the coefficients in its 
power series expansion. Although we present a discussion of the singularities 
of certain modular functions as related to the singularities of the terms of 
the infinite series representing them, our objectives will be primarily in the 
realm of function theory, since we shall, for instance, demonstrate function- 
theoretical properties in the large on the basis of the behavior of modular 
functions near singularities. 


* Received April 21, 1948; revised November 20, 1948; presented to the American 
‘Mathematical Society, June 19, 1948. Based on the author’s doctoral dissertation 
(Harvard, 1948). 

1 Numbers in brackets refer to bibliography .at the end of the article. 
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2. Outline. We choose as the particular modular functions, the Poin- 
caré theta functions, f(z), defined by the property 
(1) f ( (az + b)/ (ez + d)) = (cz -+ d)™f (z), 

a property which generalizes the behavior of Jacobi theta functions. We 
shall use as our starting point some well known results of Poincaré [6], — 
which we summarize in the next section. 

Poincaré theta functions interest us because they have the advantage of 
being easily obtained as infinite series whose individual terms often suggest 
the behavior at essential singularities. For instance, we can take the Eisen- 
stein series, l 
(2) Pom(z)= X (cz+d)™ 

(e,d)34(0,0) 
where (c,d) runs over all integer pairs except (0,0), and where m is an 
integer = 2. This is a Poincaré theta function in which each individual term 
becomes singular only at one rational point, z—p/g. At such a point, 
Fom(z) behaves like (z — p/q)-*” if z approaches p/q in a Stolz neighbor- 
hood? at p/q. Rational points, furthermore, are characterized by this 
behavior, as we shall see in subsequent paragraphs. 

If we were interested in the behavior of modular functions at z == 6, 
where @ is a real number whose continued fraction expansion possesses 
bounded partial quotients, we would find if natural to consider a sum of the 
type 3(Az?+ Bz + C)", where the summation goes over all forms equi- 
valent, in the classical sense, to a given indefinite form. This, too, would 
generate a Poincaré theta function. The individual terms of its series have 
singularities only at certain real quadratic irrationals, which assuredly have 
continued fractions with bounded (in fact with ultimately periodic) partial 
quotients. We shall single out for special attention the more conglomerate 
Poincaré theta function, 

(3) gee (02 -+ (a + d)z + 6)?” — Gon(2), 

where the summation extends over all “ substitutions ” in the modular group. 
This function behaves at real irrational numbers @ whose continued frartions 
havo partial quotionto liko O(s 6)-?" ao s approaches 0 in a Glulz neigh- 
borhood. Jn fact when m = 6, and only then, the behavior is >< (z — 0)”. 


? A Stolz neighborhood of 6, in the present context, is a region of the z-plane with ) 
6 as a boundary point and contained in a sector of the form y/] x — ə | > ^, where 
A> 0. 

3 We write f(z) ~g(z) or f(z) x g{z), when f(#)/g(2) approaches a constant or 
remains bounded away from 0 and infinity, respectively. 
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As we shall note later on, this behavior is also, in a sense, characteristic of 
this type of irrational. 

It should be pointed out, however, that the term by term analysis by 
which we guess at the behavior near essential singularities can not always 
be readily supported. True, we can justify the term by term analysis with 
regard to the rational singularities of Pam(z), but we shall not even attempt 
by a term by term analysis to explain how Gem(z) can vanish identically, as 
it does when m==2,3,4,5,or7%. We shall, therefore, have to rely on 
function-theoretical as well as analytic methods, expressing ‘Poincaré theta 
functions in terms of the better known elliptic modular function’ J (z). 

We shall see that the results applying to Fam(z) and Gem(z) are just 
special cases of results for general theta functions, which we shall establish 
presently. We shall also see that the asymptotic behavior, to. a certain 
extent, can describe the function and the singularity. ‘ 


3. ‘Preliminary results on theta. functions. We shall now collect some 
results on the convergence of Poincaré theta functions. These results are 
either proved in the literature or are immediate consequences of such results. 

The modular group defined in 1 is generated by the substitutioris 
z—>z+ilandz—>—Ii/z. It has a fundamental domain D consisting of the 
region R* of the upper half plane defined by the inequalities |z| > 1 and 
| Re | < $, together. with the boundary points of @* identified according 
to the two transformations z—>z-+-1 and z->—1/z. Every point z of the 
upper half plane is equivalent, modulo the modular group, to a single point 
in the fundamental domain D. (The point at infinity, being a boundary 
point, is excluded from the upper half plane.) 

We define the elliptic modular function, with Dedekind, as the function 
J(z) which maps the fundamental domain onto the whole z-plane: so. that 
J(c).s=-0, J(i) =1, and J(4(1+%4V3)) =0. The mapping. function, 
J(z). by virtue ofthe shape of the fundamental domain, will take on the 
value unity. twice at z = i, and will have a triple zero at z==4(1-+-7V38). 
As: %z. becomes infinite, J(z) likewise will behave like 


(exp — 2miz) (ko 4- k, exp 2riz + ky exp 4riz +*+). 


The exact value of kp, namely 1/1%28, can not be immediately inferred from 
the shape of the fundamental domain, but we shall concern ‘ourselves: only 
with the more evident fact that ko +40. From its definition, J(z) is invariant 
under the modular group. It can be further shown that any single-valued 
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function of z, invariant under the modular group, is a single-valued function 
of J (z). 

A Poincaré theta function is defined as a single-valued function f(z) 
regular in D with the exception of a finite number of poles, and satisfying 
the transformation formula (1). We call m the order of the Poincaré theta 
function. Thus J’(z) is of order 1, and f(z)J’(z)-™ is a single-valued 
function of J(z). In particular, if it is known that f(z) has no singularities 
in the upper half plane, it easily follows that the only poles of f(z)J’(z)-™ 
are those induced by the zeros of J’(z), and these can be easily accounted 
for. Thus we can write | 


(4) (2) = J"(2) "I (2) (J (2) —1)™P (J (2)), 


where P(w) is an entire function of w. Suitable values of m, and m, are 
given in the following table [6;599]: + 


m = 0 (mod 6) My = 2/3 M, = m/2 M = M/6 
1l 2(m— 1)/3 (m — 1) /2 (m — 7)/6 
2 (2m — 1)/3 m/2 . (m — 2)/6 
3 am/3 (m—1)/2 (m — 3) /6 
4 2(m—1)/3 m/2 (m — 4) /6 
5 (2m —1)/3 (m—1)/2 (m—5)/6 = 


The Poincaré theta functions, having the period 1, can always be 
expanded into a Laurent series in exp riz valid for Xz positive and large. 
In some cases the series is finite in one direction so that 


f(z) == (exp — 2wirz) (ko +- K exp 2aiz +--+), 


where k's 540 and r is an integer. (This occurs, for instance, when f(z) is 
bounded as Xz — oo.) Then we say f(z) is of degree r. Thus if f(z) has 
no poles the function P(w) introduced in equation (4) is a polynomial of 
degree r -+ Mə, where ms is given in the above table. For other function- 
theoretical aspects of theta functions, too numerous to recall here, we refer 
to Poincaré’s papers. We are principally interested in the tables just 
presented. 


4, “Preliminary results on theta series. We are now ready to consider 
some examples of theta functions expressed as infinite series. We consider 
the series, 





t The integer m, will be explained presently. 
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(2) ”Bam(2)—= © . (ez+d)-™ 
(¢,d)54(0,0) 
and 


(5) @an(z) = F (cz +.) (w+ (a2 + )/(c2+4))>, 


where m = 2 and the first and second sums are over all integer sets that 
satisfy. the conditions stated under the summation. In either case it is 
apparent that we are dealing with a theta function if we can assume absolute 
convergence, since a rearrangement of terms shows that (1) is satisfied by 
Fom(z) and O2m(z). 

In a region R, bounded away from the real axis and having only a 
finite projection on the real axis, Fz2,(z) converges absolutely and uniformly, 
by well known estimates. 

If, in the series for @2m(z) as given in equation (5), we sum first over 
all a, b satisfying a==a(modc) and b=£ (mod c), a, B, c and d being 
fixed, then we obtain 


(5a) @am(2) = E* (0z + d)-* x cot w(o-+ (az + b)/(ce + d)), 


ad-be= 


where the asterisk means that a and b run independently over complete sets 
of residues modulo c. We now assume once and for all that e = 0; thus 
“we avoid poles. The series (5) with appropriate grouping of terms, or series 
(5a), converges absolutely and uniformly in the region œ mentioned above. 

If we differentiate the series (5) term by term we obtain a series in 
which the convergence is now absolute and uniform, without grouping of 
terms, in the region R. Thus we define 


(6) Geom (2; w) = m (d/dw)™®m(2)/ (2m rename 1) ! 
= X, (czo -+ az + dw + b)-™. 
ad~be=1 ° 


Since Gem(z,z) is precisely Gom(z), we see how to obtain the latter theta 
series from @zm(z). 


§. Non-vanishing of theta functions. We are now faced with the by 
no means trivial problem of deciding if our theta series vanish identically. 
Without such a decision, the problem of asymptotic behavior may be 
meaningless. 

The case of Fsn(z) is easily disposed of. If z approaches infinity along 
the imaginary axis, by the uniformity of convergence of its series, /om(#) 
must approach the part of its sum consisting of constant terms, which makes ` 
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for a limit of 2¢(2m). Hence Fam(z) is not identically zero for any integer 
m = 2. 

Next consider @.»(z) as written in the form (5a). By the uniformity 
of convergence again, we can let z become infinite along a line parallel to 
the imaginary axis and find that @sm(z) approaches —-2mi, (since only the 
terms with, a = =+ 1, b=0, c==0, d= +1 then remain in (5a)). But 
now, in expansion (4), me =0 or Pisa constant when @2m(z) is expressed 
in terms of the elliptic modular function for m = 2, 3, 4, 5 or 7. The same 
is true for Fem(z). Hence comparing the values at infinity, we find 
@on(Z) = — Fam(z)int(2m)-*. Thus, despite appearances, @2,(2) does not 
depend on w, and its derivative with respect to œ must be identically zero; 
in particular so are Gom(z,w) and Gom(z), for these small values of m. 

To see the dependence on w of @om(z) for all other values of m, we 
consider the expansion of this function into powers of exp Qriz and exp 2qiw, 
which leads to the following formula [6; 615]: | 


— @m (2) (4ri) — Fam (2) (4£(2m) )7 == 2 Ans exp ri (nz -+ ko). 


(7) Ane = Bue + (—) "2e D (n/t ama (4r (nk)è/c) 


- D exp 2ri(ka + na’) /c. a | : 
aa’=1(c) ~ n+, 
Here 8; is the Kronecker symbol, and Jom-1+(2) is the Bessel function of 
indicated order. As noted by Poincaré, when m = 2, 3,4,5 or 7, each Anz 
is zero, which leads to some rather remarkable identities. We are more 
directly concerned with showing that Ai, 0 if m==6 of m= 8, whence 
none of the derivatives of @2,(z) with respect to w are identically zero. To | 
see this, we need only estimate the Bessel functions occurring in (7) to show 
that, when n = k == 1, the second term in the expression for A, is much 
lesa than òn (1). Il is sufficient, for our purposes, to know that the 
exponential sum in (7) is less than c. The tedious details of the estimations 
ean be omitted, since they simply consist of taking enough terms of the power 
series for Jom-1(2) about the origin, so that the remaining terms in the 
oxpandion will consbibule au alluiualluy seiles. We And that two terms suthce 
in this case. We easily make the estimate Ay, == 1 + (—)"2aJom-_. (41) 
4+. error of less than .01: Furthermore, Jii (4r) = 291° -> , Ja3(4ry 
—=.159-- + (rather close to (2r)-+), and Joms(4r) <.05 when m= 8. 
This finally establishes the dependence on w of @2m for m==6 and m= 8. 
‘The non-vanishing of these A,, even shows that in Gem(z,w) the leading 
term exp 27i(z-+) has a non-zero coefficient. ` | | 
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Collecting the results of the above calculation, we find that Fen(z) is 
of order. m and degree 0 for m= 2, while Gom(z) is of order 2m and of 
degree —2, for m= 6, or m==8. The expansions in (4) become | 


(8a) Fon(2) = J’ (2)”J (e) (J (z2) —1) (J (2)"2 + kaJ (zyme 


++ + + Bg”) 2E 2m) (— mri) 
and, by symmetry, 


(8b) Gam (#0) = J’ (2) "I (z)-™(T (2) —1)-™P nga (J (2)) 
I" (w) JF (0) "(J (0) —1) Pm (J (o)) 


where Py»; is a polynomial of indicated degree. Setting w == z, we find for 
m=6 and m= 8 


(8c) @am (2) = [V (2) "JF (2)-(T (2) — 1) Pm (I (2) J]. 


The expression for Gi.(z) in the equation (8c) is of some interest since 
it is proportional to the square of J’(z)*J(z)-*(J(z) — 1), which in turn 
is proportional to the twenty-fourth power of 7(2), the Dedekind -function. 
To see the last statement, we combine the result [2], J(z) = F4(z)°y(2)-*4/1728 

with the expansion for F(z) in equation (8a). 

i We see from the table in the last section that only Poincaré theta 
functions of order 0, = 6,+12,---, can be devoid of zeros and poles. 
It is also clear that G@,.(z)® is such a function when k is an integer. Thus 
the theta function f(z) has no zeros or poles if and only if F(z) == Gie(z)* 
exp g(J(z)), where g(w) is an entire function of w. Hence among functions 
of finite degree, the only theta functions devoid of zeros and poles are G.(z) 
times a constant. 


6. Asymptotic behavior and term by term estimation. The function 
Fom(2) = Z (cz +d)", m = 2, has the advantage of permitting a term by 
term analysis of its behavior at rational points. Specifically, let z approach 
p/q in a Stolz neighborhood, or let z — p/q == pı + îp2 where p, and p, are 
real, p2 > 0, | p2/pi| =A, (a parameter of slope of the Stolz neighborhood), 
and pı? + po”->0. We break up Fem(2) into two parts, one part F con- 
taining just those terms which become infinite at z== p/q, and another part 
F“*) consisting of the remaining terms. 

Then F® is the summation restricted to those terms where c/d == — q/p, 
or PO) — (2— p/q) "2q (2m). 

It remains to estimate the terms where c/d=—gq/p. Setting z = p/q 
+. pı + tpe, we find 


11 
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PO — $, (ep/g-+ d+ epi + icp.) 


ep-dgs&0 


It is majorized by its series of absolute values, 


gq?” (ep + dg + epig)® + (¢qp2)?]-™. 
Now the terms may be grouped as follows: Since (p,q) == 1, cp + dq takes 
on each non-zero integer n for a family of values (c,d) of the form 
C= Cn + wg, d = dn — pp, where (Cn, dn) is a special solution to cp + dq = n 
determined by the condition 0 Se, < q, and p takes on all integral values. 
We may now take our majorant as follows: 


(90) | FO <9" BS (In pg (eH on/9)} 
Rc Lpg? (u + On/q) FF”, 
where 1540. 
We consider the summation on n for a fixed. The quantity Án = n 
-+ pig? (u -+ ¢n/q) has the difference Anu — An = k -+ pig (Cni — Cn), which 
differs from k by less than 4, if pig? < 4, as we shall now suppose. Hence 
the sum 


S= E S nl + (magi) 


majorizes the sum in (9a) except for those terms of (9a) where, for 
given m, n takes on such a value as to make | An| <4. But clearly, if 


80, | pig?(u+ en/g)| > |v |—-4 and pog?(u-+ 6n/g) > | p2/pr|(|~|—4)- 
Adding this contribution to §, we get 





(9) | PO] < gm SS [n] — 4? (engin) 2] 
+9" S (|n | Epp), 


Now the first part of the right hand side of (9b), or &,, can be majorized 
by an infinite integral if we observe that the summation on p is of the 


type S (u), where ¢() decreases monotonically as || increases. Thus, 


adding a lesu lu lake vale ul (0), we ublaiu tlie esblinate 

aag S | LC m|—4)? (pga) "dat 29% S (| m|— 4) 
and, changing the variable of integration, we obtain | 
|FO|S gmertg? S {(| n |—3)?} "dy 


+ (2 + (p/P) 2) X (| m | 4) 
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Since we are in a Stolz neighborhood, as z — p/q (== pı + tp.) —> 0 the 
ratio | p2/pı | ZA, hence F == O(p2) = O (z — p/q), whence finally. 


(9) Pom(2) = mae (2m) (z — p/q)-™ + O (2 — p/g)*. 


(The error term will shortly be improved to 0(1).) 

*As in the case of the identically vanishing theta functions, such as 
@,(z), the singularities of individual terms do not always reflect the behavior 
of the series. In general, we shall have to resort to expansion in terms of 
modular functions to describe behavior at singularities. 


= % Use of modular functions: rational singularities. We now consider 
a theta function F(z) with or without poles and of order m and degree r. 
Then as z —> p/q, a rational number (in lowest terms), in a Stolz neighborhood, 


f (2) ~ Co(z— p/q)°™ exp 2airg (z — p/q)™. 


Here the constant Ca is Kog?” exp — 2airp’q, where pp’ == 1 (mod q), and 
k'o = lim f(z) exp 2mirz as z — o. 
The proof of this result is quite simple. We write 


= (pz —g')/(— qz + p) where pp’ — qq’ = 1. 


Then Je’ —> œ as z— p/q in a Stolz neighborhood. Now since f(z‘) 
—=f(z)(—qz+p)™, then f(z) = gq°™)z— p/q) f(z). The theorem 
follows from the asymptotic expression for f(z’) combined with 2’ == — p’q 
+g (— g + p)>. 

We observe that the error is O(exp[— 2rig?(z— p/q)]), which 
approaches zero faster than any power of (z— p/q). Thus, for instance, 
Fen(z), which is of order m and degree 0, can be estimated with principal 
term as in equation (9) but with error term o0(1). i 

We might add in conclusion that to a certain extent the behavior 
characterizes the theta function. For, if a theta function satisfies the 
relation f(z) ~ (z — p/q), for s real, as z — p/q in a Stolz neighborhood, 
then f(z) is of degree 0 and s == — 2m, where m is the order of f(z). This 
would follow immediately if we knew that f(z) was of finite degree, since 
then only the degree zero would permit of a behavior which is a power of 
(z— p/q). To see that f(z) is of finite degree, note that a wide enough 
Stolz neighborhood about p/q becomes, in the 2’-plane, a region wide enough 
to include the infinite portion of any vertical strip of width 1. Thus, how- 
ever Sz’ may approach oo, f(z’) is smaller than some power of (z— p/q), 
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which, in turn, is smaller than exp — aria’. This proves that f(z) must 
be of finite degree. 


8. Dissection of the neighborhood of an irrational number. The 
change of variable, which served as a deus ex machina in the previous section 
on rational singularities, can be applied to the irrational singularities with 
slight modifications.” 

.Our’ starting point is the simple none fraction for an irrational 
number # We shall use a few elementary properties of irrational numbers, 
which can be found, e.g., in Perron [4]. The expansion of @ into a simple 
continued fraction is written as @== (do, @1,°*-,@n,° °°)... We denote 
(ao, @1,° © *,@n). by Pn/gn, the convergents. A connection between the 
denominators of the convergents and the degree of accuracy of the approxi- 
mation of 0 by pn/Gn is given by 


(10a) Gnas < (—) "ga? (0 — Br/ Gn) < (ann + 1), 
and the growth of the denominators of the convergents is estimated by a 
(10b) Ona L Qnas/Qn <L Ans + 1. 


We are now ready for our major definition: We say that the complex 
number z belong to the convergent Du/Qn opi the irrational number 0 when 
Gri < Y SE Qn”. 


THEOREM. If we let the Stolz neighborhood at 0 be of slope = d, i.e. 
if we let it lie within the angular region Xz = A | Re (2—4)| , then under 
the transformation z = (p'z — q’)/(— qn + pn), (Pap — qrg = 1), we find 
that a number z belonging to pn/gqn with respect to @ goes into a number z 
whose imaginary part can be estimated by 


(11) ° (ani +1) (2 +A) /A > Se? > Rann (anat 1)? exp — 2/a. 


Proof. Let us first observe that the set of points belonging to pn/qn 
and lying in the Stolz neighborhood has a non-euchdean diameter of less 
than d fs LIG Quia To soo thin, connect any two pointe of the region 
by & path consisting ot two segments, one horizontal (of non-euclidean 
length < f dz/y = 2/A) and one vertical (of non-euclidean length = f dy/y 


== 2 log Gnai/Qn)- 
Next perform the transformation 2 = (p’e— q’)/(— qn2-+n). Al 


ë The methods presented in Sections 8 and 9 are a generalization of those of Hardy 
and Littlewood [3]. 
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least one point belonging to pn/qn must go into a point with Sz’ > dana. 
For, as previously noted, | 8 — pn/qn | < Gus *Qn°. Thus the Ford circle [1], 
drawn tangent to the real axis at pn/gn, and having radius @y4:-*gn77, must 
contain in its interior some points belonging to Pn/qn, such as 0 + ani an” 
whose imaginary part lies between gn? and gny. But the interior of this 
Ford circle (which we shall denote, for convenience, by Cp,/q,(@n+1)) clearly 
goes into the portion of the 2’-plane with $2’ > dana. 

We can now prove the second inequality in (11). The presence of a 
point z's above the line ze’ = $an, excludes the presence of a point below 
the line 32’ = h, if we choose h small enough, (by virtue of the boundedness 
of the non-euclidean diameter of the set of points helonging to p,/qn and 
hence the boundedness of the z’-image). We need only take A such that 





f "dy /y = 2/A + 2 log Gnii/gn- This exceeds the non-euclidean diameter 
A 


in question. Thus we may take h as $(@n/Qni1)? exp — 2/A, which leads to 
the inequality in question when we note that gn/Qni1 > (any + 1). 

To obtain the first inequality in (11) we first construct a Ford circle 
about pn/gn so small that it excludes all points of the Stolz neighborhood. 
The circle of radius 4(2 -+ A) | 0 — pr/gn | will suffice for that purpose. 
For this circle is determined by the condition that its circumscribed square 
exactly touches one of the lines y-A|a—6|. This circle clearly contains 
the smaller circle i 


Consan ( (On + 1) (2 + A)/A), of radius A (2 + A) (an + 1) 7 Gn. 


But since no points of the Stolz neighborhood lie inside this circle, it follows 
that in the 2’-plane no Images lie on or above the line 


Cel — (2 + A) (ana + 1) (2A). | Q. E. D. 


We conclude this section by observing that under the previous conditions, 
3 belonging to Pa/qn and lying in a Stolz neighborhood of 0 of slope no less 
than A, the quantities z — 0, —qnz-+ Pn, etc., are interrelated. First of all 


(12a) (ans + 1) Pga < | 2—0 | < (1 HA) ga. 


This follows from the relations Bz > qn”, Be S qu, and | Re(z—90)i 
= Aq. Likewise, 


(12b) A(1 is A)T (Ans ~~ 1) Qn < | Z — Pr/qhn | < (2 F A) Qn. 


For the distance from p,/q» to the nearest of the two lines y = + A(s — 0) 
is À | O — pu/gn | (12), which exceeds A(1 + A) n? (ana — 1). On 
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the other hand, the distance |z—~pn/gn| is less than the sum |z— fê | 
+ |9—pn/qnr|. This justifies the relation (12b). Dividing (12a) by 
(12b), we obtain the final estimate ) 


(18) A(1 HA) (mn $1) | 
< | — Zin + Dn | */ | z— 0 | < (2 -+ A)? (ana + ii 


9. Behavior of theta functions near irrational singularities. We let @ 
be an irrational number whose continued fraction has bounded partial 
quotients. Such numbers 6 are known to form a non-enumerable set of 
measure zero, containing all real quadratic irrationals among others. We 
were interested in the function G2»(z) since some of the singularities of 
individual terms of its series occur at real quadratic numbers, but we can 
just as well carry out the analysis for the larger class of numbers referred 
to above. 

We consider a theta function of finite or infinite degree, without poles, 
and of order m. Under the change of variable 2’ == (p’z — 9’) /(— qn% + Pn); 
where p'Pa— qa = 1, we obtain: f(z) =f(z2’)(—gaz+tpn)-™ If z 
approaches @ in a Stolz neighborhood of slope less than A and if 6 has 
bounded partial quotients, then (—~9gnz + Pn)? 5z (z — 0) where z belongs 
to pu/gn. This follows from inequality (12). From inequality (11) we see 
that $z lies within certain bounds making f(z’) == O(1), if z belongs to p:/@u. 
Thus f(z) = O(z— 0) for theta functions of order m and without poles. 

If we know that f(z) has no zeros as well as no poles, we could write 
f(z’) 1, in the above paragraph, whence f(z) ~ (2—@)-". Applying these 
results to Gon(z), (theta functions without poles and of order 2m), we find: 


(13) Gom(2) = 0 (z — 6)", m = 2, 
and 
(13a) ' G45(2) 2 (z — 0)", 


where @ is an irrational number with bounded partial quotients, and z— 9 
in a Stolz neighborhood. 


10. Characterization of a real number by the corresponding singu- 
larity. We shall see in the concluding paragraphs to what extent the 
behaviors at real singularities determine the singularity and the function. 
First we shall see that the behavior near irrationals with bounded partial 
quotients is seldom better than a large O estimation. In fact the estimation 
(13) can not be improved to the type (13a) unless m= 6. 
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THEOREM. If 6 is an irrational number whose partial quotients “ain do 
not tend to infinity with n, then a sufficiently wide Stolz neighborhood at 6 
will include infinitely many points equivalent under the modular group to a 
preassigned point of the upper half plane. 


(From elementary considerations this infinitude of points would have 
to converge to @). For the proof of this theorem, consider the points 
An = 0 -+ ign, which belong to pn/gn. Then if dni. runs over infinitely many 
bounded partial quotients, the images A’, of An under the transformation 
z = (p’'2—q’)/(— Gn + Pn), where pap’ — qng = 1, will lie in a hori- 
zontal strip @ by (iL), with A taken as (say) unity. If 2* is the preassigned 
point of this theorem, let p be the smallest radius for which the union of 
circles about 2* 2% + 1,z + 2,- of non-euclidean radius p covers the 
whole strip @. Then if we draw about the points A, circles of non-euclidean 
radius p, we should still be able to include these circles in a sufficiently wide 
Stolz neighborhood. In fact, if we take instead of A, a continuously moving 
point z == 0 -+ in, 7 > 0, then as y approaches zero continuously, the non- 
euclidean circles of radius p about this moving point sweep out a sector at 9, 
owing to the invariance of non-euclidean distance under homothetic trans- 
formation of the z-plane about 8. Q. E. D. 

Thus we can not replace (18) by Gem(z) =~ (z— 6)?” unless m == 6, 
since otherwise, as noted in 5, Gem(z) has zeros. In fact, if 6 has bounded 
partial quotients, we can have f(z) ~ (2—— 6)-*" in any Stolz neighborhood. 
of 6 if and only if f(z) is without zeros and poles, which, as noted in 5, ~ 
means that the following holds: 


(14) f(z) = Gio(z)* exp g(J(z)), 
where g(w) is an entire function of w and k is an integer. 


We can supplement the last result by noting that a Poincaré theta 
function f(z) can behave >g (z— 6)*, s real, as z— 6 in any arbitrary Stolz 
neighborhood only if @ is rational and f(z) is of degree zero or 6 is irrational 
with bounded partial quotients and f(z) is of the form given in equation 
(14) above. The proof of this last statement is somewhat tedious, involving 
the examination of a number of special cases. It will be omitted as it 
requires no new methods. What we do is let z approach 0. vertically and 
show that if 6 does not fall into one of the above categories, then the values 
taken by the theta function must vary too widely to permit such an asymptotic 
behavior. 

These last results are in contrast with a result of Wintner [7], who 
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showed (essentially) that at almost any point G.(z) has a limit along some 
path of approach and in fact these paths of approach can even be made to 
lie in a Stolz neighborhood of preassigned arbitrarily small width. Wintner 
demonstrated this property for the Dedekind y-function,® which has a well- 
known expansion into powers of exp riz, and whose behavior as a function 
can therefore be analyzed in the light of the behavior of the expansion 
coefficients. 

At any rate it is now apparent that the diophantine nature of a singu- 
larity of a theta function governs to a great extent the asymptotic behavior 
at the singularity, and even the function itself. 


HARVARD UNIVERSITY. 
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A PROBLEM OF PLANE .MEASURE.* 
By G. G. LORENTZ. 


- 


1. Introduction. Let A be a plane measurable set. For a real z, let 
Az, be the set of all y, for which the point (£o, y) belongs to A, that is, the 
projection upon the y-axis of the section «= 2 of the set A. As is measur- 
able for all v except for a null set (that is, a set of zero measure), and we 
call the function * 
Palæ) = P (2) = mA, 


the cross function of the set A with respect to the x-axis. The set A is not 
determined by the cross function P(x), but any non-negative measurable 
function P(x) is a cross function of a measurable set. The chief aim of 
this paper is to inquire into the conditions under which a pair of functions, 
P(x) and Q(y), is a pair of cross functions of a set A on the z- and y-axes, 
respectively, and if such is the case, whether A is defined uniquely.: We shall 
consider plane sets A with finite measure pA < +- œ. Then P(x), Q(y) 
are almost everywhere finite and integrable over (— œ, -+ œ). 

For ʻa non-negative integrable function P(x) defined for — œ < zr 
< + 0 there exists, according to F. Riesz,* a non-increasing rearrangement 
of P(x), that is, a function p(s), 0 < & < + œ, equimeasurable with P (s), 
for which p(a,) 2 p(a-) for vı S və Here two non-negative integrable 
functions p(s), P(x) defined on sets e, E respectively, are called equi- 
measurable, if the a-sets defined by « SS p(x) and aS P(x) have the same 
measure for every real æ. (Then also other similar sets, e. g. those defined 
by p(x) < a and P(x) < «, have the same measure. In particular, me = mE). 

Let y == p(x) and x= q(y) be two non-increasing functions defined 
for z > 0, y > 0, respectively. We set up the following conditions 


(a) f padus f rudu, 2 > 0, 


(1) ; 
(b+) f“g(wdus f ruds, y>0. 


* Received April 15, 1948. 

+In the sequel mB always signifies the linear Lebesgue measure of a linear set B, 
whereas uA signifies the plane measure of a set A. 

2? F. Riesz, “Sur une inégalité intégrale,” Journal of the London Mathematical 
Society, vol. 5 (1930), pp. 162-168. F. Riesz considers functions on a finite interval. 
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These conditions are satisfied, for example, and in fact reduce to identities, 
if p(x) and q(y) are inverses of each other. The functions p(s) = €, 
— 271 log (y/2) satisfy (1) and are not inverses of each other. We can now 
formulate our main results thus: 


TurorReM 1. Suppose that P(x), Q(y) are two non-negative integrable 
functions defined for — œ Cr<+o,—aocycto. In order that 
a measurable set A with cross functions P(x), Q(y) exists, it is necessary 
and sufficient that the non-increasing rearrangements p(x), q(y) of these 
functions satisfy conditions (1). 


THEOREM 2. The set A is determined uniquely modulo null sets by its 
cross functions if and only if p(x) and q(y) are inverses of each other. 


In 2 we collect some simple properties of equimeasurable functions and 
of functions satisfying conditions (1). In 3 we give proofs of Theorems i 
and 2. Finally, in 4 some other problems concerning cross functions are 
discussed. 


2. Lemmas on equimeasurable functions and on functions satisfying 
conditions (1). In the sequel p(x), g(y) signify non-negative, non-increasing 
functions defined for «>0 and y>O0 respectively, whose integrals over 
(0,-+ œ) are finite. For a function p(s) of this kind, we define p(y) to 
be constant £o for p(t—) Sy = p(a +), if zo is a point of discontinuity 
of p(x). On the other hand, if (a, 8) is an interval of invariability of p(s) 
such that p(x) = yo, we choose p(y) arbitrarily between a and 8. Thus 


(2) J d(u)du— f Pudu. 


We start with some properties of functions p(s), q(y) satisfying 
conditions (1). Making t—> œ and y— œ in (la) and (1b) and using 
(2) we obtain 


(3) J Dad f “a(u)ay, 


Conversely, (1b) follows from (la) and (3). To prove this, let F be the set 
af OS pst om far whieh tha alad intervala A [p(y + ),p yy] 
aud Ly == [y(y+),y(y—)] have common points. Clearly, the complement 
of F is open in y > 0, and F is closed. Suppose ye F and let æ be a common 
point of J, and J,. Then 


J udut ["p(u)du— f Pdu ay, 
J adut f rudu— f utu)dut oy. 
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Subtracting we obtain 


J Io —a(uy]au— f Egu) —p(u) Jdu. 


For the left-hand side ®(y) of this equality (1a) implies ®(y) 2.0 for ye F. 
Now consider a complementary interval «<u <8 of F. The difference 
p> (u) —q(u) is of constant sign there. For otherwise a point « < y < B 
would exist with the property that p(w) —gq(u) changes sign in every 
neighborhood of y. Then p*(y—) ÈZ q (y +), ¢(y—) Z= p(y +), which 
contradicts the definition of («, 8). Thus @(y) is monotone in every such 
interval and therefore ®({y) = 0 there. The same argument applies to the 
complementary Intervals for which «0 or 8= + œ, since (0 4) 
== (-- æ) = 0. This completes the proof. 
For equimeasurable functions we need the following lemma : 


Lemma 1. Suppose that (x), ce A and ®’(2’), z e A’ are equimeasur- 
able functions, and that C is any set of real numbers. If BC A and B’C A’ 
are sets defined by #(x)eC and by (x) eC respectively, and if B is 
measurable, then B’ is also, and mB’ = mB. 


- Proof. Ii C is an interval, the assertion follows from the definition of 
equimeasurable functions. Hence, the same holds for any open set C and 
any closed set C. Let BoC B be closed, bounded, and such that @(2) is 
continuous on By. By Cy we designate the set of all values of @(2) on Bo, 
and by B'o the set of all g’ with ®’(2’) eC). Cy is closed, hence B’, is 
measurable and mB’) = mB). Now we have (ml is the inner Lebesgue 
measure of a set F) 


mB = sup mB, = sup mB’, S mB’. 
First suppose mA = mA’ < + œ. Similar to the above we have ` 
m( A — B) S m(A’ — B’), 
and since mB + m(A — B) = mA’ Z mB’ + m.(A’ — B’), 
mB = mB’, mA — mB’ = m(A — B) = m(A’— B’). 


That is, B’ is measurable and mB’ == mB. 

If mA == + œ, we consider instead of A and A’ their subsets Aa, A’, 
(a >0) defined by | ®(x)| >a and by | ®’(2’)| >a respectively. They 
have a finite measure. Thus we get the measurability of B’A’,, and 
mBA, == mB’A’,. The same relation for BA, and B'A’, follows by passing 
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to the limit; and thus we obtain the assertion of the lemma, because % and 
©’ vanish on sets of equal measure. 
From this lemma easily follows 


Lemma 2. If (x), D(x) are equimeasurable integrable non-negative 
functions defined on A and A’ respectively, then A, A’, except for two null 
sets, split up in classes of points K, K’ such that the corresponding function 
is constant on every class and that each class is a set of zero measure. Among 
the classes K and K’ a one-to-one correspondence % exists such that © and ®’ 
have the same values on classes corresponding to each other. If a set of 
the form B=23K 1s measurable, the corresponding set B’ = SK is also 
measurable, and mB = mB’. If (x) is monotonous and A is an interval, 
then each class K is a single point. 


Proof. The set N of points «eA, for which ®’ does not take the value 
(x), is a null set according to Lemma 1. We decompose the set A—N 
in subsets B on which (s) is constant; they are in one-to-one correspondence 
with the analogous subsets B’ of A’— N’ (N’ is defined similarly to N). 
These subsets B, B’ are classes K, K’ in the case they are null sets. If, on the 
other hand, mB == mB’ > 0 (these measures are necessarily finite), we define on 
B and B’ the functions ¢(z) = m[B-(— ,2)], ¢’(2’) = m[B’: (— ~, 2’) }. 
Then the classes K, K’ are the subsets of B and B’ on which ¢ and @’ take 
the same values. It is easily seen by Lemma 1 that the classes K, K’ and 
the correspondence %} thus defined have all the announced properties. 


3. Proof of Theorems 1 and 2. 3.1. First of all we shall show: If 
P(x), Q(y) are the cross functions of a measurable set A with pA < + œ, 
and if p(x), g(y) are their non-increasing rearrangements, then p, g satisfy 
conditions (1). (This is the first part of Theorem 1). 

Let A, be the set ohtained by “pouring” A on the z-axis, that is Lhe 
“ordinate set” of P(x), defined by — œ < t < + œ, Sy S P(e). A, 
has the cross functions P(x) = P(a) and Q, (y), and Q,(y) is non-increasing. 
We assert: 


(+) f yudu f oluda 


for every v Z0, if mB Sv. In fact, let C be the set of points (x,y) eA 
with ye B and C, be the set of points (v, y) eA, with OS ySv. Then 
Pe(«) S P(x) and, further, Pe(x) Sv. Therefore Pe(x) S Min [P (x), v] 
= Po, (x). An integration over (— œ, -++ œ) gives i 


(5) pC = pO 
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Thus (4) is established.. From (4) it follows immediately for the rearrange- 
ment q(y) of Q (y) 


(6) Jf cuydus f Quda, y= 0. 


Now we pour A, on the y-axis, and get a set A. with the cross functions 
P(x) and Q;:(y), which are both non-increasing. A» is bounded by the axes 
and by the curve y=P2(2) = Qt (v). Applying (6) to this second 
“pouring ” we get | i 


IOLE f "P (4) du = f "Qa (u) du, ge 0. 
0 0 Qo. 
According to 2 and hy making use of pA, = pA, this becomes 


(7) f'Ou(uydus f pudu 
0 0 ` 
(6) and (7) imply (1b), and in a similar way (la) may be proved. 


3.2. Suppose that p(x), q(y) are functions satisfying conditions (1). 
We shall show that arset A with the cross functions p, q exists, and further 
that there are two such sets, essentially different from one another (that is, 
not equivalent modulo null sets), when the relation p = q™ is not fulfilled. 

Let D be the set of all points (x, y), s > 0, y > 0 which satisfy += q (y) 
and «= p” (y); and let Dt and D- be defined by q(y) < £ < p“(y) and by 
pity) <<«“<q(y) respectively (we only take into consideration points of 
continuity y of p™ and q). The sets Dt, D are open; their projections on 
the y- and the z-axis are disjoint open sets. For any plane set A we denote by 
A(yo) the part of A which is situated in the strip 0 < 4y < Yo By (1b) we 
have then 


(8) eD-(y) S pD (y), - y = 0. 
We wish to establish the representations 
(9) Dt = 3h; + N>}, D- = SRy +N, 


(4 


where N*, N- are null sets and Rit, Ey are open “ net-squares ” of the kind 


2a <a<2an"(1-+1), 27m < y <2a%(m+1), l, m,n =0, 1,2, -> 


such that #*;, and R; are congruent, and that R: lies above and on the left 
of Rr. 
For we can represent D- in the form ZR; + N, where R; are open net 
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squares. The square A, lies in a strip a < y < 8, which contains no points 
of D*, Since, by (8), pD*(«) = pD- (8), there is a y, OS y < @ for which 
pl D* (a) — D*(y)] =»R,. The open set Dt(a) — D*(y) lies below and on 
the right of R; thus, representations (9) exist for D*(a) — D*(y) and Ra. 
The same process, applied to Rə, Rs,’ > + establishes the result. We shall 
assume, as we may, that in (9) the squares are arranged according to their 
size. . 

‘By means of (9) we prove assertion 2 in the following way. The set 
A, = D 4- D* has the cross functions p(x) and p(y). We obtain the set 
A of the assertion by shifting certain squares of A, vertically upwards on to 
an empty place. Thus the new y-cross function becomes the same as for 
D + D*, that is q(y), while the x-cross function remains unaltered. 

These shiftings are defined inductively. Suppose that the 1,2,-- -, 
(4—1)-st steps have been taken, leading to the set Arı- Further let 
~ <y <B be the strip in which Ryst lies and y < y <8, (y= 8) the strip 
of Ay. Put-l=8—a—d—y. Then 


Qasa (L) = Q(B) +lZa(y) +4, 
l Qara (Y) = q(y) — I. ` 


The section (Ax1)g of Axı contains at least [qg(y)/l] + 1 net-intervals of 
length 1 (because (Ao)g was a single interval from which only net intervals 
of lengths = 1 were removed); in the same way the section (Ax-1) is con- 
tained in [q(y)/?] + 1—1< [q¢(y)/l] +1 such intervals. Therefore, there 
is in the strip œ < y < B a full square R of Ax, over which an empty place 
in the strip y < y < è exists. The k-th step consists in the vertical displace- 
ment of R into the strip y < y <8. This displacement thus carries R from 
a strip containing points of D* (and no points of D-) into one containing 
points of D- (and none of D*). 


The set A thus formed has the required cross function, 


Qa(y) sn Q4(¥) —, Xr (y) -+ Žr (y) 
= Qa (y) — Qo*(y) + On (y) = Qnn (y) = q (4). 


If p(x) = y4 tv) does not hold for all æ, then there are two different 
sets A, A’ with the cross functions p(s), g(y). In fact, at the first step 
of the above construction, we could shift either R,* itself upwards or the 
square of the same horizontal strip lying exactly under R. Consequently 
there are sets A with cross functions p, q containing no points of R,* and 
such containing R. Interchanging the role of æ and y, that is of p and q, 
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and of #,* and Ær, we see that there exists also such a set A containing R,’ 
Consequently there are at least two different sets A. 


3.3. The set A with the cross functions p, g constructed in 3.2 clearly 
has the form 


(10) AmSB+N—(ZH+H) 


with null sets N, N and “elementary sets” Hi, #;. (By a plane elementary 
set we understand the product of two measurable linear sets; in the con- 
struction above these #;, F; were squares.) 

Let A be a set of the form (10) with cross functions p(x) and Q(y) 
(p(x) being non-increasing) ; if moreover P(x) is equimeasurable with p(s), 
then there is a set of the form (10) with cross functions P (s) and Q(y). 
In fact, suppose that B, B’ are sets on which p, P respectively do not vanish. 
According to Lemma 2 of 2, a class K’ of points 2 of B’ corresponds to 
almost every ve B. We project the set A, on the vertical lines through 
every such 2’ eK’. This process, which may be designated by $, leads to 
the required set A’. For A’ has the cross functions P(x) and Q(y). Finally, 
A’ is measurable, being again of the form (10) (for $8 preserves elementary 
sets). 

The second part of Theorem 1 is now obtained by applying $ twice. 

Finally the necessity of the condition p(s} ==q>(s) in Theorem 2 
results. For if this condition is not fulfilled, there are two essentially 
different sets A, A with cross functions p, q. Then P4.i(v) > 0 on a set of 
positive measure. Since this latter condition is preserved under $, the above 
reasoning shows that there are two essentially different sets with cross 
functions P and Q. 


3.4. In order to prove Theorem 2 it remains to show that, if 
p(x) = q(x), only one solution of the problem exists. We first observe 
that the set A, constructed in 3.2 and 3.3, has the following property: 


(11) For almost all Yı, yo the inequality O(y1) S Q(y2) implies Ay, C Ayy 
For (11) holds for the set A bounded by the curve y = p(x) and by the 
axes, with which we started the construction; and (11) is preserved under §. 

Suppose now that A is a set with cross functions P, Q, and that A has 
the property (11). We shall show that no set A’ essentially different from 
A and with the same cross functions can exist. For such a set the measure 
of A—A’ would be positive. Therefore, we can choose an e>0O and a 
y-set B of positive measure so that 


(13) m(Ay— A’y) Ze ye. 
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We may assume that @(y) is continuous on B, and we choose a point yo of 
density 1 of this set. Let O be the set of (2,y) defined by ve Ay, 
— o <y < -+ æ. Then 


pA Í, p(x) da = pCA’ 
and therefore ‘ 


- (13) f mC Ady = J mca'ydy. 


If O(y) S Q (Yo), we have AyC C in accordance with (11) and therefore 
mC Ay = Q (yY) = mA’, = mCA’,; 


and if Q (y) = Q (y0), 
mO Ay = mC = mCA’,. 


Hence mCA’, = mCA, almost everywhere, and (13) implies mC'A’, = mCA, 
almost everywhere. We shall show that this contradicts (12). Let «>09 
be arbitrary; we choose 6 > 0 such that 


| mAy — Mån | < €/2, y €B, | Y — Yo | < 8. 


Then mCA, > mAp— €/2 for these y; moreover mDy < mA,,-+ ¢/2, if the 
set D is defined by se A,-+ Ay, y arbitrary. On the other hand, because 
of AC D and (12), 


m(D — A’) =m(D— DA) Ze; 
hence 
mC A’ <= mDA’ = mD — € < MAy —— é/2 < mCAy 


for all y from a certain subset of B of positive measure, in contradiction to 
what was proved above. 


4. Similar problems. 4.1. Up to now we have assumed that the cross 
functions are integrable, that is, that the set A has a finite measure. But 
the problems treated have also a sense in the case pA = + œ. However, 
ley vunnot be dealt with hy the methnd applied bofore, because a uuu- 
integrable function P(x) does not generally possess a monotone rearrange- 
ment. We shall deal with a special case to show that matters are now 
quite different than if pA < + œ. 


THEOREM 3. Suppose that P(x), Q(y) are two continuous increasing 
functions, defined for x Z 0, y Z 0 respectively, and vanishing at the origin. 
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Then there exists exactly one set A, bounded by two curves of the form 
y = f(x), y = g(s), f(z) S g(x) with continuous increasing functions f(x), 
g(x), vanishing for t==0, and with cross functions P, Q. 


In other words there is exactly one pair of functions f, g of the kind 
mentioned satisfying the system of functional equations 


g(z) —f (2) = P(a), 
(4) | f(y) — g> (y) = Q (y). 
Proof. We put 
(15) = fE) = 0, gel) = P (2) 
and | 


(16) ftn(y) = J'n (Y) + Q (y), Jal) = fa (1) -+- P(x), n == 1,2, 


Except for fy, all these functions are increasing and continuous; they vanish 
at the origin. From (16) follows easily: if fa(£) Z fn- (£) for all s = 0, 
then also fna (£) 22 fa(x). Therefore the limiting functions f(x) == lim f, (2), 
g(x) == lim g(x) exist. They are finite, since g(s) = P(x), and con- 
tinuous, on account of gn(2’) — ga) S P(x) —P (x) for s S7. Further- 
more they are monotone increasing. Making n—> œ in (16) we see that 
f, g satisfy equations (14). 

Finally f, g is the only solution. For let f, g’ be another solution and 
f not identical with F, say F (a)— f(a) >0 for ana>0. Let z, be the 
point of [0,a@] where f(<)— f(s) reaches its maximum. We put 


Yo = f (zo), Y'o mS f (zo); further 
Tı = 9" (Yo) = F (Yo) —O (Yo) == zo — Q (Y0), 
a’, = g (Yo) = To — Q (Y'o); 
then 0 < z’, < Tı < To Hence 
| f (21) = g (21) — P (21) = yo— P (21), 
FPL) = Yo — P(g) > Yo — P (a); 


and therefore 


F (21) — f (21) > F (£) — f (£0), 
contradicting the definition of 2. 


4,2. We may ask which properties the functions P(x), Q(y) must have 
in order that a corresponding convex set A exists. A necessary condition is 


12 
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that the functions P(x), Q(y) be convex. But this is not sufficient, as is 
shown by the following example. Let 


2/2 for 0OSe¢1, - 
P(x) = Q(z) = l (2—«)/2 for lr 2, 
0 otherwise. 

If a convex region A existed for P, Q, it would have boundary points on each 
side of the square OS 22, 0Sy2. But these boundary points can 
only lie at the edges of the square. For if, e. g., (0,40), 0 < Yo < 2, were a 
boundary point of A, then A, at least in the neighbourhood of (0, yo), would 
contain the interior of the angle (2, 0) (0, yo) (2, 2), and this interior has an 
z-cross function > v > P(x). Because of the symmetry we may assume 
(0,0) eA, then also (2,2) eA. So A is bounded by two curves y == f(s), 
y=g(x) (f(®) Sg(e), f, g monotone) joining (0,0) and (2,2). By 
conclusions similar to those in 4.1 we can show that exactly one pair of 
monotone functions f, g exists for 0OS=2e7S1 and OS y1, satisfying 
conditions (14). Such a pair is f(x) = (172 — 1)z/4, g(x) = (1% + 1)z/4. 
By continuation, this is still true in some intervals OS a7 a, OD y Sg, 
a> I, Considering in the same way the course of the curves in the neighbour- 
hood of (2,2) we find 2— g(x) = (17!—1)(2—v)/4 in the interval 
125 2, contradicting the preceding value of g(x) forl<2a<a. 


4.3. The cross function of a plane set A with respect to a direction g 
is the cross function of A with respect to any axis of this direction. A set 
A is not always uniquely determined by its cross functions with respect to 
two directions. The same holds for any finite system 21, £a *', En of 
directions: Two disjoint bounded sets A, B exist possessing the same cross 
functions with respect to these directions. For n == 1 the assertion is trivial, 
and in the general case it is proved by induction. Suppose that Ay., Bn-1 
are two disjoint bounded sels wilh equal cross functions with respect to 
Tis” © °, Zn- We displace Anı + By, parallel to itself in the direction 
perpendicular to z, so that the new set A’n-. + B’n_, has no points in common 
with An-1 + Bn- Then Án = Ana + By, and By, = A'n- + Bn, are dis- 
joint and have equal cuss fuucliuus willi respeul LU ayy: © +, Zn. 

Further possible questions are these: Is a measurable è set uniquely 
determined by its cross functions with respect to all straight lines? Ts a set 
necessarily convex if all its cross functions are convex? 
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3 For non-measurable sets the answer is negative. There are non-measurable sets 
for which all cross functions vanish (W. Sierpinski, Fundamenta Mathematicae, vol. 1 
(1920), pp. 112-115. 


DIFFERENTIAL GEOMETRY OF A GENERAL MOTION IN THE 
COMPLEX PROJECTIVE LINE.* 


By P. O. BELL. 


1. Introduction. The purpose of the author in the present paper is to 
study the complex projective differential geometry of a general motion of a 
point in the complex line: Such a motion may be conveniently portrayed 
as a motion of a point along a curve in the Cauchy plane. The funda- 
mental group of this geometry is the group of complex projective trans- 
formations of the points of the complex line and the methods are the usual 
methods of projectivė differential geometry. The methods employed in parts 
of 2 and 3 are similar to those which E. Cartan [1, pp. 28-42] has used in 
his study of the geometry of the motions of a point in the complex line 
subject to the group of real projective transformations. The moving reference 
frame émployed by Cartan owes its geometric significance to the preservation 
of the Poincaré half-plane [1, pp. 33-34] by the real projective transformations 
of the points of the complex line. The present study calls for a local reference 
frame (for the definition of projective homogeneous coordinates) which 
possesses geometric significance with respect to the larger group of complex 
projective transformations. Such a reference frame attached to a moving - 
point of a general curve of the Cauchy plane is introduced and geometrically 
characterized in the present paper. 

Throughout the present paper the point of view adopted is that of kine- 
matics. The motion of a point z(¢) will be classified according to its relation 
to time ¢ as independent parameter. According as the real and imaginary 
parts of the Schwarzian derivative {z,¢t} satisfy one of the following 
conditions : 


(1) I0, (2) I=0,R<0, (3) 1=0,R>0, or (4) I=R=0, 


the motion of z at an instant ¢ will be called (1) loxodromic, (2) hyperbolic, 
(3) elliptic, or (4) parabolic, respectively. Hach type of motion is associated 
with a homography of a type referred to by the same name as follows: A 
curve Cw is uniquely determined by the following properties: it is tangent 
lo C ab a(éy)) and tho non homngananne enardinate m of its generic pint, 
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w(t) satisfies the condition {w, t} == {z, t}:,. A displacement of points of Cw 
produced by an arbitrary parametric translation t ==} + h can be produced 
by a homography of the type named. These four categories of homographies 
are entirely equivalent to the classical ones which have the same names 
(cf. Osgood [2, pp. 262-270]). The kinematic characterizations of the types 
(2), (3) and (4) reduce to those of Cartan [1, pp. 39-42] upon restricting 
the group to be that of the real projective transformations of a point in the 
complex line. The curves of most general type which can be mapped upon 
themselves by a transformation (other than the identity) of the group are 
loxodromes. If the fixed points of the mapping consist of a finite point and 
the infinite point, the loxodrome becomes a logarithmic spiral. Circles 
appear as special loxodromes which correspond to real values of a certain 
invariant function. Since the loxodromes appear as basic curves in the 
classical theory of the loxodromic homographies when viewed from the stand- 
point of the theory of functions of a complex variable [2, pp. 261-262] it is 
not surprising that they play an important role in the present theory. 
Various authors have employed the invariants known as inversive arc 
length and inversive curvature in their studies of inverse differential geometry 
of plane curves, notably Mullins (in a Columbia dissertation in 1917), H. 
Liebmann [8], T. Kubota [4], J. Maeda [5], F. Morley [6], and B. C. 
Patterson [7]. Inversive arc length of a curve C is a real parameter p such 
that at a generic point z(p) of the curve the imaginary coefficient of the 
Schwarzian derivative of z with respect to p is constantly equal to 1. The 
real part of this Schwarzian derivative is the differential invariant known as 
inversive curvature. These invariants would serve as a basis for the study 
of the intrinsic differential geometry of plane curves under homographies, 
since the group of homographies is a subgroup of the inversive group. How- 
ever, since the inversive arc length vanishes at all points of a circle and at 
points of a curve where the ordinary curvature is constant, it is highly 
desirable for the purposes of a kinematic study to introduce a metric so 
characterized that except at a parabolic point of the curve the associated 
arc-length does not vanish along the curve. Such an arc length called the 
homographic arc length of a curve O will be defined in terms of an absolute 
(¢,7) geometrically determined at each non-parabolic point of the curve. The 
element of homographic are length also possesses advantages of symmetry 
and in addition actually characterizes a euclidean geometry with respect to 
homographies. Along a “non-euclidean straight line” in the half-plane of 
Poincaré [8, pp. 7-8] on which the Poincaré metric is defined, the element 
of homographic arc length becomes identical with the element defined by the 
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Poincaré metric. The geometric characterization of the element of homo- 
graphic are length of C at z(¢) will be expressed very simply in terms of a 
certain angle 0 and its differential d? whose determinations depend upon the 
particular type of motion of the point z(¢) at the instant t. 

The homographic distance between two points P, Q with respect to an 
absolute (£,7) is defined by 


PQ = | log ({nPQ)|, 


in which the right member is the absolute value of the logarithm of the cross- 
ratio of the four complex points {, 7, P, Q. A “straight line” with respect 
to this metric (which will be called an s-line) will be defined to be a curve 
whose homographic arc length between any two of its points is equal to the 
homographic distance between these two points. An s-line is found to be a 
curve which can be mapped upon itself by a homography whose double points 
are ¢ and n; the general s-line is a loxodrome, special cases are logarithmic 
spirals, ares of circles having ¢ and 7 as endpoints, and the circles which are 
orthogonal trajectories of these arcs. The homographic metric defined with 
respect to a given absolute {, » and the plane geometry of this metric are 
found to be euclidean; a simple conformal mapping of the s-lines of the 
plane upon the ordinary euclidean straight lines of the plane is obtained. 


2. Normal coordinates and the Schwarzian derivative. Let C denote 
a curve described in the Cauchy plane by a moving. point z whose homo- 
geneous complex projective coordinates are taken to be (1,2(¢)) where ¢ is a 
real parameter. ‘The coordinates of z and those of any projective transform 
of z satisfy a second order differential equation of the form 


(2-1) 0 2” + pa’ = 0) 


in which p is a function of t and the accent denotes differentiation with respect 
to t. Curves projectively equivalent to C as well as the curve C are, therefore, 
integral curves of (2.1). To normalize homogeneous coordinates of the 
point z let a proportionality factor A be introduced by the formula z = ào. 
Equation (2.1) assumes the form 


ho” +. (BN + pr)o’ + (A + pr’)o = 0. 


Let A be chosen so that the coefficient of w vanishes, that is A — exp(— 4 f pdt). 
With this choice of A the differential equation of the curve reduces to the form 


(2. 2) W” + ro = 0 
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where r is an invariant defined by r= — (2p’+ p*)/4. It may also be 
shown that r may be expressed in terms of the non-homogeneous coordinate z 
by the relations | 

Qn == {2, t} me g” Z — 8( 2/2")? 


that is, 27 is equal to the Schwarzian derivative of z with respect to t. More- 
over, the proportionality factor A can be expressed by the formula A = (2’)-34; 
so that the normal projective homogeneous coordinates of the point z are 
given by the relations ot==1/V 2’, oœ? = 2/V z. 

The author has shown in a former paper [9, p. 490] that the Schwarzian 
derivative can be expressed in terms of euclidean curvature y and euclidean 
arc length s by means of the formula ; 


(2. 8) {2, 1} = (idy/ds + 2/2) (ds/dt)? + {s, t}. 


On making use of the formula for interchanging the variables in the Schwar- 
zian derivative 
{s, Hdt + {t, s}ds? = 0, 


equation (2.3) may be made to assume the form 


(2. 4) {2, t} = (idy/ds + y°/2— {t, s}) (ds/dt)*. 
° The real and imaginary components of r, 
R= (y?—2{t, s}) (ds/dt)?/4, I = (dy/ds) (ds/dt)?/2 


are, themselves, absolute invariants of the complex projective transformations 
(2. 5) pO = to? + du’, pP = aW? + bo, 


in which the coefficients are complex constants, the non-homogeneous coordi- 
nates of z and Z being defined by z= ?/w' and Z = 7/0}, respectively. 
The following are, therefore, invariant equations 


(y°/2 — {t, s} ) ds? == (77/2 — {t,5})ds*,  dyds == dyds 


where y, ¥ and ds, ds are corresponding ouclidean curvulures und arc length 
elements of a curve C and its transform C by a transformation (2.5). The 
transformations (2.5) may be written in the form of the homographies 


(2. 6) Z == (az -+ b)/(cz-+ d) 


in which a, b, c, d are complex constants. 
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3. Homographic mappings of curves upon themselves; fixed points 
of the mappings. A parametric mapping of a curve C upon itself is deter- 
mined by two relations of the form l 


(3.1) Q(t) =o),  i=—i(t) 


where f is a single valued function of t. The.curve C may be denoted by O: 
or Cr according as w(t) or w(#) is regarded as the generic point, respectively. 
Certain curves exist each of which possesses the property that a parametric 
mapping function #(¢) exists which maps an arbitrarily chosen point wọ of 
the curve upon another arbitrarily chosen point ©, of the curve and simul- 
taneously maps the curve upon itself in such a manner that the mapping 
can be obtained by a homography 


(3. 2) 2(#) = (az (t) + b)/(oz(t) + d) 
where z = w?/wt. These curves will now be determined. 


The equations 
(3.3) d?w(t)/dt? + r(f)o(t) = 0, a? (t) /dt? + r(t)Q(t) =0, 


are satisfied identically in ¢ and ¢, respectively. The first of these is merely 
the differential equation of C, and the second expresses the condition that 
the curve Ci be equivalent to C: with respect to a transformation (3. 2). 
On substituting for d?Q/dt? in (3.3) the right member of the relation 


d?0/dt? = (d?w/di*) (di/dt)? + (dw/di) (d?i/dt®) 
one obtains the equation 
du (F) /di? + (dw/di) (d2i/dt?) (dt/dé)? + r(t) (2) (dt/di)? = 0. 


Comparison of this equation with the first equation of (8.3) yields the 
relations 


(3. 4) di/dt2—0,  r(i) = r(t) (dt/di)?, 


because the points w(#), dw/di, d?w/di? are assumed to be linearly independent. 
From the first of these relations it follows that the mapping functions $ are 
of the form 

(3. 4) t= kt +h, k, h = const. 


432 P. 0. BELL. 
The second relation therefore becomes 
(3.5) k?r (kt + h) = r(t). 


The constant A may be arbitrarily selected, since no further restrictions are 
imposed upon é than those given by equations (3.4). To determine k, hold @ 
and & fixed and allow h to vary. It follows from (3.5) that r(kt + h) isa 
constant equal to r(t) and k= +1. The-curves whose parametric Mappings 
upon themselves can be obtained by homographies are therefore the r(t) 
— constant curves, and the mapping functions are of the forms E= +t +h. 
These mapping functions serve to define what will be called direct and indirect 
parametric displacements of the points of a curve C according as the sense 
of variation of the parameter is maintained or is reversed, respectively. It 
is clear now that an arbitrary pair of points wo, Qo may be put in correspon- 
dence by a direct (or an indirect) displacement with a suitable choice of the 
constant h. | l 

Let r= R -+ il. A transformation which maps an r = const. curve upon 
itself will be called (i) loxodromic, (ii) hyperbolic, (iii) elliptic, or (iv) para- 
bolic, according as (i) 7340, (ii) I= 0, R <0, (in) I = 0, È > 0, or (iv) 
I = k = 0, respectively.’ If ¢ is taken to be time, a kinematic interpretation 
of the description of a curve by a generic point w(¢) is obtained upon con- 
sidering the parametric displacements of type (i) to (iv). A motion along 
an 7 = const. curve during a lapse of time may therefore be called loxodromic, 
hyperbolic, elliptic, or parabolic, according to the stipulations upon r stated 
above. 

Since the imaginary component of r is given by I = (dy/ds) (ds/dt)?/2 
and ds/dt 340, it follows that dy/ds = 0 if [—0. Hence, the I(r) =0 
curves are circles. 

The most general r = const. curves are integral curves of a differential 
equation of form (1.2). The homogeneous. coordinates of a general point o 
of such a curve are therefore given by the form 


(3. 6) w = ce tVrt + coetV't, 


These curves are, clearly, projectively equivalent to the curve defined by 
wt = 1, w? = e?+V"t, that is, the curve defined in a non-homogeneous coordinate 
by 


(3. 7) z = "Vrt, 


It follows that the r = real const, curves are circles. 
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If r == const., but I 40, it follows that the two square roots of r may 
be written as Vr, — Vr where Vr = pu + ir, v540. Equation (3.7) may be 
written in the form 


(3. 8) log z == — 2vt -+ 2ipt. 
Upon substituting @/2y for ¢ this equation assumes the form 
(3. 9) log z = — 10/p + 46, v/p—= const. 


The curve represented by this equation is a logarithmic spiral, and the curve 
(3.6) of most general type which is projectively equivalent to it is a non-. 
degenerate loxodrome. 


An I==0 curve may be mapped upon itself by a transformation of one 
of the last three types, the type being determined by the nature of the para- 
meter used in the displacement. ` 


''Turorem. A curve obtained by transforming a given non-degenerate 
logarithmic spiral by a homography (2.6) in which either c or d is equal to 
zero is a logarithmic spiral which can be superposed upon the original curve 
by means of a euchdean rigid displacement. 


To prove this theorem it is sufficient to determine the effects of (1) an 
expansion and rotation Z == az, and (2) an inversion Z —1/z. “A translation, 
of course, merely displaces the curve. As z describes a given logarithmic 
spiral defined by 


(3. 10) log z = kô + 16 k = const. = 0, 


the locus of a point Z defined by Z = az, whére log a = a +- 78, is determined 
by the equation log 4 = = kô + a+ i(0 +8). This may be written in the 
form log Z = kô Eal I(B — a/k), where 6=6 +-a/k. The locus thus 
defined is therefore that of the given logarithmic spiral rotated through the 
angle @—a/k. Hence the transformed spiral can be superposed upon the 
original spiral by a rigid euclidean displacement. As z describes the locus 
(3.10) the point Z given by Z == 1/ z moves along the same curve, since the 
locus of Z is represented. by the equation 


(3.11) log Z = — log z = — kd — ið, 


the angle of Z being the negative of the angle of z. This completes the proof. 
Let y denote the angle which the tangent to a logarithmic spiral r == const. 
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makes with the radius vector p drawn from the pole (asymptotic point of the 
logarithmic spiral) to the point of contact of the tangent. The tangent of 
this angle is defined by the relation tan y == pd0/dp == — p/v. Since Vr is 
given by »-+w and it is invariant of the transformations (3.6), tan 
is itself an invariant. Let ¢ denote the angle of »-+-w. It follows that 
tan ¢ tan y = — 1, and therefore, one of the relations y == ¢ + w/2 is satisfied. 
If the direction of the 8 == const. curve is known at a point, the direction 
of the point of the loxodrome which corresponds to a given value of r is 
easily determined by this relation. 

_ To determine the fixed points of a homographic mapping which maps a 
curve C upon itself, let w(¢) be a generic point of the curve. Then any point 
P of the plane is given by an expression of the form w+ uo” where u is a 
suitable complex number. Let u be a constant to be determined by the 
condition that the point P be a fixed point. This condition is represented 
by a relation of the form (w +- uw)” = A (w + uw’) where A is a proportionality 
factor. Substituting — re for œ” in the left member of this relation yields 
wW — ruw = À (w + uw’). This relation implies that r'u + 1 == 0, since the 
points w, œ are linearly independent. The homogeneous coordinates of the 
two fixed points of the mapping are, therefore, given by the forms 


(3. 12) f=ofi'/Vr, q=o—iw/ Vr. 
Taylor’s development for w(t +h) along an r = const. curve yields, in 
view of (2.2) 
(3. 13) w(t + h) =o(t) (1 — rh?/2 + rht/4!. --) 
++ w (t) (h — rh3/3 ! -+ r°h3/5!- + -) 
== w COS Vrh -+ a (sin Vrh)/r. 


Since the above series represent integral functions, the representation is valid 
for all real values of h. Solving (3.12) for o and w in terms of £, y and 
substituting the expression for them in (3.13) yields 


(3. 14) olt + h} = fexp(—iV rh) + nexp(tV rh). 


Since the general homogeneous coordinates of the points {, n are independent 
of h, these points form a convenient basis for the definition of local homo- 
geneous coordinates. The local homogeneous coordinates of the point 
w(t -+ h) with respect to this basis will be the coefficients of ¢ and y in the 
form (8.14), and the local non-homogeneous coordinates of this point will 
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be u==exp(2tV rh). The double points £, q of a homography which maps 
a curve C upon ttiself lie on the curve if the mapping is loxodromic or 
hyperbolic; they coincide in a point of O if the mapping is parabolic; or 
they do not lie on the curve if the mapping is elliptic. 

It has been shown that a mapping of a curve C upon itself by a trans- 
formation (3.2) is represented by a parametric displacement t=-t+h. If 
the displacement is defined in another parametric system by 7 ==v + k, 
it follows that v and t are related by an equation of the form __ 


(3. 15) v=ct+d 


where c and d are constants. For, let v be a continuous function of ¢ with 

a derivative defined for each value of t; then v(é+h) —v(t) =k(h), 

where (t) —v(t-+h). Dividing the members of this equation by A and 

letting A tend to zero yields the relation v’(¢) = lim &(h)/h. Since the right 
h->0 


member is independent of t, v’(¢) = constant, and therefore v is given by 
(3.15) 

It may also be shown, although the proof will be omitted here, that if 
two distinct displacements of the points of a curve, represented in different 
parameters by t=t+h and =v -}h, result from two homographic 
mappings of the z plane which have the same pair of fixed points ¢, y the 
parameters v, t are related by an equation of the form (3.15). 


4. A homographic metric. To establish a suitable local reference frame 
for the definition of homogeneous coordinates of a moving point on a curve 
C, let w(t) denote normal coordinates of the point. Consider the r = constant 
curve which is tangent to C at w. A mapping of the plane which maps this 
curve upon itself has two fixed points given by 


E = o + W/V", y =w — tw / Vr. 


The three points , £, 7 determine a circle T, except when ¢¿ and y coincide. 
The harmonic conjugate of w with respect to ¢ and y is the point w’. The 
points w, w form a suitable basis for a local coordinate system since homo- 
geneous coordinates of any point in the plane are expressible in the form 
w + uw’ where u is a complex number. If & and y coincide, they coincide 
in the point w’. It may be easily shown that the circle T determined by w, &, 
n makes with C at w an angle equal to the angle of the complex number 1/Vr 
(the proof will be omitted). This angle is 7/2 if r is real and positive; 
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it is zero if r is real and negative. The circle T is, therefore, tangent to C 
at w if at o the function r(t) is real and positive. 

The homographic element of arc length of a curve C from a point œ(t) 
to a neighboring point o, given by o; == w(t- dé) will be defined by the 
invariant differential form ; 


(4.1) do == 2V | r | dt. 


Geometric interpretations will now be given for the forms do and do®. The 
element do is given by the relations l 


(4. 2) do = 2 | P (www) = P (log (fyww; ) ) | j 


in which the principal value of the logarithm is used and P is used to denote 
the principal parts of the cross-ratio (ww’w,g) and the logarithm of the cross- 
ratio (ņwo:). These results may be verified by making use of the local non- 
homogeneous coordinates 0, œ, di, iVr, and —iVr of the points o, w’, %1, 
£ and », respectively. Let I denote the circle determined by the points w, 
é, n and if this circle is distinct from the circle T it intersects T in a point 
which will be denoted by œz. The general homogeneous coordinates of we 
are found to be given by the relation w,-=-w—vw’/|1r| dé. If, however, the 
circles [ and T, defined at w, coincide, then r < 0 (real) and the expression 
for we defines the point w + w’/rdt which is the harmonic conjugate of the 
point w^, = w(t -+ dt) with respect to the points w, w. In either case the 
point w may be used to complete geometric interpretations of de®. These 
interpretations are given by the equations - 


(4. 3) 4P (log (www wa) ) = — 4P (ow ww) = do”. 


Let the independent parameter t represent time. The motion of the 
point w(#) along an r= constant curve will be called loxodromic, hyperbolic, 
elliptic, ur parabolic, according as r(t) is a complex imaginary, a negative 
real, a positive real, or zero, respectively. A normal non-homogeneous co- 
ordinate wu, called the abscissa, of a generic point e(t) of an r= const. curve 
will be determined for each type of motion. An angle 6 will be determined 
in association with each type of motion in terms of which the abscissa of m 
and, consequently, the homographic are length of the curve will be simply 
expressed. _ 


Case 1. r= (p+ w)?, m v = const., v20. Normal coordinates of w 
(independent solutions of (1.2)) are 


wt == exp(— i Vrt), w? = exp(iV rt), 
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where Vr=y»-+w. The abscissa of w is defined by 
(4. 4) ; u = w?/w = exp{2 (—v-+ ip)t}. 


Let pt = 6, so that 


(4.5) log u = 2a0 + 2i6 
where a = — v/m. Hence 
(4. 6) do = V p? + v? dt = 2 sec odd 


where ¢= arc tan v/m. Homographic arc-length of C between points where 
0 = 06, and 0 = 6, is therefore given by 


(4.7) o = 2(6, — 4) sec ġ. 
Case 2. r= — k?. Normal coordinates of w are œ= exp(— kt), 


w° = exp(kt). The abscissa of w is defined by u—exp(2kt). Let u = tan 6, 
so that 2kt = log tan 6 and 


(4. 8) do = d(log tan 0) = 2 ese 26d. 


Homographic arc-length of C between. points where 6—6, and 0 = 9, is 
therefore given by 


(4. 9) o = log (tan 6,/tan ĝo). 
In case the curve C is a “non-euclidean” straight line in the half-plane of 
Poincaré, the formula (4.7) defines the Poincaré metric of O (see [1, pp. 


37-39] and [8, pp. 7-8].) 


Case 3. r= k?. Normal coordinates of.w are wt = cos kt, œ = sin kt. 
The abscissa of w is defined by u = tan kt. Let u = tan 6, so that kt = 9 and 


(4. 10) da = 2d6. 


The homographic arc-length of C between the points where 6 = b, and 0 = 6, 
is therefore 


(4. 11) i ; o = 2 (bı — 4). 
Case 4. r= 0. Normal coordinates of œ are wt = 1, œ? = t. The local 


non-homogeneous coordinate of w is defined by u = t. Here do = Q, but a 
geometric interpretation may be given for a parameter 0 such that 


(4.12) u = tan 9. 
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The geometric meanings of the parameters 0 satisfying the above relations,’ ` 
in the various cases will now be given. Consider a pencil of circles passing 
through the fixed points £, y of a loxodromic mapping corresponding to case 1. 
Let any selected one of these circles C, serve as a basis; the angle at ¢ 
between the circle C, and the circle of the pencil which passes through w 
is a parameter @ which satisfies equation (4.5). To prove this assertion, 
note that the equation (4.5) is the polar equation of a logarithmic spiral 
one of whose points is infinite and the other of which is the pole of the 
coordinate system, the angle 6 being the polar angle of the point w. The 
interpretation of an angle 0 for the case of an r== const. curve (Case 1.) 
with finite fixed points é » is obtained immediately on subjecting the 
logarithmic spiral and the 6= const. lines of the polar coordinate system to 
a suitable homography which transforms the pole and infinite point into the 
points é, » and transforms the initial line into the circle C4. 

To obtain a geometric interpretation of a parameter 0 in terms of which 
de is given by (4.8), construct the circle C, through the points ¢, 7 orthogonal 
to C. Select on C, an arbitrary point J distinct from £ and y. Construct the 
circle Ce determined by the points J, č, wo The angle between C, and Cy 
at € is a parameter 6 in terms of which do is gwen by (4.8). To prove this 
let 6 denote this parameter and calculate the non-euclidean element do 
in terms of 6. Transform the plane by a homography which transforms ¢, y 
into given points ¢, 7 and the point J into the point f at infinity. The trans- 
form 6 of C is, therefore, a circle orthogonal to the straight line transform 
C, of Cı, and the transform Če of Ca is a straight line (passing through the 
points Ï, č, o) which makes with C, the angle 6. Let I, denote the circle 
determined by J, £, œw The transform Ñ, of this circle is a straight line 
through making with Č, the angle 6+ dð. Since the element do is an 
invariant of homographies, from equations (4.2) it follows that 


do == P (log (tjon) ) = log (E5) (9H,) / (Go) (E) = d(log tan 6). 
This completes the proof. 


A parameter 0 in terms of which do, for Case 3, is defined by (4.10) 
ay be geometrically characterized as follnws A rirele C at whovo points 
r= k? is orthogonal to all of the circles of a pencil which pass through the 
fixed points ¢ and y. Let C, be any selected circle of the pencil and let T 
denote the circle of the pencil which passes through the point œ. The angle 
which the circle T makes with the circle C is equal to 26, where 0 is a 
parameter of the type sought. For the proof transform by a homography 
the point 7 into the point J at infinity; the pencil of circles transforms into 


. i i 
A 
r 
~ 5s 
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= ai pencil of lines with center at č orthogonal to the transform Č of C. It 
E follows that the homographic element do is given by 


do = | P(log(iaa,) | = | P (log (5) / (Za) ) | == 240. 


A parameter 0 in terms of which the abscissa of œ is given by the relation 
(4.12) may be characterized as follows: Select on the circle C an arbitrary 
point J and construct a circle C, which passes through € and I and is 
orthogonal to C. Select on C, any other point R and through the point w 
of C draw the circle T determined by the points R, J, and œ. The angle 
formed at E by the two circles C, and T is a parameter 8 in terms of which u 
is given by the relation (4.12). The proof, which is similar to those of the 
former cases, will be omitted. 

A. generic point w of an r = constant curve is given by 


(4. 13) o= t + pexp(2ivrt) 


in which £, „ denote the double points of a mapping of the curve upon itself. 
The proofs of the following well known properties, by the methods of the 
present paper, may be readily supplied by the reader on making use of the 
fact that a homographic mapping is conformal. A homography other than 
the identity which maps a curve upon itself maps the curves of a one para- 
meter family upon themselves. If the mapping is (1) lovodromic, (2) hyper- 
bolic, (3) elliptic, or (4) parabolic, the family consists of (1) non-degenerate 
loxodromes, (2) circles which pass through the double points of the mapping, 
(3) the orthogonal trajectories of the circles which pass through the double 
points of the mapping, or (4) the circles tangent to a given circle at the 
double point of a parabolic mapping, respectiely. 


5. The geometry of the absolute. In keeping with the geometric 
characterization given by (4.2) for the element of homographic arc length 
of a curve, let the homographic distance between two points P, Q with respect 
to an absolute (£,7) be defined by 


(5.1) | PQ = | log(&PQ) | 


in which the principal value of the logarithm is used. In the geometry of 
the absolute (Z,7) in which the metric is defined by (5.1) a “ straight” line 
will be defined to be a curve whose homographic arc length between any two 
of its points P, Q is equal to the homographic distance between these two 
points. To avoid confusing these lines with ordinary straight lines they will 
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be called s-lines. To find the s-lines of the plane let a generic point œ of an 
s-line be given by 


Pd 


(5. 2) w = ¢ -4 ery w =r + 


where r is a function of 0 to be determined. Let r(e) be denoted by ro; 
the homographic distance between. two points wo, œ now assumes the form 


oe | 10g (Loom) | = [ (7 — ro)? + (8 — 6). 


Hence, the condition that the locus of w be an s-line is that 
(5.4) [ (r — To)? + 0— ot f (dr? + d6)3 


for any two points wo, w of the locus. If 0 == const., differentiating equation 
(5.4) with respect to 6, squaring both sides of the resulting equation, and 
clearing of fractions yields the equation (0— 6))dr == (r—1,)d0 whose 
general solution is of the form 


(5. 5) t= 40 + b, | a, b == const. 
Let p denote | e” |, then p is given by 
(5. 6) p = ce, a, ¢ == const. 


Since equation (5.2) with p given by (5.6) defines a two parameter family 
of curves, it is clear that only one s-line passes through any two given points 
which are distinct from the points of the absolute, and only one s-line passes 
through a given point (distinct from € or y) in a given direction. The 
s-lines thus determined by (5.2) and (5.6) are in general loxodromes, and 
along an s-line where 02 a constant these loxodromes are non-degenerate. 
The s-line along which a = 0 are the orthogonal trajectories of the circles 
fo == constant which pass through the points and 7. 

Along an are of a 8 = const. circle the condition (5.4) assumes the form 


T 
T — Th = dr -> 
To 


which is satisfied identically in 7. Since the values of + which correspond 
to the points € and » of the absolute are — œ and + œ respectively, an arc 
of a circle contained between ¢ and y is an entire s-line. The following 
general result may now be stated: An s-line is a curve which makes a constant 
angle with the circles which pass through the points of the absolute. If the 
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angle is not a right angle the s-line is a loxodrome whose asymptotic points 
are € and q or an arc of a circle whose endpoints are { and q. ` An r == const. 
curve is an s-line with respect to the absolute formed by the fixed points ¢, y 
of a mapping of the curve upon itself. 

In the geometry of the metric (5.1) the points £, » of the absolute are 
the points “at infinity,” that is, the homographic distance from either ¢ 
or 7 to any other point in the plane is infinite, whereas the homographic 
distance between any two points distinct from ¿ and y is finite. The numbers 
6, t will be called normal curvilinear coordinates of the point w with respect 
to the absolute £, y. It is clear that a set of coordinates 0, r determines by 
(5.2) one and only one point w The transformation (5.2) maps the lines 
r==—- 0 and r== -+ œ into the points £ and y, respectively, but otherwise 
maps the entire finite w-plane conformally upon the points of the z-plane. 
A straight line of the w-plane corresponds to an s-line of the z-plane, and 
(5.3) shows that the homographic distance between any two points wo, w of 
the z-plane is equal to the ordinary distance between the corresponding points 
in the w-plane. The geometry of the z-plane (except at the points ¢ and y 
(“at infinity”) is therefore euclidean. This, of course, implies that the sum 
of the interior angles of any triangle formed by s-lines is equal to w radians 
(a result which can also be easily obtained by making use of the fact that 
an s-line cuts at a constant angle the circles which pass through the points 
€ and y). The curious case of an s-line triangle with one vertex w, super- 
posed upon another wọ occurs if 6, differs from f by an integral multiple of 
2m radians; in this case the side wow, is a complete circumference of a circle. 

Since the ares f of circles and the family of orthogonal trajectories are 
the families of 0 == const. curves and r= const. curves, respectively, these 
families are families of equidistants, in the geometry of the absolute, in which 
distances between members of one family are measured along the members of 
the other family. The members of each of these families will be called 
parallels with respect to the absolute. Moreover, in- general, distinct curves 
which make equal constant angles with all of the 6=— constant curves will 
be called parallel; since such curves cannot intersect in any point (p, @) 
distinct from the points of the absolute. 

A congruent transformation in the geometry of this metric is a trans- 
formation which preserves the points of the absolute; two figures which 
correspond in a congruent transformation are called congruent figures. The 
mapping of figures in the g-plane which are congruent, with respect to homo- 
graphies by the transformation (5.2) produces figures in the w-plane which 
are congruent with respect to the ordinary rigid displacements. It is, there- 


13 
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fore, logical to call the homographies which preserve the points of the absolute 
(the points ¢, n “at infinity ”) displacements with respect to the homographic 


metric. 
UNIVERSITY oF KANSAS. 
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DOUBLE VECTOR SPACES OVER DIVISION RINGS.* 


By G. HOCHSCHILD. — 


Introduction. Let M be a (left) vector space over the division ring D. 
Let Æ be an arbitrary ring with an identity element, and ‘suppose there is 
given an antihomomorphism of Ẹ into the ring of D-linear transformations 
in M, such that the identity element of # is mapped into the identity trans- 
formation. If we denote by #* the ring of right multiplications x —> e* {x} 
== ve in E then the mapping e— e* is an anti-isomorphism of # onto H*, 
and the situation described above amounts to having a representation of H* 
as D-linear transformations in M. 

Under these circumstances, it is convenient to think of M as having 
simultaneously the structure of a left D-space and that of a right #-space, 
and to indicate the corresponding scalar operations as m—>d-m, for de D, 
and as m —> m- e, for ee E. Our above requirements may then all be absorbed 
in the statement that the “ ` products” should behave like ordinary products. 
We shall say then that M has the structure of a (D, #)-space. 

The theory of (D, #)-spaces may, of course, be subsumed under the 
theory of matrices with coefficients in D. A study of matrices with coefficients 
in a division ring which is relevant here was made by R. Brauer in 1941; 
but this overlaps only slightly with what we propose to do. 

In the special case where D and Æ both coincide with a commutative 
field F, the study of (F, /’)-spaces amounts to the same as Jacobson’s theory 
of self-representations.” Jacobson has shown that the self-representations 
provide a generalization of Galois theory to general field extensions, not neces- 
sarily normal, or even separable. Part of our program is to consider this 
aspect in the non-commutative case. 

The Galois theory for division rings has recently been developed by N. 
Jacobson * and, independently, by H. Cartan.* Their chief tool is a theorem— 





* Received January 30, 1948; revised July 20, 1948. 

2 R, Brauer, “ On sets of matrices with coefficients in a division ring,” Transactions 
of the American Mathematical Society, vol. 49 (1941), pp. 502-548. 

? N. Jacobson, “ An extension of Galois theory to non-normal and non-separable 
fields,’ American Journal of Mathematics, vol. 66 (1944), pp. 1-29. 

3 N. Jacobson, “A note on division rings,” ibid., vol. 69 (1947), pp. 27-36. 

4H. Cartan, “Théorie de Galois pour les corps non commutatifs,” Annales Scien- 
tifiques de ’ Ecole Normale Supérieure, vol. 65 (1948), pp. 60-77. 
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due to Jacobson and to N. Bourbaki—on rings of additive endomorphisms of 
a division ring. We shall state this theorem in a slightly generalized form 
in 2 which also contains a completely elementary proof. In 3, we give a 
brief indication of how this theorem is used in order to establish the main 
results of the Galois theory. 

An important feature of this approach is that the Galois correspondence 
between division subrings of a division ring D and groups of automorphisms 
of D is derived from the correspondence between division subrings K of D 
and the rings of all K-linear transformations in D. This last correspondence 
may be regarded as a generalization of the usual Galois correspondence. The 
rôle played by a single automorphism is then taken over by an indecomposable 
space of additive endomorphisms of D. 

As Jacobson has shown, the full operator ring, or the “composite,” of a 
self-representation of a field F is determined to within an equivalence by a 
certain space of additive endomorphisms of F, its so-called relations space, 
and it is precisely this fact which ties up the theory of self-representations 
with the Galois theory. In the non-commutative case, there arises the 
difficulty that the composite of a representation may easily fail to have the 
necessary finiteness properties, and cannot be made a part of an adequate 
theory. There is, however, another aspect of the composite which is capable 
of a satisfactory generalization. 

Abstractly, a composite of two rings D and E with identity elements is a 
ring R which is:generated by homomorphic images D’ and E’ of D and F, 
respectively, in which every element of D’ commutes with every element of 
F’, and where the identity elements of D and FE are both mapped into the 
identity element of R. Clearly, Æ carries the structure of a (D, #)-space 
in the natural way, and R is generated as a (D, #)-space from its identity 
element. This has led us to introduce in 5 the notion of a relative cyclic 
(D, E)-spacc, i.e a (D,H)-space M in which we have singled out an 
element m such that D. m. E == M. To such a space we attach a certain 
space of additive homomorphisms of E into D, its relations space, which 
coincides with Jacobson’s relations space in the case where M is the com- 
posite of a fiold F with itoclt. 

In 5 and 6, we establish the main facts concerning the correspondence 
between relative cyclic spaces and their relations spaces. In 7, we apply 
these facts to the particularly interesting case where # is a division ring and 
D a division subring of Æ. In this case, the product of two relative cyclic 
(D, E)-spaces is always defined and leads to a notion of closure for such spaces. 
A space is closed if and only if its relations space is a ring. Furthermore, 
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the closed spaces are exactly the Kronecker product spaces D X E, taken 
with respect to some division subring of D. 

There is another type of double vector space which is useful in studying 
extensions of a division ring K. This is the K-regular space defined in 4. 
The purpose of the restriction to K-regularity is to make the transformations 
corresponding to. the elements of K as simple as possible without losing too 
much generality. For the case where D is a finite normal extension of K, 
and Ẹ is a division ring between K and D, we obtain in 4 a complete theory 
of K-regular (D, E)-spaces which reflects the main facts of the Galois theory 
for D over K. In this case, the situation is so simple that we have no need 
of relations spaces. | 

I wish to express my thanks to Prof. R. Brauer whose critical comments 
on an earlier version of this paper have been very valuable to me in the 
revision and to whom I am indebted for a number of improvements, notably 
in 2 and 4. | . 


1, Kronecker products. Let D be a division ring. .By a vector space 
over D we shall mean an additive group A, together with an isomorphism ¢ 
of D into the ring of endomorphisms of A, such that—if 1 is the identity 
element of D—¢{1} is the identity mapping in A.. If de D and ae A we 
shall write d-a for (ẹ{d}) {a}. The -operation has then the formal properties 
of a multiplication. . 

What we have just described is frequently called a left vector space 
over D. The notion of a right. vector space is obtained by replacing the 
above isomorphism ¢ by an anti-isomorphism. In order to avoid confusion, 
we shall use the phrase “ vector space” only to denote a left vector space. 
Similarly, by the dimension of a space, we shall always mean its dimension 
as a left vector space. We shall absorb the notion of a right vector space in 
our terminology by means of the following device: Let D* denote the ring 
of right multiplications in D. We make use of the anti-isomorphism 
d—>d* of D onto D* which we have defined at the beginning of the intro- 
duction in order to regard a right vector space B over D as a left vector 
space over D*. We shall frequently write b:-d for d*-6, i.e, we shall 
adhere to the usual formalism for right vector spaces. 

From a vector space A over D and a vector space B over D* we can 
construct a certain additive group, called the Kronecker product B X A. We 
need not give such a construction here, since quite a variety of suitable ones 
are well known. We shall merely enumerate certain fundamental properties 
which characterize the Kronecker product. 
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(1) To every pair (b,a), where be B and ae A, there corresponds an 
element bx a of BX A. 


(2) The elements b X a generate B X A, i. e., every element of B X A. 
is the sum of a finite number of such elements. 


(3) (b&b) Xa=b Xa+ b, Xa. 
(4) b X (ai de) =b X t +b X üa. 
(5) b-dXa=bX d:a, for deD. 


(6) If (ay) (ye some finite set T) is a set of D-linearly independent 
elements of A, and if b(y) are elements of B, not all equal to 0, then 


Oy) X ay #0. 
yer 


(7) If (bs) is a finite set of D*-linearly independent elements of B, 
and if a(8) are elements of A, not all 0, then > bs X a(8) 340. 


Let S be a D-linear transformation in A. Then S induces in BX A 
an endomorphism 8’ such that S’{b X a} =b X S{a}. Similarly, if T 
is a D“ linear transformation in B then T induces in B X A an endomor- 
phism 7” such that T’{b X a} —=T{b} X a. We shall apply these facts to 
the following situation: Let B be an (H,D)-space and A a (D, I’)-space, 
where # and D are division rings. Then we may construct the Kronecker 
product B X A with respect to D as above, and we see that now B X A carries 
the structure of an (E, #’)-space such that, for ee E and fel’, we have 
e-(6 Xa)=e-bXa, and (bXa)-f=bxa-f. 


2. Additive homomorphisms of division rings. Let S be an arbitrary 
set, D a division ring. The additive group of all mappings of § into D 
may be regarded as a vector space over D*, the ring of right multiplications 
in D, where the scalar multiple of a mapping T by an element d*e D* is 
defined as the ordinary product d*T (i oy T followed by O. We shall 
roquire the fulluwing elemuulury lemma: 


Lemma 2.1. Let T1,---,Tn be a set of mappings of the set S into 
the division ring D whach are linearly independent with respect to D*. 
Then there exist n linearly independent D*-linear combinations U., ©, Un 
of the T; and elements s,,- ` `, 8n in S, such that U;{s;} == 8i, where di = 1 
and õi == 0 af 1 i 
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Proof. Suppose we have already found s,,- - -,s, in S and independent 
D*-linear combinations T,,- + -, Ta® of the Ti, such that 7; {s;} = 845, 
for lStiSinandisj=k. Here, we wish to include also the case k = 0, 
where we have no elements in S, and where 7; is to stand for T;. Then, 
if k <n, there is an element sxn €58 such that Tn. {Sra} 540. We set 
Ty OD = (T pa O { Sra} *) Tin ®, so that Tr, #9 { Sizer } == 1. For every 
7AR+A, we set 7,6) = T, —(T;™ {sr1})" Trn 0. Then we have 
Ti, {s;} = ôa, for lL Sisin and isj=k+1, and the 7;%* are still 
linearly independent. Proceeding in this fashion, starting from the case 
k= 0, we finally obtain s,,---,s, in S and U; == T;™ which satisfy the 
requirements of the lemma. 

Now let D be a division subring of the division ring FẸ. The additive 
homomorphisms of E into D constitute a ring which is also a (D*, #*)-space, 
all operations being defined in the natural fashion as ordinary compositions 
of mappings. The most important subrings of this ring are those which 
are also (D*, £*)-subspaces: 


Definition 2.1. Let A be a subring of the ring of all additive homo- 
morphisms of the division ring # into the division subring D of E. A is 
called complete if A= (0), and if D*AE* == A. i 

If A is complete then the only element of # which is mapped into 0 
by all the elements of A is 0. In fact, if we had 054¢,ce£H such that 
U{eo} = 0 for all UeA then, for every VeA and every ee E, we should 
have V{e} = (V(eo7e)*) {eo} == 0, contradicting our hypothesis that A >< (0). 

The fundamental result concerning complete rings is the following: 


THEOREM 2.1 (Jacobson-Bourbaki). Let A be a complete subring of 
the ring of additive homomorphisms of E into DC E. Denote by K the 
division subring of D which consists of all elements de D for which 
U{de} = dU {e}, for all ee E and all U£ A (i.e., whose left multiplications 
e — de commute with all the elements of A). Then if either E is of finite 
dimension [E:K] over K, or if A is of finite dimension [A:D*] over D*, 
we have [E: K] = [A:D*], and A coincides with the ring of all K-linear 
mappings of E into D. 


Proof. If there are n D*-linearly independent elements of A we can 
apply lemma 2.1 to find elements ¢:,: + *, €n in # and elements U3,’ ©, Un 
in A such that U.{e;} = 8;;. Then the e; are evidently linearly independent 
over K. Hence if # is finite over K then A must be finite over D*. Thus, 
we may suppose that [A:D*] =— n, and that the above U; constitute a basis 
for A over D*. 
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Then, if UY is an arbitrary element of A, we must clearly have 
% 

U = 3, U {e} "U. 
t=1 


Let Ve A, ee E, and set U = Ve*U;. Then U eA, and the last relation 
gives | 


Ve*U; = X (V{Usfer}e})*Ui = V{e}*U}. 


Hence, for every eoe E, V{U;{eo}e} = U;j{e.}V{e}, which means that 
U(E} CK, 


Now, for ee Ẹ, set e = e — > Ur{e}er Then U;{e’} = 0, for all i, 
k=1 


whence U{e’} = 0, for all Ve A. Hence g ==0, i. e, e = 5 U;,{e}e,. Thus, 
k=1 


@1,° © *, ên 18 a basis for Ẹ over K, so that [E : K] = n = [4: D*]. Finally, 
if T is any K-linear mapping of Ẹ into D we have clearly 


P(e} = (> (T{a))*U) {e}, 


whence 


T=$ (Tlen})*Uye A. 


Since every element of A is evidently a K-linear mapping, our proof is 
complete. 


3. Galois theory. Just as in the case of fields, the following property 
of “normality ” of an extension is fundamental in the Galois theory: 


Definition 3.1. Let D be a division ring containing the division ring 
K. We say that D is normal over K if every element of D which is left 
fixed by every automorphism of D over K belongs to K. 

The results of the Galois theory are obtained by applying Theorem 2.1 
to the rings of endomorphisms of the additive group of D which are generated 
by the right multiplications and the elements of a group of automorphisms 
af fi, An important faot whioh we ubull make use of late: is the fulluwin : 

Let J be normal and of finite dimension n over K. Then the ring of 
all K-linear transformations in D has a basis over D* which consists of n 
- automorphisms of D over K. 

The ring of all additive endomorphisms of D has the structure of a 
(D*, D*)-space in a natural manner. If g is an automorphism of D then 
ga” == g{d}*g, whence we see that D*g is a (D*, D*)-subspace of the space 
of all additive endomorphisms. 
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Conversely, if M is any (D*, D*)-space of additive endomorphisms of PD 
which is of dimension 1 over D* then M contains an element g which is a 
ring automorphism of D, and D*g=-M. In fact, g is the unique element 
of M which maps 1 into 1. 

If D-is finite and normal over K it can be shown that every indecom- 
posable (D*, D*)-space of K-linear transformations in D is of dimension 1 
over D* and hence is generated by a unique automorphism of D over K.° 

Noting further that (D*g,) (D*g.) =: D*gige, we see that if we regard 
the (D*, D*)-spaces of additive endomorphisms of D as generalizations of 
sets of automorphisms of D the ordinary multiplication, in the ring of all 
additive endomorphisms, of two such subspaces is the analogue of the multi- 
plication of sets of automorphisms. An indecomposable (D*, D*)-space of 
additive endomorphisms is the proper analogue of a single automorphism. 
It must be kept in mind, however, that, while the product of two automor- 
phisms is again a single automorphism, the -product of two indecomposable 
spaces of additive endomorphisms need, in general, not be indecomposable. 


4, Double vector"spaces over normal division rings. 


Definition 4.1. Let D and E be division rings, each containing the 
division ring K. A (D, E)-space V is said to be K-regular if there exists 
a subset Va of V such that D-V,:H=—V and k-v=~v-k, for all kek 
and all ve Vo. | nap 

Suppose that D D E D K, and let g be an isomorphism of E into D 
which leaves the elements of K fixed. - Then we construct a K-regular (D, E)- 
space as follows: 


The underlying additive group is a copy, D’ say, of that of D. 
We denote by d->d’ an isomorphism of the additive group of D onto D’. 
~ The scalar operations in D’ are defined by setting d,-d’ = (d,d)’, and 
d -e= (dg{e})’. 

Clearly, the set consisting of the element 1” alone satisfies the require- 
ments for V, above. Thus we have a K-regular (D, E )-space which we shall 
denote V (g). | l | 

If g, and gs are two isomorphisms of # into D which leave the elements 
of K fixed then V(g,) and V(g2) are (D, E)-operator isomorphic if and 
only if there is an inner automorphism a of D such that g, = ago. 

In fact, denote the additive groups of V (g, ) and V(g.) by D’ and D”, 


5 This follows, for instance, from the results in §§4, 5 and 6 of this paper. 
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respectively. If gı{e} == doga{e}do*, with some fixed d, for all ee FẸ, we 
define a mapping ¢ of IY onto D” by selling d{d’} = (dd)”. ` Then 


dı: p{d’} = (diddo)” = p{ (did)’} = {d,- a’}, 
and l 


p{d’} e = (ddoga{e})” = (dgi{e}do)” = p{ (dgi{e})’} = iT > 0}, 


i. e., ¢ is an operator homomorphism. Moreover, it is evident that the kernel 
of ¢ is zero and that ¢ maps V(gi) onto V (gə). 


Conversely, if ¢ is an operator isomorphism of V(g,) onto V(ge), and 
if {1} = d”, then we deduce that g,fe} == dogo{e}do?. In fact, o{1}-e 
— {V e} = pig {ey}, ie, d”: e= gi{e} {1} = (gule}de)”, or 
(dogo{e})” = (gi{e}do)”, whence the result. 

Now let us suppose that D is finite and normal over K and consider 
the Kronecker product D X E with respect to K, where DDE 2K. 

This is a K-regular (D, #)-space. In fact, D X H==D-(1X1)-4H, 
and k: (1X 1) =kbX1=1Xk=(1X1):k, for every ke K. 

Let [D:K] =n. As we have remarked in 3, there exist n auto- 
morphisms g;,: + *,9n of D over K which form a basis over D* for the 
‘space of all K-linear transformations in D. Since every K-linear mapping 
of E into D can evidently be extended to a K-linear transformation in D, 
the restrictions g; of the g; to E must contain a basis over D* for the space 
of all K-linear mappings of E into D. We may suppose that ĝi, +, Ọm 
is such a basis. Then m=[#:K]. 

For each index 1, 1 & i£ m, there exists a homomorphism a; of the 
additive group of D X E onto that of V(g:)—-whose elements we shall now 
denote by d‘#)—which is characterized by the relations ad > da X ea} 

a 


= X (dagi{ea}), for all dage D and eae E. Moreover, m; is evidently a 


(D, £)-operator homomorphism of the (D, E)-space D X E onto the (D, E£)- 
space V(g;). 

Now let M be the direct sum of the V(@;). far 1G t= m, und let r 

ha tho mappiny uf D X H mto M which io defined Dy setting r{z} = (m {2}, 
-+,am{2}), for every ze D X E. Evidently, r is a (D, #)-operator homo- 
morphism. We claim that ~ is actually an isomorphism. 

Let z be in the kernel of m. Then w,{z} = 0, for each i. If e,,- ©, em 
is a basis for # over K we can determine elements d;e D such that 
5 gi{ex} dij = 5%;. The element z may be written in the form z = Ş dy, X er- 
4=1 


X=1 
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We have then > digi{ex} == 0, for each i, whence > degi{ex}dij = 0, for 
l k=l 


: kt 
each 7; 1.e., dj = 0, and thus z = 0, which proves our assertion. 
Finally, we note that the dimension of M over D is equal to m, the 
dimension of D X E over D. Hence x maps D X E onto M. 


We are now in a position to prove the following theorem; 


THEOREM 4.1. Let D be finite and normal over K, and let E be a 
division ring such that DD EDK. Then every K-regular (D, E)-space 
is a sum of simple K-regular subspaces. Every simple K-regular (D, E)- 
space is (D, F)-operator isomorphic with a V(g), where g is the restriction 
to E of an automorphism g of D over K. 


Proof. Let N be any K-regular (D, E)-space. N is the sum of sub- 
spaces of the form D:n: E, where ne N, and k:n =n: k, for every kek. 
Hence it suffices to prove our theorem in the case where N—D-n- E. 

In that case, we can evidently define a (D, #)-operator homomorphism 
y of D X E onto N which is such that y{ € da X ea} = DS da’ n'ea. Hence 


there is also an operator homomorphism A == par"! of M = (V (g1), +, V(gm)) 
onto N. Let W be the kernel of h. By a standard argument of the theory 
of semisimple groups with operators, there are indices 1,,---,%, such that 
M is the direct sum of W and (V(gi,),: - +, V(gs,)). Then h induces an 
operator isomorphism of (V(§i,),° --,V(g,)) onto N, which proves the 
first part of our theorem, since the V(g;) are evidently simple. The rest 
follows by noting that if N is simple it must be of the form D-n- F, and s 
must be equal to 1. 

Notice that theorem 4.1 implies that every K-regular (D, E)-space is a 
direct sum of simple K-regular (D, #)-subspaces, as a standard argument, 
using Zorn’s lemma, will show., | 


COROLLARY 1. Let N be a K-regular (D, #)-space, where D and E are 
as above. Then there exists a K-regular (D,D)-space N’ which, when 
regarded as a (D, H)-space, coincides with N. | 


Proof. By the above remark, it suffices to show this for a simple (D, E)- 
space. By the second part of Theorem 4.1, we may assume that the space 
is V(g), where g is the restriction to Æ of an automorphism g of D over K. 
But then the (D, D)-space V(g) evidently satisfies the requirements of our. 
corollary. 
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Another consequence of Theorem 4.1 is the usual result on extensions 
of isomorphisms.’ i 


COROLLARY 2. Let D be normal and finite over K, E a division ring 
such that DD E-K. Then every isomorphism of E into D which leaves 
the elements of K fixed can be extended to an automorphism of D over K. 


Proof. Let a be such an isomorphism of Æ into D. Then the (D, £)- 
space V(a) is simple and hence is (D, #)-operator isomorphic with a V(@), 
where 7 is the restriction to Æ of an automorphism g of D over K. As we 
have seen above, this implies that there is an element de D such that 
d{e} = dg{e}d>, for every ee E. The automorphism +—-dg{xr}d is the 
required extension of a to an automorphism of D over K. 


A similar result is the following: 


COROLLARY 3. Let DD EDK, as above. Let a and b be two auto- 
morphisms of D over K, and let + be an additive homomorphism of E into D 
such that t{K} = (0), and r{e,e2} = a{e,}r{e.} + rle}b{eo}, for all e1, ee E. 

Then there exists an element de D such that r{e} —af e}d — db{e}, for 
all ee E. 


Proof. We define a K-regular (D, £)-space V of dimension 2 over. D as 
. follows: The additive group of V is the direct sum of two copies D’ and D” 
of that of D. For d,’eD’, d € D”, and de D, we define d: (d,’, dz”) 
== ((dd,)’,(dd.)”"), and, for ee, (dy, do”): e—= ((d,afe})’, (dir{e} 
-. d-b{e})”). It is easily verified that this defines in V the structure of a 
(D, E)-space. If V, is the subset consisting of the elements 1’ = (1’,0) and 
1” =— (0, 1”) we see that the requirements of definition 4,1 are satisfied, so 
that V is K-regular. 

Since D” is a K-regular (D, #)-subspace of V, it follows from Theorem 
4.1 that there exists a K-regular (D, #)-subspace W such that V is the 
direct sum of W and D”. Let us write, in accordance with this decom- 
position, 1’ = w ~+- di”, where we W. Operating with ee E, we obtain 
af{e}’ + r{e}” =w-e+ (dyb{e})”. Operating with a{e} on the left, we get 


a{el’ =afe}-w + (a{e}d,)”. 
Hence, by comparison of the components in D”, 
t{e} = d,b{e} — af{e}d, = afe}(— di) — (— dı)b{e}, 
which proves’ Corollary 3. 


e This was proved by H. Cartan; see footnote 4. 
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It is easy to verify that the additive endomorphism x —> a{x}d — db{x} 
of D still has the formal properties of r. Thus, our result is also an extension 
theorem. If we take F = D and a=1==b, we conclude in particular that 
every derivation of D over K is an inner derivation. 


THEOREM 4.2. Let D be of finite dimension over. K. Then D is normal 
over K if and only if every indecomposable K-regular (D,D)-space is of 
dimension 1 over D. 


Proof. The necessity of the condition follows at once from the remark 
following the proof of Theorem 4. 1. 


Conversely, suppose that the condition of our theorem is satisfied. 
Consider the Kronecker product D X D with respect to K. As a vector 
space over D this is of finite dimension [D:K]. Hence DX D can be 
decomposed into the direct sum of a finite number of indecomposable (D, D)- 
subspaces. Say D X D=M,+---+ Ms. In particular, 1 X 1 = mı 
+-:--+-+ m, with m; e Mi. We have then D: m: D = Mi and k- m; = mi: k 
for each i, and every ke K. Thus each M; is K-regular, and hence has 
dimension 1 over D, so that M: = D: m;. Hence, for every de D, mi'd 
= gı{d} : mı, and it is evident that the mapping g; of D into itself which is 
thus defined is an automorphism of D over K. If an element deD is left 
fixed by every g; it follows that (1 X 1): d= d- (1X 1), or] Xd d—dX i, 
which implies that de K. Hence D is normal over K. 


COROLLARY. If D is finite and normal over K, and D 2 E D K, then 
D is normal over E. 


Proof. Every indecomposable H-regular (D, D)-space is a-fortiori K- 
regular, and hence of dimension 1 over D. Hence D is normal over £. 

We have seen above that if D is finite and normal over K the classes of 
(D, D)-operator isomorphic simple K-regular (D, D)-spaces are in a one to 
one correspondence with the elements of the group of outer automorphisms 
of D over K (i.e., the full automorphism group, reduced modulo the inner 
automorphisms). In this correspondence, the Kronecker product of two 
simple (D,D)-spaces in the classes determined by the outer automorphisms 
a and £, respectively, belongs to the class determined by a8. Hence: 


THEOREM 4.3. The classes of operator isomorphic simple K-regular 
(D, D)-spaces, under the operation induced by Kronecker multiplication of 
(D, D)-spaces, constitute a group which is isomorphic with the group of outer 
automorphisms of D over K. 
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3. Relative cyclic spaces. 


Definition 5.1. Let D be a division ring, # an arbitrary ring with.an 
identity element. Let W Be a (D, #)-space which is generated by a single 
element me M, i.e, M==D-m-E. Then the pair (M,m) will be oo 
a relative cyclic (D, E )-space. 


Definition 5.2. Let (M,m) and (N, n) be two relative cyclic (D, B)- 
spaces. We shall say that (N, n) covers, or is a cover of, (M, m) if there 
is a (D, E)}-operator homomorphism of N onto M which maps n into m. If 
(N, n) and (M, m) cover each other, i. e., if they are operator isomorphic im 
such a way that n and m correspond to`each other, they are said to be 
equivalent. 

Let V be an arbitrary (D, #)-space, S an arbitrary subset of V. By a. 


(D, #)-mapping of S into V we shall mean a mapping ¢ such that there , . 


exist elements d,,- ` +, dr in D and ¢,:--,e- in E with d{s} = 5 di 8’ eis 


į=1 
for every se ©. If, for de D and ee E, we define (d- ẹ){s} = d: ġp{s}, and 
(p: e){s} = {s}: e, we obtain in the additive group of all (D, #)-mappings 
of S into V the structure of a (D, E)-space. The identity mapping + of 3 
into V is evidently a (D, E)-mapping, and D-1: E coincides with the set of 
all (D, #)-mappings of S into V. 
The set of all (D, #)-mappings of V into V has the natural structure 
of a ring, H say. On the other hand, if ho is the identity mapping of V 
into V, the pair (H, ho) is a relative cyclic (D, E)-space, according to what 
we have just seen. It is easy to characterize these spaces: In fact, if h, is an 
arbitrary element of H we may form the relative cyclic (D, #)-space 
(D-h,-E,h,). For heH, define o{h} =hh,. Then o is clearly a (D, E}- 
operator homomorphism of H onto D-h,-E (= Hh) and uf{ho} = ħi 
Hence (H, ho) covers (D+ hy: E, hy). . 


Conversely, suppose that (M, mo) is a relative cyclic (D, #)-space such 
that, for every m, e M, (M, mo) covers (D-m,-H#,m,). Let hy denote the 
identity mapping of M onto M, H the (D, #)-space consisting of all (D, £)- 
mappings of M into M. Then we claim that (M, mo) is equivalent to (H, ho). 
Evidently, (H, ho) covers (M, mo) by the operator homomorphism y, where 
W{h}==h{mo}. Moreover, if h{m,}=0 then, since (M, ma) covers 
(D-m,:H,m,), we have also h{m,}—0, for every m,eM. Hence 
h{mo} == 0 implies that h == 0, i.e., y is an isomorphism, which proves our 
assertion. 

Thus, the full operator rings of arbitrary (D, #)-spaces may be regarded 
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as special Sie of relative cycliç (D, ny. -spaces. In the’ cdise where D 
and, E are commutative, it is seen at once from the above characterization 
that every relative cyclic (D, #)-space is equivalent to its own operator ring. 
The study of relative cyclic (D, H#)-spaces is greatly facilitated by the 
| fact that there is a one to one correspondence between the equivalence 
> classes of finite dimensional relative cyclic (D, E)-spaces and the finite 
' dimensional (.D*, #*)-subspaces of the space of all additive homomorphisms 
of # into D. 

Let (M, mo) be a relative cyclic (D, #)-space, and denote by S(M) the 
set of all D-linear mappings of M into D, regarding M and D as vector spaces 
over D in the natural fashion. We shall regard S(M) as a (D*, #*)-space 
as follows: If ce S(M), de D, and ee E, we define d*-o as the composite 
mapping d*e (ø followed by d*), and oa-e* by setting, for me WM, 


++ (a e*){m} = o{m- e}. 


Now with each oe S(M) we associate an additive homomorphism o’ of £ 
into D, where o’{e} —=o{m,:e}. Then (d*: oc)’ = d*o, and (a: e*)’ = o'e*, 
so that the o’ for ce S(M) constitute a (D*, H™)-subspace R(M, ma) of the 
space of all additive homomorphisms of E into D. The mapping o —>ø is a 
(D*, H*)-operator isomorphism of S(M) onto a Mo). We shall call 
FR(M, mo) the relations space of (M, mo). ; 


THEOREM 5.1. If either M is of finite dimension [M: D] over D, or 
R(M, m) is of finite dimension [R(M, m): D*] over D* then [M:D] 
= [R(M, mo) : D*]. 


. Proof. We can find a set (2a) of elements of # such that the elements 
Mo' ĉa constitute a basis for M over D. Let og be the D-linear mapping of 
M into D which is such that og{mo:- ea} = òga. If [M:D] is finite and 
o&S(M) we have evidently o = > (o{mo-¢.})*og. Since the og are linearly 


independent over D*, it follows that [S(M):D*]—[M:D]. Since the 
mapping o—>o’ is a D*-linear isomorphism, this gives [R(M, mo): D*] 
=[M: D]. If M is not finite over D, the o'a are infinitely many elements 
of R(M,m,.) which are linearly independent over D*, so that R(M, ma) 
cannot be finite over D*. This completes the proof. 


THEOREM 5. 2. (M, mo) covers (N, no) if and only if R(M, mo) 2 RCN, no). 


Proof. Suppose that (M, m) covers (N, n.) by the operator homo- 
morphism h. Then, if re S(N), we have she S(M), and (rh)’ = 7’ which 
shows that R(M, mo) D R(N, no). 
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Conversely, suppose that R(M, m.) D R(N, n). Then if dgeD and 
€a € E are such that 3) dg: mo° ea = 0 we have | 
pe 


> dao’ {a} = 5 das {Mo : a} = of > ae * Mig ` ĉa} == 0, 
a a a 


for all o'e R(M, m). A fortiori, X, dar’ {ea} = 0, for all re R(N, no), i.e., 
TÍ > da: no`la} = 0, for all re 8 (N). But this clearly implies that 
>» i, ‘Mo’ €a = 0. Hence there is a mapping h of M onto N such that 
nf È, da’ Mo * Ca} = È da‘ no’ ea, for all das D and eae E. Thus, (M, mo) 
sven (N, no), and o proof is complete. 


Theorem 5.2 implies that a relative cyclic space is determined to within 
an equivalence by its relations space. Thus, for instance, a necessary and 
sufficient condition for the relative cyclic (D, #)-space (M, mp.) to be equi- 
valent to the full operator ring of some (D, E)-space (cf. above) is that 
DYR(M, m) i’ = R(M, ma), where D’ denotes the ring of left multiplica- 
tions « -> d' {x} — da effected by the elements of D in D, and similarly F 
denotes the ring of left multiplications in Æ. 

The following theorem establishes the one-to-one correspondence between 
relative cyclic spaces and spaces of additive homomorphisms which we 
announced above. 


THEOREM 5.3. Let T be a (D*, E*)-subspace of the space of all additive 
homomorphisms of E into D such that [T: D*] is finite. Then there exists 
a relative cyclic (D, #)-space (M,mo) such that R(M, mo) =T. 


Proof. We may regard D as a vector space over D*, such that 
d,*-d==dd, With this understanding, let M be the additive group of all 
D*-linear mappings of T into D. We make M into a (D, E)-space by 
setting, for de D, me M, UeT, and ee, (d:-m){U} —=dm{U}, and 
(m-e){U} = m{Ue*}. Let m, be the mapping U > m,{U} = U{1}. Then 
moe M. We claim that D:mo: E ==M. In fact, by Lemma 2.1, there exist 
elements ¢,,°°-,@, in # and a basis U,,---,Un of T over D* such that 
U;{e;} = ò. If m is an arbitrary element of M we have 


bY m{ Us} «mo ex) {Us} = 2 m{U:} Ulei} = m{U;)}, 


n 
whence m == X m{Ui}+ Mmo' ei. 


4=1 
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Let U be an arbitrary element of T, and define U{m} = m{U}. Then 
Ü{d: m} = dÜ {m}, i.e., Ue S(M). Furthermore, U’{e} = U{m,- e} = U {e}, 
ie, U == Ū e R(M, m). Thus TCR(M,m). But [R(M, mo): D*] 
= [M : D] = [T : D*], whence T = R(M, mo). po 


6. Least common covers and decompositions. 


Definition 6.1. Let (Ma, ma) be any set of relative cyclic (D, E)-spaces. 
` By a least common cover of the (Ma, Mma) we understand a relative cyclic 
(D, E)-space (P, po) which covers each (Ma, Mma) and is covered by every 
relative cyclic space which covers each (Ma, Ma). 

It is clear that, to within equivalence, there is at most one least common 
cover for a given set of (D, Æ)-spaces. We shall first prove an existence 
theorem : 


THEOREM 6.1. Every set of relative cycle (D, E)-spaces has a least 
common cover. 


Proof. Let M be the direct sum of all the Ma. Denote by P the (D, £)- 
space consisting of all (D, #)-mappings of the set (ma) into M. If p, is 
the identity mapping of the set (ma) into M we have p, £ P, and D - po: E = P. 
Evidently, the relative cyclic (D,#)-space (P, po) covers each (Ma, Ma). 
On the other hand, if (Q,q) covers each (Ma, ma) then > dg’ Qo: eg = 0 


implies that D, dg- Ma'eg = 0, for each a, and hence that $; dg: Po- eg = 0, 
B B 
which shows that (Q, qa) covers (P, po). 


THEOREM 6.2. Let (M, mo) and (N, no) be relatwe cyche (D, E)- 
spaces of finite dimension over D. Let (P, po) be a least common cover of 
(M, mo) and (N, no). Then R(P, po) = E(M, mo) + E(N, no). 


Proof. Tt is clear from Theorem 5.2 that R(P, p.) contains E(M, ma) 
+-.B(N,n.). On the other hand, by Theorem 5. 3, we can construct a relative 
cyclic (D, E)}-space (Q, go) such that E(Q, qo) = R(M, ma) + E(N, no). 
Then (Q, qo) covers (M, mo) and (N, no), and hence also (P, po), so that 
R(Q, qo) -> R(P, pao), which gives the desired equality. 

Let (M, ma) be a relative cyclic (D, E)-space, and suppose that we can 
decompose M into the direct sum of a finite number of (D, #)-subspaces, 
say M = M+: -+ Ms. Then m =m, +: -+ m, with me Mi, and 
D: M; E = M i. 

Let S; be the subspace of S(M) which consists of all o such that 
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o{M;} = (0), for 754%. Clearly, S(M) is the direct sum of the S;, and Si 
is isomorphic with S(M;) in a natural fashion. If oe S(M) we write 
o=0,-+° -os with o£ Si Then we have e{m,' e} = ofm, e} +° °° 
+o.{m -e}, which shows that each o'e R(M, mọ) may be written in the 
form o =o,’ +--+, where o;’ is the element of R(M;,m,) which 
corresponds to oi. Moreover, it is clear from what we have said that if there 
is arbitrarily given, for each index i, an element p; of R(M:, m;) we can 
- find oe (M) such that o; = p; for each i. Hence R(M,m,) is equal to 
the sum of the R(M;,m,). Finally, we claim that this sum is direct. In fact, 
if we have o +- - +--+,’ = 0 we obtain from the above o{m,:e} —0, for 
all ee E, whence o = 0, and therefore each e; == 0. 

In the finite dimensional case, we can obtain the following complete 
result : 


THEOREM 6.3. Let (M, m.) be a finite dimensional relatwe cyclic 
(D, #)-space. Then M is decomposable if and only if R(M,m,) is decom- 
posable, and the number of indecomposable components is the same for each. 


Proof. There remains only to show that a decomposition of R(M, my) 
leads to a decomposition of M. Suppose that R(M, mo) is the direct sum of 
two (D*, #*)-subspaces T, and Ta. From the proof of Theorem 5.3, we 
know that (M, mo) is equivalent with a relative cyclic space (N, no), where 
N is the space of all D*-linear mappings of R(M,m,).into D. Clearly, N 
is the direct sum of two (D, Z)-subspaces N, and Nz, where N; is the set 
of all elements of N which map T; into (0). This, together with the above, 
evidently suffices to establish Theorem 6. 3. 


7. Products. 


Definition 7.1. Let C and D be division rings, # an arbitrary ring 
with an identity element. Let (M, ma) be a relative cyclic (C, D)-space, 
(N, no) a relative cyclic (D, E)-space. Construct the Kronecker product 
(0, #)-space MX N with respect to D, and let L denote the subspace 
Uim X m):#. Then the pair (Taema X m) is called the product. of 
(M, mo) by (N, no). 


THEOREM 7.1. Let (M, mo) and (N,n ) be as above, and assume that 
M is finite over C and N is finite over D. Let (L, mo X no) be their product. 
Then R(L, mo X no) == R(M, m) E(N, no). 


Proof. For every te S(N) we can define a C-linear mapping 7 of 
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M XN into M such that 7{m X n} =m: r{n}. Then, for every ce S(M), 
we have ore S(M X N). Let p be the restriction of oF to L, and denote by 
p the corresponding element of R(L, Mo X no). Then we have clearly 
p = ot which shows that R(M, mo) E(N, no) G R(L, mo X no). 

Now choose elements d,,---,d, in D and. e6,’ ',€s in E such that 
the mo’ d; and ne; constitute bases for M over C and N over D, respectively. 
Then the elements Mo’ di X mo: e; constitute a basis for M X N over 
C. We have my X N° e= È m X rley no’ ej = Smo v3 {e} X no'e 


= ao at’ {e} > mo di X no’ 65, chek the 7’; e RCN, no) dad a d’; © R(M, mo). 


“By Lemma 2.1, we can find elements f,,---,f: in E and a basis 
Po capt for R(M, mo) E(N, no) over C* such that p'p{fa} = pa Then 


t 
we may write o'r’; == Ð c*ijpp’n, With Cijpe C, and 
ral 


Mo X N'e == D pple} Cijp* Mo* di X No * ej. 
h f:p 
Hence 
Mo X no’ fa = X Cija’ Mo’ di X no ' Gj; 
dsf 


and, on substituting back, mo xX nme=>d p p{e} + Mo x no' fop If ye S(L) 
B 
this gives y {e} == D p’n{e}y’ {fo}, i e Y = È y {fo}" pn whence R(L, mo X no) 
p p 
C R(M, mo) RCN, no). This completes the proof. 
From now on, let # denote a division ring, and D a division subring of #. 
Then, if (M, Mo) and (N, no) are relative cyclic (D, #)-spaces we may form 


their product with respect to D, as in Definition 7. 1, a Regeecang M as 
(D, D)-space. 
Definition 7.2. The relative cyclic (D, #)-space (M, mo) is said to be 


closed if it covers the product of (M, mo) by (M, mo). 
By Theorems 7.1 and 5.2, we have immediately: 


THEOREM 7.2. If M is finite over D then the relative cyclic (D, £)- 
space (M, mo) is closed if and only if R(M, ma) ts a ring. 


Denote by K(M, m) the division subring of D which consists of all 
elements de D for which d’ mo = m,:d. It is clear that K (M, mo) coincides 
with the set of all elements de D whose left multiplications e — de in E 
commute with all the elements of R(M, mo). This fact can be used to prove 
the following result: 


THEOREM 7.3. Suppose that (M, mo) is closed and finite over D. Then 
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R(M, mo) is the ring of all K(M, m;)-linear mappings of E into D, and 
LE: K(M, mo) ] = [M: D]. 


Proof. The first part follows at once from Theorems 7.2 and 2.1, using 
the above remark. Further, from Theorem 2.1, we have that £ is finite over 
K(M, mo) and [£#:K(M, mo)] = [R(M, ma): D*], whence the result, by 
Theorem 5, 1. 


COROLLARY. If (M, ma) and (N, no) are closed and finite over D then 
they are equivalent if and only if K(M, m) = K (N, n). 


The property of closure characterizes the Kronecker products, as follows: 


THEOREM 7.4, Let E be a division ring, D a dwision subring of E, 
and K a division subring of D over which E is finite. Then if DX E denotes 
the Kronecker product with respect to K, the relative cyclic (D, E)-space 
(DX #,1X 1) is closed. Every closed relative cyclic (D, E)-space (M, mo) 
such that M is finite over D is equivalent with a Kronecker product (DX E, 
1X1), where DX E is taken with respect to K(M, mo). 


Proof. Evidently, if (N, no) is any relative cyclic (D, E)-space such 
that E(N, no) 2 K, then (D X #,1 X 1), where D X E is taken with respect: 
to K, is a cover of (N, no). Taking for (N, no) the product of (D X E, 
1 X 1) by itself, we see that (DX E,1 X 1) is closed. Since K(D X F, 
1 X 1) = K, the rest now follows from the above Corollary. 


HARVARD UNIVERSITY. 


EXTENSION TYPES OF ABELIAN GROUPS.* 


By REINHOLD BAER. 


When studying the manifold of extensions of the group S, we shall employ 
two principles of classification : equivalence classes and extension types. Here 
we say that the extensions G and H of § are equivalent extensions of ©, if 
there exists an isomorphy between G and H which leaves invariant every 
element in 9; and the extensions G and H of S belong to the same extension 
type of S, if there exists a homomorphism of G into H and a homomorphism 
of H into G which both leave invariant every element in S. It is clear that 
equivalent extensions belong to the same extension type. If on the other 
hand G is some extension of S, then direct sums G @T will, in general, 
not be equivalent extensions of S, though they all belong clearly to the same 
extension type. It is just this observation which justifies the introduction 
of extension types; for in constructing extensions of the group S the step 
from the extension G to the extension G @ T will be considered a trivial step. 
The extension types have another advantage. They form a partially ordered — 
set, if we define: the extension type of the extension G of S is smaller than 
or equal to the extension type of the extension H of S, if there exists a 
homomorphism of G into H which leaves invariant every element in S. The 
first- problem then is to give an internal characterization of this partially 
ordered set of extension types. | 

It is advantageous to begin such an investigation with the discussion 
of a somewhat more general problem: given an extension @ of some group 
S and a homomorphism 7 of S into some group H ; to find conditions necessary 
and sufficient for the existence of a homomorphism of G into H which induces 
7 in S. [If „ happens to be an isomorphism, as it will be in our applications, 
then one may ask the deeper question under which circumstances 7 is 
induced by an isomorphism of G upon H.] To answer such questions one 
has to find invariants of the extension G of S; and these invariants can be 
used to characterize equivalence classes and the partially ordered set of 
extension types. 

Little is known as yet concerning the problems which we have outlined. 
Thus we shall give here a complete and concrete solution of them for a 
restricted class of extensions only. We term the abelian group G a “little” 
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extension of its subgroup S, if G/S does not contain elements of order 0, 
and if the presence of an infinity of elements of order a-prime p in G implies 
-the absence of elements of order p in G/S. The partially ordered set of 
types of little extensions of § may then be characterized by means of systems 
of Loewy chains of © [8, Characterization Theorem]. One may show further- 
more that the little extensions G and H of S belong to the same type if, and 
only if, G and H possess direct summands which are equivalent extensions 
of S; and that G and H are equivalent extensions if, and only if, they belong 
to the same type and are isomorphic [3, Theorem 1 and 1, Equivalence 
Criterion]. 

The restriction to little extensions has been dictated mainly by the 
method of proof used. Further restriction, say to finite groups, would have 
gained little in simplicity, since in particular the rather intricate proof of 
the existence of extensions with given invariants [in section 2] derives its 
main complications from a situation which arises already with finite groups. 

There appears to be little connection between what is usually termed a 
group extension and the study of extensions as proposed here. This will be 
quite clear, if one just inspects the definitions: an extension of the group S$ 
is any group which contains S as a subgroup; a group extension, however, 
is a pair (G,7) where y is a homomorphism of the group G and G is then 
termed an extension of the kernel of » by the image of G under y. 


Notations. 


The groups considered will be abelian groups throughout; and their 
composition will be addition x -+ y. The order of the group element æ is 0, 
if nz = 0 implies n = 0; and otherwise the order of 2 is the smallest positive 
integer n such that nz = 0. 


K{p, X] = set of all the elements 2 in the group X such that pr = 0. 


If z is an element in, and T a subset of, the group X, then {z} and {7} 
are the subgroups of XY which are generated by z and T respectively. 


V N W = cross cut of the sets V and W. 
V W = direct sum of groups V and W. 
V = W signifies isomorphy of groups V and W. 


The group P is of type p° [in the sense of Prüfer], if it is generated 
by elements g(t) subject to the relations: pg(0) = 0, pg(i -+ 1) =g(îi). 
Here, as always, p indicates a prime number. 
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Since all the groups considered are abelian, sums and differences of their 
homomorphisms and endomorphisms may be defined in the customary fashion. 


1. Extension of homomorphisms and isomorphisms. If § is a sub- 
group of the [commutative] group G, then we say alternately that G ts an 
extension of K. I£ furthermore o and y are homomorphisms of S and G 
respectively such that to = vy for every element æ in S, then we say that o 
is induced by y in S and that y is an extension of o. 


Proposition 1. Suppose that the subgroup S of the group G and the 
group H satisfy the following conditions: 


(a) No element in G/S has order 0. 


(b) If G/S contains elements of order [the prime] p, then H contains 
only a finite number of elements of- order p. 


Then the homomorphism o of S into H is induced by a homomorphism 
of G into H if, and only if, 


(*) (S N p'@)oS ptH for every prime power pi. 


Proof. The necessity of condition (*) is an immediate consequence of 
the fact that homomorphisms of G into H map k-folds of elements in G 
upon k-folds of elements in H. 

Assume now the validity of condition (*). For the purposes of the 
present proof it will be convenient to say that the group F between S and G 
is a finite extension of S, if F/S is a finitely generated group. Because of 
(a) this is equivalent to the assumption that F/S is a finite group. The 
system & of all the finite extensions F of S [which are contained in G] is a 
partially ordered set with respect to the containedness relation. If F is in ®, 
then we denote by @r the set of all the homomorphisms of F into H which 
induce ø in 8, We prove first 


(i) Oy is, for F in ẹ, finite, but not vacuous. 


` Since F/S is a finite group, it is the direct sum of cyclic groups of 
prime power order: 


F/K = {8 42} D {8-22a} 
where S + z; is an element of prime power order m in F/S. Then mizi 


belongs to S and consequently to Sf} m:G. Hence (mzı)e belongs, by 
Condition (*), to (S ) miG)o S miH; and this implies the existence of an 
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element ¢; in H such that (mizi)o==miti. One verifies now without 
difficulty the existence of one and only one homomorphism ¢ of F into H 
which induces « in 8 and satisfies z;¢ == ¢;, since F = {S8,2,,- + -,2n} and 
since #/S is the direct sum of the cyclic groups {8S + 2;}. Thus we have 
shown the existence of at least one homomorphism ¢ in ĝp. 

If F/S contains elements of order a prime p, then it follows from 
Condition (b) that H contains only a finite number of elements of order p. 
If m is a power of p, then this implies that the equation mz == 0 has only 
a finite number of solutions © in H. This we may apply on each of the 
m:i>5=1 so that each of the equations mx == 0 has only a finite number of 
solutions « in H. . 

If ¢ and y are homomorphisms of F into H which both induce o in S, 
then (mizi)¢ = (mızı) y, since miz; belongs to S. Hence mizi(p — y) = 0 
for every i. It follows from the preceding paragraph of the proof that there 
exists only a finite number of elements in H which may be images of 2; under 
the homomorphism ġ— y of F into H, namely the finitely many solutions 
of the equation m;z==0 in H. Since r(¢—y) = 0 for every v in S, one 
sees that the number of different homomorphisms ¢-——y with ¢,y in p must 
be finite [there exists only a finite number of homomorphisms of F into H 
which map S upon 0]. But then 6p itself is finite; and this completes the 
proof of the property (1). 


(ii) If E and F” are in ®, and if F S F”, then every homomorphism 
7 in Op induces a homomorphism q in Op. | 


This is an obvious consequence of our definitions. The mapping of y 
onto 7, described in (ii), is the projection of Op into Op. 


(iii) If U and V are in ®, then U+ V is in ©. 
This is obvious, 


(iv) If FSP SF” are in ®, then the projection of Op» into Op 1s 
the product of the projection of 0r» into Oe by the projection of 6x into Or. 

This is an obvious consequence of the definition of projoction aa given 
in (ii). 

(v) There exists at least one single valued function (F) with the 
properties: | | 

(v.a) n(F) ts in Op for every F in ®; 

(v.b) If F S F” are in , then n(F’) is induced by n( F”). 


EXTENSION TYPES OF ABELIAN GROUPS. 4.65 


Kurosh (2) has named such a function „(F) a complete projection set 
of our inverse system. The existence of such a complete projection set may. 
either be deduced from the results of Kurosh (1), (2) or from Steenrod (1), 
Lemma 2.1, p. 665 [since finite sets are bicompact spaces]. 

If »(#) is some function with the properties (v.a) and (v.b), then 
there exists one and only one homomorphism 7 of G into H which induces 
n{f) in F for every F in ẹ, since every finite subset of G is contained in at 
least one F in ©. But this homomorphism ņ of G into H induces o in S, 
since this is done by every 7(#’). This completes the proof. 

In the set (G— #30) of all the homomorphisms of G into H which 
induce o in § a topology may be introduced in the customary way: if 7 is a 
homomorphism of G into H which induces o in 4, and if a(1),- - -,a() 
are a finite number of elements in G, then a neighborhood [the a(1)-,- - -, 
a(n) -neighborhood] of y is formed by all the homomorphisms « in (G > H;c) 
which satisfy a(1)y = a(4)x for1—1,---,”. . | 

. It follows from the last step of the proof of Proposition 1 that the space 
(G—> H;o) is essentially the same as the space of all the functions y(/) 
with Properties (v.a) and (v.b). If we apply now Steenrod (1), Theorem 
2.1, p. 666 [whose applicability is assured since finite sets are bicompact 
spaces] it follows that the space of functions y(/) with Properties (v.a) and 
(v.b) is a bicompact and non-vacuous space. Since this space is essentially 
the same as the space (G —> H;e), we have eos the following fact. 


COROLLARY 1. Ifo 13 a homomorphism of the subgroup K of the group G 
into the group H such that 


(a) no element in G/S has order 0, 


(b) the existence of elements of prime number order p-in G/S implies 
that there exists at most a finite number of elements of order p in H, 


(c). (SN p'G@)oS pi for every prime power pt, 


then the space (G—>AH 30) of all the homomorphisms of G into H which 
induce o in K is bicompact and non-vacuous. | 


In order to be sure of the validity of conditions (a), (b) of i 1 
and Corollary 1 we introduce the following concept. 


DEFINITION 1. The extension G of tts subgroup S is a little extension 


of S, if 


 - (a) G/S does not contain elements of order 0 and 
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(b) the existence of elements of prime number order p in G/S implies ` 
that there exists at most a finite number of elements of order p in G. 


If G@ is a little extension of its subgroup S, and if K is between G and S, 
then K is a little extension of S too. 

If G is a little extension of its subgroup S, and if G contains an infinity 
of elements of order p, then every element of order p in G belongs to 8; 
and x belongs to O whenever px belongs to S, so that S N pG== pS. This 
very useful property may be used to prove that little extensions of little 
extensions are little extensions. 

Finally we note that the following fact is easily verified. The group G 
is a little extension of each of its subgroups if, and only if, G contains only 
a finite number of elements of every given order. 


COROLLARY 2. S is a direct summand of tts little extension G if, and 
only if, 
(4) ptS=S) piG for every prime power pi. 


Proof. We note first that ptS = 8 f) p'@ is always true. Hence Con- 
dition (tł) is equivalent to the condition 


(++) SS) piQ S pig for every prime power pt. 


It is well known that § is a direct summand of G if, and only if, there 
exists a homomorphism of G upon S§ which leaves invariant every element 
in §. Thus S is a direct summand of G if, and only if, the identity mapping 
of S may be extended to a homomorphism of G into S. Since G is a little 
extension of S, we may apply Proposition 1 to this extension problem; and 
it follows from Proposition 1 that the identity mapping of S is induced by a 
homomorphism of G into § if, and only if, (tł) is true. This shows the 
validity of our corollary. | 


Example 1. If G is some commutative group, then we may form the 
subgroup P(G) of all the elements in G whose order is not 0. Then every 
element, not 0, in G/P(G) has order 0; and so Condition (+) of Corollary 1 
is satisfied by the subgroup P(G). But it is well known that there exist 
groups G such that P(G) is not a direct summand of G. Consequently it is 
impossible to omit Condition (a) from Definition 1 without invalidating 
Corollary 2. 


Example 2. Suppose that {2;} is a cyclic group of order pt and that 
G is the direct sum of the cyclic groups {z:}. Denote by S the subgroup 
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of G which is generated by the elements z;— pzi,.. It is easy to see that 
these elements form a basis of S, that G/S is a group of type p”? [in the 
sense of Priifer] and that Condition (+) of Corollary 1 is satisfied by the 
subgroup S of G. But § cannot be a direct summand of G, since G does 
not contain subgroups of type p°. Consequently it is impossible to omit 
Condition (b) from Definition 1 without invalidating Corollary 2. 

Since Corollary 2 is essentially a special case of Proposition 1, one 
realizes that Examples 1 and 2 show the impossibility of ne in Proposi- 
tion 1 the conditions a aaa on S, G and H. 

The following “splitting criterion” will prove useful on various 
occasions. 


Lemma 1. If G is a luttlé extension of its subgroup S, if the endo- 
morphism + of G leaves invariant every element in S, then there exists i 
direct decomposition G == @ Ð G” such that SG’, + induces an auto- 
morphism in G’ and such that every element in G” is annihilated by a suitable 
power of r. 


Proof. We begin by proving: 
(a) If zis an element in G, then the set z, z7,- - +, zri,- - - of elements 


in G is finite. 

This is quite obvious, if z is in S, since then this set is a one element set. 
If z is not in S, then the order of z modulo § is an integer n > 1. If pis a 
prime divisor of n, then G/S contains elements of order p; and the little 
extension G of S contains therefore only a finite number of elements of order 
p. Since G contains, for every prime divisor p of n, only a finite number’ 
of elements of order p, it follows that G contains only a finite number of 
solutions of the equation ny=-0. Since nz belongs to S, we have 


n(z— art) = nz — (nzr? = 0, 


since elements in § are left invariant by every power of the endomorphism r. 
Since G contains only a finite number of solutions of the equation ny == 0, 
it follows that z—-zr* can assume only a finite number of different values 
in G; and this completes the proof of (a). 

An endomorphism z with the property (a) we have termed elsewhere 
[Baer (1), p. 512] almost periodical; and we-have shown [Baer (1), 
Theorem B, p. 512] that almost periodical endomorphisms “ split.” In the 
case of abelian groups this implies the existence of a direct decomposition 
G = G’ © G” with the following properties: + induces an automorphism in 


468 REINHOLD BAER. 


G’, and to every element 2 in G” there exists a positive integer k= k(2) 
such that ar*—0. If u is an element in S, then u == + u” where wu’ 
belongs to G’ and w” belongs to @”. Since u is left invariant by every 
power of 7, and since uw’ is mapped upon an element in G’ by every power of r, 
we find that u = urbe) == yrk) L yrk") — w'r") is an element in @. 
Hence S = G@’; and this completes the proof. 


Proposition 2. lf G and H are little extensions of their subgroups S 
and T respectively, then the following properties of the isomorphism o of S 
upon T are equivalent: 


Gi) (Sf) pt@o—T 1) pH for every prime power pt. 


(i) o ts induced in S by a homomorphism of G into H and o is 
induced in T by a homomorphism of H into G. 


(iii) There exist direct decompositions G = Œ @ G” and H = H' @ H” 
such that S = @’, T = H’ and such that o is induced in § by an isomorphism 
of Œ upon H. 


Proof. We show first: 


(a) If G or H contains an infinity of elements of order p, then neither 
G/S nor H/T contains elements of order p. 


Assume, for instance, that G contains an infinity of elements of order p. 
Since G is a little extension of S, this implies that G/S does not contain 
elements of order p. Consequently all the infinitely many elements of order 
p in G belong to 8. But S and T are isomorphic; and so T [and hence H] 
contains an infinity of elements of order p. But H is a little extension of T; 
and consequently H/T does not contain elements of order p. Hence (a) 
is true. 

If (i) is satisfied by u, then (9 pi@e = pi and (T (I) pict S piG 
for every prime power pê. Hence we may infer from (a) and Proposition 1 
[noting that G/S and H/T are free of elements of order 0] the existence 
of a homomorphism of G into H which induces o in S and the existence of a 
homomorphism of H into G which induces o~t in T. Thus (ii) is a conse- 
quence of (1). 

Assume next the validity of (ii). Then there exists a homomorphism y 
of G into H which induces o in § and a homomorphism y of H into G 
which induces o1 in T. Then r = yy is an endomorphism of G which leaves 
invariant every element in S. We infer from Lemma 1 the existence of a 
direct decomposition 

G = C @ G", SEC 
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such that r induces an automorphism in G’ and such that every element in 
G’’ is annihilated by a suitable power of r. We let H’ = @y. and we denote 
by H” the set of all the elements in H which are annihilated by some power 
of ny. It is easy to see that H’ and H” are subgroups of H. Furthermore 
T = So = Sy S Cy =H. If x is an element in G@’ such that czy —0, 
then 0 == ayy. But yy induces an automorphism in G’; and hence s =Q. 
Thus we have shown that y induces an isomorphism of G’ upon H’ and that 
this isomorphism induces o in SV. ‘Suppose now that y is an element in 
H’{) H”. Then there exists an element z in @ such that zy = y and there 
exists a positive integer n such that y(yy)"=—0. Hence z(yn)"*? == y(ny)"y 
== 0. But yy induces an automorphism in G” so that z == 0. Hence y == zy = 0 
so that H’ {| H” 0. If, is an element in H, then ry is an element in G. 
Hence 17 = g + g” with g in G’ and g” in G”. Since yy induces an auto- 
morphism in G’, there exists an element b in G’ such that g’=byy. It is 
clear that by =r belongs to H’. Let 17” =-r—r’. Since g” belongs to G”, 
there exists a positive integer m such that g” (yy)" = 0. Hence 


1” (qy) = (ra — ra) (yn) y= (g +  — bya) (ya) "Y 
= g” (yq) "y =O, 


so that 1” belongs to H”. Consequently r belongs to H’ + H”; and this 
completes the proof of the fact that H = H @ H”. Thus we have shown 
that (iii) is a consequence of (ii). 

If finally G= Œ @G’, H= HE @ H”, S=G’, TSE, and if the 
isomorphism « of G” upon H’ induces o.in S, then we have: 


(SN p@o= (8 N o = (8 N pa = T N pi’ =T N oH 


for every prime power pt. Hence (i) is a consequence of (iii); and this 
completes the proof. . 

In order to improve upon the preceding result we need the following 
fact. 


Lemma 2. If G and H are isomorphic little extensions of their sub- 
groups S and T respectively, of G= C OG’, SS and H = EH @ H”, 
T = H’, then the isomorphy of @ and H’ implies the isomorphy of G” and H”. 


Proof. Since G/S does not contain elements of order 0, and since 
G” = G/G’ = (G/S)/(@’/S), it follows that G” [and likewise H”] does 
not contain elements of order 0. If G” contains elements of order p, then 
G/S [= (G’/S) p G’] contains elements of order p too; and this implies 
that G contains only a finite number of elements of order p. Likewise we 


470 REINHOLD BAER. 


see that H contains only a finite number of elements of order p, if H” 
contains elements of order p. 

If X is any group, then denote by x, the set of all the elements of 
order a power of the prime p. This p-component [or primary component] 
Xp is a subgroup of XY; and the absence of elements of order 0 in X implies 
that X is the direct sum of its primary components, 

If G” or H” contains elements of order p, then we infer from the 
isomorphy of G and H that G and H both contain only a finite number of 
elements of order p. Thus Gp = G’, and Hp = H’, whenever G and H contain 
an infinity of elements of order p; and in this case both G”, and H”, are 0. 

Assume now that G and A contain only a finite number of elements of 
order p. Then Gp == Gp © G”, and H,= A’,  H”p From the isomorphy 
of G and H we infer the eE of G, and Hp; and from the isomorphy 
of G’ and H’ we infer the isomorphy of G’, and H's. But Gp and Hp contain 
only a finite number of elements of order p; and thus they are direct sums of a 
finite number of essentially uniquely determined p-groups of rank 1 [cyclic or 
of type p” |. Hence the isomorphies G’, = H’, and Gp D Gp = H’, © A”; 
imply the isomorphy of G”p and H”p Thus we have shown that corresponding 
primary components of G” and H” are isomorphic; and this implies the 
desired isomorphy of G” and H” 


Proposition 3. If G and H are little extensions of their subgroups 8 
and T respectively, then the isomorphism o of S upon T is vee by an 
isomorphism of G upon H if, and only if, 


(a) (SNe =T N p'H for every prime power .p* and 

(b) G=H. 

Proof. The necessity of these conditions is almost obvious. If (a) and 
(b) are valid, then we infer from (a) and Proposition 2 that there exist 
direct decompositions G == G’ @ G” and H =H’ @ H” such that SSG’, 
T <= H’ and such that o is induced by an isomorphism 7’ of G’ upon H”. 
It follows from (b) and the preceding Lemma 2 that G” and H” are iso- 


morphic; and consequently there exists an isomorphism of G upon H which 
induces r in G’ and o in 8. 


EQUIVALENCE Criterion. The little extensions G and H of their common 
subgroup S are equivalent extensions of S if, and only if, 


(a) Sf) pG =S [) p'H for every prime power p? and 
b) G=H. 
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Here we term as usual the extensions G and H of S equivalent, if there 
exists an isomorphy of G upon H which leaves invariant every element in S. 
The criterion is an obvious special case of Proposition 3. 

It should be noted that we may substitute in many cases for condition 
(b) the weaker condition 


(b) G/S = H/8; 
but that in general this is impossible, as may be seen from easily constructed 
examples. . 


DEFINITION 2. The group G is a minimal extension of its subgroup S, 
if G is a little extension of S and if G = G’ @ G” and 8 S Œ imply G” == 0 
and G == @. 


The importance of this concept stems from the following simple 
observations. 


COROLLARY 3. Suppose that G and H are mimmal extensions of their 
subgroups § and T respectively. 


(a) The isomorphism o of S upon T is induced by an isomorphism of 
G upon H if, and only if, 


(S N p'G)o =T N pif for every prime power pi. 


(b) The homomorphism yn of G into H which satisfies Syn =T 18 an’ 
isomorphism of G upon H if, and only if, y induces an isomorphism of 8 
upon T such that 


(S N p'G)n = Tf) pH for every prime power pt. 


Proof. (a) is an immediate consequence of Proposition 2 and Definition 
2. The necessity of the conditions of (b) is obvious. If the conditions of 
(b) are satisfied, then we infer from (a) the existence of an isomorphism r 
of H upon G which induces the isomorphism y+ in T. Then yr is an endo- 
morphism of G which leaves invariant every element in S; and it follows 
from Lemma 1 and Definition 2 that yr is an automorphism of G. Conse- 
quently y is an isomorphism of G upon H. 


Proposition 4. If G is a little extension of tts subgroup S, then there 
exists one and essentially only one direct decomposition G == Œ @ G” such 
that G’ is a minimal extension of Ñ. 


Here we term the direct decompositions G = H’ @ H” = K’ ® K” such 
that S SE and S < K’ essentially the same [with respect to 5], if there 
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exists an automorphism of G which maps H’ upon K’, H” upon K” and 
which leaves invariant every element in S. 


Proof. Denote by e the identity mapping of S. Then it follows from 
Corollary 1 that (G— G; e) is a bicompact topological space. Every element 
in (@—+G;.«) is an endomorphism of G and some of these are idempotent 
[n = °] ; for instance the identity mapping of G. One verifies easily that 
the set & of all the idempotents in (@—G;.«) is a non-vacuous and closed 
subset of (G—->G;e) so that Z too is a bicompact topological space. 

If the direct summand D of G contains S, then there exists an idem- 
potent endomorphism of G which maps G upon D and leaves invariant every 
element in D and, therefore, in S. It follows that the cross cut 2 [] (G —> D;e) 
is not vacuous—note that (G—>D;.«) may be considered as a subset of 
(GG; e). It follows from Corollary 1 that (G—>D;e) is a bicompact 
topological space. Hence (G—>D;.c) is a closed subset of (G — G;e) and 
this implies that 


Zp ==] (G—>D;.c) is a non-vacuous closed subset of (G —> G;e) 


whenever D is a direct summand of G which contains 8. 

[Note that elements in Zp are idempotent endomorphisms of G which 
leave invariant every element in S and which leave invariant only elements 
in D.] 

Consider now a well-ordered descending sequence D(v) of direct sum- 
mands of G which all contain §. Then the sets Zp) form a well ordered 
descending sequence of non-vacuous, closed subsets of the bicompact space 
(G—+G;e). Their cross cut is consequently not vacuous. If «x belongs to 
the cross cut of all the Zp), then x is an idempotent endomorphism of G 
which leaves invariant every element in § and which leaves invariant only 
elements belonging to the cross cut of all the D(v). The image Gx is conse- 
quently a direct summand of G which contains 9 and which is contained 
in the cross cut of all the D(v). Consequently there exists a minimal direct 
summand G’ of G which contains S; and it is clear that G’ is a minimal 
extention of S. Since G” is a direct summaud of G, we Lave G = GG a”: 
and thus we have shown the existence of at least one decomposition 
G == G’ ® G” such that G’ is a minimal extension of 8S. 

Suppose now that 

G= H’ @ H” = K' 9 K” 


are direct decompositions of G with the property that H’ and K’ are both 
minimal extensions of S. This implies clearly 
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S N pH’ = 8 1) pG = 8 [] pK’ for every prime power p°; 


and now we infer from Corollary 3, (a) the existence of an isomorphism y’ 
of H’ upon K’ which leaves invariant every element in 8. 

Now we infer from Lemma 2 the Jsomorphy of H” and K”. Conse- 
quently there exists an automorphism of G which induces 7’ in G’ and maps 
H” upon K”; and this automorphism leaves invariant every element in S. 
Thus we have shown that the direct decompositions G = H' H” and 
G == K’ @ K” are essentially the same; and this completes the proof. 


2. The existence of extensions with given invariants. The invariants 
of extensions which we consider are chains of subgroups of the following type. 


DEFINITION 1. The subgroups S(t) of the group S form a p-Loewy 
chain [p a prime], if S(0) = 8 and på (i) SS(i1 +1) S8(t) for 0S2. 


If G is an extension of S, then the intersections S {| p*G form a p-Loewy 
chain of 8. It would easily be possible to define such chains also with trans- 
finite terms; but for our present purposes this is not necessary. 

S(i)/S (i+ 1) is a direct sum of cyclic groups of order p, since 
pS(t) = S(i+1). This justifies the term Loewy chain. One verifies 
easily that p/S(2) = S(t + 4) and that in particular pis = 8(4). 

We note finally that the subgroups pS for 0 <i form a p-Loewy chain.’ 
We shall refer to this chain as to the trivial p-Loewy chain of 8. 


Lemma 1. If G is an extension of the group S, and if p is a prime 
number, then 


[p(S N piG) N palp N pi? @) 
= K[p, (8 N pG) + pG]/(K[p, S N pt6] + K[p, p'"@]) for 0 Si. 


f Proof. If we let K = K[»p, G], then X (| K = K[p, X] for every sub- 
group X of G. If we remember this, and if we let in Ore’s formula [Ore (1), 
p. 174, (17)] A = K, B=S[) pt, O = p*"G, then we find that the group 


U = K[p, (8 N pG) + p@)/(K[p, 8 N pt0] + E[p, p@)) 
is isomorphic to the group 
FENO TE FOIE A (8 TG] 
where we use the fact that (S N p'G) N pi?G = SP) pc. 
Consider now the endomorphism of G which maps æ upon ps. If X is 
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a subgroup of G, then K -+ X is the inverse image of pX under this endo- ` 
morphism; and one sees easily that (K+ X){] (K +F) is the inverse 
image of pX (| pY [where X and Y are subgroups of GJ]. This implies’the. 
isomorphy of the groups V and 


W = [P(S N piG) N p*G]/p(8 A pia). 
Thus U and W are isomorphic groups, as we intended to show. 


COROLLARY 1. I f G ts an extension of the group S, and if p is a prime 
number, then [p(S N ptG) N (8 N pa) ]/p(S N pia) is isomorphic to 
a subgroup of K[p, p'G]/K[p, pG]. 


Proof. It is an immediate consequence of - Lemma 1 that the group 
LeS N piG) N (81) p*?G)]/p(8 N pG) is isomorphic to a subgroup of 
K[p, p'G]/(K[ 9, 8M p'G] + K[p, p**GJ}); and this group is a homo- 
morphic image of K| p, p'G|/K[p, pG]. But every homomorphic image of 
K[p, pi&]/K[p, pG] is isomorphic to a subgroup of K[p, p*G]/K[p, pa] 
so that the first of our groups is isomorphic to a subgroup of the last one. 


EXISTENCE THEOREM. Suppose that there is given, for every prime p, 
a p-Loewy chain S(t; p) of the group S. Then there exists a little extension 
G of S such that S [| pia = S (i; p) for every prime power pt if, and only if, 
-the following conditions are satisfied by these Loewy chains. 


(N) If the p-Loewy chain §(i; p) is non-trwial, then 

(a) S contains only a finite number of elements of order p; 

(b) [pS(tsp) N S(t+- 23 p)]/pS(a+ 1; p) is fimite for every 1; and 
(e) [pS (isp) NS(i+25p)1/pS(i+1;p) = 0 for almost every i. 


Remark. If the p-Loewy chain S(t; p) is trivial, then conditions (b) 
and (c) are automatically satisfied, whereas the validity of (a) is not required. 


Proof of the necessity of Condition (N). Assume the existence of a 
little extension G of § such that 8 N pi == S(t; p) for every prime power 
pt. If G/S does not contain elements of order p, then G/S does not contain 
elements of order pi and Sf] pi'G@— pS. Thus the absence of elements of 
order p in G/S implies the triviality of the p-Loewy chain S(t; p). If the 
p-Loewy chain S(t; p) is non-trivial, then G/S contains elements of order p. 
Since G is a little extension of S, this implies the finiteness of K[p, GJ. 
From the finiteness of K[p,@] we infer the finiteness of K[p,S], the 
finiteness of K[p, p'G]/K[p, pG] for every i and the vanishing of almost 
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ws every, K [p, p'G|/K[p, p*G]. The necessity of Condition (N) is now an= 
immediate consequence of Corollary 1. 


l “We precede the proof of the sufficiency of Condition (N) by the proof 
, of a more general existential proposition. 


Lemma 2. If S(t) ts a p-Loewy chain of the group 8S, then there exists 
an extension P of S with.the following properties: 


(a) S(t) == Sf) piP for every i; 


(b) Klp;P]/K[p;8] is isomorphic to the direct sum of the groups 
[S(i +2) 1) pS (i) ]/p8 (i + 1); 


(c) every element m P/S is of order a power of p. 


Proof. We show by complete induction with respect to i the existence 
of .groups H(i) with the following properties: 


(1) S=(0); 

(2) EG) SE(j+1) for 0X); 

(3) PEG) =8(j); : 

(4) ph) N O =8(k) for 0<k <j; 
(5) K[p,B(1)]1=K[p, 81; 


(6) Kip, BG +1) V/Elp, BQ) I= = [S(} +1) N p8(G—1)1/p8() 
for 0 < }. 


We note that Bas H#(0) meets all the relevant requirements. It will be 
convenient, however, to give a separate construction of #(1). We note first 
that pS = pS(0) = S8(1). Hence S(1)/pS is a direct sum of cyclic groups 
of order p; and consequently there exists some basis B of S(1) modulo pS. 
We obtain (1) by adjoining to 9 elements b’, for b in B, subject only to 
the relations: pb’ = b. l 

Then E(1) = 8 -+ {B’} [where B’ indicates the set of all the b’ for 
b in B]. Hence pE(1) = pS + {pB’} = pS + {B} = 8 (1). 

If x is any element in Ẹ (1), then z = s -+ 31 c(b)b where s is in § and 
where almost every c(b) =— 0 and where the summation ranges over all the b 
in B. Since pb’ == b belongs to S, we may assume without loss in generality 
that c(b) == 0, if divisible by p. If 0 == pa, then 0 = pr = ps + € c(b)b. 
Since ps belongs to pS, and since B is a basis of S(1)} modulo ps, it follows 
that every c(b) is divisible by p. Hence every c(b) == 0; and so s = s belongs 
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to S. This completes the proof of the fact that #(1) meets all the relevant 
requirements. 

Assume now that 0 <i and that we have constructed, for OS j= t, 
groups Æ(j) which satisfy conditions (1) to (6). Since the S(k) form a 
p-Loewy chain, it follows from (8) that 


pS (i) S8(i +1) N pS(i—1) S 8(i +1) S 8(i) = pE (i). | 


This implies in particular that [S(i+1)M pS(i—1)]/pS(+) and 
S(¢+1)/[S(¢+1) N p8 (i—1)] are direct sums of cyclic groups of 
order p. Consequently there exists a basis A of S(1-++ 1) modulo S (i + 1) 
() pS(¢—1) and a basis B of S(t +1) [] pS(t—1) modulo p8 (i). Since 
A is part of pE (1), there exists to every element a in A an element a’ in 
E(i) such that pia’ =a. 

We obtain #(1-+ 1) by adjoining to #(z) elements a’, for a in A, and 
elements 0’, for b in B, subject solely to the relations: 


pa” =a for a in A, pib’ =b for b in B. 


We note first that F(z +1) —2(t) + {A%} + {B’} and that conse- 
quently 


p™E(i +1) = pS(i) + {4} + {B} = [8(6 41) N pS(i—1)] + {4} 
SEPI 


since B is a basis of S(i+ 1) [(] pS(t—1) modulo pS (i), A a basis of 
S(i 4-1) modulo S(i +1) N p8 (i— 1), and since S(t) = pE (i) by (3). 
Every element z in E(i + 1) may be represented in the form: 


(r) i Bom u+ Zelaya” + Z e(t 


where u belongs to E(i), where the first of these sums ranges over all the a 
in A and the second sum over all the b in B, and where almost every c(a) 
and almost every c(b) is 0. Since pa” = œ’ belongs to E (1), we may assume 
without loss in generality that c(a) = 0 whenever c(a) is divisible by p. 
Since p*#b’—6 belongs to SS E(i), we may assume without loss in 
generality that c(b) = 0 whenever c(b) is divisible by pi. We shall refer 
to representations (r) of z which meet all these requirements as to normalized 
representations. 

Suppose now that the element z in #(i+ 1) is given in the normalized 
form (r), that 0 < j Si and that pix belongs to S. Then 


pic = piu + pi E e(a)a’ + > pie(b)b’. 
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‘Since pix is in S, it isin H(t). Since wis in H(t), so is piu. Furthermore 

every a’ is in H(i). Consequently > pic(b)b’ belongs to H(z). It follows 
b 

from the construction of E(i-+ 1) that every pic(b)b’ belongs to E(i) and 

that therefore pře(b) is divisible by p***. Hence c(b) — pi**-id(b) where 

d(b) =— 0 whenever d(b) is divisible by pi. Consequently 


pis = piu + pi di e(a)a’ + 2 d(b)6. 
a b 
Since piz as well as all the b belong to S, and since u and all the a’ are in 
Ei), it follows that pi-[pu + X, ¢(a)a’] belongs to S f) pit (i) = 8G —1) 
[by (4) ]. Multiplying this element by p*/* we infer that pu + Sic(a)a 
belongs to pS (j — 1) = p8(i—1), since the S(k%) form a p-Loewy 
chain. But piu belongs to pE (i) = pS(i) S pS(t—1) by (3); and 
thus we have shown that X, c(a)a belongs to p8 (i— 1). Since A is part of 
S(i+1), Sc(a)a belongs to S(4-+1) [ pS(4—1); and since A forms a 


basis of S(4-++ 1) modulo S (i + 1) ) p8 (i— 1), it follows that every c(a) 
is divisible by p. This implies c(a) = 0 because of our normalization of (r). 
Hence 


piz == piu + 2 a(6)b. 


Since pix and every b are in S, it follows that p'u belongs to S [| piE (+) = S(j) 
by (4). Since every b belongs to S(t-+1) = 8(j) [because of j < i+ 1], 
we have shown that pix belongs to S(j). Now one deduces from (4) easily 
the inequalities : l 


S(j) =p E (i) NS SPEI) 1 SS8(9); 
and this shows the validity of — 
S(j) =p El +1) NS for 0<j7<ti4+l. 


If b belongs to B, then b belongs to S(t) = ptE (i). Hence there exist 
elements b” in H(i) such that ptb” == b. From ptb’ — b we infer that 
pl pth’ — p**b”] = 0; and thus the elements 


b* —= pib’ — pth” for b in B belong to K[p, H(z +1) ]. 


Suppose now that f(b), for b in B, are integers such that almost every 
f(b) =0 and $ f(b)b* belongs to K[p, E(i)]. Since every b” belongs to 
b 


E(t), this implies that $ f(b)ptb belongs to E(i). It follows from the 
b 
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construction of E(i -+ 1) that every f(b) ptb belongs to Æ (i) and that there- 
fore f(b) p* is divisible by pé*teand f(b) is divisible by p. Since pb* = 0, 
this implies X f(b)b* = 0; and we have shown that 

b 


the elements 6* for b in B are independent modulo K[p, E(ċ)]. 


Consider now an element æ in K[p, E (i+ 1)]; and suppose that it is 
given in the normalized form (r). Then 


0 = pr = put $ e(a)a’ + 2 pe(b) t. 


Since pu and the elements a’ are in E (i), it follows that F, pc(b)b’ belongs 
b 


to E(1); and we infer as usual that every pe(b) is divisible by pitt. Hence 
c(b) = p*g(b) where g(6) == 0 if divisible by p. Hence 


O== pu + È c(a)a’ + 2 g(b)b; 
and multiplying by pt we find that 
0 = piu + D o(a)a + X p'g(b)b. 


The element p**'u belongs to pt*E (1) == pS (1) by (3); and the element ptb 
belongs to p'[S(i+ 1) N pS(i—1) 1S pis G+ 1) N pS(i—1)] S p8 (i) 
since 0 <1. Consequently $ c(a)a belongs to pS (i) too. But A is a basis 
of S(i + 1) modulo S(i + 1) N p8 (i — 1); and this implies, a fortiori, that 
A is independent modulo pS (t) . Hence every c(a) = 0; and now it follows 
that 


taut e) ewe 2 gpt 
=u + E g(d)pe*d” + EgO) =v + EgO). 
Since u and b” belong to H(z), so does v == u + $ g (b) pib”. Since x and 
b 
6* belong to K[p, E(i-+-1)], we have pv==0. Hence v belongs to 


`. K[p, E(i)]. This completes the proof of the fact that 


the elements 0* for b in B form a basis of K[p, B(i + 1)] modulo 
K[p, E(î)]. 


Thus we have shown that K[p, E(i+1)]/K[p, E(i)] and [S (i -+ 1) 
() p8 (i — 1)]/p8 (i) possess bases containing the same number of elements. 
This implies the isomorphy of these groups, since they are both direct sums 
of cyclic groups of order p. 


2° 
. 
4 
. 
ec 4 
Ld 


EXTENSION TYPES OF ABELIAN GROUPS. > 479 


‘This completes the proof of the fact that the group E(i-+ 1) satisfies 
all the relevant conditions (1) to (6). Thus:we have completed the inductive 
construction of the groups H(t). 

Since the groups H(i) form an ascending chain of groups, there exists 
one and only one group P which is the sum of the groups E(t). From (1) 
it follows that S == #(0) is part of P. If v is an element in P such that pix 
belongs to S, then x belongs to some E(k). Ift< k, then we infer from (4) 
that ptz belongs to piE (k) [] S == 5 (i); and if k & i, then we infer from (3) 
that px belongs to piE (k) N S = p pE (k) Q S = pS (k) = 8 (i), since 
the S(7) form a p-Loewy chain. Consequently it follows from (3) that 


S(i) = pE) Spi PANSES) or SG) = piP NS. 


Noting that K[p; P] is the sum of the K[p;E(i)] one sees easily that 
K[p, P] is isomorphic to the direct sum of the K[p; E (i1-+1)]/K[p, E(i)]; 
and hence it follows from (5) and (6) that K[p, P]/K[p, 8] is isomorphic 
to the direct sum of the [S (i + 1) N p8 (i1—1)]/pS (i) foro <i. If finally 
x is an element in P, then a belongs to some E (n); and it follows from (3) 
that px belongs to p”E (n) =S (n) S5. Hence every element in P is 
modulo § of order a power of p. Thus P meets all the requirements; and 
this completes the proof of Lemma 2. 


Proof of the sufficiency of Condition (N). Assume that the p-Loewy 
chains 8(1;p) satisfy Condition (N). If S(4;p), for some prime p, is a 
trivial p-Loewy chain of S, then we let S== Pp. If the p-Loewy chain S(4; p) 
is, for some prime p, not trivial, then we denote by Pp some extension of S 
with the properties: 


(a) S(i;p) =8 N pP; 

(e) Kp, Pp)]/K[p, 8] is isomorphic to the direct sum of the groups 
[S(i+ 23 p) N p84; p)]/pS (i+ 1;p); 

(£) every element in P,/S is of order a power of p. 

It follows from (e) and Conditions (N.a) to (N. c) that 

(g) K[p, Pp] is finite. 

The existence of P, is a consequence of Lemma 2. 


There exists one and essentially only one extension G of S which contains 
all these groups P, as subgroups and which is their sum. One deduces from 
(£) and (g) that @ is a little extension of 9; and one deduces from (d) and 
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(f) that S(i; p) =S) p'G for every prime power pt. Thus @ meets all 
our requirements; and this completes the proof of the Existence Theorem. 
We offer two important special cases of the Existence Theorem. 


A. Suppose that S contains only a fimte number of elements of any 
gwen order; and that S(1;p) is, for every prime number p, a p-Loewy chain 
of S. Then there exists a little extension G of S such that G (| p'S = 8(1; p) 
for every prime power pt. | 


To deduce this from the Existence Theorem one has to note mainly 
that © does not contain elements of order 0 and that the descending chain 
condition is satisfied by the subgroups of every given primary component 
of S. We omit the further details of the derivation. 


B. Suppose that S is a fimte group; and that S(1;p) ws, for every 
prime number p, a p-Loewy chain of S. Then there exists a finite extension 
G of S such that G[) piS = 8 (i; p) for every prime power pt if, and only if, 


(B’) there exists to every prime p an integer m =m(p) such that 
S(m(p); p) = 0 and 


(B”) there exists only a finite number of primes p with non-trivial 
p-Loewy chain K(i; p). 


We omit the proof. 


3. The partially ordered set of extension types. The following gen- 
eralization of the concept of equivalence is used for the definition of this 
structure. 


DEFINITION 1. If G and H are extensions of the group K, and if there 
exists a homomorphism of G into H which leaves invariant every element in S, 
then Ext [S < G] = Ext [S < H]. If both Ext [S < H] = Ext [S < G] 
and Ext [S < G] < Ext [S < H], then Ext [8 < H] = Ext [S < G]. 


We express this in words by saying that the extension type of H over S 
is smaller than or equal to the extension type of G over §, Tt is clear now 
that the extension types over S form a partially ordered sct. We shall restrict 
ourselves to a consideration of the little extensions of S; and their extension 
types form a partially ordered set too which we denote by A(S), the partially 
ordered set of the types of little extensions over S. 

To obtain an internal characterization of A(S) we define another par- 
tially ordered set. If L(p) is, for every prime number p, a definite p-Loewy 
chain of the group S, then we term 
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a Loewy system of S whose p-th coordinate is the p-Loewy chain L(p). If 
the p-Loewy chain L(p) consists of the subgroups S(i; p) of S and the 
p-Loewy chain L’(p) consists of the subgroups 8’(1;p) of S, and if S(t; p) 
<S (i; p), then we let L(p)S=L’'(p), Tf L=—[---L(p)---] and 
L' =|: --L’(p)- + -] are Loewy systems of S such that L(p) S L’(p) for 
every prime number p, then we let LS LZ’. It is clear that in this fashion 
the system of all the Loewy systems of S has been made into a partially 
ordered set. This partially ordered set is, in general, somewhat too big. 
Hence we define. 


DEFINITION 2. The Loewy system LD=|+--L(p)-:-} is a little 
Loewy system, tf tt satisfies the following condition: 


(N) Jf the p-Loewy chain L(p) consisting of the subgroups L(+; p) 
of S is non-trivial, then 


(a) S contains only a finite number of elements of order p; 

(b) [pL(i; p) N L(+ 2; p)]/pL(i+1;p) is finite for every i; and 

(c) [pL(i;p) N L+ 23 p) | /pL(i+1;p) =0 for almost every i. 

The partially ordered set of the little Loewy systems in S we denote 
by L(8). 


Now we may map the little extension G of S upon the Loewy system 
whose p-th coordinate is the p-Loewy chain S f) p'G. It is a consequence 
of the Existence Theorem of Section 2 that this Loewy system is a little Loewy 
- system; and one deduces: readily from 1, Proposition 1 and the Existence 
Theorem of Section 2 that this mapping induces a [natural] isomorphism 


of the partially ordered set A(S) upon the partially ordered set D(S). We ` 


restate this result as follows. 


CHARACTERIZATION THEOREM. - The partially ordered sets A(S) and 
L(&) are essentially the same. 


The division into extension types and the mapping of A(S) upon L(8) 
may be brought into sharper focus by the following results. 


THEOREM 1. The following properties of the little extensions G and H 
of S are equivalent.. 


(i) Ext [Ss < G] = Ext [S < H]. 


Cai 
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Gi) Sf) p'G=S) p'H for every prime power pt. 


(ii) If G=G@ @ G” and H =H’ © H” are direct decompositions such 
that G’ and H are minimal extensions of S, then G’ and H’ are equivalent 
extensions of §. 


(iv) There exist direct decompositions G = A B and H=C D 
such that A and C are equivalent extensions of S. 


This is an almost immediate consequence of 1; Proposition 2 and 1; 
Proposition 4 and 1, Corollary 3. | ý 

Combining Theorem 1 and the Equivalence Criterion of Section 1 we find 
that the little extensions G and H of 9 belong to the same equivalence class 
if, and only if, G = H and Ext [S < G] = Ext [S < H]. Thus the equi- 
valence classes are determined within the extension type by the structure of 
the extended group. 


THEOREM 2. The following properties of the little extensions G and H 
of S are equivalent. 


G) Ext [8 < G] < Ext [S < H]. 
(ii) Sf) p'G=S8f) pH for every prime power pt. 


(iii) There exists a little extension J of G [and of S] such that 
Ext [S < J] = Ext [S < H]. 


Proof. The equivalence of conditions (i) and (ii) is an immediate con- 
sequence of 1, Proposition 1. Jf (iii) is true,.then there exists a homo- 
morphism y of J into H which leaves invariant vey element in §; and 
hence it follows from G = J that 


SO v4G=S8 5 piJ = (S N piJ)y SS) nF for every prime power p'; 


and thus (ii) is a consequence of (iii). 

Assume finally the validity of (ii). It is a consequence of 1, Proposition 
4 that H = H’ ® H” where H’ is a minimal extension of §. Clearly 
Ext [ò < H| = Ext |ð < H’|. Since we intend to show the evistence of an 
‘extension of G which belongs to the same extension type of S as H, we may, 
assume now without loss in generality that H itself 1s a minimal extension 
of 8. p 

We form now a group K with the following properties: 


ay RSC. SGAR. 


í 
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One deduces from (a) readily the validity of the following properties. 
_(a’) Every element in K has the form g + h with gin Gand h in H. 


(a”) g+h [with g in G and h in H] belongs to 8 if, and only’ if, 
both g and h belong. to S. 


Next we show 
(b) SN pK =8 f) pH for every prime power pi. 


It is clear that S [) ptH < S [] ptK. If conversely x is an element in 
Sf) ptK, then there exist elements g and h in G and H respectively such 
that s = pt (g + h) = ptg + pth. Since ptg is m G, pth in H and g in §; 
we infer from (a”) that pig and pth both belong to S. Hence pih belongs 
to S {) ptH ; and it follows from (ii) that pig belongs to 8 1 piG= Sf) pH. 
Consequently v is in § [) piH ; and this completes the proof of (b). 


(c) There exists a homomorphism «x of K into H which leaves invariant 
every element in §. 


Since K/S = (G/S) © (H/8), and since none of the elements in G/S 
and H/S is of order 0, none of the elements in K/S is of order 0. If K/S 
contains an element of prime number order p, then G/S or H/S contains an 
element of order p. If H/S contains an element of order p, then the little 
extension H of § contains only a finite number of elements of order p. It 
G/S contains an element of order p, then the little extension G of S contains 
only a finite number of elements of order p. Hence 9 likewise contains only 
a finite number of elements of order p. This implies that H contains only a 
finite number of elements of order p, since otherwise § would contain all the 
infinitely many elements of order p in H. Thus we have shown that H con- 
tains only a finite number of elements of order p whenever K/S contains 
elements of order p. Consequently we may apply 1, Proposition 1; and we 
infer from (b) the existence of a homomorphism « of K into H which leaves 
invariant every element in S. 


(a) H is a direct summand of K. 


By (c) there exists a homomorphism x of K into H which leaves 
invariant every element in S. Since HSK, x is an endomorphism of K 
and consequently x induces an endomorphism of H which leaves invariant 
every element in 8. Since H is a minimal extension of S, it follows from 1, 
Corollary 3, (b) that « induces an automorphism in H. If W is the kernel 
of the endomorphisms x of K, then it is clear that Wf) H = 0, as x induces 
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an automorphism in H. If x is an element in K, then ax belongs to H. 
But H = Hx; and consequently there exists an element y in H such that 
yk = ax. Clearly s— y belongs to W; and thus we have shown that 
K =H © W; and this proves (d). . 

Let K == H @N by (d). Then N = K/H = (G + HVH = GG N E) 
= G/S. Thus N and K contain an infinity of elements of order p whenever 
G/S contains an infinity of elements of order p; and hence K will, in general, 
not be a little extension of §. Thus K will not be the desired extension J 
in spite of the fact that K and H belong by (c) to the same extension type 
of 8. 

There exists a maximal subgroup M of N such that Wf] G=0. This 
follows from the customary application of set theoretical principles [Maxi- 
mum Principle]. We prove next 


(e) Every element in N/M is of order different from 0, and to every 
prime p there exists only a finite number of elements of order p in N/M. 


Since N and G/S are isomorphic, neither N nor N/M can contain 
elements of order 0. Suppose now that p is a prime number such that N/M 
contains an infinity of elements of order p. Then N contains elements of 
order p. Hence G/S contains elements of order p. Hence the little extension 
G of S contains only a finite number of elements of order p. Conse- 
quently K[p, G] and (M + K[p, G])/M are finite groups. Since therefore 
[N N (M+ K[p, GJ)J/M is a finite subgroup of the group K[p, N/M] 
which is by hypothesis infinite, there exists an element M + w in K[p, N/M] 
which does not belong to [N N (M + K[p, G])]/M. Form M’=M + {w}. 
Then M < MWS N. It follows from the maximality of M that W N G40. 
Consequently there exists an element m in M and an integer i such that 
054m-+ iw belongs to G. Since M+ w is in K[p, N/M], pw is in M. 
Since Mf) G = 0, it follows that i is prime to p. Since pw'is in M, so js 
pm +ipw. But this element belongs to G too and Mf)G=0. Hence 
p(m+iw) =0; and m+ iw belongs to K[p, G]. Consequently M +w is 
an element in [Nf] (M+ K[p, G])]/M. This contradicts our choice of 
M + w; and thus wo havo been led to a contradiction which pruves hub here 
exists only a finite number of elements of order p in N/M. 

We let J == K/M. From G{| M0 it follows that G and (G + M)/M 
are essentially the same; and thus we may consider J as an extension of G. 
Since K/G-=H/S does not contain elements of order 0, neither does 
J/G=K/(G-+ M). If J/G contains elements of order p, so does K/G = H/S. 
Hence H contains only a finite number of elements of order p. But 
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—=(H@N)/M—H ® (N/M); and it follows from (e) that J contains 
only a finite number of elements of order p. Thus we have shown that J is 
a little extension of G [where we have identified as usual (G + M)/M and G]. 
From J =H @®(N/M) we infer that Ext [8 < J] = Ext [8 < H]; and 
thus we have shown that J meets all the requirements. Hence (iii) is a con- 
sequence of (ii); and this completes the proof. 


Remark 1. If G is a group between S and the extension H of S, then 
clearly Ext [S < G] = Ext [S < H]. The question arises whether one may 
conversely infer from Ext [8 < G] = Ext [S < H] the existence of a group 
B between S and H such that Ext [S < G] = Ext [S < B]. The following 
example shows that this is not always true. Let G = {u} ® {v} where u 
and v are elements of order p and p? respectively; and let S == {u + pv}. 
Then G is readily seen to be a minimal extension of the cyclic group S of 
order p?. Let H be a cyclic group of order p? which contains S as a subgroup. 
Then H = {w} where pw = u+ pv. There exists one and only one homo- 
morphism „ of G into H such that un = pw, vy = (1— p)w. Then 
(u + pv)y = pw = u 4- pv so that y leaves invariant every element in, S. 
Hence Ext [S < G] < Ext [S < H], since equality of these extension types 
is clearly impossible. But G and H are both minimal extensions of S; and 
thus it is impossible [by 1, Corollary 3] to find a group between § and H 
whose extension type is that of G. 


Remark 2. The system of extension types of a little extension. 


Suppose that the group T is a little extension of the group S. Then 
Ext [9 < T] is a well determined element in A(S); and we denote by 
A(S;Z) the system of all the extension types 0 in A(S) such that 
Ext [S < T] S8. 

If G is a little extension of T, then G is likewise a little extension of 9 
which satisfies Ext [S < T] = Ext [S < G], so that Ext [S < G] belongs to 
A(S;7). If G and H are little extensions of T such that Ext [TF < G] 
= Ext[7<H], then one verifies easily the equality Ext [S < G] 
= Ext [S < H]. Consequently we obtain a single valued and order pre- 
serving mapping of A(T) into A(S;T), if we map Ext[7 < G] upon 
Ext [S < G]; and it follows from Theorem 2 that in this fashion A(T) 
is mapped upon the whole system A(S;T). 

Simple examples show that this mapping will in general not be a one 
to one correspondence. 


Remark 3. The existence of common little extensions. 
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The system A(S ) contains one and only one maximal element; it is 
represented by a little extension G of S which satisfies G— Gp for every 
prime p such that § contains only a finite number of elements of order p 
[or equivalent: it is characterized by a little Loewy system S(1;p) = piS in 
case S contains an infinity of elements of order p and S(1; p) = in case S 
contains only a finite number of elements of order p}. 

Suppose now that G and H are little extensions of S. From T pre- 
ceding remark we infer the existence of extension types ® in A(S) such 
that Ext [S < G] S and Ext [S <H] <8. We infer from Theorém 2 
the existence of little extensions J and L of § with the following properties: 
SSGSJ, SHS L, Uxt[S <J] = Ext[S<L]—6. We infer from 
Theorem 1 the existence of direct decompositions J = J” OJ” and L=—L/@L” 
such that J’ and I” are equivalent extensions of S. This implies in particular 
Ext [S < J’] = Ezt [S < F] =ð. Consequently there exists a group 
Z=U@®V @®W where UV and J’ [and L’] are equivalent extensions of ‘S, 
Ve=J",W=L”. It is clear that Z is a little extension of S, since J and L 
are little extensions of 9. Furthermore it is easy to find a subgroup G, of 
U ® V such that G and Go are equivalent extensions of S; and a subgroup 
H, of U @®W such that H and Hy: are equivalent extensions of S. Let 
7 == Gi + Ho. This is a little extension of S such that Ext [S < Z] S8; 
and Zo is essentially a sum of the extensions G and H of S. 

In general it will not be possible just to form G + H with the require- 
ment S=G{)H, since this group need not be a little extension of S. 

It should furthermore be noted that the preceding remarks do not settle 
the [still open] question whether there exists always in A(S) a least upper 
bound of any two extension types. 


4, Extensions of little groups. So far we have not’ imposed any 
restrictions upon the groups S whose extensions were investigated. All the 
restrictions were imposed upon the extensions themselves. In order. that the 
following extensions of our theory may be attained as simply as possible we 
restrict now the class of extended groups. 


DEFINITION 1. The group N is a little group, if every Loewy system 
of Sis a little Loewy system of 8. 


We mention first that free abelian groups of positive rank, in particular 
the infinite cyclic groups, are not little groups. If S is such a free abelian 
group, not 0, then let, for instance, § == S(0, p), S (3i — 2, p) = 8 (8i — 1, p) 
== § (31, p) = piS for 0 <i and every prime number p. It is easy to see 
that these groups S(J, p) form a Loewy system of S, but not a little one; 
and hence S is not a little group. 
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A iag class of little groups, though not the a. oné, fas ieee 
mentioned in Section 2 [Criterion Aj. In particular every finite group is 
a little: group. 


| Example. Let S be the cyclic group of order p, generated by the 
element s. Denote by G the group obtained by adjoining to S elements g(t) 


. for ï= 1,2,> - +, subject to the relations pig(i) =s for every i It is easy 
to see that . . 
(L) . S= Sf) qiG for every prime power q/. 


‘The - ‘minimal extension of the little group § which is characterized by the 
Loewy system (L) is a group of type p” which contains § as its uniquely 
‘determined subgroup of order p. But there does not exist a homomorphism 
of a group of type p” into G which leavés invariant the elements in S. Con- 
sequently there does not exist any little extension = the little group S which 
belongs to the same extension type as G. 

Neither subgroups nor quotient groups of little groups need be little. 
For instance, the additive group of rational numbers is a little group; but 
its subgroup of integers is not a little group, as has been pointed out before. 
If furthermore § is the direct sum of a cyclic group Z of order p and of a 
countable infinity of groups R(i) each of which is isomorphic to the additive 
group of rational numbers, then © is a little group. If J(t) is the subgroup 


:: “u of the integers in R(i), and if J is the direct sum of the subgroups J (t), 


then S/J contains an infinity of elements of order p; and now it is easily 
verified that the quotient group S/J of the little group 9 is not a little group. 


Proposition 1. If S iè a little group, then A(S) isa i mooie 
lattice. - 


To prove this, it suffices to realize that A(S) is, by the Characterization 
Theorem of Section 3, essentially the same as the partially ordered set L(S) 
of the little Loewy systems of S;'and that L(S) is the system of all the 
Loewy systems of S; since § is a little group. The remainder of the ar mgu 
ment is fairly obvious. 

If S is a little group, then ACS ) need not satisfy any of the chain 
conditions. If § happens to be finite, then the descending chain condition 
holds in A(S), though the ascending chain condition will, in general, not 
be satisfied by A(S). 


PROPOSITION 2. Suppose that the subgroup R of the little group & has 
the property 


(F) If 8 contains only a finite number of elements of order p, then S/R 
contains only a finite number of elements of order p. 


488 REINHOLD BAER. 


Then S/R is a little group; and there exists a single valued and order 
preserving mapping of A(S) upon A(S/R) which induces an isomorphism in 
a surtable subsystem of A(S). 


Proof. Suppose that 7'(1,p) is a Loewy system of S/R. Then there 
exists to every prime power pt a uniquely determined subgroup S(i, p) of 8 
which contains R and satisfies T(i, p) =S(i,p)/R. Then pT (i, p) 
= [pS (i, p) + R]/E; and now it is easy to see that the subgroups S(1, p) 
form-a Loewy system of S. Since S is a little group, the S(1, p) form a little 
Loewy system. Assume now that, for some prime p, the p-Loewy chain 
T(i, p) is non-trivial. Then the p-Loewy chain S(t, p) cannot be trivial 
either. Since the S(4,p) form a little Loewy system, this implies that 5S 
contains only a finite number of elements of order p; and it follows from 
Condition (F) that S/R contains only a finite number of elements of order p. 
Next we infer from the Isomorphism Laws and from Dedekind’s Law that 


[T(i +2, p) N pT, p)]/pT (i+ 1, p) 
= ([S (i + 2, p)/B] N [(pS(% p) + E)/ED/LSC + 1, p) + E)E] 
= [S (i +2, p) N (PSC, p) +2) I/[pS(t+1, p) +E] 
= (R+ [Si+ 2, p) N p8 (i p)])/LE + pS (i+ 1, p)] 
== [Si + 2, p) N pS(i, p)1/[SG + 2, p) N pel, p) N (R+ pS@ + 1, p))] 
= [S + 2, p) N psi, p)]/[pSG+ 1, p) + (9i ++ 2, p) N psi p) N E)] 


and this last group is clearly a homomorphic image of 


[S (i + 2, p) N pS (4, p)]/pS (i +1, p). 
Since the S(i, p) form a little Loewy system, it follows now that, for every 
fixed prime p, [T(t + 2, p) N pT (4, p)]/pT(4+1, p) is finite for every 4 
and 0 for almost every 7; and thus we have shown that the 7'(1,p) form a 
little Loewy system. Hence S/F is a little group. 

It follows from the Characterization Theorem of Section 3 that As ) 
is essentially the same as L(S) and that A(S/R) is essentially the same as 
L(S/R). Since S and S/R are little groups, L(9) and (S/R) are the 
systems of all Loewy systems in § and S/R respectively. 

Denote now by Lr(S) the subset of all the Loewy systems S (i, p) in 8 
which satisfy: R= S(1,p) for every prime power pt. 

If X (i, p) is some Loewy system in S, then X* (1, p) = [R + X (i, p) |/E 
is a Loewy system in S/R; and it is clear that the mapping of XY upon X* 
constitutes an order preserving and single valued mapping of D(S) upon 
L(8/R) which induces an isomorphism of Lr(S) upon L(S/k). This 
completes the proof. 
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- Appendix I., Generalizations. ‘The possibilities of immediate generali- 
ation of the’ Piet theory in its entirety seem to be-rather meagre, ; The 
‘following extensions of the theory. can be effected with hardly any effort ; and 
. Wwe, enumerate them: here „because: of. their: possible valué in -appligations.? Sor 


sa 


of the little extensions defined in Section 1 extensions G of, Se witk;+he 
Property: eee a ee ia 
- : ‘ " 3} 


(D) "tics exists a: direct; ee G= a D K A 2 is alittle 


extension of. 5. [in the sense of. 1, „Definition J; ee 


“then it is easy to. check that all the results cary. over s easily, from little 
‘extensions’ ‘to extensions with Property (D): Se eee ee ite: 
Conditioz (D) may be applied in the following ‘fashion : ‘Denote by P 
.the subgroup of all the elements in the extension Gof S of which.a. positive 
multiple belongs to S. If P is a little extension of 8, and if G/P is a free 
‘abelian group, then P is a direct summand of G and (D) is satisfied. This 


“situation prevails, tor instance, in case S and G/S are finitely generate! 
groups. i 

2. Subgroups with dwrwsion. ‘Suppose that there is given an extension 
G ofthe group S, a homomorphism o of G into the group H and a subgroup 
K'of H such that K = pK for every prime p. Then it is well known that K 
is a diřect summand of H. If H = K @L, then o—7+ p where r isa 
‘homomorphism of S into K and p is a homomorphism of S into L: It is 
easy to see that 7 is induced by a homomorphism of @ into K; and thus o 
will be induced by a homomorphism of G into H whenever p is induced by a 
homomorphism of G into L. This simple remark may. be used for generaliza- 
tions of 1, Proposition 1; but because of a certain asymmetry it does not lend. 
itself too well for further mse. | 


y fal.’ Hatension of the: concept of little extension: If we. consider instead 


3. Operator groups. If-one.imposes sufficiently strong conditions on 
the operator ring there is no difficulty in extending. the whole theory. The 
following conditions would be obviously sufficient: the ring R of operators is 
commutative, its ideals are principal, the unique decomposition theorem holds 
in R, and R is finite modulo its prime ideals. 


Appendix II. Dualization. If A.is a finite abelian group, then A is 
isomorphic to its character group; and this isomorphy provides us with a 
self-duality of A. This self-duality of A interchanges subgroups and quotient 
groups; and thus it may be used to dualize the results of the present inves- 


16 


490 REINHOLD BAER. 


tigation as far as they refer to finite groups only. We shall state the results 
obtained by this process of dualization without going into the details of their 
proofs, noting only that the self-duality of A interchanges the subgroup nA 
and the subgroup K[n; A] of all the solutions of the equation nz == 0 in A.” 


I, Suppose that S and T are subgroups of the finite groups A and B 
respectively. | 


(a) The homomorphism y of A/S into B/T is induced by a homo- 
morphism of A into B [which maps § into T] if, and only if, 


[(S + Elat; 4])/S]y 5 (T + Klipt; B])/T for every prime power pt. 


(b) The isomorphism « of A/S upon B/T is induced by an isomorphism 
of A upon B [which maps S upon T] if, and only if, A = B and 


[(S + K[p*;A])/S]«== (T + K[p';B])/T for every prime power pt. 


If y is a homomorphism of the group G upon the group Gy== L, then 
the pair (G, y) constitutes an extension by L. The extensions (A,a) and 
(B, 8) by the same group L are equivalent extensions by L, if there exists 
an isomorphism o of A upon B such that wa = sef for every x in A. 


II. Suppose that A and B are finite groups. Then the extensions (A, a) 
and (B, 8) by the same group L are equivalent extensions by L if, and only 
if, A=B and K[pt; A]a = K[pt; B]8 for every prime power pi. 

Extension types by L and their partial ordering may be discussed now 
in a similar fashion. We omit the details. 
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GENERALIZED FREE PRODUCTS WITH AMALGAMATED 
SOBGROUPS.* 


By Hanna NEUMANN. 


PART II. The Subgroups of Generalized Free Products. 


Introduction. In Part I we defined the generalized free product © of 
the groups ©, with amalgamated subgroups Uag. We found that © contains 
a group U which is itself a free product with amalgamated subgroups Uas. 
Its factors are the subgroups Ua of Œa which are generated by all the amal- 
gamated subgroups Uag of ©aa. If, in particular, all Uag are identical, then 
Ua = Uag for all £, all the groups Ua are isomorphic, and & is simply the 
free product of the groups ©, with the one amalgamated subgroup ll. In the 
general case the subgroup U of G may be loosely described as the smallest 
generalized free product with amalgamated subgroups Uag- 

We are going to show that every subgroup § of © is itself a generalized 
free product—unless § ‘belongs to U, in which case nothing can be said. 


A. Kurosch [1] ? has shown that every subgroup §(%) of a free product 
75 is itself a free product. The proof consists in the construction of a suitable 
system of generators for §(%). In Part I (1) we obtained the generalized 
free product Œ of the groups @, as a homomorphic image of the free product 
3 of these groups Œa. Every subgroup § of © will, therefore, be the map of a 
certain subgroup 6(%) of Y. Using Kurosch’s result, it is not difficult to 
see that the homomorphism which maps % onto @, will map the free factors 
of (%) onto groups generating § in such a way that certain subgroups of 
the free factors of 6(%) are amalgamated. The difficulty is to show that 
®© is actually the free product of these factors with amalgamated subgroups, 
not only a homomorphic image of it. This difficulty necessitated a closer 
examination of the generators of $(%) as used by Kurosch and the relations 
that may arise between their maps. Thus I was led to the construction of a 
system of generators for the subgroup § of Œ, in principle similar to Kurosch’s 
generators, but selected with greater care to meet our particular needs. | 


* Received August 27, 1947. 

t Part I. Definitions and general properties. This JOURNAL, vol. 70 (1948), pp. 
590-625. Results will be quoted thus: I. 5.4, meaning Theorem 5.4 of Part I. 

2 Numbers in square brackets refer to the list of references at the end of this paper. 
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Throughout the paper, we assume © to be a generalized free product. 
The (slight) simplifications in the case of a free product with one amal- 
gamated subgroup are indicated briefly in square brackets. 

‘The main tool is the length of an element of © as defined in I. 5.1, 
in particular, comparison of the length of a product with that of its factors. 
We begin, therefore, with a restatement of the fundamental properties con- 
cerning the representation and multiplication of elements of Œ (1), followed 
by a number of useful facts and definitions in connection with the length of a 
product in terms of that of its factors (2).. | 

In 3 we define a system of generators for a given subgroup § of ©. 
The aim of the subsequent paragraphs is to obtain a comparison of the length 
of an element of § with the length of the generators involved in its represen- 
tation. This leads to necessary conditions for a word in our generators to 
be shorter than the longest generator which occurs in the word (7), and 
hence to a description of all possible relations between these generators (8). 
These relations, however, are not yet sufficiently simple. But the properties 
of the generators derived so far show the way to a further improvement in 
their original choice, with the result that the relations are considerably sim- 
plified (11, 12), and can now be interpreted so as to give the main result 
(13): : 


®© is a generalized free product with amalgamated subgroups. The factors 
are either subgroups of conjugates of the groups G,, or of U (the latter 
become trivial in the case of a free product with one amalgamated subgroup) ; 
or they are of a type analogous to the free generators which occur in Kurosch’s 
representation of the subgroup of a free product. The amalgamated subgroups 
are generated by subgroups of conjugates of the groups Ue. 

If Œ is the free product of the groups ©, with one amalgamated sub- 
group U, and if U is self-conjugate in ©, (i.c. in overy factor @.), then ġğ 
is itself a free product with one amalgamated subgroup B. % is simply the 
meet of § and U. This case includes in particular results by Kurosch and 
Kalaschnikov (cf. [2]), where U is assumed to be a subgroup of the centre 
of every factor Ga. 

In 14 we investigate to what extent those factors of which are conjugates 
of subgroups of Œa, or of subgroups of U, are uniquely determined by 9. 
The results are again a direct generalization of the corresponding results 
obtained by Kurosch [1]. 

We conclude with some remarks on the special part played by the sub- 
group UH of © in the general case, indicating the reason why similar results 
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cannot be expected for the subgroups of this “smallest” generalized free 
product U. | 


1. Let G = { II Ga; Uag = Uga} be the generalized free product of the 


groups Œa (finite or infinite in number) with amalgamated subgroups Uas. 
I.e. © is generated by the groups ©, and any two of them, @, and sz, 
have meet Uag = Ug, in &. As before, we denote by Ua the group generated 
by all the subgroups Ugg (a fixed) of Ga, and by U the subgroup of Œ which 
is generated by all the groups Ua. Then U is the generalized free product 
of the groups Ua, 


U = { TL Ua ; Uag = Uga}. | 


and the meet of U and @, is Ua, for every a In fact, it follows from I. 7.0 
and I. 6.02 that U and G, generate in Œ a group which is the free product 
of U and @, with the amalgamated subgroup Ua. 

We assume throughout the paper that for at least one suffix a, Gq is 
actually larger than U4; hence © is actually larger than U. This restriction 
means thut no results will be obtained on the subgroups of the smallest 
generalized free product U.: We touch upon this fact once more in the 
concluding paragraph. 

Every element G of © is of the form 


1. 0 G =— Uo Ga,U 1 Gay ° =o GaUi l > 0, 


with U, in U (A=0,1,:--,2), Ga, in Gay — Ua, (A = 1, - +,}), and if 
a == äu then U, in U— Ua. (ÀA = 1,: > -,4). This representation is not 
unique: The “factors” Ga, are determined but for left- and right-hand 
factors in Uap and the “lUl-factors” U, are determined but for left-hand 
factors in Ue, (for A==1,---,7) and right-hand factors in Uan, (for 
A==0,---+,/—1). But the number /=-1(G@) of factors is an invariant of 
G. We call it again the length of G. Obviously, the formal inverse of the’ 
representation 1.0 is itself of the form 1.0; hence we have (G) =1(@). 

The elements of length zero are exactly the elements of U. But it 
‘should be noted that the elements of length one do not necessarily belong 
to a factor G,; they do if, and only if, both U, and U, belong to Ua. 

[If Œ is the free product with one amalgamated subgroup, U belongs to 
avery factor Œa, and 1.0 simplifies to G=UG.,Ga,' > Ga, (Gx. 5% Git). 
Here G belongs to a factor @, if, and only if, (G) =1.] | 

The representation 1.0 can be made unique, e.g. if we use the normal 
form I.5.1. But the use of some such normal form will, in general, not be 
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very helpful in this part. What matters is the way in which two such 
elements are multiplied, in particular the length of the product in relation 
to that of the factors. 
Let 
G == Uan Ua > > GaU 
and 
H = VoHg Vi: - > Hp, Vin 


be two elements of length Z and m respectively. If one of them, @ say, is of 
length zero, we have 1(GH) =1(HG) =1(H). If both elements are of 
length = 1, we have 


GH ann UoGa U: RE Garl Uo) HV a Hga Vm- 


If either a; s6 fı, or a=, but in that case U,V, does not belong to 
Ua, = Ug, then this is a representation of the form 1.0 for the product GH; 
hence 1(GH) = 1(G) +7(H). If, however, «,==£,==a, and U;Vo==U, 
belongs to Ug, then Gz,(U1V.)Hg, is an element of @,. Either it belongs 
to © — Ua; in that case we say that G.,U, and V.Hg, ‘amalgamate modulo 
U, or briefly, that they amalgamate. Or, the product G.,(U1V.)H,, belongs 
to U, i. e. to Ua. Then we say, GaU: and VoHg, ‘cancel modulo WU, or simply, 
they cancel. In that case, further amalgamation or cancellation may take 
place, if also Ga, and Hg, belong to the same group, Wg say, and the product 
of the U-factors between them belongs to the corresponding subgroup Ug 
of U. Otherwise, no further amalgamation, or cancellation, is possible. 

Thus, a representation 1.0 of the product GH is obtained after a number 
r (OSr=min (l,m)) of cancellations followed, possibly, by one amal- 
gamation. Every cancellation disposes of two of the 1 -+ m factors of G and 
H, the amalgamation replaces two factors by one. Hence: 


1.10 (GH) =1(G) + (HE) — 2r — e, 


where e = 0 if no amalgamation takes place, e— 1 otherwise. In either case, 
if in the product GH there are exactly s factors at the beginning of G which 
are not touched by cancellation and amalgamation, then (G) =s -+r -+ e, 
henre 


1.11 (GH) =H) +s—yr, 
and therefore 
1. 12 1(GH) 21(#) according as s Žr. 


An analogous formula compares the length of the product with that of the 
first factor G. ; 
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That in the product GH r factors cancel, means that 
Cj == Bi; Al-i == Boy a iS E Fe Br, 

and for every p (1 Sp r) we have 
1.21 (GarpaU t-p+ t GaUi) (VoHg: °° Vp-1 Bp) — Usp (Usp in Usp) > 
and if one further factor amalgamates, then also ar-r == Bri, and 
1. a2 (Ga,..U t-r = GaUi) (V Ha, _ oe VrH g.a) = Peal Bra in Ge. uean Ugra). 
[In the case of a free product with one amalgamated. subgroup, cancellation 
or amalgamation will take place in the product GH if, and only if, &«ı = gı. 
The essential formulae 1.10, 1.11, and 1.12 remain, of course, the same. | 

2. Let G and H be two elements of length 7? and m respectively, where 


i=m. Throughout the following paragraphs we shall be particularly 
interested in the case that 


2. 01 (GH) < (H), 
or 
2.02 EHG) < (H). 


Both inequalities are always true, 1f I(G)=0; m that case, of course, 
l(G?H) = (HG) =1 (H). Tf l=1(G) = 1, they imply, by 1.12, that 
at least as many factors of G cancel as remain untouched, i.e. at least [41] 
factors cancel, and, if ¿ is odd, at least one more factor cancels or amal- 
gamates. If, in 2.01 or 2.02, we are to have equality, then exactly [41] 
factors of GŒ- must cancel, and in the case of even / nothing amalgamates, 
while in the case of odd 7 one more factor of G~ amalgamates, but does not 
cancel. 

Now the formal inverse of a representation 1.0 of G gives us a repre- 
sentation 1.0 of G. Hence, if again 


G = UGa Ui: © e Oar and H = VoHp, Va: > -H,,Vm, 
and if in the product GH r factors cancel, we have by 1.21, . 
(Gar: + + Ga, U) (Vog: < Hg.) = Us,(Up, in Us,) ; 
and therefore, as 8; = ær, the representation 
H == UG + + Ga,(U6,Vr)He,.° * *He,Vn 


is also of the form 1.0; i.e. representations 1.0 of G and H may be assumed 
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to be identical up to the r-th factor inclusive. If in the product GH one 
further factor amalgamates, one concludes similarly from 1.22, that the 
first r factors of G and H, including the following U-factor, may be assumed 
to be identical, and the (r+ 1)-st factors of G and H belong to the same 
group Gara 

If, in particular, G and H satisfy 2.01, then r = [41], i.e. at least the 
first [47] factors of G may be taken as identical to as many factors in the 
beginning of H, and, if 7 is odd, one more factor of G certainly belongs to 
the same group as the corresponding factor of H. And 2. 02 entails a similar 
statement for the last factors of G and H respectively. This leads to the 
following way of writing a representation 1.0 of an element G of length J: 

If l= 2k +1 is odd, and 


G == UG: as Gi Ux Gras Uks UES, Gores U skais 
we call S == S (G) == UoG,- - - GU; the first half of G, 
T == T(G) = UkrnGr' + * GU, the second half of G, 


C == O(G) == Gr, the central factor of G; 
if 7 = 2k is even, and 


G == TG: + + On GeU0nGra: + e G10, 
we call S==S(G) = UG: + - Ui4G,y the first half of G, 


T = T(G) = Gi + -GU the second half of G, 
O == O(G) == Uz the central factor of G. 


_ Then, in both cases, the representation 1.0 of Œ and G+ respectively is of 
the form G@==SCT and G-+== T1089, where S=8(G@) and T =T(G) 
are elements of length k== [41], and C=C(G@) of length one or zero 
according as 1 is odd or even. [It should always be remembered, that if / 
is odd, S == S(G) includes the U-factor which follows the factor G,, while 
in the case of even 1, § is the partial product of G including Gr, but not Ux. 
And correspondingly for T. No such distinction occurs in the case of a free 
product with one amalgamated subgroup. | 

With this notation, 1(G"H) =1(H) means that G can be written in 
such a way in the form G == SCT, that at least S is identical with as many 
factors in the beginning of H, and if J is odd, C belongs to the same group, 
as the next following factor of H. Similarly for T, if (HG) <1(H). 
In particular, 


3 Cf. Kurosch, [1], p. 650. 
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2.03. If t(G) =1I(H) =., and 1(G°H) Sl, then G = 8(G)C(G)T(G), 
H=S8(A)C(A)T (A), where we may assume S(G) == 8S (H) ; and O(G) and 
C(H) belong to the same group. Correspondingly, if 1( HG") = 1, it may be 
assumed that T(G) =T(H), and O(G) and C(H) belong to the same group. 


If, under the same assumptions, (G-H) —1, then if l is odd, O(G) 
and C(H) amalgamate, but do not cancel; if J is even, O(G) and C(H) do, 
of course, amalgamate, but the first factors of T(G) and 7'(H) are not even 
amalgamated in the product GH = 7T(G@)7"C0(G)7C(H)T(#H). Similarly, 
if (HQ) == 1. 

The following lemma, frequently used later on, is an immediate conse- 
quence of the preceding discussion : 


2.1. Let F, G, H be three elements of length k, l, m respectively, and 
k=l=m. Then i 


2. 11. (F°G) S14) and 1(G°*H) S1(H) implies that also 1( FH) 
S1(H); 


2.12. (F-H) S1(B) and (GH) <H) implies that also (FG) 
< 1(@). 


Also: 


2.2. Let again F, G, H be three elements of length k, l, m respectively, 
and kSlsm. Then 1(GF*) =1(G) and (GFHE) S1(A2) implies 
(FH) S (H). ; : 


Proof. 2.2 follows from 2.11 in the following way: Put FG" = G”; 
then 1( G1) = 1(G’) =1(G) =1. Moreover, we have (FŒ) =1(@") 
==1(G@’) and 1(G’7H) =1(GF"H) S1(H); hence, 2.11 applied to the 
elements F, G’, H gives 2. 2. 

To complete the preliminaries, we define: 


2.30. An element K such that 1(K*) SHK), is called a transform. 


We apply 2.03, with G = K+, and H = K ; then (GH) =1(#H) and 
l(HG*) S1(H), hence K can be written in the form K = 8(K)C(K)T(K) 
in such a way that 7’(K) = S(K)~, ie. 


2. 81. K=S(K)C(K)S(K)* ts a transform of tts central factor; i. e. 
a transform of an element of a group Ga, tf L(K) is odd, and a transform of 
an element of UU, if L(K) is even. 
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2 2.32. If K’ is, another transform of the same length as K, and tf 
UK’K) S1(K), then K’ = 8(K)C’S(K)+, where Č = (KR) belongs to 
the same group as O = O (K) ; and we have also (KK) = UE). 


This follows immediately from 2. 03. 

If, in 2. 82, 1( KK’) < I(K), then, in case L(K) is odd, the central factors 
of K and K’ must cancel. As they both belong to Ga, we have CC’ = Ua, 
hence KK’ = S8(K)U,S(K)-. This is again a transform, but of length 
<1(K)—1. The exact length depends on whether or not further factors 
of S(K) and S(K)- cancel or amalgamate. 

If (K) is even, we have K = S(K)US(K)7, K’ = S8(K)U’S(K)— and 
(KK) <(K) implies that in the product KK’ = S(K)UU’-S(K)-> at 
least one cancellation or amalgamation takes place between S(K) and S(K)7. 
If the last factor of S(K) belongs to the group ®g, UU’ must, therefore, be 
an element Ug of Ug, and KK’ = S (K) Ups (K). 

We define: 


An element of © which ts conjugate to an element of some group Va, 
is called a U-transform. 


Then we have seen: 


2.33. If K =—SCS* and K’ = SC’S* are two transforms of the same 
length l such that 1( KK’) <l, then KK’ = SUS" is a U-transform. The 
suffix y is that of the group of the central factors of K and K’, if 1 is odd, 
and that of the group of the last factor of S, if lis even. 


Finally, we add a useful criterion for an element to be a transform: 


2.4. If G is any element of length l, K an element of length S L, then 
UKG) Sl and 1( KG) S1 can hold simultaneously if, and only if, K isa 
transform. 


Proof. If K is a transform, then with (KG) <1, certainly also 
(KG) SI, by 2.03 and 2.31. If on the other hand, both inequalities are 
satisfied, let K = S(K)C(K)T(K), (K) =h. As l( KG) Sl, T(K)7 may 
be assumed lu be ideulical will the Arst [4] factors of S(G), and, if h is 
odd, C(X) will belong to the same group as the following factor of G. As 
also 1(K7G) <1, S(K) may be taken as identical with the first [41,] factors 
of S(G); i.e. S(K) and T(K) may be assumed to be identical in a repre- 
sentation 1.0 of K. Hence K is a transform. 

[A transform of length one need not be an element of a group @,; it 
may be of the form UG,U~ (U not in Ua). But in the case of a free product 
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with one amalgamated subgroup, a transform of length one is necessarily »an 
‘element of a group &,. Moreover, a transform can only be of odd length, 
i.e. it is always the transform of an element of a group Gg, not of 11.] 


8. Let © be any subgroup of © which is not wholly contained in U; 
its meet with U we denote by B. 

We choose a system of generators for § as follows: * by o we denote the 
set of all elements V of B. Every element of ġo is taken as a generator. 

If, for all ordinal numbers o’ < o; the sets do of generators are chosen, 
let Ro be the subgroup of § which is, generated by all the generators of all 
the sets ga (o <a) taken together. If Re is not yet identical with §, 
we define the set ġe of generators as follows: 


= 499 


-t 
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Let Z be the length of a shortest element in §—Ss. If amongst the - 


elements of length 1 of 6 —W&c there exist some which are transforms, we 
choose one of those as first generators te of the set ġo; and in addition, we 
take into ġo all other transforms to of §& — Re which are of the same length 
l and such that (teto) SI. By 2.32, all these transforms may be written 
with identical first and second halves, i. e. we start the set do with all elements 
of length 1 of —&e which are of the form 


8.01. to = Solor, Vo =K oN, ++, where all central factors 
belong to the same group. 


If outside the group generated by Re and all the elements te, t’s,- - - 
there are elements f of § of the same length Z and with the property 
L(fte) 1, we choose such an element as next generator fo, of ġo. Ie. fos 
is determined by 
3. 02 Lifes) = 1 and l(fe.s te) Sl. 


If outside the group generated by Ro and the generators te, t'o,’ ©- and fo, 
there is still an element f in § which is of length 7 and such that (fte) Sl, 
then we choose this as next generator fs. of ġo, and so we go on. This 
process will reach its end at a certain ordinal number rs, when outside the 
group generated by Re, to, to, * * fer (1 7<7,) no more elements f 
of § exist which are of length l and such that (fte) <1. Then we denote 
by o the set of generators fo, t’c,- © +, and for (1S7 < Ta) and by Rou 
the subgroup of § which is generated by Ro and ġo. 

If, on the other hand, there is no transform of length J in § — Qe, we 
choose any element of length / as first generator fc, of ġo, and then go on 


4 Cf. Kurosch, [1], pp. 651-652. 
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as before; ġo will then consist of generators fo,, (1S r < rg) only, and, for 
every T, 


3.038 L(for) ==] and L( for fo) = 1. 


Ron is defined as before, as the group generated by Ro and ġo. 

This process of generating § will reach its end at a certain ordinal 
number op when Re, =. ‘Then all the elements of all the sets ġv 
(0 =o < a) form the system ¢ of generators of ©. 

From the discussions in 2 it is seen that the generators of each set ġo 
are all of the same length, have the same first halves, and, if of odd length, 
their central factors at least amalgamate; i.e. all the generators of ¢o can 
be written as: 


8.10 te = SoCoSc, to — Sol’ obo, se Ts for == SaCorT or, 


where all the central factors Co, C’c,- + +, and Co, belong to U, if l is even, 
or to Qa — Ua, if l is odd. In particular we have 


8.11. I(gstg.) =l for any two generators g; and gy of ġo. 


Generators of the same length need not necessarily belong to the same 
set ġo; but: 


3.12. If f is an element of the same length l as the generators of do, 
such that for some generator g of po i(f'g) =1, then f belongs to Ron. 
If, in addition, f is a transform, then f is itself a generator of the form to. 


Proof. As I(f*g) S1, it follows from 2.03 that f is of the form 
f == SCT where C belongs to the same group as the central factors of the 
generators of ġo. Hence, for every generator 9’ = to or == fo, of po we have 
(fg) = 1. By definition of ġe, no elements of length J with this property 
can be found in §— Qo. Hence f belongs to Reus. 

If f is a transform, then f is of the form f= ScCSo-1, and as it is of 
length 7, and all such elements were taken into ġo, f = to. 

The process af choosing the generators defines an order relation between 
them. If, in general, we denote unspecified generators, aud their inverses, 
by 9; gi gr °°, then g; is earlier than gw if in the process of choosing the 
generators g; or its Inverse was chosen before g» or its inverse. Unless both, 
gi and gr, are of the form gi = to, gr == to, in which case no order relation 
is given for them, g; is either earlier or later than gẹ, whenever g; 54 g: 
(e= + 1): 
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gs is earlier than gz, if gi belongs to ġo, and g™ belongs to ¢o,, where 
oi Lor If oj; cp ie. gi and gẹ belong to the same set o, then g; is 
earlier than gs if either gi = to, g€ = for, or if gi = for, and gr™ = far, 
where ri < rz If, in particular, g; and g, are of different length, then the 
shorter generator is earlier than the longer one. 

It will be noted that the rules governing the choice of this system ¢ of 
generators for § leave us, in general, considerable freedom in every step. 
This freedom of choice will be used later to impose a further condition on 
the generators in order to simplify the possible relations between them. But 
we have to learn more about the properties of these generators, before we 
can profitably choose between different sets obtainable by the process described 
above. 


4, This and the following paragraph deal with the immediate conse- 
quences of this choice of generators. They are very much the same as in 
the simpler case of a free product of groups where Kurosch [1] and Neumann 
[3] use similar systems of generators. 

Our principal aim is to derive a system of defining relations for these 


generators. As usual, we call P= II Ip a word in the generators gi,° °°, Jr 


if no trivial cancellations are possible, i. e. if gp £ Jou for p—I1,° > -,r—1. 
A relation is a word R which is the unit element as element of §, i.e. it is 
of length zero. In order to find all possible relations, we shall investigate 
under what conditions a word P in generators gp of length 1(gp) <1 can be 
shorter than J, i.e. shorter than the longest generator which occurs in the 
word. | 

In this paragraph we deal with words in generators which are all of 
equal length 7. We shall need the almost obvious lemma: 


4.0. If h is an element of length l in §, then h can be expressed by 
means of generators of length = 1 only. 


Proof. Let o be the first ordinal number so that e consists of generators 
of length 1, >1. So is, by definition, the subgroup of § which is generated 
by all generators earlier than the first generator of œc, i. e. by all generators 
of length <1, and the minimum length of the elements of 5—Ss is l. 
As h is of length l, h belongs to Re. 


4.1. If gi and gy, are generators of equal length l, and if gi is earlier 
than gx, then U(gign) = l and (grigi) ZL 


= Proof. If e.g. (gigs) <1. and if gi belongs to ġo, then, by 4.0, the 
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product gigs certainly belongs to Ro. Hence gy belongs to the group generated 
by Ro and all generators of ġo which are not later than g;, contrary to the 
assumption that gz is later than g. 

A product of two generators of the same length }? can, therefore, be 
shorter than / only, if no order relation is defined for g; and gr, i.e. if they 
belong to the same set ġo and, unless gy = g0, both are of the form g; = ts, 
ga == to. And then l(gigx) < l can, in fact, happen; by 2.33, their product 
is then a U-transform, gigr == SoU alo. 

In all other cases, i.e. when one of the generators g; and gẹ is earlier than 
the other, we need to know when their product can be of minimal length 
L(gigx) == 1(g:) =1(9.) =l. This certainly is the case, if g; and gy belong 
to the same set ġo, and either g: = to, ge = for, or gi==for,, 9x = for, 
In both cases, by 3.11, l(gigx) S1. But, by 4.1, the product is at least of 
length 7, so that it follows now, that for any two generators g; = to, 9x =fo,r 
or gi == for’, Ju = for, (Ti = 7%) We have 1(gig,) =l. We want to show 
that these are in fact the only cases; in all other cases we have /(gigz) >. 

In the next two lemmas, g; and gy denote generators of certain sets ¢o, 
and ġo, but not their inverses, so that g: = to, or gi == fonr, and corre- 
spondingly for gg. 


4.2.5 If (g:i) =1l(gx) =l, and I(gigg*) =l, then also I(gi7g.) =1 
and gi = to, 9u = are two transforms belonging to the same set ġo. 


COROLLARY. If gi = for, and g is any other generator of the same length, 
then 1(gig) > 1(gi) and I(gig™) > Ug). 


Proof. Assume that one of the generators, g; say, is earlier than the 
other. 

If gi and gr belong to different sets, g; to o gx to pop then o; < ox. 
We put f=—gigx?. Then 1(f) = 1, and f'gi—g, is of length 1. Hence, 
by 3.12, f = gigs? belongs to Ro, As also g; belongs to the group Reni 
it follows that also g; belongs to it, contrary to the assumption that gx 
belongs to a later set than g;. 

Henree, gi and gy belong to the same set yo. As ge is laler Lian g; in do, 
gx is of the form for, and gi == to or = for, Also f==gig, is again of 
length J (otherwise gą were not later than g;), and I (fgx) == l; therefore, again 
by 3.12, f= tos is itself a generator of ġo which is earlier than g,. But 
gx = fg, contrary to the assumption that gy is a generator later than gi. 

Hence, neither of the two is earlier than the other, i.e. g; == to, gx = Vso. 


ë Cf. Kurosch [1], p. 653; Neumann [3], p. 14. 
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4.3.5 If (gi) =1(gx) = 1, and (gigs) =l, then gy = to and gg = t'o ` 
or ==fo,, belong to the same set ġe. 


Proof. Let us assume that g; and gx belong to different sets po, and oop 

If oi < ox, we put again f= gig. Then 1(f) =l; moreover /(f*g;) 
== (g>) = 1, and as g; belongs to ¢c,, f belongs to Roen, by 38.12. But so 
does gi, and therefore also g = gf, contrary to the assumption that gx 
belongs to a later set than g,. 

Jf of > or we put f—git. Since (gige) =1(f g.) =, g =f 
belongs to ¢o,11, contrary to the assumption that g: belongs to a later set 
than gx. : 

Hence, g; and gy belong to the same set ġo. But then, by 3.11, 
(gi *gx) Sl. As also 1(gigx) =l, gi is a transform, by 2.4. I.e. gi = to, 
and then gz == t'o, or = for, aS gx belongs to the same set. 


4.1-4..3 together give immediately : 


4.4. If gi and gu (s* ge") are any two generators of equal length l, 
and tf (gige) S 1, then gi and gy belong to the same set ġo, and gi = to or 
= for, and gr = o or for. U(gigu) <l tf, and only if, both gi and gx are 
transforms, gi = to, gr = Vo, and then igr = oUa is a U-transform. 


4. 4 leads us to the corresponding results for a word in more than two 
generators of equal length /: 


4.5.8 If P=[1 9 (rv > 2), where l(gp) =1 for p==1,---,7, and if 
1 


no proper partial product of P is shorter than L, then 1(P) Sil if, and only 
if, all generators gp belong to the same set da, Jp = te” for p =R, > -,r—1, 
and g, and gr are such that l(gigr) SL UP) <1 only if either also g, and 
gr are transforms, or tf g> = gr = for. In both cases P is a U-transform. 


Proof. Since the product gpgp1, of any two successive generators is at 
least of length 1, it follows that in every such product the first [42] factors 
of gp and the last [47] factors of Jp, are not touched by cancellation and 
amalgamation, and if Z is odd, the central factors at most amalgamate. In 
particular, in the whole word P, the first [47] factors of g, and the last 
[42] factors of g, remain untouched. If P is to have no more than / factors 
in all, it follows, that in every product gpgp+ at least [41] factors must cancel, 
and if Z is odd, the central factors must amalgamate, i.e. 1(gpgp..) = L for 
p= 1,:::,r— i. Hence, by 4.4, the first part of 4.5 follows; and we have 


° Cf. Neumann, [3], p. 18. 
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r-1 
P = g, [{ gp gr where gi = to or = forn, and gr == to or = fore 
2 


If now 1(P) <1, then neither of the two generators g, and gr can be 
earlier than the other. For let gı, say, be earlier than gm. As I(P) < l, P can 
be expressed by generators shorter than l, i.e. generators which are earlier 
than all generators of $o. Hence P belongs to Re, and, a fortiori, to the 
group generated by Ro and all generators of ġe which are not later than g, 


But to this group also the partial product gı Ul to”) belongs, and therefore 
2 


also gr, contrary to the assumption that gr is later than g.. 

But if neither of the two generators is earlier than the other, then either 
both are transforms, or one is the inverse of the other, and then it follows 
from the first part, that gr = fer = gr". I.e. if (P) <i, then either 


r r-i 
P = J] te == oUa or P = for [I to” + for == Tor Ua or. 
1 2 


5. Next we investigate the length of the product of a single generator g 
of length 7? with a word in generators which are all shorter than J. 


5.0.7 If P=T1 gp, and Maxl(gp) =, and if g ts a generator of 
length l > lı, then l(gP) =Il(g) and (Pg) Z l(g). 


Proof. This is an easy consequence of 4.0: Let g belong to ġe. All 
the generators gp, being shorter thang, belong to earlier sets, hence P 
belongs to Ro. If also gP, say, were shorter than g, this also would be 
expressable by generators of earlier sets than ¢c, i.e. gP, and therefore g, 
would belong to &o, contrary to the fact that g belongs to ġe. 


5.1. If, under the same assumptions as in 5.0, 1(P) >h, then 
l(gP) >1(g) and 1(P9) >1(g); i.e. gP or Pg can be of the same length 
as g only if P is of the same length as the longest generator involved in its 
representation. 


Proof. Let us assume that, e.g. (gP) —I(g), and (P) =åA>h. 
Tf à = 2x is even, then by 1.12 exactly x factors of P cancel against g, and 
no amalyamuabious van luke place. If A—2«-+ 1 is odd, exactly x factors 
of P cancel against g, and one, the central factor of P, amalgamates. 


In the first case, A = 2x, let P, = Il Jp (T2 Œr) be the earliest partial 
Z 
product of P such that Pa cancels «x factors of g in the product gPa, while 


7Cf. Neumann, [3], p. 14. 
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` Fami 
P, = [I gp cancels less than « factors in the product gP,. Such a partial 
i 


product exists, as by assumption P cancels x factors of g. Since P, cancels 
p <xKk factors of g and possibly amalgamates one in the product gP,, but 
' P= Pigr, cancels x factors of g, the remaining v factors of P, which are 
not affected by cancellation and amalgamation in the product gP,, must 
cancel against g,,, so that the following factors of gr, can cancel another 
x— p factors of g in the product gP,9,, Since by 5.0 gP) =I1(g), we 
have by 1.12: v È p. 

In the product gP == gPıgr, altogether v + (k— a) factors of gr, have 
been cancelled. But since also (gP) =1(g), at least x factors of Ps are 


left untouched in gP.; i.e., since P, has been disposed of between g and gry ~ 


at least x factors of gr, are left untouched in this product, so that 


U(gr.) =v + (k—p) + 
Spt r — p -tk [2 = AD |, 


against the assumption that all generators gp are of length S }. 


In the second case, where A== 2x + 1, let P.=Ji gp be the earliest 
1 
partial product which cancels x and amalgamates one factor of g in the 
ro-1 l : 
product gPa, while Pı == [{ gp either cancels less than «x factors of g, or 
. i 


cancels x factors, but then does not amalgamate a further factor of g in the 
product Pig. If P, cancels p factors of g, we have p5 x. If v factors of P, 
are left unaffected in the product gP;, we have again, because of (gP) = Kg), 
v= p. i 

These last v factors of P, must cancel against gr, so that then gr, can 
cancel another «—j,» factors of g, and amalgamate one, in the product 
9Ps9r,==9P,. Recause of 1(gP.) = 1(g), there must be at least « factors 


left of g., which are not touched by cancellation and amalgamation, so that 


(Gre) Zv+ (k—p) +1+« 
Spb x— p + 1+kk =? +1l=—aA>hk, 


which is the same contradiction as before. Hence /(gP) ==1(g) is impossible 
if (P) >h. If (gP) > 1(g), but I(Pg) =1(g), the proof runs similarly, 
and can be omitted. 

We call a word in generators gp of length I(gp) <=1 (p=1,---,7), 
which cannot be expressed by generators which are all shorter than 1, a 
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“prime word; $ if it is itself of length 1, i.e. of the same length as the 
longest generator involved in its representation. We denote prime words 
by p,p’,- >. Then 5.1 becomes: 


5.2. if P=J[gp is a word in generators of length Ug) Sh 
i 


(e=1,---,17), and if there exists a generator g of length L(g) >L so that 
either 1(Pg) ==1(g) or I(gP) ==1(g), then P =p is a prime word of 
length I(p) Sk. | 


Finally we prove: 


5.8.” If P = JI gp, l(gp) SL (p= 1,: --,r), and if g is a generator 
of length l> l, then 1(Pg) >P) and (gP) > 1(P). 


Proof. Again it will be sufficient to prove one of the inequalities only, 
the proof of the other one being similar. 


Let us assume that 1(gP)<1(P), and let P, — [Igp be the latest 
1 


partial product of P such that I(gP,) > I(P,); but if Pa— II gp, then 


(gP) S1(P2). Such a partial product P, exists, since by 5.0 1(g91) 
= L(g) >1(g:). 

Since (gP) >1(P;), by 1.12 more factors of g remain untouched 
than cancel against P,, i.e. if Z is odd, at least the first half and the central 
factor of g remain untouched, and if 7 is even, at least the first half of g 
remains untouched, in the product gP,. If we write {47} —17— [41]; 
this means, that at least the first {42} factors of gP, are simply the factors 
of g, and if l(gP,) = {41} + p, we have, because of (gP) =È (9), p = [41]. 

Since 1(gPs) =1(P:2), Pa cancels in this product gP = gPigr41 at least 
the second half of g, and if 7 is odd, it also amalgamates or cancels the central 
factor of g. Hence, in. this product, g,,., must cancel at least the last p factors 
of gP,, and, if 1 is odd, cancel or amalagamate one more. If in the product 
gP = (9P1)9r+1 exactly o factors cancel, we have ¢ = p, and by 1.10: 


(gP) =1(gP,) + Ir) — 20 — 6, 
where from the preceding discussion we know that «e = 1, if c = p and } is odd, 
8 Cf. Kurosch, [1], p. 652. 
° Cf. Neumann, [3], p. 16. 


10 While [32] is the length of the first or second half of an element of length J, 
{21} is the length of first or second half plus central factor. 
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i.e. {41} — [417] +1, but if «e= 0 and o=—p,-then J must be even, i.e. 
{41} = [47]. It follows: 


b(gPs) = {31} + e + (Gri) 20 — e 
= [HH] +1+ +1 E 
Sptl+tp tl Gra) — 2—1 


= (9r) < Ig) 
contrary to 5.0. 


6. We deal now with words of the form g:iPgr, where gi and gp are 
generators of equal length /, and P is a word in shorter generators. 

It is here that the difference between the generalized free product and 
the ordinary free product becomes apparent. In the ordinary free product, 
every word of this form is longer than J, i.e. longer-than the generators g: 
and gxt whereas in our case its length can be less than, or equal to I. 
This difference alone is responsible for the existence of non-trivial relations 
between our generators, as will be seen in the following paragraphs. In this 
paragraph we shall have to find out under what conditions g:Pg, can be 
shorter than g: and gz. 


6.0. If at least one of the inequalities 1(giP) > l= L(g) or (Pox) > 1 
==1(gx) holds, then l(giP9un) >L 


Proof. If, eg. l(giP) > 1, and if 1(P) =), then by 1.12, less than 
[4A] factors of P cancel against gi, and at most [4A] factors cancel and 
amalgamate. Besides, by 5. 3, l(giP) >P); hence at least the first {42} 
factors of g; remain untouched in the product gP. And as also (Pgri) > (P), 
also at least the last {41} factors of gą remain untouched in the product Pgp. 
Moreover, 1(Pgx) = (gx) by 5.1, which means that at most [4A] factors 
of P cancel against gr, and at most {4A} factors canccl and amalgamate. In 
the whole product g:Pgx, at least one (possibly amalgamated) factor, of P 
remains therefore between the first {47} factors of g; and the last {47} factors 


6.1. If l(gi:Pgx) Sl, then P= p is a prime word of length I(p) <L 
and gı and gx belong to the same set ġa so that, moreover, gig) Sl. 


Proof. From 1(9;Pg9:.) <1, together with 6.0 and 5.0, it follows that 
l(giP) = 1—I1(Pg;), hence, by 5.2, P = p is a prime word of length H(p) < 1. 





11 Cf., e. g., Neumann, [3], p. 17. 
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.  ‘Let°us assume that g; and gy belong to different sets do, and ¢o,, and, 
„ “Without loss of generality, that oi < ox. 


e. gi is either of the form gi = te, or = for, OY gi? = for. 


In the first case, we put f= gipg,. Then either 7(f) < l, in which case 
f belongs to Rc, As p is also shorter than J, p also belongs to Ro, Hence 
gr = p gif belongs to Re,41, contrary to the assumption that g; belongs 
to a set later than do,. 


Or l(gipgn) =U f) =l. But then 1(f-tg:) == 1( gif) =I (pgr) =I, i.e. 
by 3.12, f belongs to Ro,41; so does gip, and therefore also gz, which is the 
same contradiction as before. 

In the other case, where g7 = fo,,, we put f = pgr. Then (f) — l and 
L(f*gi+) =l, hence again f belongs to Re, and therefore also gy does, in 
contradiction to the assumption that gą belongs to a later set than gi. 

Therefore, g; and gy must belong to the same set ġo. It remains to be 
proved that l(gigr) S1. That J(gigx) >t can happen only in the following 
two ways (but for trivial variations) : 


either g; == to or = forn” and gr == fors", 


or gi = for, and gx = fory”. 


In the first case, with f = pgr, we have (P == 1, (fg) Sl, and (fga) SL 
where both, gi; and gx`*, are generators of ġo beginning with Se. Hence, by 
3.12, f == to is itself a generator of ġo. But then g,=— pr ‘t's cannot be a 
generator later than to, contrary to gx==for,?. In the second case, if 
gi =& gx", one of them is earlier than the other, g; earlier than gx, say. We put 
f=gipgx. If f were shorter than 1, f would lie in Rc, hence gr == pgi f were 
not later than g:i. Hence f is of length 7. But also (gf) = 1(f-"g:) =l and 
(fg) =l, where both g; and g,* are generators of da beginning with Sz. 
It follows again from 3.12, that f= toe, and gk = pgi "f = pgr to is 
expressible by generators not later than gi, which is a contradiction. 
Therefore, in fact, L(gigr) <1; which completes the proof of 6. 1. 
Under the assumptions of 6.1, we have (gip) =l(pgr) =} and 
L(gigx) SEL ie. Ugtgit*) 1 (gi) and (gige) Sl (ge), hence by 2.11 
Lip gz) S Hg). As also l(pgx) =I1(gx), it follows from 2.4 that p is a 
transform. Closer examination shows that p is a U-transform. This is seen 


as follows: 


Because of 1(gigx) = 1, we may write representations 1.0 of g; and gx, 


Ba 
z 
ve 
: 


n o 


G=8(G)C(g9s)T (g) and gu—S8(9x)C(gx)T (gx), in such a ways that 
(gi) ==5 (gx). Besides C(gi) and C(gx) belong to the same’ group... 


By 5. 3, l(pgz) >1(p), so that C(g:)T (gx) is unaffected in the pr oa. 
pgx. But we also have (pgr) = l = l (gx), i.e. the first half of pg, is simply | 


the product of p and 8(gx). Therefore, a representation 1.0 of pg, may be 
written in the form pg. == (pS(gx)) O(g) T (gx). Now the whole product 
gipge 18 a product of two factors of equal length 7 (viz. gi and pgr), and 
itself at most of length Z; hence 7'(gi) cancels against S (pgr) = pS (gx), and, 
if Z is odd, the central factors C(gi) and C(pgx) =C (gx) cancel or amal- 
gamate, i.e. the product T(g:i)pS(g.) is an element of Ua if the central 
factors of gi and ge belong to Ga —Ua. Hence, for any J, we have 


T(gi) p (gz) =U in Y, 


p =T (gi) US (gn) = 8 (gr) US (gn). 


If l is odd, U = Ua, and p == 8(g.) U8 (g)> is a U-transform; if | is even, 
at least one factor each of S (gx) and S (g)> must cancel or amalgamate in 
p = 8 (9) US (gx), as (p) <1; therefore U == Ug where Gg is the group 
of the last factor of S(g:), and p = S(gx)UgS (gr) is again a U-transform. 

We call a prime word which is a U-transform, a “ prime ll-transform.” 
Prime U-transforms will be denoted by r,r’, +. Then we have shown: 


6.2. If gi and gy are two generators of equal length l, P is a word in 
shorter generators, then 1(giP9x.) S1 if, and only if, gi and gy belong to the 
same set po and 1(gigx) 1, and P is a prime U-transform, of length < l, 


P = = S( gr) WS (ge), 


where a indicates the group of the central factors of g; and gx if | ts odd, 
and the group of the last factor of (gr), af lis even. 


If in 6.2, gig, is actually shorter than 1, then girg,— P’ is itself 
a word in-generators which are all shorter than 1, moreover gP’ gr’ = r 
is shorter than 1. Hence, 6.2 applied to g;7P’g,+ gives that also P’ =x 
is a prime lU-transform, and also [(gi*gi*) S1. Using 4.2 and 4. 3, we get 


6.30. If, under the same assumptions as in 6.2, we have l(giPgx.) <1 
then either gi == gr = fo, (e= + 1), and then giP gr = for nfor = r, 
where both, r and x’, are prime U-transforms shorter than l, or gi = to, 
gı = Uo, and then giPo, = torto =x’, where x and x’ are again prime U- 
transforms shorter than l. 


bE 
“ Tea 
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For later reference, we give the explicit representation of + and x’, which 
is,easily checked by means of 6.30 and the preceding discussion: 


"6.31. (i) lodd: 
Foppe he Se a e 
PTAs, wi Cr ANC e 0 GiB. ET 
<= SoC’ ofc, then r= Sol eSot, a! = Sol’ Hot, with Col 0's = U's. 


(ii) l even: 


If g> = gr = for = SoUT or, where the last factor of So lies in Gp — Us, 
and the first factor of Tor hes in Gy—U,, then for afor =a, where 


wee KoU pS, a! == Toe Uy o, with UU BU = Uy; if gi = to = oU Sr’, 
Jr == Uo — SoU'So, then r = SoU pSr, g = SoU’ pSo7, with TU pt’ E 7's. 


7. After these preparations, we are able to consider arbitrary words in 
our generators. Our aim is to obtain a relation between the length of the 
word as element of §, and the length of the longest generator involved in its 
representation. But if any word 


7. 0 P= TI go, Max ł(gp) = 1, 
p=1 


is given, it may yet be that P can also be expressed by shorter generators 
only—examples for this are the situations of 4.5 and 6.3—and then we 
cannot expect to get an estimate of the length of P in terms of the length 
of the longest generator in this particular representation. 

The lemmas 4. 5, 6.2, and 6.3 provide some means to reduce, possibly, 
the number of longest generators in the representation 7.0. In this and 
the following paragraph it will be shown that these three lemmas suitably 
applied represent all the possibilities of disposing of generators of maximal 
length in a word 7.0. 


We refer to a process which reduces the number of longest generators 
in the word 7.0 ao a ‘reduction’ of the word 7. U. 

It will be useful to list all the different types of reductions based on 
4.5, 6.2, and 6.3. To,this end, we write 7.0 in the following form: 


7.1 P =J] open P» (r= n), 
=L pri 


where every factor Py is either a generator of length l, or the partial product 
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of all the shorter generators preceding the first, or following the last gefierator.., oe. 
of length J, or between two successive generators of length 1. i 

Moreover, we assume that in 7.1 a generator of length J which is of the 
form Py to is neither followed nor preceded by a prime l-transform | 
Pra == m = KoU aSo. For in such a case, the products tor or rto are both 
of length l, and therefore themselves generators o. Hence the products 
PrP yy. = tor or PvP, = rto can be replaced by the one factor Vo. 

We begin the list of reductions with the obvious one, viz. replacing a 
number r= 2 of successive generators of the form to, to™,- - + by their 
product. This is either of length 7? and then itself a generator to, or it is 
shorter than / and then, by 4. 5, a UW-transform v, as e. g. for every generator 
to we have I(xtc) =-I(tc). The first reduction is therefore: 


(i) r= 2 successive factors Prip = to!) == SoCo) So? (p = 1,---, 1) 
are replaced by their product Tl Pyp = te Or == m = SoU Sot. 
p=1 
If three successive factors are all generators of length l, but not all of 


the form te, then by 4.5 their product can be shorter than 7 only if 
Py, = fg, 1, Py, = to, Psa == for, and then 


Py PvP va = n = T0773 U eT or 


is a prime U-transform, by 6.2, as forror* = to is of length 1. But here 
also ¢ is a U-transform (hence a prime ll-transform), for . l 


to = for (Toe UaT'er)for* = So(CorUaCor*) Sot 
i. e. Co = C (to) = Co-U Cor. 


The second reduction is therefore: 


(ii) Three successive generators fer, to, for are replaced by their 
product, a prime l-transform: 


for *tofor == To Ual or with Ua meme Cor? Coler. 


This same relation gives rise to another reduction if we write it in the 
form . 
tofer = forr or for tte — afer’; 


which replaces two generators of length 7 by only one and a word in shorter 
generators. And the same reduction is still applicable even if not to itself 
satisfies the above relation, as long as it can be written in the forms te = mto 
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or to = tom, respectively, where mı = SoU,,S,", and t'o satisfies the above 
relation. Therefore: i 


(ill) Two successive generators of length J, Pr = t, and Pru = for, 
are replaced by their product 


PP vya == tofer m wiform with == SoU a Do, m == Lor UaT or; 


and correspondingly Py == for? and Pv, = to are replaced by 


PyP yi. = for ‘te = afore, with w and m, .as before. 


Combining the two reductions (ili) leads to a reduction of the form: 


(iv) Three successive generators of length l, Pr-1 = fo;7, Py = to and 
Py, == for, are replaced by their product 


P vil vP w= f or, taf oT, = mf or, af Orel 25 


where m, == T or, U eT Grp T= SoU 8 ot, Too T a. UT Ore: j 

By 6.2, a product of the form g:Pg, will be itself a generator of length / 
only if gi == for, ge = fort, P = r = Tor U pT or, and then girg, = to, where 
ts is a prime \-transform as in (ii). As in this form two generators are 
replaced by one, we list it as a separate reduction: 


(v) Three successive factors of the form Py_. = for, Py = m == To, U pl or, 
Py == for are replaced by their product 


Piaya =R forrfor? == te = Seca with Ce == CorU pC or. 


Finally, a product giPg, which is shorter than J, can be replaced by a 
word in shorter generators only. By 6.8, and our convention that a generator 
ts is neither followed nor preceded by a factor Py —=2=—SoU,8o", this 
leads to the following reduction: 


(vi) Three successive factors of the form Py. = for., Pv =i 
== S (for) US (fo), and Pru = fort (e= + 1) are replaced by their 
product: 

for "nfor == mı = T (for) UT (for). 


The process of reducing 7.1 by means of the reductions (i)-(vi) will 
come to an end either before all generators of length / in 7.1 are eliminated, 
or when all generators of length 7 have disappeared. In that case we are left 
with a representation of P by means of generators of length =1, < I only. 
We repeat the process with respect to the now longest generators of length l, 
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and so on. After a finite number of steps, no further reduction will be 
possible. A representation of P thus obtained is called a reduced represen- 
tation of P, or simply a reduced word P. From now on we assume that 7. 1 
is a reduced word, where the length of the longest generator is again I. 

The following properties of reduced words follow immediately: 


n 1 
7.2. With P = [] Py also the formal inverse P~ = ]] P, ts a reduced 
1 n 
word. 


7.3. Every partial product I Py (n= m > % = 1) of a reduced word 


Ho 


P = [| Py, which contains at least one factor Py (no SvSn,) which is a 
1 

generator of length l, is itself a reduced word. 
7.4. If Q, and Q, are words in generators which are shorter than l, 


and P = J] P, a reduced word, then the reduced representation of Q PQ. 
1 


= Qı L Pv: Q, contains the same number of generators of length l as P. 
1 


Proof. The reduced representation of Q PQ, is obtained as follows: if 
P, is a word in shorter generators, combine Q, and P, into one factor 
iP; = P’. The only case in which this may give rise to a further change 
is where P’, is of the form m = ScU,S.o and P, is a generator of the form te. 
In that case we have to combine P’, and P, into one factor ts. This does 
not change the number of longest generators in P, as it cannot cause a 
reduction; any reduction caused by replacing to by te would have to be of 
the type (ii1)), but then already the original generator te would have given 
rise to this reduction, contrary to the assumption that P was reduced. A 
similar argument shows that Q- has no effect on the number of longest. 
generators in P. 

We are now going to prove the decisive property of reduced words: 


tebe SF P=—TI Py as a reduced word, and if the length of its longest — 
generator is l, then (P) >l. 

Proof. We bring this proof in several steps. 

1. By 4.1, 5.0, and 5.3, any two successive factors Py and Py,, cancel 


at most half of each other; and if Py is a word in shorter generators, hence 


12 Cf. Neumann, [3], p. 19. 
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Py. and Py,, generators of length 1, Py cancels definitely less than the first 
half S(Pvi1) of Pra, and less than the second half T(Py..) of Pya In 
particular, if P, is a word in shorter generators, hence P, the first generator 
of length 7, then P, affects less than the first half S(P.) of Ps, and the 
product P,-S(P2) is at least of the same length [3] as S(P.). Corre- 
spondingly, if-P, is a word in shorter generators, hence P»_, the last generator 
of length J, then less than the second half T(P,_,) is affected in the product 
ProiPn, and T (Pr): Pa is at least of length [47]. 


2. If the first or second half of a generator Py of length l is cancelled 
completely by the factors preceding, or following, P» then the second or first 
half respectively of the generator of length 7 preceding, or following, Py is 
thereby cancelled as well. For if, e.g., S(P») is cancelled, and if Py, is 
also a generator of length J, then, as any two successive factors cancel at 
most half of each other, S(Py) must be cancelled by T (Pv). But if Py 
is a word in shorter generators, hence Py_, the generator of length } preceding 
Py, then Py, does not cancel the whole of S(Py), hence Py, must have been 
disposed of between the generators Py. and Py, so that then the former can 
cancel the rest of S(P,). But then we have the position of 6.2, Le. 
T (Py.2) = 8( Py), and Py. = r = 8(P,)U,8 (Py), and both, S(Pv) and 
T(Pv-2), cancel completely. 


8. If Py is a generator of length 7 of the form Py = for", then if 7 is 
even, the half To,™ cannot be cancelled completely, and if Z is odd, Co," 
‘cannot be altered by the factors following Pv (if Pv == for) or preceding Py 
(if Py == fort). For let, e. g., Py = for. By 4.2 and 4.3, there is no other 
generator g, i.e. no generator gs* for, of length J such that l(forg) = 1, 
or I(forg >) SI. Hence, if the second half Ter of for should cancel com- 
pletely, and, if Z is odd, the central factor Co, at least amalgamate, for must 
be followed by a product Py,, of shorter generators and a generator Py, of 
length 1, which together cancel Ter, and if 7 is odd, amalgamate Cor. But 
then we have, by 6.2, Prs == Py? = fort and Pvn == Ter U gl g,, and P 
would have been reduced. Similarly it follows in the case that Py = for”. 


4, Now we show: in the whole word P, the first half of the first generator 
of length l, and the second half of the last génerator of length l, are not 
touched at all by cancellation or amalgamation. And, if 7 is odd, the central 
factors of the first and last generators of length | can, in the whole word P, 
at most amalgamate, but never cancel. 


Again it will be sufficient to prove this assertion for the first generator 
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only, the proof for the last generator being analogous. If the first generator 
of length J is of the form for, we saw under 3. that in the whole product P 
cancellation and amalgamation can touch at most the second half Tor, while 
the first half and the central factor remain untouched. 

Jf the first generator of length } is of the form fer* or te.so that its 
second half is So, and if this half is cancelled completely, then, by 2., this’ 
is done by the next following generator of length Z. 


Hither this is of the form fer. Then it follows from 3. that the next 
following generator of length J can have no influence on what happens to 
the first. If then the first half of the first generator, or, if 1 is odd, its 
central factor, should be touched at all, the partial product fer*Psfor, (P; a 
word in shorter generators) or T’oPsfor, respectively of P must be of length 
S]. If it were <1, P would not have been reduced by 6.3. Hence it ig 
of length J, i.e. if Z is odd, the central factor of the first generator amalga- 
mates, but does not cancel, and if Z is even, no amalgamation can take place 
between the first half of the first generator and the second half of the second 
generator. 


Or else the second generator is of the form ¥o, and in order that it 
cancels the second half of the first generator, a factor between the, two would 
have to be a prime U-transform of the form S,U,So", by 6.2; but this 
possibility has been excluded. Hence the first generator of length 7 is followed 
immediately by t'e, and as P is reduced, the first generator can only be of 
the form for*. In the product fo;“*t’c, S(for*) is not affected at all, and 
if | is odd, the two central factors amalgamate, but do not cancel. Cancella- 
tion, therefore, could only be achieved by the next following generator of 
length 7, which then would have to cancel the second half, and amalgamate - 
(at least) the central factor, of t, first. For the same reason as before, no 
word in shorter generators can occur between the second and third generator 
of length 7, hence the third one must be of the form for and we would have 
a product of the form fo, *tcfe,. As P is reduced, this must be of length 
= 1, i.e. S(for) is not touched, and if J is odd, the central factors at most 
amalgamate. Moreover, by 3., the factors following for cannot alter this 
position any more. 

Now it follows from 1. and 4.: 


$ 
if 1 is even: (P) = [40] + [3] =], 
if 1 is odd: (P) = [41] + 1 + [47] =1, q.e. d. 


Now the main result of this paragraph follows easily: 
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7.6. If the longest generators in a reduced word P are of length 1, 
then P cannot be expressed by generators which are all shorter than L 


Proof. Let Pally be the reduced word whose longest 
1 1 


generators are of length l. If P, = ĮI g'p with l(g9'p) <1 for all p were 
1 


another representation of the same element of §, then Py?P=1. But P: 
is a word in generators which are all shorter than I, hence, by 7.4, a reduced 
representation of P,P contains the same number of generators of length / 
as P. Hence, by 7.5, (P:P) = l, contrary to PP =1. - 


8. From 7, in particular from 7.5 and 7.6, we derive a complete 
description of a system of defining relations for the generators of §. 


li R iq gp With MaxI(gp) =I is a relation between the generators 
i 


of our system ¢, i.e. R = 1 as element of Q, the reduction of R cannot leave 
any generators of length 1, by 7.5. The same is true for the reduction with 
respect to the then longest generators, and so on. Hence, after a finite 
number of steps, the right-hand side will become identically one by means 
of the reductions (i)-(vi). It follows: 


8.0. THEOREM. Every relation between generators of the system ọ 
follows from relations of one of the following two types: 


8. 01. I to?) == n where r = SoU ao ts & prime U-transform of length 
p=1 


I(r) <U(tc), or the umt element; 


8. 02. for LT for = m where T = to = S eae Cor 1) Sgr? or T =r 
= YoU ado rE, and m = Tor 1U gL or. 


(Here, if l(t) or l(for) respectively is odd, æ indicates the group of the 


central factors of the generators of the set ġo; if this length is even, œ indi- 
cates the group of the last factor of So and 8 that of the first factor of Tor.) 


Proof. All that remains to be proved is lhal the reductions (i)-(vi) 
follow from relations of the form 8.01 and 8.02. This is almost obvious, 
and we shall only state on which type of relation the single reductions are 
based : 

(i): 8.01. 


(ii): 8.02 with T = to. 
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(iii) and (iv): 8.01 in the form (SoU ao) ` to(SoU aIo) = t'o and 
8.02 with T = t's. 


(v): 8.02 with T = fo. 
(vi): 8.02 with T = r = SoU,8o". 


[If Œ is a free product with one amalgamated subgroup, all the elements 
Ua, Ug belong to the one amalgamated subgroup U. Transforms of even 
length do not exist, i.e. a set’ $, of generators of even length contains 
generators for only, and relations involving these must be of the form 8. 02 
with T = m. | 

In the general case, a relation 8.02 with T =~ and l(fer) even entails 
for the central factors Ce;7?U,Co, = Ug(Cor in U) where Ua and Ug will, 
in general, be different groups. But this does not mean that Ua and Ug 
must both belong to the meet Uag of U, and Ug—as one might perhaps hope. 
One easily constructs examples to the contrary by taking U,=—= Ugy in 
Vey == Ua N) Uy, and Ug = Ugy in Ugy = Ug [) 1h, so that one may choose 
Co, as an element in U, which, in Uy, transforms U,, into Ugy. And this 
is not the only possible type of example. 

For the system of generators as it is at present, these relations cannot 
be simplified any further. However, in these relations there occur certain 
prime U-transforms, whose explicit representation by means of shorter genera- 
tors we do not so far know. We only know particularly simple examples of 
prime l-transforms, viz. those generators of the form to whose central factor, 
i.e, an element of a group Ga, or of U, is conjugate to an element of Ua (or 
of any group Ug in the latter case). It cannot be expected that every prime 
U-transform is of this form. In fact, not even those which occur in relations 
8.0 need be generators. But in the following paragraphs we are going to 
show how, using the freedom left in the selection of the generators (ef. 3), 
it is possible to choose them so that their defining relations 8.01 and 8. 02 
involve only prime lt-transforms which are themselves generators of the 
form to. 

To this end, we have to find out first which reduced words represent 
prime ll-transforms. The next paragraph deals, more generally, with the 
corresponding question for prime words. The incidental results on prime 
words will be used throughout the later paragraphs. l 


9. From 7.6 and the definition of a prime word it is clear that the 


prime words of length 7 are those reduced words P = TI P» whose longest 
1 


518 HANNA NEUMANN. 


generators are of length 7, and which themselves are of the least possible 
length 2. 
We denote by 9:,° > +, 9m (m Sn) all the generators of length 7 in the 


order in which they appear in the reduced word P = Il Py. If then P is to 


i 

be of length J, the whole first and second half of all the generators go, - +, Gm-1 
must cancel, and if J is odd, their central factors must amalgamate. By 4. 5 
and 6.2, this is possible only if all generators gu (u=—1,--°+,m) belong 
to the same set ġo, and T'(gp) = S (gyi) for »—1,---,m—1. Besides, 
the product of shorter generators between gy and gua (e= 1, + +,m—1) 
can be only the unit element, or a prime ll-transform ay = T (gp) UBT (gy). 
As P is reduced, it follows that m = 3, and if either gu or gus (or both) 
are generators of the form to, then certainly mu = 1. Finally, the products of 
shorter generators preceding gı, and following gm, must not increase the length 
of the whole word, i.e. they must be prime words p, and p, respectively of 
length < l, so that 1(pigi1) = 1(gmp2) =1. Now a distinction between the 
three possibilities for m gives immediately: 


9.0. A reduced representation of a prime word p of length l is of one 
of the following types: 


9.01. p= pgp: g a generator of length l; 


9, 02. pt seat DiteforPe > 
9. 03. P i Pijon nferP2, = SoU Sa oT == > 
9. 04. p = Drsfor toforP2 > 


where in all cases pı and pz are prime words of length <i with 1(p.g1) 
=F L(9mPs2) == |, 


The first and second half of p depend only on p, and J(g,), and T(gm) 
and pz, respectively. In particular, in order that there should exist a 
generator g’ of the same length 7 as p such that I(g’p) SI or (pg) SL, 
the second or first half respectively of g’ must cancel against p, and therefore 
against f, or gm respectively (as shown in the proof of 7.5). Ieue by 6.2, 
g also belongs to ġo, and in the first case p, = mı = 8(91)Ua,5 (91)? (or 
pı == 1), and in the second case ps = ms = T (gm) 'UasT (Gm) (or po=1) 
are prime U-transforms. 


Conversely, if pı == mı, OF Pa == m are of this form, then there exists a 
generator g’ of length 7 such that 7(g’p) S1 or 1(pg’) =L respectively: one 
may simply take g’ == g,-1 or g’ = gm" respectively. 
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If gı Or gm is of the form te, then, of course m, = 1, or m, == 1 respec- 
tively, since the representations of p are reduced. But if g, e.g. is of the 
form fon” and py == mı == To7,1Ua,Tor,, we have 


Í o nmf g ee v= T, = So ( Cor Ua,Cor,*) 8 gs 


hence T, is a U-transform, and either Ta = to, or Typ = m == oU a Sc, 
according as 1(7,) ==}, or 1(7,;) <}. Hence we can replace mifor > by 
fon T, and then combine T, in the representation 9.02, 9.03, or 9.04 with 
the next following factor which is of the same type as Tı. Correspondingly, 
if gm = fory and po = ms = Tors 'U aT or we replace forma by Tofars 

The representation of p thus obtained is in general no longer reduced, 
but has the advantage that it shows immediately whether there exists a 
generator of the same length J as the prime word p whose product with p 
is at most of length 1. We call this the “ principal form ” of the prime word p. 


9.1. A principal form of a prime word p of length 1 is of one of the 
following types: 


9.11. p= qito 

9. 12. p” mann GiT fards, 

9. 13. p Gi Qfor T foreGe, 
where T = to or T == 4 = SoU aSo, or T = 1; and qı and q are prime words 
of length < l such that 1(q¢:91) =1(9mgG2) =}; gi and q. may be the unit, 
but qa FS (gi) Ua, S (gr) and goa T (gm) *U asl’ (gm). 

9.2. There existis a generator g of the same length 1 as p such that 


(gp) =l or I(pg) == 1 tf, and only tf, in the principal form of p, q ==1 or 
qa = 1 respectively. 


We call q, and g, the first and second prime factor of p respectively. 

In order to find the representations of prime U-transforms, we start with 
two lemmas which show that prime words behave very much like the actual 
generators : 


9.3. If p and p are two prime words of length l whose first prime 
factors in a principal form are one, and if P is a word in shorter generators 
such that L(p Pp) <1, then (pp) Sl and P=21—S(p)U,8(p)* is a 
prime U-transform of length <1. 


Proof. By 9.2, there exist generators g and g’ of length 7 so that 


J 
520 HANNA NEUMANN. 


(gp) Sl and I(g%p’) Sl. Hence p and p’ can be written so that 
S(p) =S8(g) and S(p’) == S(g’); and if 7 is odd, also the central factors >, 
of p and g, and p’ and g’ belong to the same group. 
In the products gP and Pq’ less than half of g> and g’ respectively are ` 
cancelled by P (by 5.8); therefore the same holds for p> and p’ in the 
products p*P and Pp’. If p*Pp’ is to be of length = 1, P must therefore be _ 
disposed of between p™' and p’, so that the whole first halves of p and p’ can 
cancel against each other. But then we have with 1(p7Pp’) <1 also 
l(g?Pg’) =l; hence by 6.3 I(g79’) Sl, i.e. I(p p’) SI, and | 


P==m=S(g)Ua( 7") = 8(p)UaS (p). 
An immediate consequence of 9.3 is 


9.4. If p and p’ are any two prime words of length 1 such that 
L(p tp’) Sl, then there exist principal forms for p and p’ whose first prime 
factors are equal, and whose first generators of length l, 9, and g’, respectively, 
satisfy 1(gi4g1) Sl. Correspondingly for the second prime factors and last 
generators of length | of two prime words satisfying 1(p’p*) Sl. 


Proof. Let p = qip and p’ = gp be principal forms for p and p’, i.e. 
p and p’ the product of all the generators following the first prime factors 
qı and q’, respectively. Then ğ and p’ are also prime words of length 1, 
and (pp) =P (q> pP] Sl, where gig’, is a word in shorter 
generators, and » and p’ are prime words whose first prime factors are one, 
i.e. they begin with generators of length l, g, and g’, respectively. By 9.3 
we have (>p) 1, hence also I(gi%g’/1) SJ. And: 


qg =| RN S (gı) US (9:1) >, l. e. qs socom G1 ‘oT, 


And in the principal form p’ = q’,p’, m can be combined with the first 
generator g’, of p’ as before. But then p’==q,(7p’) has the first prime 
factor qı. , l ; 

From 9.1 together with 9.4, the latter applied to the case that p= p’, 
one obtains the principal forms of a prime U-transform of length 7: 


9.5. A principal form of a prime U-transform a of length l is of one 
of the following types: 


9.51. m = Qiteg:? where to = Se(CUgC) So ts a U-iransform, 


9.52. m = Qifor?Tforgs where T == te = So(CUgC1)S,7) or T = m, 
= SoU Bo. 


4 4 
a Aa š 


L(g ir) 1, if, and only if, q =1. 
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And from 9.2: : 


z Di 
wat 


9.61. There exists a generator g of length | such that I(rg) 1 or 


9.62. m= t, ts itself a generator of length l, af, and only if, there | 


exists q generator g = t'o, or g = for, such that (rg) Sl. 


Proof. 9.61 is nothing but a restatement of 9.2 for prime U-transforms. 
The generator g in 9. 61 can either be of the form fo,“, i.e. begin with Tor” 
as first half, or of the form t'e or for, i.e. begin with So as first half. In 
the first case, mfor* = tofor is certainly of length > L, by 4.4. And con- 
versely, if g = t'o or for, and. m = to, then (ag) Sl. 

some further properties of prime words, again similar to those of 
generators, will be needed presently. 


9.7. If pis a prime word of length l, P a word in generators which 
are all shorter than L, then U(p) S1U(Pp) > UP) and l(p) S pP) > P). 


Proof. It is sufficient to prove one of the two inequalities, the first say. 


By 7.4, a reduced representation of Pp contains as many generators of. 
length J as that of p; hence, by 7.5: 1(Pp) Z1 = (p). 

To prove (Pp) >1(P), let the first prime factor of p in a principal 
form be qi, i. e. p == ip, where also p, is a prime word of length / such that, 
by 9.2, there exists a generator g of length | satisfying [(g*p,) St. In the 
product Pp —=Pqipi, Pq, is a word in shorter generators, hence by 5.3 
l(Pai,-9) > Pqi), i.e. Pq, cancels less than S(g), and cancels and amal- 
gamates at most S(g) in the product Pqi:g. As we may assume 
S(g) =S (pı), the same is true for p, in the product Pq,-p,, i.e. at least 
the last {41} factors of p, remain untouched and, if J is even, the last factor 
of S(p,) at most amalgamates. But [(pp.*) =1(g.) < l, and both, p and 
pi, are of length 7. Therefore, at least the last {41} factors of p and py, 
may be assumed to be identical and, if 2 is even, one more factor amalgamates. 
But then, in the product Pqi: pı = Pp, at least the last {41} factors of pi, 
i.e. of p, remain untouched and, if J is even, the last factor of S(p) at most 
amalgamates; hence in fact (Pp) >1(P). 


9.8. If g= t, or = fe, is a generator of the set do, and p a prime 
word shorter than g, such that I(pg,) =1(g1), then also (pgz) =1(g2) 
for all other generators gs == t's or == for of do. 


Proof. As p is a word in shorter generators we have certainly 
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(pge) =1(g2) by 5.0. On the other hand we have (p91) ==1(g,) and 
L(gs*g2) = 1(g2), hence by 2.11: (pg) = (gz), and therefore pga) = L(g). 


9.9. If g is a generator of length l, p a prime word of length 1, <1 
whose principal form is p== 191" * ` GmQe, where m3 and b(gu) = bh, 
then with (pg) =1(g) also 1(qog) ==1(gmqog) =1(g), and with (gp) = Kg) 
also 1(9q1) =1(9q 91) = 1(g). 


Proof. It is sufficient to prove one of the two lines, the first say. If 
we write p= jige, then p itself is also a prime word of length 1, < i. 
Moreover [(q2) <l; hence, by 2.2, it follows from I(fq.) =I(p) and 
l(pqe'g) == 1(g), that also (gag) Si(g). But by 5.0 l(qog) =1(g), hence 
b(qog) = 1(g). U(GmG2g) == 1 follows in exactly the same way in the case 
m > 1, where p can be written in the form p = p(9mq2) with ji itself a prime 
word of length l. But if m= 1, i.e. p= 4.9192, we proceed as follows: 


If we write p—Qip, i.e. P= 9:92, then 1(p) =1(p) < 1(g) and (q) 
== (q) <1(p); hence l(pp*) < 1I(p") and I(pg) =1(g), and therefore 
by 2.11, applied to ji, p, g: 


1g) = "(gage 9) Sg). 
But by 5.0 U(gi9g2° g9) =g), hence 1(gi9g2- g) = L(g). 


10. Up to now, we do not know how far the reduced representation of 
an element is unique. It seems best to deal with this question here in its 
natural context, although the results will not be needed until later. 


R 
We cannot expect the reduced representation P == [[ Py, of an element 
1 


of § to be unique in the sense that two such representations 7.1 of the same 
element are identical. For if, e.g., a factor Py is a generator of the form 
Py == to, and Py,, a word in shorter generators, hence Pys 54 SoU ae~, then 
we can replace Py by Pyr = t'o, and Pvy by mPp, where w is any prime 
U-transform of the form r == oUa, and the resulting representation of 
P will still be reduced. We are not going to examime such possibilities in 
detail All we shall neod to know io, to what extent are the longest yeuvralurs 
uniquely determined? We restrict ourselves to answering this question. 

We begin by comparing two reduced representations of a prime word. 
The following proposition is analogous to the result 6.2 for two generators 
of length 7: 


10.0. If pand p are two prime words of length l, P a word in generators 
shorter than lL, such that l(p*Pp’) <l, then any two reduced representations 
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of p and p’ are of the same type (i.e. one of the four types 9. 01-9. 04), the 
number of longest generators gu and gp involved is the same for both, more- 
over it holds: tf gu = forf, then gp= 9u and tf gu = to == Bal So", then 
G'a = Vo = Booe, where O'o differs from Ca at most by right- and left- 
hand factors in Ua, or of the form CarUaCor*. 

Proof. We write the reduced répresentations of p and p’ in the form 
P = Pigp2 and p’ = Pa P, where p, pi and po, p'a are the first and second 
prime factors of the reduced words p, p’ respectively, i.e. all of them prime 
words of length < l, and q and q’ are prime words of length l, both beginning 
and ending with a generator of length 7. Then we have 

pi Pp = (peg) (Pp Pps) (gpa) = P with (P) <1. 
Hence also P’ is a word in generators which are all shorter than l, and so 
are pP p and poP’p'.* in 
Q* (prt Pps) Y! = peP pa. 

As q and g’ are prime words of length l, whose first prime factors are one 
in a reduced representation (which then is also their principal form), we 
have by 9.3 | 

10.01. (gg) S1, and p, Pp’, = r = 8(q)U.8(¢q)7* is of length <1. 
Hence, using q(p.P’p’.)q’* — vr in the same way, we have 

10.02. Ugg’) S l, and poP’p’o) = r = T(q)1U'aT (gq) is of length < I. 
By 10.01 and 10. 02, p7?Pp’ =P’ becomes 

» 10. 03. qirg =r, 


where g and g’ contain the same generators of length } as p and p’, so that 
it is sufficient to prove 10.0 for these prime words whose prime factors are 
one, given lhat they satisfy 10. 03. 

Because of 10.01 and 10. 02, g and q’ can be written with identical first 
and second halves, 


q= S(q)CT(q) and g’=8(q)C'T(q), 
where C and ©’ belong to the same group; in fact, because of 10. 03, 
10. 04. OU” = Uw 1.6. C = Ue OUa 


Moreover, S(q) =S(q) may be assumed to be identical with the first half 
of the first generator of q as well as q’, and T(q) == T (qg) identical with the 
second half of the last generator of g and q’. 
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Now we have to distinguish several cases: 


1. If S(q) =T(¢q)* = So, then both g and q’ can only be of the type 
9.01, ie. qg = to = KoSo, J = te = Ko’ Sot, with O = UCU", 


2. If one of S(q)* and T (q): equals So, the other Tor, we may assume 
that S(q) =So, T (q) = To, Then q and q’ are either of the type 9.01 
with g = foz, or of the type 9.02, but with the same generator for, as there 
is no other generator with second half Te, and a central factor in the same 
group as that of for. If q and q’ were of different type, e.g. q= for, 
g == tofor with te —SoCoSo%, then by 10.038: g = tofor =a for’, ie. 
gq’ would have been reducible by means of the reduction (iii). Hence they 
are of the same type, and either q =g = for, or q = tofor, Q = t'ofor, where 
because of 10. 04: 


CoC or T Us CU aà == Ua CoCo, Ua, 1. ec. Os = Ua Co(CorU Cor), 
as asserted. 


3. Both S(q)* and T(q) are second halves of generators for, i.e. 
S(q) = Tor,*, T(q) = Tor, Then q and q’ are of one of the types 9. 03 
or 9. 04, with the same generators fer, and for, If q and g’ were of different 
type, it follows as before from 10.03, that the one of type 9.04 would be 
reducible (this time by means of the reduction (iv)). Hence they are both 
of the same type; if this is the type 9.03, the assertions on the longest gene- 
rators are obvious; if it is 9.04, we have q = for, ‘*tefe;, and g = fort cfore 
hence by 10.04 C = Oer O c0or = Ua OU’ =~ = Ua Cap Ooo a, i. e. 
Co = (Cor, Ta Cor.) Co (Cor aCor,1) for the central factors of to and t's. 
This completes the proof of 10.0. 


10. 0 includes in particular the case where P= 1, and p and p’ are two 
reduced representations of the same prime word. Which shows, that in the 
case of prime words the longest generators involved in a.reduced represen- 
tation are, essentially, unique. 


From this we want to deduce the corresponding result for any two 
reduced words which represent the same element of §: 


10.1. 1f P—ITI Py and Q eT] Qy are two reduced representations of 
1 x 1 


the same element of $, and gi, --;9’m and gr, ` , Gm respectively the 
generators of maximal length l in the order in which they occur in P and Q, 
then 
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1. m==™M; 
2. if for some p (1 Spm); ga = fos, then p= Qu; 


3. tf for some p (15 p5 m): gu = to = Kolo, then also gp = to 
= SooSo, where C'e differs from C, at most by left- and right-hand factors 
in Ua or of the form Cor*UaCor (x depends, in the usual manner, on the 


set a). 


Proof. The proof proceeds by induction, using 10. 0, i. e. the fact that 
we know the truth of these assertions for prime words., To that end we 


rewrite the representation 7.1 of a reduced: word P = I Py as a product 
a | 


of prime words of length 1, and words in shorter generators, in the following 
way: | 


_ If the first factor P, is a word in shorter generators, hence Pz a generator 
of length 1, and if 1(P,P.) > 1, we take P, as first factor of the modified 


representation ; in all other cases we take the longest partial product p, = i Py 
i 1 


which is of length 7 and therefore a prime word, as new first factor. If 
then Pn, is a word in ‘shorter generators, p, and Pa, cancel less than half 


notl 
of each other, as otherwise also [[ P» would have been of length 7. In that 
‘ 1 ` 


case, if L(PnaıPna2) > 1, we take Pn: as next factor in the new represen- 
tation, while in all other cases we take again the, longest partial . product 


Do == i Py which is of length 1, and therefore a prime word, as next factor. 
agi á - l 


So we go on, until finally the original representation 7.1 of P appears written 
in the following form: 


k 
10.11. P=PoTI (pP), k= 1, where the pe (x= 1, > -, k) are 


prime words of length l, and the Px (x=0,---,k) words in shorter 
generators or the unit. Any two successive factors £1 (i.e. Pk, Px, or 
Pr, pea Uf Pk 3&1; and pe, pen, tf Pe==1) have the property that their 
product is longer than each factor (by 9.% and the rules for obtaining the 
form 10.11). Moreover, if Pk 41, then the second prime factor of pk and 
the first prime factor of Dx. are both one (since, as a factor of the represen- 
tation 7.1, Pk was preceded and followed by a generator of length 1). 
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Now we write Q in the same way: 


zx’ 
10. 12. Q = Qo [I (Qk), KZL. 
K=1 


Obviously, we may assume, that of all the different representations of 
this type for the same element of §, P (10.11) is one with minimal k. 
Then i’ = k. 

As P and Q are representations of the same element of §, we have 


2 ke’ 
10.13. 1 == PQ = I (Pape?) -Prip P" 009191 I (qOr). 


Here, all generators of length l, hence all prime words on the right-hand 
side must cancel. Since at most the second half, i.e. the last [41] factors, 
of q, are cancelled from the right, at least the first {417} factors of q, must 
be cancelled from the left. We show that, thereby, also at least the last 
{41} factors of p, are cancelled, so that 


10. 14. (p Po Qoq:) <1 


This is seen as follows: Since at most the first [47] factors of p, are 
cancelled from the left, the assertion is obvious in the case that P,1Q)— 1. 

If Po*Q.3 1, then, by 9.7, at most half of it cancels on either side 
against less than [47] (if I is even), or against at most [47] (if Z is odd) 
factors of p? and qi. In order that the first {47} factors of q, should be 
cancelled from the left, P,Q) must, therefore, be eaten up between p> and 
qı, i.e. its complete first and second halves must cancel on either side, and 
its central factor (if not in U) must cancel together with the two following 
factors on either side. Only then can the remaining factors of p,* cancel 
the remaining of the first {47} factors of qı. But, as p,* and q, are of the 
same length l, an equal number of factors of p,-? and q, (and, after the 
above, at least {47}) are cancelled in the product p.*Po*Qoqi, which proves 
10. 14. 

Therefore, p.-?(Po Qo) @1 == P with 1(P) <1; hence by 10.0, the asser- 
tions 1.-3. of 10.1 are true for the longest generators involved in the repre- 
sentations of p, and q, (both are reduced, by 7.3); and these are the same 
as the first m, (m, = 3) generators of length 7 in the given reduced 
representations 7.1 of P and Q respectively. 

Besides, P is itself a word in shorter generators, and P p, = One. 
After multiplication from the left with (Popi)"*, P == Q becomes 


Px TI (PPa) = (PQ:) TE (ger). 
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Here the left-hand side is itself of the form 10. 11; and so is the right-hand 
side after, possibly, PQ, has been combined with gẹ (viz. if the product PQ,9. 
is of length 1, and therefore itself a prime word). But the left-hand side 
involves only k— 1 prime words of length 1, so that an induction with respect 
to k completes the proof of 10. 1. 


11. Now at last we can consider the problem of a more careful selection 
“of the generators in order to simplify the relations 8. 0 as desired. 

As in 8, œo is chosen as the set of, all elements of length zero in §, i.e. 
it consists of all elements V of the meet Y == § N U. 

Assume that the sets do of generators have been chosen for all ordinal 
numbers o’ <o. Then S, denotes again the group generated by all the 
generators of all the sets du (d <o). If &, is not yet the whole group §, 
the set ġo will be chosen as in 3, but with an additional rule to be observed: 


The first generator of ġo has to be an element of minimal length / of 
§—8R>, and, if possible, a transform. Let fı, fat - - be all the elements 
of §—R, which satisfy these first requirements (we choose this notation 
although they need not, of course, be denumerable), i.e. all transforms of 
length J, if transforms of length / exist in §— &e, otherwise all elements 
of length l in §— Re. 

Let f be any one of these elements, g any generator of a set da (o <a) 
already chosen. Then with f also gf belongs to $ — Re, hence I(gf) = l = (f). 
We now consider all those earlier generators go == to or = forr (but not of 
the form fo,1) with the property that 


11. 00. L( gor f) = |, 





All generators with this property are of length < J. For if there were one 
of the same length / as f, g’ in ġo say, then, by 3. 12, f would belong to Rou, 
and a fortiori to Re. ` 


11.01. Put Ap = Max l (go) 


where go varies over all generators satisfying 11.00. Then A;< l. If no 
- generator go satisfying 11.00 exists, we put As == 0. Finally, we put 


11.02. Ac==MaxaA;, where f varies over all elements fi, fot =>. 


In the case that these elements fı, fo,- - - are transforms, we choose any 
one for which A; is maximal, i.e. Af == Av, as first generator te of ġo, and, 
as in 8, we add all transforms Vo with (toto) Sl to do. Ie. toto, °° 
are chosen so that: 
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11.10. There exists an earlier generator go of length ào so that 
I(gortte) =l = (to); 


11.11. af also l(gor te) =l for some earlier generator gor == tor oF 
= forr, then l( gor) S àc; 


11.12. If tis any other transform of length lin § — Ro, and for some, 
generator Jas == tos or fosr, (gott) = 1, then (goe) S ào- 


If outside the group generated by Re and the elements te, t’o,: + - there 
are still elements f of length 7 such that (f~t) = l, we have to choose the 
next generator fc, of ġo from these elements f. Here again, we denote for 
every such f by Arı the length of a longest generator go. == tor or = forr 
(but =£ for”) such that 


U(fgor) = 1. 
Then again àf < I for all the elements f. Again we put 
Ao. = Max is 
f 


and choose as next generator fo,, of ġo an element f such that A; is maximal, 
i.e. Ài = àgi Then the generator fc,, besides satisfying 11. 10-11. 12 
(because it has the same first half and a central factor out of the same group, 
as to) has the property that: 


11.20. There exists an earlier generator go? of length àa so that 
U(fo,sgor) = l =U (fo) 5 
11.21. if also l(fo, 9o} =} for some earlier generator gov == tov or 
(gor) So 
== fory, then 


11.22. if f is any other element of length l in §S—R, such that 
U(f te) = L and if for some earlier generator gow = tos or = forr, (fos) = l, 
then Lilga) SS Aor. 


So we go on: If all the generators te, for for all 7< r have been chosen, 
and there are still elements f of length / outside the group generated by Ro 
and all these generators to and før, such that [(f*tc) S1, we choose from 


18 Not normally the same as in 11.10, of course. 
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these for such that the length do,, of a longest generator go with I(fgo-) = l, 
is as great as possible. Again, 11. 10-11. 12 holds also for fo,,. 

In the other case where © — Ro does not contain transforms of length J, 
we choose the generators correspondingly: first we see to it that A, is maximal, 
i.e. for, and all further generators of the set, will have to be chosen from 
those elements of length J of § — &o, for which the length A, of a longest 
earlier generator go with the property 1(go-“*fo,,) = l, is maximal. Then we 
satisfy, step by step, the conditions that Ac, (defined as above) is as great 
as compatible with the earlier choices. Again, Ac is the same for all gene- 
rators for of do, i.e. given by 11. 10-11. 12 (with fe, in place of te). 

The gist of it is: In every step we see to it that as many factors as 
possible, both of the first, and of the inverse of the second half, of each 
generator are identical with the first half of some earlier generator. That 
this choice ensures the desired simplifications of the relations 8.0, we are 
going to show in the next paragraph. 

We keep for these improved generators the old notation: œo, ete. 


12. All properties and results derived earlier for the generators of the 
system ¢ hold, of course, for our present generators. But the former result 
5.2 can now be improved as follows: 


12.0. If g is a generator of length l, P a word in shorter generators 
such that 1(Pg) =l or i(gP) =l, then P=p is a prime word of length 
1, <l with the property that there exists a generator go, of length ly, go, = to, 
or = fer, s0 that: pgo) S lı or (gop) Sl, respectiwely. 


Before we prove 12.0, let us consider the consequences: It follows 
immediately that the earlier result 6.2 can now be replaced by the following: 


12.1. If gi and gy are generators of equal length l, P a word in shorter 
generators, such that l(giPgx) Sl, then gi and gx belong to the same set do, 
l(gigc) EL and P = vx is a prime U-transform of length l, < l which is itself 
a generator to (o <a) of length l. 


Proof. By 6.2, P—qa is a prime U-transform of length 1, <1, and 
l(gir) =1(xg.) =l. Hence, using 12.0, there exists a generator go of 
the form go == to or = fo, of length l, such that (rgo) Sh; as r is a 
transform, also (gor) = l. Therefore, by 9. 62, m = to. 


In particular, 6.3 is now improved to: 


12.2. If under the same assumptions as in 12.1, I(giP9n) <l, then 


te oR we E te oe <a ae we 
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either g= toys Jy =o, or gi= for, gr for. And then giPg =P, 
where P = r = to; P =r = tor (d <0, d” <o). 

S es 

And from this follows that the relations 8.0 assume the following sim- 


plified form for our present generators: 


12.3. THEOREM. Every relation between the generators of the system 
p (consisting of the sets po (OSa<oy) of generators to? and for 
(l=7<10)) follows from relations of the following two types: 


12.31. J] to) = to, where te = SoU, is a generator of a set du 


p=1 
with OS 0 <a; 


12.382. for *hefor = tov where to Æ 1, tor 41 are generators of the 
form te ==So(CorUgCor")So* and tor == Tor UgTor with (Sd Soa; 
0OS0" <a. 


If the set ġo does not contain generators to, then we have in 12. 32 
necessarily (te) < U(for), ie. d” <o. ž 

We denote this system of defining relations 12.31 and 12.32 for the 
generators of the system œ by Ș. 


It now remains to prove 12.0: 


Proof of 12.0. That under the assumptions of the theorem P = p is a 
prime word of length 1, < 1, we know by 5.2. All we have to prove is the 
additional property of the prime word p which can be expressed briefly as 
follows: If there is any generator g longer than the prime word p, such that 
the product pg is of the same length as this generator, then there is also 
a generator g, of the same length as the prime word and beginning with a 
half So such that their product pg, is of the same length as this generator gi. 
And correspondingly for the generator as left-hand factor. 


12. 0 is trivially true for all generators g of the set a and all sets whose 
generators are of length one. Hence we may proceed by a transfinite induc- 
tion, i.e. assume that 12.0 is brue fur ull pruduuls py und yp where g belongs 
to a set do with o” < o. We then have to prove it for all such products with 
a generator g of ġe. l 

Obviously it is sufficient to prove it for one of the two cases, e. g. I(pg) = l. 
The other case reduces to this one if one considers the inverse pig which 
is also of length J. 

First Iet us assume that g is of the form g = t, or g = for, i.e. that g 
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begins with Sc. In that case we may even assume that gi ìs s the, fis “generator 
of ġo, since, by 9. 8, 1(pgi) ==1(gi) for any generator gi = to or ee of. te 
implies the same for the first generator of ġe, and vice versa: 

Now let go == to or = fo'r be a longest generator such that 1(go-~1g) sy. 
then (goe) == Ac, where A, is defined by 11. 10-11. 12. Also, of all the prime 
words shorter than g whose product with g as right-hand factor is of the 
same length / as g, let q be one of maximal length. Then we show: 


12. 40. l(q): == àv. 


Proof. As l(go™g) =l, and I(go-*) = ào, and since go certainly is 
a prime word shorter than J, viz. of length Ao, we certainly have 1(q) = dc. 
If q were longer than Ao i.e. 1(q) ==A > Ac, we distinguish two cases: 


Either g has the property that there exist a generator gg of the same 
length à as q, and of the form gov = tor or forr, such that U(qgev) Sd. 
In that case I(gor"q*) S1(q) and l(qg) =1(g), hence by 2.11: (gorg) 
1(g). But by 5.0: (gorg) 21(g), so that (gog) =—1(g). But 
L( gov )gz= A > Ao, Which is a contradiction to 11.11. 

Or no such generator go of the same length à as g exists. Then, by 9.1 
and 9.2, q is either of the form 9.11 with g.5<1, or of one of the forms 
9.12 or 9.13, where again g.541 unless q ends on a term of the form 
forrg2, when the prime factor q, may, or may not, be one. Again we have to 
treat these cases separately : 


If q is of the form q = Qilerge OF G—Qiferr Ge, Le. G=Qigorlge 
where gov begins with Sy» and gz541; we put = q:9. By 9.9 1(9) 
==1(qgg) =}; and also 


12. 41. l(gortG) = 1(g) == 1, where (gor) =A > ào. 


And, should g be a transform, to, then also ¢ == q.gqz7' is a transform of the 
same length, and also 


12. 42. l(go tt) =1 with (gor) = à > deo. 


Besides, with g, also g or # respectively lie in 6 —Sc, since they differ 
from g only by factors which are shorter than g, hence expressible by earlier 
generators. But then, 12.41 or 12.42 respectively is a contradiction to 
11.12. Hence this case is not possible. 

If g is of one of the forms 9.12 or 9.13, and ends on a term fort’ qo, 
then, again by 9. 9, with (qg) = g) = l also (ferga: g) == 1 and I(qog) = 1. 
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Hence, if we put g = fo-rg2- g, if g is no transform, or $ == fortga' 9 qa forr”, 
if g = to is a transform, then (forr: ġ) =l =l(ĝ), or U(forr tt) = 1(2) 
respectively ; besides g, or ¢, are elements of length J of § — Wo, and we have 
the same contradiction to 11.12 as before, as also I(forr) == À > Ac. Hence 
(q) > Ao is impossible, and 12. 40 is proved: 1(¢) =Ac=I(go). 

But then it follows from (gog) =1(g) and I(qgg) =1(g), by 2.12, 
that 1(qgo-) S1(go:) = Ac, which proves 12.0 for prime words g of maximal 
length such that /(qg) =1(g). 

If now p is any other prime word such that also 1(pg) =I(g), then 
l(p) < Ac =1(q), and again by 2.12, it follows from l(pg) =l=1(g) and 
i(qg) = t=1(g) that I(pq*) S1(q) =Ac. As also I( gga) = 1(ga:) = reo, 
where go: has the same meaning as before, we have by 2.11: (pgo) SU(go'), 
hence, because of 5.0: (pgo) == 1(go'). But go is a generator of an earlier 
set ġo, for which we assumed 12.0 to be true; i.e. there exists a generator 
gor = tor or == for of the same length as p such that l(pge) S1(p), q.e. d. 

The proof in the case that g is of the form g = fo," is strictly analogous, 
using a generator go of maximal length Ac, with the property (forgo) 
= I(go'g) =l, as before. We shall not repeat it. 


13. So far we have shown that any subgroup © of the generalized free 
product Œ can be generated by the system ¢ of generators (consisting of the 
sets ġo defined in 3, 11), whose defining relations are given by 12.3. O isa 
subgroup of U if, and only if, ¢ consists of the one set œ only. In that case 
the relations 12.38 reduce to those of the form 12.31, i.e. simply to the 
relations in the subgroup % of U; and about those, they say nothing at all. 
In other words, our results give no information whatsoever on the subgroups 
of the ‘smallest’ generalized free product U. 

If Œ is larger than U, and the subgroup § of © not contained in U, 
it now remains to interprét the meaning of these relations. 


13.0. THEOREM. Every subgroup © of Œ, not contained in U, is a 
generalized free product. 


13.01. Its factors are (i) subgroups So of conjugates of the groups Sa, 
(ii) subgroups §*o of conjugates of U, (iii) groups which we denote by Yor; 
in Xor the amalgamated subgroups generate a group which is self-conjugate 
with infinite cyclical factor group. 


13.02. All amalgamated subgroups are contained in groups generated 
by subgroups of conjugates of the groups Ua. 
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Proof. In conjunction with every single set o of the system œ of 
generators, we define the following subgroups of §: 


1. We consider first the case that the generators of ġo are of odd length J. 
Let their central factors belong to Ga — Ug. 


(a) If ġo contains generators fy = SoC,So7,---, let So be the sub- 
group of § which is generated by all these generators to, t'o,’ © +. $c contains 
all prime Ul-transforms wo of the form wg==SoU,So%. For with te, also 
nota == lo is a generator of ġo. These elements wo form a subgroup of § 
which we denote by Zo. 

Moreover, if for = SeCo;T'or is any other generator of do (i.e. Cor in 

— Ua), and if So contains generators of the form 


to == So? == So ( CacpU alor) Bo; 


then let Go7 be the subgroup of So which is generated by all these elements so”. 

Finally, we denote by Beo the subgroup formed by all elements of eo 
which are transforms of an element of Ua. All the groups Ge’, and Bo, are 
then subgroups of Bo. 


(b) Next, whether ġo contains generators to or not, we define for every 
generator for == SoCorT or of œ, the following subgroups of §: 


Let Ge, be the group of all elements sc, of § which can be written in 
the form Sor = So(CorUeCo,7)So%, i.e. U(se;) S1 and if no generators 
te exist in ġo, then certainly 1(sc,) < l. Let Xo, be the group of all elements 
tor of § which can be written in the form te, = Tor Uaf or i.e. ltor) <L 

Finally, we denote by Bo, the subgroup of § which is generated by Go, 
and Zer, and by jc, the group generated by Byr and for. 


2. If the generators of ġo are of even length /, their central factors 
belong to U. I.e. in the case of a free product with one amalgamated sub- 
group U, there are certainly no transforms in ¢s. Here the subgroups 
belonging to the generators fo, of ¢, are defined exactly as in 1.(b); and in 
this case (ser) < l by necessity. | 

In the case of a generalized free product, the definitions are ne 
analogous to 1.(a) and (b). 

If ¢, consists of transforms te == ScUcSo™ (possibly) and generators 
for = 8oUorTor, we denote by $* the subgroup of Q generated by all to, 
if these exist in do. It is a subgroup of a conjugate of U. Its subgroups Zo, 
Go", and Bo, as well as or and its subgroups Gor, Zor, and Bor are defined 
as in 1., always with Uo; in place of Cor, the significance of the suffixes of the 
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groups ll, which go into the definitions obtainable from 6.31 (this time 
from 6.31 (ii)). 

Obviously, § is generated by all the groups oc, §*, and For (r =7(c)). 
[In the case of one amalgamated subgroup U, the groups §*, do not occur.] © 
Therefore the system ¢’ of all the elements tc and ro of all the groups Qo 
and §*>, and all the elements Sor, tor, and for for all o and t= r(e), is 
itself a system of generators for $. œ includes the original generators te 
and fo, of ¢ As regards the added generators we, Sor, and ter, it is obvious 
from their definition and 6.31, that the zo are exactly the prime U-trans- 
forms which occur in the relations 8. 01, and the so, and to; are exactly the 
prime U-transforms which occur on the left- and right-hand side respectively 
of the relations 8.02. But in 12 we found that the system ¢ can be taken 
so that these prime U-transforms are themselves generators: the system K 
of relations given in 12.3 enables us to express the new generators of the 
system ¢’ by means of generators of the original system ¢: 


18.11. «ete with d <a, 
13.12. sop = to, if 1(scr) =U(for); 

= te with o’ < o, if (sor) <U(for), 
13. 13. ter = tor with o” < o. 


By means of 13. 11-13. 13, the relations 12. 31 and 12.32 of the system 
become: 


r 

13. 21. [J to = re, 
pri 

13. D2. for Sorter == ter; 


and these are now relations between the generators of one and the same 
group, viz. a group Ho or *o, or a group or- 

We denote by N’ the system of all the relations 13. 11-13. 13 and 13. 21- 
13. 22 between the generators of the system ¢’. ¢ with the defining relations 
R’ is equivalent to @ with the defining relations ft, i.e. S can also be 
described by means of ¢’ and W. 

If we denote by Sg, Gy,- + unspecified members of the system of all 
the subgroups So, $*e, and For of §, then the relations of NR’ are of two 
different types: those of the form 13.21 or 138.22 are relations between 
generators of one and the same group §g, while the relations of the form 
13. 11-13. 13 are relations which identify an element of a group 6g with 
an element of a group $y (8y). Now let A be any element of the meet 
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of s and Hy. If, for the moment, we denote the generators of the system ¢’ 
which belong to Sg and §., respectively, by gg and gy, we have h = h(gp) 
=-h(g,). This is a relation between generators of the system ¢’, and follows, 
therefore, from the relations in W. Hence we may add this relation, and in 
the same way any other relation which expresses that an element belongs to 
the meet of two groups Og and 6+, to the system R’, and the enlarged 
system will still be a system of defining relations for the generators to, ao, 
Sgr, tor, for of Q. But now this system of relations is of the kind described 
in I. 2.0; hence © is the generalized free product of all the groups So, $*o, 
and or. ; 
Next we prove 13.02 by showing: 


13.3. The amalgamated subgroups are subgroups of Boa in the case of 
a factor Se or $*c, and of Bor in the case of a factor Sar. 


By means of the relations 13. 11-13. 13, the reductions (1i)-(vi) of 7 
can now be based on the relations 13.21 and 13.22 instead of the relations 
8.01 and 8.02. If then an element A4 of a factor gs of § is somehow 
represented by means of the generators gg of ¢’ which belong to §z,, then 
also the reduced representation will involve generators of this group §, only. 

Now let h be an element of the meet of g and §,. If one of these 
groups, Og say, is of the type So or §*c, then h itself, as element of this 
group, is a generator to (o Sc), i.e. a reduced word which is unique by 
10.1. Hence, any reduction of the representation of h in §. must lead to 
the same reduced representation, but for application of a relation of the type 
13. 11-13. 12. This proves 13.3 in this case. 

If both Sg and §, are groups or and For respectively, then a repre- 
sentation of A in either group contains apart from generators which are U- 
transforms, and therefore of the form te, only the generators fo, and ‘fo 
respectively, and in each representation, this is a generator of maximal 
= length. As forsÆ& for, it follows from 10.1 that a reduced representation 
of h in either group cannot contain for or for any more, i.e. h is expressible 
by means of the generators so, and tor, and Sor; and to, respectively. From 
which 13.3 follows also in this case. l 

In the case of a factor For, the group generated by all its amalgamated 
subgroups is, in fact, exactly Bor. For, by 13.12 and 18.13, Go, is amal- 
gamated with the subgroup Go” of S, or $*o, if elements sc, of length 
l(for) exist in Go,, otherwise with a subgroup of some earlier group Qe 
or §*o; and Xe, is amalgamated with a subgroup of some group o» or 
H*on (o <a). Moreover, the relations 13. 21 show that fer transforms Gg, 
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into Zor i.e. Vor is self-conjugate in or, and its factor group is the infinite 
cycle generated by fcr. This completes the proof of 13. 0. 

In the case: of a group Qo or $*c, we know for certain only that the 
subgroups Ze and Go" are amalgamated subgroups: by 13.11, Ze is amal- 
gamated with a subgroup of some earlier factor Go of §*,-, and each group 
©” is amalgamated with the subgroup Go, of the corresponding factor Fer. 
But these subgroups need not generate the whole of Be, which may contain 
other subgroups of conjugates of certain groups Ug, and these may, or may 
not, be amalgamated with subgroups of later groups Sz or S*z (G >). 

All these results are the same in the case of a free product with one 
amalgamated subgroup, but for the fact, that the factors §*, which are sub- 
groups of conjugates of U in the general case, do not occur in this simpler 
case. In particular it follows: 


. 13.4. THEOREM.” If (1) © is a free product with one amalgamated 
subgroup U, and (ii) U is self-conjugate in Œ, then any subgroup § of © 
is the free product of all the groups Sc and Yor with the one amalgamated 
subgroup B= HU. (For the meaning of So and For cf. 13.01.) 


Proof. U is self-conjugate in © if, and only if, U ds self-conjugate in 
every factor Œa of G. Therefore all the groups Ts, Go’, Bo, Sor, and Zor 
are identical with the meet $ of § and U, as any one of these groups consists 
of all elements of § which are certain transforms of elements of U. And 
conversely, every element V of B can be written as a transform V = SUS 
for any given S. | 


14. Finally we investigate the relation of the factors Go and §*o to. 
the given subgroup §. We need several preparatory lemmas. 


14.0. If K is any element of © which is a transform, then K = QoQ 
with Q in §. | | 


Proof. We use again the reduced representation of K written in the 
form 10.11: if the longest generators are of length /, then 


k 
K = Po JI (Ptk), k = 1, 
1 
where the pe (x—1,--+,h) are prime words of length 1, and the Px 


14 Of. Kurosch and Kalashnikov, [2], for a special case of 13. 4. 
15 Actually it can be seen without much trouble that the condition (i) of the 
- theorem follows from (ii) provided that @ > lf. 
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(x ==0,:-+,) words in shorter generators, or = 1; any two successive 
factors 5£1 have the property that their product is longer than each factor 
(Cf. 10). = 


Moreover, we may assume that P,==1; for otherwise we transform with 
Po which is an element of §; hence, if the: lemma is true for the transform 
Pot KP), then also for K. 

If k=1: K=pP. If here P1, then Il(pP) >l(p) =I and 
(pP) >1(P). As K is a transform, we have: (pP pP) < I(pP), i.e. at 
least the first half of the second factor pP is cancelled by the first factor pP. 
But because of 1(pP) > 1{p), this means that at least the first[ 47] + 1 factors 
of the second p are cancelled by the first factor pP, i.e. we also have 

i(pPp) <I(pP), ie. (Kp) <U(K). 

But then either P alone cancels all there is cancelled of the right-hand factor 
p in this product, i.e. (Pp) <1(P) contrary to 9.7; or else, P must be 
eaten up between the two factors p, so that the first p can then cancel the 
remaining factors of the second which are cancelled in the whole product 
pPp. But in pP more factors of P are untouched than are cancelled by p; 
hence, in Pp, more factors of P must cancel than remain unaffected, i.e. 
l(Pp) <1(p), again in contradiction to 9.7. Hence P=1, K=p is a 
prime word of length 7, and 14. 0.follows from 9.1, 9.4, and 12. 1. 

We assume 14.0 to be true for all those transforms whose ene 


10.11 contains kK (1 Sk’ < k) prime words. Then let K = I (PPk) bea 


transform whose representation 10. 11 contains k prime words px of length 1. 
Again we know, that in this representation at least the first [47] + 1 


k 
factors of p, are untouched in the whole product [J (px«Px), and therefore 
1i 


are identical with as many factors of the first half of K. Since K is a trans- 
form, at least these [$7] -+ 1 factors of p, cancel in Kp,. Again, as in the 
case k= 1, one deduces from this that P = 1. But then these first [47] +1 
factors of p,, which cancel in the product Kp,, must do so against the last 
[47] + 1 factors of py (because these also are untouched in the whole product 
K == p,P,- + -Pxspx); hence we have I(pxp.) < l, so that pap, is expressible 
by generators which are all shorter than /, and 


k-2 
pi Kp, = P il] (PPr) ` PraP 1 
involves only k— 2 prime words of length 7. By induction: 


p Kp = Q teQ1, i. e. K ee O-teQ, 


538 HANNA NEUMANN. 


where with Q, also Q = Q;p, is an element of §. 


14.1. Let K be again a transform in $, and Q, Qu, Qa- all the 
elements of § such that. 


K = Oto) = QV oQ = Ort" oa = 


where to, to, t’o,- + - all belong to the same set ġo. If Q is one such element 
of minimal length, then I{teQ) = 1(Q). 


Proof. If we had l(t#ceQ) < HQ), we put Q = toQ; then Q-44,.0 = QG-tcQ 
= K; but @ is shorter than Q contrary to the assumption that Q is of 
minimal length. 

If we put te == SoCo and K=—8(K)C(K)T(K) = QoQ, where 
Q is again as short as possible, then Q- cancels at most So, and cancels and 
amalgamates at most SoCo. Hence: 


14.11. S(K) = QSC, where O belongs to the same group as C(K); 


14,12. Hence: C(K) =C CoC, i.e. Co belongs to the same group 
as O (K). 


From this we conclude: 


14.21. If K and K’ are two transforms of the same length in §, and 
LKR’) SHK), then K = QoQ, K’ = QoQ, where to and Uo belong 
to the same set do. : 


Proof. K and K’ may be assumed to have identical first halves, and their 
central factors belong to the same group. By 14.0, we have K = Q-'MoQ 
where we may assume Q to be of minimal length; hence, by 14.11 and 14. 12: 


S(K) =Q"800, C(K) = 00.0, 


and therefore S(K’) =Q-SoC, C(K’) = C(K)C" (0 in the same group as 
C(K)). Hence: K = Q780(CoCC’C) S = Q eQ. 

The product K, — KK’, if shorter than K, is a prime W-transform. And 
because of 14.21, K,—Q-(tot’c)Q, which is a prime U-transform if, and 
only if, toto == mo == SoUaSo™. If, on the other hand, K, and K are two 
transforms, 1(K,) <1(K), such that 1(K,K) =1(K), then K’ = K;K is a 
transform of the same length as K, satisfying the assumption of 14. 21. Hence, 
14. 21 applied to K,K and K gives at once: 


14.22. If K and K, are two transforms in §, (K) = K), such that 
a (K.K) nu (K), then K, = QoQ, K = QHQ, where g == 0 af 1(K;) 
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=] (K); and d <a, but ro = Vo in the same group So, or H*o, as to, if 
(Kı) < (E). 


Finally we show that the set ġo of the generator to in 14. 0 is, in general, 
uniquely determined by the transform K: 


14.3. Jf K isa transform in §, but not a U-transform, and K == QU toQ 
== Qto Q then o = d. 


Proof. TË 14.3 were not true, we may assume o’ < g, i. e. (to) S (to). 
We have, with QQ, = Q: 
QO te@ == tg, 


Here Q s42-—= ScU,So", since otherwise e =o’. We also assume Ọ to be a 
reduced word. to- is certainly reduced, hence unique by 10.1. Reducing the 
left-hand side Q-*teQ@ must, therefore, lead to the same result te. 

. If the longest generators in Q are shorter than to, it follows immediately 
that (to) —I(te), and then o =o’ by 10.1. If the longest generators in Q 
are at least of length I(t), all of them must drop out in the course of the 
reduction. But Q, and its formal inverse Q-', are reduced. Hence a reduction 
can arise only from ¢o in conjunction with the partial product Qog, of Q 
(where g, is the first generator of maximal length, and Q, a word in shorter 
generators or the unit element), i.e. gi 7*Qo'toQog, must be shorter. than g, 
and therefore Q)“feQ» a prime U-transform, i.e. tọ a U-transform, contrary 
to our assumption. 


14, 0-14. 3 together give immediately: 


14.41. THEOREM. If KGS is a conjugate of one of the factors Ga, 
$s = Q (916.8) its meet with H, then Og is conjugate in to a group 
So, s = V7GoQ with Q in S. Geo ts umaquely determined, unless $s, and 
therefore Sc, is contained in a conjugate of a group Wa. 


14.42. Turorem. Jf SUS is a conjugate of U in BG, H%*y 
= § 1] (SUS) its meet with Q, then H*s is conjugate in S to a group 
9*o, G*s = 07H" oQ with Q in §. H*c is uniquely determined, unless 9*g, 
and therefore $*o, is a subgroup of a conjugate of a group Ud. 


In the case of a free product. with one amalgamated subgroup, 14. 42 is, of 


course, irrelevant. These results again generalize Kurosch’s results for 
ordinary free products. 


15. If © is the free product of the factors G, with one amalgamated 
subgroup U, the essential points of our results are briefly these: 


4. 
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livery subgroup § of Œ is a generalized free product. The amalgamated 
‘subgroups are all contained in conjugates of 11; the factors are of two different 
kinds: Either they are subgroups of conjugates of the factors ©, of G; these 
are, in general, uniquely determined, but for transformation in §. Or they 
are of the type For: the amalgamated subgroups of such a factor generate a 
self-conjugate subgroup of or whose factor group is an infinite cycle. 

These results, for the free product with one amalgamated subgroup, first 
led me to introduce the generalized free product. But the method used to 
investigate the simpler case yielded the corresponding results for the subgroups 
of a generalized free product © with amalgamated subgroups U.g—as long 
as the subgroup is not contained in the smallest free product U. In this 
case, the factors of a subgroup § are partly of the same types as before: 
factors er, and factors which are subgroups of conjugates of the. G,. But 
in addition, we may have factors which are subgroups of conjugates of 11. 
The amalgamated subgroups are subgroups of conjugates of the Ua, i.e. the 
groups generated in each @, by the Uag (« fixed), which together generate U. 

Now in ©, U together with any one group ©, generates a group which 
is the free product of 11 and ®©, with the one amalgamated subgroup Ua. 
It is this property of ©, rather than the full fact that Œ is the generalized 
free product of the groups ©, with amalgamated Uag, which is reflected in 
our results on the subgroups § of ©. This is probably not due to the method 
only. The examples in Part I (8) gave us some indication that genuine 
difficulties are likely to arise in U. In this part (8), we came across one of 
the reasons: an element of U may transform an element of one factor Ua 
into an element of another factor lg, even if none of these elements belongs 
to the meet of U. and Wg. It seems that the subgroups of U cannot, in 
general, be represented as generalized free products derived from the corre- 
sponding representation of U. But we are not going to follow up this 
problem here. 
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SERIES TO SERIES TRANSFORMATIONS AND ANALYTIC 
CONTINUATION BY MATRIX METHODS.* 


By P. VERMES. 


— 


? 


1. Introduction. Several methods are known for the generalized. 
summation by matrices of a series to Htr +: with partial sums 
Se — Up + u, +--+ ++ ux. The standard method is the transformation of 
the sequence Sr by a matrix F == (fw) into a convergent sequence on, 
so that on == 2 fnrse The method is called regular if the existence of 


lim s implies the existence of lim oa, and both limits are equal. We shall 
call the matrix of a regular sequence to sequence method a 7-matriz. Suffi- 
cient and necessary conditions for a matrix to be a 7’-matrix are well known. 
(Dienes 389.) 1 

Another method is the transformation of the series X, uy into a convergent 
sequence on by a matrix G = (gng), so that on = È> Jax. We shall call a 


matrix of a regular series to sequence method a y-matris. Sufficient and ~ 
necessary conditions for G to be a y-matrix are (Dienes 396): 


(1. 1) D | Jne — Jara | S M for n == 0, 1, 2,° m g 
(1.2) Jnak —> 1 as n— œ for every fixed k = 0,1,2,4. 


The third method is the transformation of the series >) ux by the matrix 
A = (ang) into a convergent series >) Vn, So that Un == >) dngtir. In section 2 


we shall give sufficient and necessary conditions for ‘the matrix A to be 
regular, in which case we shall call it an o-matriz. We also prove that the, 
product of a y-matrix and an o-matrix is a y-matrix, and the product of 
two a-matrices is an a-matrix. 

In section 8 we obtain the general expression for the matrix of the 
series to series transformation representing the continuation of a Taylor 
series. Such matrices form a one parameter family of upper-semi-matrices 


k l 
Ank = a àz- (1—Aà)”. The corresponding sequence to sequence trans- 


formation matrices are F#—(1—2A)A. The product of matrices of the 


* Received August 26, 1947. 
1 References are given at the end of this paper. 
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same family is commutative and associative and belongs to the family. 
Regularity, translative properties, equivalence of A- and F-methods depend 
on the parameter. There are also investigations on the field of efficiency 
for the series X z* and Ð, c,z* for simple and double transformations and for 
the inverses of the methods. 


In section 4 we discuss the connection between the matrices of section 3 
and those of the Euler summation methods E(r) and €(r), elaborated 
recently by Agnew. The Euler matrices are transposed matrices of A and F. 
If A is an a-matrix its transpose is an Euler 7’-matrix, and if F is a 7-matrix 
its transpose is an Euler a-matrix. 


In section 5 we obtain the matrix A of the series to series trans- 
formation representing the continuation of the Laurent series. The result 
~~ AK(1—A)*, with 
corresponding matrices for sequence to sequence transformation (1—A)A/a. 
The properties of the matrices are investigated for various values of the 
parameter, and the field of efficiency for the series S}z* and Sic,2z*. For 
certain values of A the efficiency of the summation extends to values of z 
which are not in the principal star domain. 


is a one parameter family of matrices ans == ( 


2. Series to series transformations, a-matrices. The series tto- u 


+--+ is summable by the matrix A to the sum s if 
29 . 
(2.1) Vn = D> Ankur exists for n=0,1,---, 
k=0 
and 
CO 
(2. 2) > Un = $. 


nz=0 


Writing vo -+ v, -H` +++ en =n, (2.1) and (2.2) are equivalent to 
Sn —> S as n—-> œ. But 


t nO oe n 

(2. 3) On == > Qjktk = >, ( > jt) Uk, 

j=0 k=9 kz0  jz=0 
and writing 
(2. 4) ok +- Qik + ° i ‘+ ank = Ink; 
we have 

(a$) 

(2. 5) On = D> InkUny 


k=0 
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where the existence of (2.1) implies the existence of (2.5). Conversely it 
follows from (2.4) that 


(2. 6) Box == Joks Ank == nk —— Jn-1 k (n = 1,2,° > +), 


and if on, defined by (2.5), exists for n = 0,1,- +, 


20 oo 
(2. 7) Un =), Onl, = 2i (Ink — n-i x) Uk == On — On-15 
k=0 =0 


so that the existence of (2.5) implies'that of (2.1). Hence 


2.1. If the infinite matrices A and G are connected by the relation (2.6) 
or (2.4), then the series to series transformation by A and the series to 
sequence transformation by G@ are equivalent, i.e. the G-transforms are the . 
partial sums of the series obtained by A-transformation. 


2.11. The matrix A= (anx) is an a-matric if and only if G, gwen by 
Qni — ok + Aik -4 R E + nk» 4s a y-matriz. 


It follows from (1.1), 2. II., (2.6) and (1.2) that 


CO 
(2. 8) D> | ane — One | SM for n= 0, 1, >, 
kz0 
00 
(2.9) > ang = 1 for every k, and hence lim dng = 0. 
nzo N->CO 


Conditions (2.8) and (2.9) are satisfied hy every «matrix. They are not 
sufficient, as shown by the example 


(2.10) Any == 1 for n S k, —1 fork <n < 2k, 0 for n= 2k. 
If G is the lower semi-y-matrix of ordinary convergence 


1,0,0,-°- 
1,1,0,--- 
*9 *9 9° 7 > 


the unit matrix is the corresponding a-matrix. 


2. III. The product GA of a y-matrir G and an a-matria A exists and 
is @ y-matria. 


Proof. It follows from (2.9) and from the regularity: of G that 


(2. 12) hnk = 2, Onjljk 
j= 


~ 
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exists for every fixed n and ke, and: that 
(2. 13) hnz—> 1 as n— œ for every fixed k. 


Also writing aok +- diz +s °° + ank = bax, B is a y-matrix, and 


oo co 
hir = > Ong (bjr — bi-ir) = X (Gni — Gain) Om + lim gajbi 
j=0 j=0 j>% 


where bı = 0. It follows from (1.1) that, as 7 œ, ga; tends to a finite 
limit, and from (1.2) that bj, — 1, -hence 


OO 
(2. 14) > | lnr — hnr | SS MyM, for every n. 
k=0 


. Thus, by (2.12), H == GA exists, and, by (2.14) and (2.13) it isa y-matrix. 


Note. The product AG may not exist, as can be seen from the example 


ee ama 11,457 
aa 0, »9,° °° fre: at Oe 
A= 9 0,--. Oa 1 


2. IV. The product of two a-matrices exists and is aù a-matria, 


Proof. If A and B are a-matrices, and G, given by (2.4), is a y-matrix, 
then by 2. IIL, H = GB is a y-matrix, i. e. if Cay = hny — hn- x (h-i y being 0), 
then, by 2. II., C is an o-matrix. But 


CO [e @) Co 
Crk == DGngd jk — > Gn- j0 5% mms > Anil jx, 
j=0 j=0 j=0 
hence C = AB exists and is an a-matrix. 


2. V. <A sufficient and necessary condition for the matrix product 
H = GA to exist and be a y-matria for every y-matrix G is that A should 
be an a-matriz, 


Proof. The sufficiency follows from 2. III. To establish the necessity 
(for every y-matrix G), we select the y-matrix of example (2.11), and then 
lnk = Qor + dix +++ ++ Guz, so that AH is a y-matrix only if A is an 
a@-matrix. ° 

This result is parallel to a previous result (Vermes 1) which states that 
a sufficient and necessary condition for the matriz product H == AG to exist 
and be a y-matrix for every y-malriz G is that A shouid be a T-matria. The 
central position of the series to sequence method is demonstrated by the above 
results. This is also shown by the fact that if the matrices are triangular 
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matrices, then for a given G the corresponding equivalent matrices F and 
A are 


(2.15) fnk = gnk — gnis for sequence to sequence method, 


(2. 16) ank = Fnk — Jn-1x for series to series method. 


If G is a general matrix, the methods G oe A are equivalent, but the 
methods G and F if and only if 
(2.17) lim ( lim gase) == 0 (Vermes 4). 

| era wW 


Tie? OO 


2. VI. If Aj are a-matrices (7 =0,1,---,p) and D—Bo.+8i+°°- 
+ Bp 0, then the matris H = (F, BjA;)/L ts an a-matria. 


This follows immediately from a similar theorem on y-matrices (Vermes 1, 
Theorem 1. IT). 

Thus if A and B are a-matrices and a and b any numbers such that 
a-+-bs<0, then there exists a unique amatrix C such that aA + bB 
=— (a+ b)C. Hence an algebra of a-matrices can be formed in which the 
above mean represents sum, and matrix-product represents product. This 
algebra is incomplete, since the zero matrix is not an a-matrix. 

If C is an a-matrix all of whose columns are equal, and A any a-matrix, 
then CA = C. If B is another a-matrix, then CB = C, hence ((A — B) = 0. 
Thus C has the left-hand zero property. 


8. Continuation of the Taylor series as matrix transformation. A. 
Robinson has proved (Cooke 1) that if f(z) == € an2”, with partial sums: 
Sn{z), has radius of convergence r>1, and if for 0< 2 <1, f(z) 
= > b,(2— 2)”, with partial sums s’n(z), then s’n(2”) == D fnxsn(2”), where 
2” > 1, and F= (fix) is a non-negative upper-semi-7-matrix. 

In this section we develop a similar idea, considering im the first instance 
series to series transformations, obtaining simple expressions for classes of 
matrices depending on one parameter, and investigating some properties of 
these matrices. We also obtain simple expressions for the corresponding 
matrices for sequence to sequence transformations. The investigations are 
not restricted to regular matrices. Let 


(3.1)- f(z) = Co + cz + eg? peoo 


be regular in a circle, and z == 8 be a point inside this circle, so that 


(3.2) f(e) = È (F9 (8)/n!) (z— 8)", where f9 (p)/nt— & (7) agn, 


=h 
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for n, k = 0, 1,2, - - with the convention that 


(3. 3) (5) = 1 for every k, (*) = 0 fork <n. 


If z’ is in the circle of convergence of the series (3.2), 
co wo fk 
f(z) =} 2 (a) (85r (2! — B) cna") / (25r), 
n=0 kan 
and writing 8/2’ = à, we have 
o 0 f} 
(3.4) Fz) = 5 ) AH (1 — A) "egz*, 
n=0 ken \A 


Thus the continuation (3.2) of the series (3.1) can be regarded as the 
generalized sum by series to series transformation of the series (3.1) by the 
upper semi-matrix A, where 


k 
(3. 5) ous —=(*) en (1 — A)’ n, k= 0, 1, °°. 


This matrix depends only on ‘the ratio 8/7 = à, but not on the particular 
values of £ or 2’, so that the same matrix represents continuations about other 
points to other values of z. It is independent of the coefficients cy of the 
series. The parameter à may take any complex value, and (3.5) defines a 
family of matrices which we shall denote by A(A). The series to series 
summation method by such a matrix will be called an A(A)-method. 


For any A we have’ 
(3. 6) Gor + A-H + +1 for a fixed k. 
This is equivalent to 
(3. 7) lim gas = 1, G being defined as in (2.4). 


A short calculation gives 


(3.8) Ink — In ki = (a) Ae" (1 — A)" for k = n, = 0 for k <n, 
so that 


co ok 
(3.9) SS] got — gunn |=] 1—al S(T) [ale 
k=0 k=n 
which converges if and only if |A| < 1 or A=1. 
Assuming (3.9) we have S, == |1—A|*#/(1— |à |)** bounded if 
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(3. 10) |1—aA | s1 — là]. 


The last two conditions are simultaneously satisfied if and only if 0 SA S1, 
and then the matrix G satisfies condition (1.1). Also (3.6) shows that 
(1.2) is satisfied. Hence we have proved: 


3.1. A(A) is an a-matria if and only f OSASI. 

3.II. A(A) is an a-matria if and only if tt is non-negative. 
The second result follows from 3.1 and the formula (3. 5). 
(3.11) Definition. If v„ denotes the A-transform of the series to- u 
+--+, and vna the A-transform of 0+ u.+u,-+:--:, we say that A is 
translative to the left if the existence of X, vn implies the existence of X v's 
and the equality of both sums. If the reverse holds, we say that A is 
translative to the right. If A is translative to both the right and the left, 
we call it translative. Matrices possessing this latter property are called 
regular by Dienes, Cooke and author in their publications, named in the 
References. To denote ‘translative:to the left’ they usc the term semi- 
reguiar. Perron calls a translative method permanent, and Agnew uses 


the expression A permits the adjunction or omission of elements. The 
expressions adopted for this paper are taken over from Hill. 


3. III. A(A) is translative to the left. 


Proof. For n= i, Un = > anit Un =È an ta1Ux, 80 that for n Z1, 
V'n = Mr + (L—A) ona, and vo = Ao Hence writing vi + v -+'' HUn 
= om Vo +0 peo o A Vn = n, 
(3. 12) on = Aon + (1—A)on-r, 
‘so, that limo, = s implies limo’, = 8. 
3.IV. A(A) is translative to the right if |1—1/A| <1. 


Proof. From (3.12), writing (A—1)/A = b, we obtain brio; — britio; 
== b"Jg’;/X for 7==0,1,°--+,n, hence 


(3. 13) On pa (boo +- brig’ +- fetes de + o'n) /À. 


The right-hand side of (3.13) is the transform of the sequence o’, by the 
triangular matrix fas == b*-*/A which is a T-matrix (Dienes 389) if |b| <1, 
and then o’”—>s implies on, — s. 
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That the condition is not necessary can be seen from à == 0, when A 
is the unit matrix, which is obviously translative. 

The product of two matrices of the class A(A) always exists. Writing 
1—A==p, and using the letters p, q, r in this: sense, the matrix A(p) 
shall denote 


k 
(3. 14) lnk = (5) p” (1 — p)”, 
3. V. The matrix product A(pjA(q) is the matriz A (pg). 
Proof. If A(p)A(q) =B, 


Dar == 2, 3 p”(1— p)” (;) gi (1— q)* i (1 — q)*) for k È n, =0 for k <n. 


i) = (i) (PZ ton nS jZ k, thus 
n n == n 
' s k n k-n 
buy = n (pq) (1— pq) 2 


and this proves the statement. 


The matrices A (p) form a class in which products are associative and 
commutative. If p40, A(p) has a unique two-sided reciprocal A(1/p) 
belonging to the same class. To p== 1 corresponds the unit matrix J, and 
to p = 0 the matrix 


We have QA (p) = A(p)Q2 =Q. 
Formula (3.8) can be written in the form 
(3. 15) Onk a n ky == (1 — À) äni = p’ Onk, 


which in view of (2.15) states that the sequence to sequence summation 
matiix vursespuudiuy lu A(A) =A(p) is piven by 


(3. 16) P(A) = (1—a)A(A) =F (p) =p: A(p). 
It follows from (3.15) and 3. V that 
3.VI. The matrix product F(p)F(q) is the matric F (pq). 
If p= 1, F(p) is the unit matrix; if p == 0, F(p) is the zero matrix. 
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For p340 F(p) has the unique two-sided reciprocal #(1/p). The matrices 
F(p) form a class in which products are associative and commutative. 


3. VII. F(A) is a T-matri« if and only if OSA <1. 


3. VIII. F(A) is a T-matrix if and only if it is non-negative and 
different from the zero matriz. i 


3. IX. F(A) is translatwe to the right (left) if and only if A(A) is 
the same, 


The last three results are consequences of (3.16) and can be proved as 
the corresponding results for A(A). 


(3.17) Definition. A summation method A is said to include the 
method B, if each series summable B is also summable A, the two generalized 
sums being equal. 


The methods A(A) and #(A) are in general not equivalent. The rela- 
tionship between them is revealed in the following: 


3.X%. For X31 AA) includes F(X). 


Proof. The convergence of F, farsu = (1 — AÀ) X, Guxs, implies that as 
k k 


kk —> © GnxS;,—> 0, and therefore, by (2.4), gars —> 0 for every fixed n, so that 
(2.17) is satisfied. 


8. XI. A necessary condition for F(A) to include A(A) is that | A| <1. 
Proof. A(X) sums the series 1+0+0+---tol. The F(A)- trans- 

(Aa) 
forms of the sequence of partial sums 1,1,- - - are on = (1 — A)" J, (3) ARS c 


kan 


and these converge to 1 only if |A| <1. 


3. XII. If the Taylor series > cuz has a non-zero radius of conver- 
gence, and if for |A| <1 A(A) sums the series in an open domain D, then 
F(A) sums the series to the same sum at all inner points of D. 


Proof. If z is in the circle of convergence, then (2.17) is obviously 
satisfied. If z is on or outside the circle, we can apply the following -Lemma 
(Vermes 4, pp. 72-73): 


LEMMA. We suppose that > caz has a finite nonzero radws of conver- 
gence, and that the G-method is efficient for the series in a domain D outside 
. or on the circle of convergence. Then the transformation of the series by G 
and the transformation of the sequence sy by F are equwalent if 
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(3. 18) lim | gny | /* esists and is finite for every n. 
k00 


In the present case gaz, given by (2.4) and (3. ah satisfies condition (3. 18), 
the limit being |A| for every n. 


COROLLARY. For any A, F(A) includes A(A) on or outside the circle of 
convergence in the domain D. This follows from the last part of the previous 
proof, where it was not required that JA, <1. 

We shall now investigate the domain of efficiency of the method A(A) 
for the series 1 +- z -+ 27 -+-- +--+, and then extend the result to partial star- 
domains. 


3. KIII. AA) sums the series 14+2+227+:--- if and only if z 
satisfies simultaneously the conditions 


(3. 19) | lel<aal, 
and 
(3. 20) J 1—A|<|1/z—rl], 


and the sum is the right value 1/(1 —z). 
Proof. Applying the matrix A(A) to the series, we obtain 


(3. 21) Un(2) = È Any?” == > (1 — A)” 4 (Az)*, 


and excluding the trivial cases à == 0 and A = 1, the series converges if and 
only if (3.19) is satisfied, and then 


(3. 22) > Va(2) — 3 (2—z)"/(1— dz) ™, 
which requires (3.20). 


We shall denote by D(A) the common part of the two circular domains 
of which (3.19) represents the inside of a circle with centre at the origin 
passing through the point 1/A, while the boundary of (3.20) is a circle 
passing through z=-1. The domain (3.20) is the insido or outside of the 
circle if the real part of A is less or greater than 1/2, and it is a half-plane 
if RA= 1/2. For real A S 1/3 (3.20) is inside (3.19), for A> 1/3 the 
circles intersect. D(A) contains the origin for every X. 

The union of the domains D(A) for all values of A is the union of all 
points to which the series can be continued, so that its boundary is the 
envelope of the circles passing through z = 1 and the centres of which are 
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on the circle | z|==1. The boundary, referred to polar coordinates with 
pole at z= 1, is given by p==4sin? 6/2. 

The formulae (3.19), (3.20) can also be obtained by considering the 
continuation which lead to the matrix. A(A) of (3.5). Writing B=, 
8 is inside the circle of convergence, which is (3.19). The radius of con- 
vergence of the continued series is |1— |, and 2’ is in this circle if and 
only if |z — 8 | < | 1—8 |, which is (3.20). Hence D(A) is independent 
of the nature but dependent on the location of the singularity. 


(8.23) Definitions. A simply connected domain in the z-plane is said 
to be a star-domain, if it contains the origin, and if every half-ray from the 
origin meets its boundary in at most one point. D(A) is a star-domain, 
as can be verified from (3.19) and (3.20). 

If f(z) is the function defined by $, c,2* and by its analytic continua- 
tions along half-rays from the origin, then the first singularity £ reached 
on any half-ray is called a vertex of the principal star-domain. We denote 
by ¿D the set of all points ¿z for which z belongs to the set D. If D isa 
star-domain, having z = 1 as a boundary point, we shall call the common 
points of all domains £D, formed from all vertices ¢ of the principal star- 
domain, the partial star-domain of f(z) formed with D. If D is bounded, 
and 1 is the least, 7” the greatest distance of its boundary from the origin, 
and if R is the radius of convergence of Ð cz", then we can modify the 
definition of the partial star-domain in restricting the domains ¿D to be 
considered to all vertices é, for which | ¢ | < Rr”/r. 


3. XIV. AA) sums the series > cz in the partial star-domain formed 
with D(à), and the sum is f(z). 


Proof. The summation represents the ordinary continuation. If $(z) 
has a sole singularity at 2’, ¢(2’v) ==y(v) has a sole singularity at v = 1, 
hence A(A) sums the Taylor series of (z) outside the region zD’ (à), D’ 
being the complement of D with respect to the z-plane. Thus each singu- 
larity € requires the exclusion of a region ¿D (à). Since D(A) is a star- 
domain, the exclusion contains all, regions belonging to singularities which 
may be beyond the vertex. The union of all €D’(A) is the complement of 
the domain common to all ¢D(A). 

We shall now consider summation of the series 1 -+ z + 22--- - - by two 
consecutive series to series transformations which correspond to a two-fold 
continuation. We first transform the series by A(X) into a series > v;(z) 
which may converge or diverge. Then we sum this series by the matrix A(X’). 
We obtain v;(z) as in (3.22) if ]z2|<1/|A|. The series $ v;(z) is then 
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summable by A(X) if (3.19) and (8.20) are satisfied, replacing z by 
(1—A)/(1/z—A) and à by X. This gives the conditions: 


(3. 24) (i) [1z] > lah G) |1/z—a] > |(1—a)a’], 
(ii) | 1/⁄2—a =x Hw | > |(1—a)(1—)]. 


We denote by D[A’(A)] the common part of the three circles in (3. 24), 
representing the domain of efficiency for the series >) 2* of the transforma- 
tions by A(A) followed by A(X). The order, in which the transformations 
are carried out, is important: in general D[A’(A) ] is different from D[A(1’) J, 
and both may differ from D(X’), which is the domain of efficiency for the 
single summation by the product A({A)A(A’). The following examples may 
serve as illustration: 


(3.25) à= 1/2, X = 1/3. The repeated transformations both include 
D(AX’), and neither includes the other. 


(3.26) A—=A’—=—1/3. All three domains are equal. 
(3.27) A—1/7, X = 1/3, applied in this order reaches to the point 


z = — 7, the greatest distance obtainable by two consecutive continuations. 

(8.28) A= (1+ 234) /38, N = (44-1122) /7. D[X’(A)] contains the 
real axis between z= 1 and z= 3/2, i.e. it extends partly outside the 
principal star-domain. 


We now turn to the discussion of cases when the matrix A(A) has an 
inverse with respect to a Taylor series. 


(3.29) Definition. If the matrix A transforms a series S| u, into a 
series >) vn, and if a matrix B transforms the second series into the original 
series, then B is said to be the inverse of A with respect to the series > Ux. 


If A has a two-sided reciprocal, the reciprocal is the inverse, provided 
that it applies to the transformed series. It will be convenient to use the 
= notation of (3.14), when the reciprocal of A(p) is A(1/p). 


3. XV. A(1/p) is for p40 the inverse of A(p) with respect to 
1ltzt2?+--- at the inner points of the segment 


(3.30) (i) Ja] <4/J1—pl|, (ii) lz] < [4/4 —p) —2 |. 


Proof. This is a case of repeated transformations, but the last series 
need not converge. Hence (i) and (ii) of (3. 24) is sufficient with A= 1 — p 
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_ and X = 1 — 1/p, and this gives (3.30). It can be verified that the second 
transformation then yields the original series. 

The domain defined by (3.30), which we denote by S(p), is the segment 
of a circle with centre at the origin and passing through z == 1/ (1 — p) cut 
off by a line that bisects perpendicularly the line joining the origin to 
1/(1—- p). For p< 1, S(p) contains the singular point z = 1, and for 
suitable p may extend to any point of the z-plane. The union of domains 
S(p) for all values of p is the whole z-plane. j 


3. XVI. A(1/p) is for p5<0 the inverse of A(p) with respect to the 
series È, c2" in the partial star-domain formed with 8(p). 


This follows from 3. XV in the same way as 3. XIV from 3. XIII. Al- 
though the boundary of S(p) does not pass through z = 1, S(p) is a star- 
domain, and the definition can be extended to this case. 

COROLLARY 1. If R is the radius of convergence of the series >) crz, 
the partial star-domain contains the circle |z| < R/2|1—p|. 

This follows from the remark at the end of (3.23), since for S(p) 
v = 1/2 |1—p|. If R0, we can make the partial star-domain arbitrarily 
large. For z==1 we then obtain: : 


COROLLARY 2. Jf lim | ux | "= = 1/R is finite, A(p) has an inverse 
A(1/p) with respect to $, urs for all p satisfying | 1 — p | < B/2. 


COROLLARY 3. The theorem holds for F(p) and sequence cy2*. 


4, The transpose of the Taylor series continuation matrix. The träns- 
pose A’ of a matrix A is defined by nr == Grn. The transpose of A(p) is 
the matrix 


(4. 1) da= (2) pp) 
with the convention (3.3), a triangular matrix, which is the matrix H(p) 
of the Euler sequence to sequence transformation (Agnew, formula 1. 2). 


4.1. The transpose H(p) of the matrix A(p), p0, is a T-matriz 
of and only if A(p) is an a-matric. 


This follows from the well-known result that #(y) is regular if and only 
if O<p=1 (Agnew, page 314), and from 3.1. The transpose of the 
matrix F'(p) is the matrix 


(4.2) fav (Z) pL — p) = pata 


* 
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a triangular matrix, which is the matrix €(p) of the Huler series to series 
transformation (Agnew, formula 7. 2). 


4.11. The transpose E(p) of the matrix F(p) is an a-matrix if and 
only of F(p) is a T-matria. 


Proof. Considering the series to sequence transformation matrix G 
corresponding to €(p) given as in (2.4) we obtain 


(4.8) im gn = $ (2) gta —py, 
j=k 


TL XD 


and, as calculated in Agnew’s paper (7.61 and 7. 62), 


x {rtl n-k pkr 
(4.4) È | Gre — Jn wn | -$(7 ti) (1— p) tp“ | 


= (| 1—p | + |p|) — |1 —p |", 


so that (1.1) and (1.2) are satisfied if and only if 0 < p S 1, which is the 
condition for F(p) to be a T-matrix. 

From’ (4. 4) follows that €(p) is the matrix corresponding not to E(p) 
but to a matrix (nn xa), obtained from H(p) by removing its first row 
and first column. The two methods E (p) and €(p) are not equivalent, as 
can be seen from the example: 

Applying E(p) to the sequence 1,1,- - - we obtain on 1 for every n, 
i.e. the H(p)-sum of the series 1+0-+4+0-+--- is 1 for every p. But 
the €(p)-transform of this series converges only if |1—p|<1. This 
follows also from Theorem 7.8. of Agnew’s paper, which gives a complete 
discussion of the two methods. - 

There is one point we wish to pursue. Agnew (Theorem 8.2) proves 
that the series >) cz" is summable by E (p) in the partial star-domain formed 
with D({p) (cf. (8.23) of this paper), where 


(4.6) D(p) is given by |z—(1—1/p)|<|1/p| (Agnew 8.11), 
provided that |1—p| <1. 


Wo ohall investigate the case when | 1—p|>1, mainly fur E(p)- 
summability. It has been shown by Agnew (pp. 327-328) that the series 
> 2* is summable €(p) for » 0 in the circle (4.6). Our aim is to state 
sufficient conditions under which the series >! cz” is summable €(p) when 
|1—p|>1. In the case treated by Agnew the origin is inside the circle 
(4.6), so that D(p) is a star-domain, while in the present case the origin 
is outside. 
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o OO 
4, III. If the function f(z), represented by the series © cyz” and its 


0 
analytic continuations, has a single finite singularity at z = £560, then it is 
summable E(p) for | 1 — p! > 1 in the circle ED(p), provided that f (1/2) 
tends to zero uniformly as z —> 0. 


Proof. If z is in €D(p), then z/¢ is in D(p), hence (4.6) gives 
(4.7) | 1— p + pz/f| < 1 for all z in £D(p). | 
The functions of the complex variable w | 
(48) (w) ==f(w)/(w—2), p(w) = puf (w) È (1— p + p/w)" 
are equal for all values of w satisfying 
(4.9) pL po pre (<1 


hence their residues are equal. 


Denoting the residue of ¢(w) at w =a by R(¢, a), (4.8) gives 


(4. 10) fi($,£) + B(¢, 2) =R(y, £) + R(y, 0). 


Now, R(¢,z)= F(z), and at w=—€ (4.9) is satisfied, hence 
R(¢, £) = R(y,£). Also substituting for f(w) the series X c,w*, and for 
(1—p- pz/w}” its binonfial expansion, (4.10) becomes 


OO n n 

(4, 11) > > ( ) pe (1 — p)**cxa* == f(z), 
n=0 k=0 k 

whenever the series converges. Considering the functions of the complex 


variable ¢ 
(4.12) Vn(t) == ptf (1/t) (1 — p + pat)” n == 0, lyt t3 


for | ¿| =r>1/|¢| we have t“f(1/t) = 6o/t +- ¢6:/t +- - -, hence inte- 
grating term by term we obtain 


(4.13) (1/221) S yOu _ (;) pe (1 — p)” žer =v, (2). 


The only singularities of the integrand in and on the path of integration are 
at t = 1/¢ and t == 0, hence as in (4.10) 


(4. 14) na aR 1/0) + R(Va, 0). 
For a fixed z satisfying (4.7), and for | 1 — p+- pz/f|<9<1 
(4. 15) | R(n 1/6) | £ Ko", 


© 8 
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K being independent of n. Also, for a sufficiently small positive p and | t | =p 


+ 


| 1— p + pat |” K’, and since f(1/t) —> 0 uniformly as t— 0, 
(4.16) ` R(Vn, 0) =0. 


From (4.14), (4. 15) and (4.16) follows the convergence of È v, (2), 
and (4.11) is established. 


COROLLARY 1. If f(z) has several singularities E (£0), tt is sum- 
mable E(p) in the domain common to all £D(p). 


COROLLARY 2. Under the conditions of the theorem or of Corollary 1 
the series is summable H(p). This follows from Agnew, Theorem 7. 8, which 
states that (p) includes €(p). : 

Examples. 

(4.17) If f(z) = (1—2)? given by 1+ 22+ 82?-+---, we have 
On(z) = p(1 — p + pz)" + np°z(1— p + pz)", hence in D(p) (p30) 
> va (2) = (1—2z) 72+ z(1 — z) = (1—2)°. Here f(1/z) > 0 uniformly. 

(4.18) If f(z) s=22(1—2z)~° given by the series 0+ 0 + 2%-+ 22? 
“ott, a(z) = np?2(1— p + pz)"* — p(1— p + pz)" + p(1— p)", and 
> va(z) converges in D(p) if and only if |1—p|<1. Here f(1/z) > 1. 

(4.19) If f(z) =—z'* log (1—z) given by 14 2/2+ 27/3-+-.- -, 
Un(z) = [(1— p + pz)™*— (1 — p)™!]/(n + 1)z, and Svn(z) converges 
in D(p) if and only if |1—p|<1. Here f(1/z)—0 as z—0, but not 
uniformly, considering all branches of the multivalued function. 


5. Continuation of the Laurent series as a matrix transformation.’ 
In this section we first consider the series to series transformation which 
represents the continuation of the Laurent series by a Taylor series. We 
obtain families of matrices similar to those in section 3 with corresponding 
expressions for sequence to sequence transformation matrices. 


(5.1) Let f(z) = S C(B—z)*¥ represent a function regular at all 
k=0 


finite points of the z-plane except at z = B ==). Expressed as a Taylor series 
> C,2" in the circle | z | < 8, the coefficients Cy, obtained from the expansions 


of (8 —z)*, are Cy = > Pa 8 *) ck/ 8%”. Thus in the circle |z] < £ 


kz=9 
j(2) =È oere S (FE *) ae — aa/eee), 


2I wish to thank Mr. W. Weinstein, who gave me the idea of investigating the 
continuation of Laurent series. 
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and writing 1— 2/8 =t, 


(5. 2) Ie) =F oo) (1 — t)i es (8 — 2). - 


m=O k=0 
Thus the continuation of the series (5.1) can be regarded as the generalized l 
sum by series to series transformation by the matrix A(t), where 


(5.38) dx (t) = (PF) aie ‘ th k= 0,1,2,°*°. 


The matrix A(t) is independent of the particular values of z and B, and of 
the coefficients c, The parameter ¢ for all complex values of ¢ defines a 
family of matrices. 


5.I. A(t) is an a-matria if and only of O<tS 1. -` 


Proof. - Obviously A(0) is not an o-matrix, A(1) is an o-matrix; For 
other values of ¢ the corresponding serjes to sequence transformation matrix 


G, given as in (2.4) is m—%(" E) (1 —¢)##*, and a short calcu- 
: j=0 v as 
lation gives 
(5. 4) Jn — Jn ker a ( a "| (1 — E) erg, 
so that Sn == D | gur — gn r | converges if and only if |t| <1, and then 
i 


Sn==[|1—¢|/(1—|t|)]**. This is bounded if and only if |1—tż | 
<1i—j|¢|. The two conditions together require 0 < t< 1, and then 
gnur —> 1 as n—> œ for every k. We also have: 


5.II. A(t), t0, is an amatri« if and only if it ts non-negative. 
5. III. A(t), ¢540, is translatiwe to the right. 
Proof. With the notation of (3.11) for n > 0 we obtain 


(5. 5) Dha — (1 a t) Vn am tUne1 and ia sana Wo, 


hence writing vs + vit- o e 0, =o'n, vH tee pa Un = Cn; 
(5.6) o'n — (1 — t)o'n = Ons (mss 0 2; 
so that lim o’, = s implies lim on = s. 
| 5.1V. A(t) is translative to the left for |1—t| <1. 

Proof. From (5.6) follows 
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(5. ?) o'n = i(1 = t) To 4- t(1 —t)"*"¢, + SO + ton 
and the result follows as in 3. IV. 


Formula (5.4) shows that the sequence to sequence summation matrix 
corresponding to A(t) is the matrix F(t), where 


k 
(5. 8) far (t) = ( os ") (1— £) rtk == (1/t — 1) an ear (t). 

5.V. F(t) is a T-matric if and only if O0<t <1. 

This follows from (5.4) and (5.5), and F (1) is the zero matrix. 

5. VI. Excluding t=0 and t=—1, F(t) is translative to the right 
(left) if and only if A(t) is the same. 


The proof follows from (5.8) applying (5.5) to the sequences 
0,0, Se, S1,° > © and 0, So, $:,° © > respectively, where o, now denotes the F(t) 
transform of the sequence sx’ The result then follows as in 5.III and 
5. IV. l 


5. VII. A(t) includes F(t) for t31. 


For ¿= 0 the result is trivial When ¢540 and the sequence sp is 
summable F(t), it follows from §. III and 5. VI that sx. is summable F(t), 
so that, by (5.8), i 


2 fax (tb) Star ee (1/t — 1) a» a(t) Skar 


is convergent for all n. 
The result then follows as in 3. X. We also lave as in 3. XI: 


5. VIII. A necessary condition that F(t) should include A(t) is that 
eae ee 


5.IX. If the Taylor series Y, c2 has non-zero radius of convergence, 
and if for |t|<1 A(t) sums the series in a domain D, then F(t) sums 
the series ta the same sum in N 


COROLLARY. For any t, F(t) includes A(t) on or outside the circle of 
convergence in D. The proof is the same as of 3. XII. 


5. X. A(t) sums the series 1+2+2°+:--:- for every t at z=0, 
and for t30 tf and only if z satisfies simultaneously 


(5. 9) [z| <1/|t], 
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and 
(5. 10) |z—i1/t|>|1—1/t|, 


-~ 


and the sum is the right value (1 —z)™. 


Proof. Applying A(t) to the series we obtain vo(z) == (1 — tz)™, and 
for n > 0, Vaz) = (1 — t)”tz(1— tz)” provided that z = 0 or |tz | <1. 
Then 3 n(z) = (1—2)7 and only if z=0 or |(1—?#)/(1—tz)| <1. 
This concludes the proof. 

Thus the method is efficient at z == 0 and in a crescent inside the circle 
(5.9) and outside the circle (5.10). The circle (5.9) has its centre at 
the origin and passes through z= 1/t, the circle (5.10) has its centre at 
==1/t and passes through z = 1. Denoting the domain (5.9) (5.10) by 
D(t), the origin belongs to D(t) if the real part of 1/¢ is greater than 4, 
i.e. if | 1—t| <1. The circle (5.9) is inside (5.10), hence D(t) is empty, 
if | 1—zt|>2. In this case A(t) is efficient at the single point z = 0 only. 
If 1 < |1—t]| <2, A(t) is efficient in D(t) and at the isolated point z = 0. 
Herco; D(t) has no point common with the circle of convergence. 

Of particular interest are the methods A(t), for which the origin is in 
D(t), i.e. for which | 1—t| <1. The domain D(t) is not a star-domain 
as defined in (3.23), since the half-ray from the origin to an intersection 
of the two circles meets the circle (5.10) again inside the circle (5.9). For 
a suitably small |¢|, varying the centre of (5.10) so that |1—?#| <1, 
D(t) can be made to include any point but z= 1. Hence the union of 
domains D(t) with |1—t| < 1 is the whole z-plane with z = 1 and z = œ 
excluded. ` . 

The -matrices A(t), i.e. for which 0 < t= 1, form a subclass of the above 
class. The union of domains D(t) of this subclass has as boundary the locus 
of intersections of the circles (5.9) and (5.10). In polar coordinates 
with respect to z == 1 this boundary is p = (8 eos? 8 — 4 ens #) /(1 — 4 cos? 6), 
a/4= 6S 2/3, with asymptotes 0 = + r/3, the two branches meeting at 
z2==1, where the tangents make angles + 7/4 with the real axis. Thus 
the union of regular A(t) matrices is efficient in a domain which extends 
beyond the Borel half-plane. 


(5.11) Definitions. Let the series > ¢,2* have a finite non-zero radius 
of convergence. Let L be an open Jordan curve joining z = 0 and z =1. 
We denote by ¿L the curve formed from the points 2’, when 2’ are all points 
of L. If the series can be continued along ¿L but not at £, we say that ¢ is a 
vertex of the curvilinear star-domain S(L), and the function f(z), defined 
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by analytic continuations along all curves zL for which z is not a vertex, is 
said to be defined in the curvilinear star-domain S(LZ). 

The domain D(t) for |t| <1 and |1—z#|<1 can be divided into 
two symmetrical halves each of which is a curvilinear star-domain corre- 
sponding to symmetrical circular arcs L and L’. The partial curvilinear 
star-domain of f(z) formed with D(t) is the common part of all domains 
D(t) for which ¢ is a vertex of either of the curvilinear star-domains S(L) 
or S(L’) and for which ¢ is in the circle | ¢ | < Rr”/7 (cf. 3.23)). 


§. XI. If |t] <1 and |1—t| <1, A(t) sums the series X cp in 
the partial curvilinear star-domain formed with D(t), and the sum is the. 
value of f(z) obtained by continuation in this domain. 


Proof. For a fixed t and a regular point z of f(z) we form the series 
of functions of the complex variable v 


(5. 12) È galo) = (1 — twf (oE —t)/(l— tz/v) |" 


where ¢,(v) can be represented ‘by the series 


(5. 13) : a(o) == tz (1 — t) wf (v) > (" + ‘) (1 — t)",1(tz/v)*. 


=A n 

Both series converge in the domain given by 

(5.14) (i) |v—t|/]o|>|1—ż], (ii) |e] >t, 
and which we shall denote by V(t). 


Here (i) represents the outside of a circle surrounding v = tz, the 
origin being outside and v =z on this circle, while (ii) represents the out- 
side ofa circle with centre at the origin and passing through v = tz. 


(5.15) We suppose that all singularities of f(v) are in V(t). 


Constructing three closed Jordan curves C; (j==1,2,3) from arcs 
concentric with the boundary of V(t) such that C; is inside Cjn and all 
singularities of f(v) outside C's, we have in the ring between C, and O; 


(5. 16) O Èg) = 2f(v) /o(v—2), 


and 


(5.17) (Ui) J {È 4u(v) av = F(@) —F(0). 
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Substituting for $,(v) the series (5.13), and integrating term by term 
the double series, which is uniformly convergent in the ring between C, and 
Css we obtain 


CO oO : 
(5. 18) S(t £) (1 — E) ept = f(z) — Co 
n=0 K=0 n 
or rewritten 
co æ =Z 
(5. 19) >> > (* g _ (1 —t) "toyz = f (2). 
n=0 kz=0 p 


This was obtained under the supposition (5. 15), hence if v = ¢ is a singu- 
larity of f(v), (5.14) is satisfied for v = Z, i.e. 


(5.20) G) |e/f—1/t|>]1—1t], Gi) Jee < | 1A]. 


Comparison with (5.9) and (5.10) shows that (5.20) requires z/¢ to be in 
D(t), i.e. z is in ED(t). This proves the theorem. 


COROLLARY. Under the conditions of the theorem F(t) sums the series 
to the same value. This follows from 5. IX. 


| (5. 21) Example. The series 0 + 2/1 + 28/2 +--+ represents the func- 
tion f(z) ==—log (1— z). Applying A(t) with |1—t| <1, we obtain 
for z in D(t) 


(5.22) E va(z) = —log [1 — (1—1)/(1 — tz) ] + log t — log (1 — tz), 
where log (1 -+ u) means the value of the function defined by the convergent 
series u -+ u?/2-+----. Hence the sum is — log (1—z) -+ 2mm (m= 0, 
1 or — 1) m depending on t and z. 


. If ¿= (1 — 21) /5, D(t) contains points 1 < z < 54, so that z = 2 is in 
D(t), and for this value of z, X vn(z) = — ri, which is the value of f(z) 
when the series is continued in D(t). If ¢ is the conjugate of the previous 
value, the generalized sum at z == 2 is + wi, corresponding to the continuation 
in D(t). If z= -— 2, which is in D(t) for both values of ¢, we obtain in 
both ‘cases $, vn(z) = — log 3. 

To conclude, we show the connection between the matrices A(A) of 


(3.5) and A(t) of (5.3). Extending the definition of (*) to negative 
integral k: 


n 
ie 
( 0 y= 


` 


$ 


T? s p? 
+ 
` . a A 
see 
p“ , 
f ’ Fy 


ea 
~ 


- ; 
g aty t E ut ang >: 
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r 
4” 


and substituting 1/t for à, (8.5) gives 


ma) = (P) erao = (PE) nt a(t), 


+ 
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the main part of this work was done. 
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A CLASS OF INTEGRO-DIFFERENTIAL EQUATIONS.* # 


By Suru-Hsun CHANG. 


1. Introduction. In the present paper, I shall consider equations of 
the form: 


(A) ib(0,1)/ot—= {°K (2,9) F(t (yt) ay 


and 
(B) 06 (2,1) /0+ pelet) = alet) + S Eleni Lol, tay. 


It will be assumed that the kernel K (æ, y) is such that 


b 
fresa 


is a bounded function of xv in aS g S b, that f(z,t,¢) is a continuous 
function of (x,t, ġ) for aS sb, t and ¢ being allowed to take all real 
values, and that p(t) and q(x, t) are continuous functions of ¢ and of (2, #) 
respectively. The unknown function to be determined is (a, t). 

The equation . 


b 
(As) p(z, t) /0t = J K (z, y) (y, t) dy, 


which is a particular case of (A), was considered by Volterra? in connection 
with the solution of linear functional derivative equations. He showed that 
the unique solution of (A) which reduces to a given continuous function 
oo(t) when t == t is given by 


plz t) = pola) + f LC y, teolo), 


where 
L(2,y, t) = È ((t—to)"/n!)Ea(2,9), 


the functions Ka (v, y) being the iterated kernels of K (s, y). It is sometimes 
convenient to be able to express the solutions of such equations in terms of 


* Received December 30, 1947. 

1 My warmest thanks are due to Dr. F. Smithies, whose encouragement and advice 
have been of the utmost value to me in the course of this work. 

2V, Volterra, (1) p. 394. 
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the characteristic functions and characteristic values of K(2,y). Barnett? 
has obtained such a result for the special equation (Ao) when K(z,y) is 
symmetric or skew-symmetric. 

In the present paper I shall express the solutions of (A) and (B), for a 
general kernel K(x, y), in terms of singular functions and singular values 
of the kernel; the results will include in particular a solution of (A) for 
a general kernel similar to Barnett’s solution for symmetric and skew- 
symmetric kernels. 

We shall require some results about the theory of infinite systems of, 
non-linear differential equations which, in order to save space, we assume the 
reader can easily find in Wintner’s papers.* 

2. Solution of Equation (A). We now discuss the solution of equa- 
tions of the form (A): We shall suppose that K(#,y) is a real L? kernel ° 
defined for a S s Sb, «S y= b, such that . 


(1) | fo Bena 


is a bounded function of v, that {An} is its system of singular values, and 
{¢n(x), ¥n(y)} is its complete orthonormal system of adjoint pairs of singular 
functions, so that 


p(o) =m | E y), 
(2) 

p(o) =u J Ele y)dy. 
We write ruue R aAA. 


THEOREM 1. Let K(x, y) satisfy the above conditions and let f(x, t, u) 
bo a continuous funotion of (x,t, u) for aza b und ull eul values uf i 
and u such that: 4 7 i 


(3) Pı (t, Zis Za," * -) ig (t/a) JF, t, È apa (y) Wey) dy 


is for all values of 1 a regular power series ® in the variables za = t, Zi, Z2,° °° 
in the domain or defined by 


fo a) 
(4) p E ee ee 
k=0 
3 I. A. Barnett, (2). 


4 A. Wintner, (3), (4), (5), (6). 
5 A. Wintner, (6), p. 242. 
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Suppose also that for all 


% = (Zo Zi; Z2,° * *) 
in or we have E | 
"D m 
(5) J. Et 3 aga) Pay < 4° 


for some constant A independent of m and t. Then the integro-dif erential, 
equation: 


b 
(A) i$ (0, t)/t—= f° Kenit oot) dy 
F , 
possesses a solution (x,t) satisfying the initial condition: 


(6) p(z; 0) = 0) 


and gwen by the formula 
OO 
C 1 oa Alt) = Be (@) 24(4), 


where 2,(t) satisfies the system of equations: 


dz,/dt == Po === 1, . 

(8) dzı/ dt = B; (z) = Pi (2o, Zi Žo * *) ; (i = 1,2,°.: Jy ; 
2,(0) == (), 

If; in addition, we have 

(9) m | f(a, ta) —f(a,t,u)|SCla—u| 


for some constant C, the solution of (A) so obtained is unique. 


By Bessel’s inequality applied to (8), we have for all z in or 


Žlna f Ht È anly) Tay < 4% 


We suppose the singular values {Ax}, which are all real, arranged so that 
O<[A,]S]A2|S-- +; then |àr|—> 0 as h— co. Hence the sequence 
{®;} is bounded 5 in ep i. e., 


CO (a 9) l 
(10) 2 | 81(3)|? < B < + œ, for 2 |z |? < 7. 
. mm 4 sr 
By Wintner’s existence theorem,® the system of equations (8) possesses a 


solution such that X] z: |? < + œ provided that 
A 4=0 ; 
| t | < r/2[@ ],, 


s A. Wintner, (6), p. 251. 
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where [@], is the least value of B satisfying ( 10). We therefore have 


(11) { des/dt = (1/22) | Fot È atl) )¥e(y) dy 
ziı(0) = 0, " 
“for i= 1,2. 

-= We now distinguish two cases. Suppose first that K (s, y) has only a. — 
finite number of singular values, so that we may write: 


oor 
K (2,4) = 2 on (2) wn (y) /An. 
We construct the functions 
bm (2, t) = 2 p: (2)z (t). 
We then have, by (11), 


bón (2, t)/0t = Š e (2) (des/dt) = È (ule)/as) f Kos t buys DVO) 


= f "K (2, 9) F(9 t, $n (U, t)) ay. 


Thus m(x, t) satisfies the integro-differential equation (A) together with 
the initial condition (6). 

Now suppose that K(a,y) has an infinity of singular values. We shall 
prove that i 


(12) Lim $n (2, t) = Š du(2)24(t) = (2; t) 
exists, and that 
(13) ap (a, t) /0t = È gi (2) (dzi/dt) = lim ôġn (2, t) /0t. 


The results will then follow. 
Applying Bessel’s inequality to (11), we obtain 
oO a b CO 
Sa (OPS | t È aduly)) Pay < 42 
=1 a i= 
Hence, by Cauchy’s inequality, we have: 


>| pilo (H) S CÈ EA S ae (i 


< A[K. (zx, x) ]è < AM, 
where 


K.(2,y) = J K(2,s)K(y,8)ds =È gi(a)gi (y) A, 
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_and M? is the upper bound ôf K.(z,2) ina Ss b. The series X gilae (t) 
» 421 
is therefore boundedly convergent, and may therefore be integrated term by , 
term with respect to ¢. The existence of ¢(#,¢) and the equations (12) 


and (13) are therefore proved. 
By a well known expansion theorem,’ we have 


x(t, t) = ôpu (2, £)/06— S "EK (2, 9) f(y, t dm (yp #)) dy 
= din, £) /0t — Ñ (a(z)/aa) | FO t daly t) vay) ay 


=— È (4i(2)/u) f FO t dm(y, t) (0) do. 


Hence, by Cauchy’s and Bessel’s inequalities, 
00 b 
|xm(2, 1S Elga) | O t tal tI 
LEm+ @ 
0o 
SA E ple) /M?— 0 as mo o, 
i=m+1 


But d¢m(2, ¢)/0t > p(x, t)/ðt as m— oo, and, by dominated convergence 
and the continuity of f(y, t, u), 


f ke, y) f(y, t, pm (4, t) \dy —> J ke, y) f(y, t, $ (y, t) j dy 
as m -> œ. Hence > 
ee fz (a; y)f (Y t p(t, t) ) dy. 


Thus (v, t) is a solution of equation (A), and it obviously satisfies the 
initial condition (6). This completes the existence proof. 

We now come to the uniqueness part of the theorem. Suppose that the 
equation (A) has two solutions ¢(z,t) and ġ(x,t) satisfying the initial 
condition (6); we then have 


Op (x, t) /dt m Ag (x, t) /ot gjg f Kía, y) [f (y, t, (z, t) ) ai f(y, t, by, t)) dy 
so that i 

p(x, t) — $ (z, t) = Sau J x, y) LF (Y, u, o(y, u) — F (4, u, $ (y, w)) |dy. 
Hence, by (9), | 


T F. Smithies (7), or E. Schmidt (8). 
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(4) [eti f au S'E] Oleu) — gu) dy 
= CGN |t|, . ' | 


where @ is the upper bound of | p(y, u) —o(y,u)| for eSySb, and 
fixed interval of values of u containing the interval (0,#), and N is the 
upper bound of 


b 3 
JEG) 
for aS s5 b. Repeating the argument, we obtain from (14): 
| p(z, t) — $ (z, t) | S CGN? | t | 7/21, 
and we eventually obtain, by induction, 
p(z, t) — (2, #)| S(C*EN* | t |"/n)) 0. (n> @). 
Hence p(x, t) and (xv, t) are identically equal. 
COROLLARY 1. Let n= (712° °°) be a point of the domain: 
00 
O' rset > | Wks | ai 47°, 
and let 
; co 
(15) $o(%) = & mig: (7), 


the series being convergent um mean square. I f the power series 
i(t, é + m, E2 + na ` -) (1 = 1, 2, 3, es) 
are regular in the domain: 
oO 
ani HI +S bel? <a 
s=1 
then the integro-differential equation (A) has a solution $(a,t) satisfying 
the initial condition (a, 0) = ġo (1). 
We have, by Minkowski’s inequality, 
= 2 2 
> | bi Hml? <T, 
so that 
b M 
JF, E Get mdb) Fay < 423 
a t= 


the vector A (t, £,-+ m, £2 + ya °°) is therefore bounded, and the system 
of equations . : 
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dfi/at oe S(t, A + Ais Éz + Has ` ` D. 
= (1) f mL at mdali 


has a solution § satisfying the initial a $(0) = 0. This gives the 
required result. 

Theorems similar to Theorem 1 can be established for the adjoint integro- 
differential equation 


| (A*) ay (a, t) /ot = S K (y, 2) f(y, t, Y (Y, t)) dy, 


.and for systems of integro-differential equations of the form 


E | | | 
(An) 06:(2,1)/t6— | KODE pt) pD 
l (2 = 1, 45°° ) 

by exactly similar methods. 


'3. Special cases. The simplest special case is that in which f(s, t, u) 
= u, so that we have to solve ‘the equation ) 


b 
(Ac) ib(2, t)/at—. K(x, 9) oy, bay 
with the initial condition 
(16) (x, 0) = ġo (T). 


Barnett $ showed that if K (s, y) is symmetric, the solution of the problem 
is given by 


UN (a8) — dala) HÈ egle) J" uoan 


where {A;} is the sat of characteristic values of K(x, y), and EE is the 
corresponding complete orthonormal system of characteristic functions. We 
shall call equation (17) Barneti’s formula. i 

Now suppose that K(2z,y) is a general kernel, whose set of singular 
values is {An} and whose complete orthonormal system of pairs of adjoint 
singular functions is {ġa(£), ya(y)}. The system of differential equations 
(8) then reduces to 


(18) dzı/ dt = > i j2j . (4 = 1, 2,3,-° o 
= 
where , 


87. A. Barnett. (2). 
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(19) m = ($p Y) /u = (1/M) J 12) ya(a)de, 


Let (m, 7z °°) be a set of numbers defined as in Corollary 1, and let 
éi (t) = zi(t)— m. Then, by (18), 


(20) ds/at = $ au (t; + 43) = ®: (6), 


say. Since $ | a;; |* S 1/A,°, the series in (20) is uniformly convergent in 
j=1 ee) j 
any domain of the form X | ¢;|?< 7?, and satisfies all the conditions for 
j=1 


being a regular power series in any such domain. Hence, by Corollary 1, 
the system of equations (18) has a solution satisfying the initial conditions: 


(21) zi(0) =m (t= 1,2,-- +). 


We can determine this solution by Wintner’s method ® as follows. We 
have 


(e a 
Si (t) = tğ; (0, 0,- j -) = É $, aijn (4 = 1, Ba? ý 27 
jut 
Hence,?° 
S'ia(t) = [Bi (S11, Sar,- > +) J. == Bi (Sar, Ste, + *) 
oO Q 
= $ tij (95 + tE aja) 
j=1 h=1 
(s9) (se 7 
= X tim; +t È ayn, 
j=l h=1 
where 
0o 
dij P = $, lirani; 
ho 
consequently 


0 ' . OO. 
Sia(t) = t X aimi + (8/21) B m; a. 
j= j= 
We obtain by induction 
n es) oett, 
Sin (t) = È (d/l!) D Pn Sa 
k=l j=l x 
where aij‘) is defined recursively by the equation 


° A. Wintner, (6), p. 251. 


; OO 
10 Following Wintner’s notation, if g(t) == g ctr, we use the expression [g(¢)], 
zs v=0 
to denote $ ctr. 
y=0 
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CO 
ij FY == D din™ an; 5 
h=1 
and we have 


00 
lgj HP) — > Gay) Qhi (8) ; 
hzi 


Thus the solution of (18) satisfying the initial condition (21) is 


(22) z(t) = X (#/b!) Say On ea 
kzQ j=i ë 


where we have taken 
aij =b =l (t1=7) 
=0 (ij) f. 


The solution of (A) satisfying the initial condition (16) is therefore 


83) m=] È Saygi) (n 


=$ Š Sag) (Her) f OOd 


izl K=O fel 
Since f(z, t, u) == u satisfies the condition (9) this solution is unique. 


Equation (23) contains Barnett’s formula as a particular case; for, if 
K(a,y) is symmetric, we have 


aj —0 (1 f); 
== 1 /da* (t=). 


We can use these results to solve the integro-differential equation: 
| , | 
(24) i (2,t)/0t— f(t) | Ele y)o(y, tay, 


where f(#) is any positive integrable function of ¢, with the initial condition 
p(x, 0) = ¢o(z). For, if we change to the new variable: 


w = f F) du, 


the equation reduces to one of the form (A). We find that (24) has the 
unique solution 


olst) =È SÈD f fu)dul gua) f HEE. 
l 4=1 j=1 k=0 0 a 
6 
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4. More general equations. In order to solve the more general equation 


(B) (ĉ¢(z, t) /at) + p(t)(a, t) = q (7, o ETN (y, t))dy, 


we put 
w(x, t) = (2, #) exp ( | p(u)du) 


t u 
—f q(x, 1) exp ( | “p(v)dv)du, 
0 0 
so that s 


dw (x, t) /3t = [Ip (z, t)/3t + p(t) - p(z, t) — q(a, t) ] exp ( OLO 


t . 
Thus, if we multiply both sides of (B) by exp ( f p(u)du), we obtain the 
equation : x 


(25) w(x, #) ot —exp ( f ‘p(u)du)- f Klay) fly, tyly Ids, 


where . 

t t u 
y (y, t) = exp (— [9 p(u)du)[w(y, t) + Í. q(y, u) exp ( Í p(v) dv) du]. 
This is of the form (A), and can be treated by the methods of 2. 


As a particular case of this, we can show that the equation 
: 
ao (2, t)/Ot— pele t) + | Eey) bay 
with the initial condition ¢(z,0) = ¢o(x), has the solution 


(0,1) = exp ( f p(u)du) È oila) & Sais (8/1) ($0, $s). 


This is.a generalization of another formula of Barnett." 
Note. If in 2 we assume that K(z,y) is an L? kernel without further 
restriction, then 


è 
f Kæ, y)dy 
fg 


is finite for almost all z, ane the series > ($;7(x)/Az”) converges for almost 
all s; therefore the series > i (a) 2" i(t) :  dominatedly convergent for almost 


all z, and can be integrated term by term with respect to ¢ for almost all 2, 


11 J, A. Barnett, (2), p. 201, equation (13). 


2 
w 
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i.e. the function (b2) exists and (13) is true for almost all z. In this case 
we have: 7” 


iim (2, t)/0t— È Ele yf t dm(y, fay 


~ 


= lim È (6e(c)/s) "FY eal y)dy > 0 


n00 M+ 
(as m > œ), 


06(2, 1)/0b— K (a9) f(y t (st) dy 


for almost all z. It is also easy to show that if the equation (A) has two 
solutions (x,t) and (x,t) satisfying the initial condition (6), then 


p(z, t) — (z, t) 


for almost all z. 


FITZWILLIAM HOUSE, 
CAMBRIDGE, ENGLAND 
AND 

SZECHUAN, CHINA. 
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STRUCTURE OF THE HOMOTOPY GROUPS OF MAPPING 
SPACES.* 


By Szz-rsen Hv. 


1. Introduction. In 1939, M. Abe [1] established a theorem con- 
cerning the structure of the fundamental group of the space of spherical 
mappings into a metric space. A recent paper of the author [5] solves the 
structure of the higher homotopy groups of the same space. After the pub- 
lication of the paper [5], A. D. Wallace proposed to the author the problem 
to determine the structure of the homotopy groups of a general mapping 
space. The present work is a consequence of this fruitful suggestion. 

Throughout the present paper, let Y denote a pathwise connected topo- 
logical space and yọ a given point of Y. Let X be a connected finite 
geometric simplicial complex; X, a closed subcomplex of X (not necessarily 
connected), and X. = X — X, its open complement. Let m denote the 
dimension of X.. 

Let us consider the totality of the mappings (i.e. continuous trans- 
formations) f: X — Y with f(X.) = Yə These mappings form a space Q 
with the compact-open topology of R. H. Fox [4], which can be described as 
follows. For any two sets A in X and W in F, let M(A, W) denote the set 
of mappings feQ for which f(A) C W. The compact-open topology of Q 
is defined by selecting as a subbase [6, p. 6] for the open sets of Q the sets 
M(A, W) ‘where A ranges over the compact subsets of X and W ranges 
over the open subsets of Y. Let O:X-—»Y denote the constant mapping 
O(X) = Yo. We shall denote by Q, the path-component of Q containing O, 
i.e. the set of mappings fe which can be connected to O by a path in ©. | 
For simplicity, we shall always denote by w2—an(Y), n=21, the n-th 
homotopy group of Y with y.e Y as the base point. Our primary object is 
to study the structure of the homotopy groups 7-(Q.), (r==1,2,: `), with 
O €Qp as the base point. : 

Our main results can be briefly summarized as follows. For each 
r=1, there is a homomorphism (called the tubular homomorphism) 
tri mr(Qo) —>ar(Y) such that 7, is onto if X, is empty and r, is trivial 
(i.e. its image consists of a single element) otherwise. The kernel K of rr 


* Received November 8, 1948. 
574 


HOMOTOPY GROUPS OF MAPPING SPACES. 575 


(called the principal subgroup of mr(9o)) ista solvable group Lt, p. 15] and 
has a decreasing sequence of subgroups 


| (DE (Ce Ee Dy (GD CED gee 


such that each is a normal subgroup of the preceding and that the quotient 
group Kni/Kn (n=1,2,--++,m) is abelian and isomorphic with the 
difference group 


Han (Xs, Tair) = Pr( X., Tnar) — hr (Xs, Ter)» 


where the two groups displayed on the right member are subgroups of the 
n-th cohomology group H"(X+,an4r) of the open subcomplex Xe = X — Xy 
(which is an abstract complex in the sense of A. W. Tucker [6, p. 89]) with 
the homotopy group anır =masr(Y) as the coefficient group. If X, is non- 
vacuous, then 7,(Q)) = K ; otherwise, there exists a subgroup T (called the 
tubular subgroup) of z,(Qo) which is mapped isomorphically onto z-(Y) by cr. 
Then it follows that: (1) if r > 1, w-(Q,) is the direct sum of the subgroups 
T and K; and (2) ,(Q)) is the direct product of T and K if and only if T 
is a normal subgroup of r,(Qo). 

A part of the above results overlap with an unpublished stone of BS. 
Wylie, who has obtained a few theorems concerning the structure of the 
fundamental group of mapping spaces, by a quite different approach with 
some geometric methods. 


2, Preliminaries.: Let Æ” denote the r-dimensional parallelotope in the 
euclidean 7-space defined by | 


iso Se S1 (t= 1,2," -,7), 


where (ei, é2,: * *, €r) denotes the coordinates of an arbitrary point in the 
euclidean r-space. Denote by E,” and Ea” the closed subsets of Er defined 
respectively by the inequalities e, S 4 and e Z 4. 

An element «err(Y) is represented by a mapping f: E"—> Y which” 
maps the boundary ðE” into the point yo. Two such mappings represent the 
same element of mr(¥Y) if and only if they are homotopic relative to dH". 
Suppose a, €r (Y) be respectively represented by the mappings 


fig: Er>Y,  f(0B") = yo = g (ôE"). 


Then the element &8-emrr(Y) is represented by the mapping h: E" —> Y 
defined by 
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f (2é1, eot * *, Gr) (0 


h ! <¢= 
61, 2, °°, êr) = d a eae 
( re r r) g(2 vane! Rey, Ga, mrs êr) (4 = €1 = 


Now, let Z denote the closed interval (0,1) of real numbers and let o 
denote an arbitrary n-simplex with a fixed orientation. Then the topological 
product 3==o X EX I ìs an oriented (n -+r -+ 1)-dimensional geometric 
cell. Let 

Zo = (o X OE" X I) U (eX EX1). 


Clearly X, is contained in the boundary ô% of 3. 


Let us consider an arbitrarily given mapping 
6: 02 > Y, $ (30) = Yo. 


Since % is nonvacuous and connected, œ determines a unique element 
(¢, 3%) €anr(Y) which depends only on the homotopy class [¢] relative to 
Š and the orientation of 3. For two arbitrary mappings 


py: OZ—>Y, (20) = Yo = y (30), 
let us define a mapping x: ĵî%—> Y as follows. For each point 


(2, Cis G2," © * 5 êr; t) €03C 2, 
where 
TET, (61, €2,° ° êr) e Er, tel, 
we take , 
(2, 261, Cz ` ° " Gry t), (oSe S$), 
À EE ee 
x (2 H ve {Het Se, @a,° * * 5 êr; t), ($41). 


Then it is clear that y(3o) = yo and (x, 3) = (4,3) — (4, 3). Here we 
have used the additive notation for the group operation in mnr(Y), because 
in the sequel we shall consider only the simplexes o e X with dimension n > e 
and hence rnr (Y) is abelian. 

Er can be considered as a cell complex with an r-cell E" and a number 
of cells with dimensions less than r on its boundary. Then the topological pro- 
duct A == VY X Hr is also a cell complex. Let Ao = (X X dll) U (Xo XxX F"), 
then A, is a closed subcomplex of A and its complement A: = A — A) an 
open subcomplex of A. _ ; 

According to R. H. Fox [4], the mappings f: E" —> Qo f(@E") = 0 are 
in a (1-1)-correspondence (which preserves homotopy) with the mappings 
F: A> Y, F(A) =Yo. Hence, an element oe7,(Q)) is represented by 
such a mapping F; and two such mappings represent the same element of 
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ar(Q,) if and only if they are homotopic relative to Ay. If two arbitrary 
elements a, 8 © 2,(Q.) be represented by the mappings F, G: A-Y, F(A) 
=— Yo = G (Áo), then the element «8> is represented by the mapping 
H: A — Y defined for each re X and each (C @2,° + °,ér) ef": 


F(z, 2er @2,° © ter); (0&6 S +4), 
G(T, 2 — Rei, €2,° ' 5 êr); (¢Sa5 1): 


H (2, Cis C2, ° a) er) = f 


In the remainder of the present section, we shall give a trivial generali- 
zation of a theorem due to N. E. Steenrod [8, p. 316] which will be used 
in Lhe sequel. Let G denote an arbitrary abelian group. 


(2.1) The correspondence o X E" —>o defines an isomorphic cochain 
mapping tr: A» —> X» and thereby induces isomorphisms onto: 


tr? (As, G) — H"(X,, G), n = 0. 


Proof. That u is one-to-one is trivial. Since the coboundary 8E" = 0, 
we have 8(o X Er) =s X E". Hence i, commutes with the coboundary 
operator 6, i.e. ı is a cochain mapping. Q. B.D. 

Now, let 

B=eAXIl=XKEX I, 
Bo= (A X00) U (4. XI) U (4 X1), B. = B — By. 
According to N. E. Steenrod [8, p. 316] , the cochain mapping 
e X Er X Iso X Er 
induces isomorphisms onto: 
C: dee (Ba, G) ar H” (As, G), n= 0. 
In the sequel, we shall make use of the combined isomorphisms: 


pate? HBe G) > A(X, G), n= 0. 


The notations of this section will be used for the whole paper. 


3. Some cohomology invariants. Following N. E. Steenrod [8], we 
shall put 


At?=A,|j A?, Be ==B, U Be, (p=0), 


where A? (B?) denotes the p-dimensional skeleton of A (B), i.e. the set of 
cells of A (B) with dimensions not exceeding p. Let 
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B,= (40 XI) U (A X 1). 
Consider an arbitrary mapping 
f: Bery,  F(B) =y» - n>0. 


For an arbitrary (n+ r+ 1)-cell sı =o X E" X Ie B., ce Xe, clearly we 
have f[ (e X 3E" XI) U (e X E" X 1)] = yo Hence, according to 2, f | ôs; 
determines a unique element (f, s:) € rnẹr(Y). By the argument of S. Bilen- 
berg [3, p. 237], the cochain oc”! (f) — 3: (f, s:}sı is a cocycle in B. The 
cocycle c™*r**(f) represents an element y”**!(f) of the cohomology group 
H™?** (Bs, anir), which depends only on the homotopy class [f] of f relative 
to Bı The element y"*"*?(f) is said to be presented by f, and f a presenter 
of y” (F). Such elements are called presentable elements of H { Be, mnyr). 
If a, Be H (Be, any) be arbitrary presentable elements of H**'*?( Be, wn,r) 
which are presented by the mappings 


fig: Bur >Y, f(B1) = Yo = g9 (B1), 


then the element «-8 is clearly presented by the mapping h: B» —> Y defined 
by 
f(T, 2er, @2,° + +, Er, É), (SeS $), 


EEE E 
h(x, E1, Gay rep ) g (T, 2 — 2e1, zs * * "5 Ory t), (¢;Sa5 1), 


for each point (a, @:, @2,°°*, €r, t) € Bur C B, where x € X, (€i, €2,° ++, er) e E" 
and tel. Hence we have proved the following theorem. 


(3.1) The presentable elements of the cohomology group H"** (Be, mnir) 
form a subgroup P™* (B.e, mnr), called the -presentable subgroup of 
Arr (Bs, ansr) A 


A mapping f: Brr > F is said to be regular in case f(Bo) = Yo. An 
element of H+ (Be mnir) is said to be regular if it can be presented by a 
regular mapping. For two arbitrary regular mappings f, g: Bt*7 —>Y, the 
‘mapping A defined above is obviously regular. Hence, we have the following 
theorem. 


(3.2) The regular elements of the cohomology group H™t*( Be, mnir) 
form a subgroup RT (Bu, nnr), called the regular subgroup of H"™*t*!(Bs, mnir}. 


Let us denote by P*(Xe rnr) and R*(X.,an,r) the images of 
Pl (Bs, mnyr) and R™4( Bes, mner) under the isomorphism 


os Hl Be, nmr) > H" (Xe, Tur) 
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described in 2, and define 
Hu? (Xs, ner) == Pr( Xs, Tnar ) aan it (Xs, Ther) 


for each n==1,2,:--,m. The groups P*®(X+,an.-) and B"(Xs, anr) are 
respectively called the presentable and the regular subgroup of the cohomology 
group H"(X+,2n.r), and their elements are called the presentable and the 
regular elements of the same. 


(8.3) If H(X», rp) =Q for each 1< p< n, then H."(Xs, tner) is 
isomorphic with P” (Xs, wnsr)- 


Proof. We need only to prove that R™*'**( By, mnir) =0. Let æ be an 
arbitrary regular element. of H” (Be, manar) ; then, by definition, there exists 
a mapping f: B**—»Y such that f(B,) =y, and y" (f) =a. Every 
(r + 1)-cell of B- is of the form s; = z; X E" X I, where a; is a vertex of £.. 
Since the boundary @s; of s; is in Bo, the partial mapping f |s; defines an 
element i€ mra (Y). Since X is connected, all the 8: are equal to a fixed 
Beamy(Y). Clearly 8 == 0 if X, is nonvacuous. Choose a representative 


p: Er XI->Y,  $l(B Xo) U (OB XT) U (E X 1)] = y, 


for the element B. 
Define a mapping g*: B— Y by taking 


g* (x, e,t) == ġ(e, t), (re X, ec Kr, tel). 


Let g= g* | Bur, Since g has g* as an extension over B, we have 
y= (g) =0. Define a mapping h: Bur» Y by taking 


f(z, Zer, C2 © +4 Cr; t), (oSe,S3), 


h(a C15 Ca e t naas 
(T, €3, €2 » ry t) g(a, 2 — 261, 62,° © +, er, È), (4 S¢,51), 


for each point (a, €i, ¢2,°°-,é@r,t)e Bur C B, where we X, (es, 62° °°, er ek’, 
and teI. Clearly we have h( By) == Yo and 


yra (h) =y (f) — y" (g) =a. 


Now, for each (r -+ 1)-cell s; e B., the partial mapping A | s: represents 
the elemenl 8 — 8 = 0 of lhe homotopy group rra(Y). Ience there exists 
a homotopy h: Bur Y (o StS 1) such that ho = h, hy(Br*) = yo and 
hi(Bo) = Yo for each o SiS 1. 

Since, for each p = 2, 3,: -© + ,n— 1, we have 

He (Be, apar) © H (Xe, mpr) = 0, 


r 
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it follows from the successive application of the first homotopy theorem of 
S. Eilenberg [3, p. 240] that there exists a homotopy k:: BuroY 
(o St 1) such that ko = hı, k,(Bt*) = Yo, and ki(Bo) = yo for each 
oStSl. Since k | Br+r-2 can be extended throughout B, it follows from 
the first extension theorem of S. Kilenberg [3, p. 239] that 


Qo == yera h) == yri ko) La grrr (k) TE 
Hence R” (Be, mnir) = 0. This completes the proof. 


(3.4) If HP® (Xs, apr) =0 for each n<p< m, then P”(Xa, nnr) 
coincides with H"( Xs, mnir). 


Proof. We need only to prove that P"*"*! (Bs, amayr) = H™ ( Be, mnir). 
Let c be an arbitrary cocycle in B. with coefficients in mn,r. It can be easily 
seen that there exists a mapping 


Fy: (A™*X 0) U (457° XD U (AXIO Y 
such that 


PLA XI) U (4 X 1)] =y em (Po) = c. 


Define a mapping fo: A”! —> Y by taking fo(a) == Fo(a, 0), (ae A"). Since 
c is a cocycle in B», fy admits an extension fı: A" —> Y. f, determines an 
element y”*"*?(f,) e H+? (Av, mnirat). Since l 


Hrerr+? (As, Wraretd ) ~— [fn (Xs, Taneri) ——e 0, 


we have y™r*?(f,) =-0. It follows from the first extension theorem of S. 
Hilenberg [3, p. 239] that fọ has an extension fọ: A”™*"*?-» Y. By successive 
application of this argument, one can prove that f, admits an extension 
f: A— Y. Extend F, to a mapping F: Brr Y by taking F(a, 0) = f(a), 
(ae A). Hence we have c= ™(F), i.e. every element of the group 
H" (Bs, mner) is presentable. This completes the proof. i 


4, The n-trivial subgroup. We have seen in 2 that the elements of 
the homotopy group 7,(Q)) are the homotopy classes relative to A, of the 
mappings f: A — Y with f(Ao) = yo. 

An element «er, (Q) is said to be n-trwial (n= o) if it can be 
represented by a mapping f: A—»Y such that f(A") = Yo The n-trivial 
elements of z;(Q,) obviously form a subgroup Kn of nr (Qo), called the n-trivial 
subgroup of w,(Qo). Thus, we have a decreasing sequence of subgroups of 


Wr (Qo) : 
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wr (Qe) — Ko D MEN = Kaai D Kn aa aS, oe Km, 


where the last group Km clearly consists of a single element. 


Let ae Kn1 (n >o) be an arbitrary (n—1)-trivial element of m,-(Q) 
and let f: A — Y, f(A") = Yo, be a representative of «. Define a mapping 
"FF: Bur» Y by taking 


. f(a) (ae A, t= 0) 
F(a, t) = Yo l (ae å", tel) 
Yo ~ (aeA, ¿== 1). 


Since F(B,) = Yo, F presents a presentable element 
e iiia (F) g Pure (B,, nar) f 


Next, let g: A — Y, g (A-1) == Yọ, be another representative of «, and 

G: Brr —> Y be similarly defined for g. Define a mapping 6: Ber» Y by 
taking 

P(T, Crs C2," * *, Cry t) =] 


F(z, PAZE Go, ° y s Gr, t) (oS ¢,5 34), 
G(X, 2— Rer, 2,° * *, Gr, É) (43a 1), 


for each point (2, @:, €z, °°, €r Ee Ber c B, where æ e X, (6, €2,°- +, er) eB’, 
and tel. Clearly yta (p) = y (F) -—y"*"1(@). Define a mapping 
$: AY by taking ¢(a)—(a,0), (aeA). Since œ represents the 
element aa == 1 of mr (Qo), there exists a homotopy ¢:: A> Y, (o =t=1), 
such that ġo = ¢, ¢:(A) = Yo, and d:(Ay) = Yo for each oS tl. 

Define a homotopy $a: By > Y (o SAS 1) by taking 


(a) (ac A, t= 0) 
Pala, t) = 4 Yo (a £ Ao, teI) 
Yo (ae A, {į = 1). 


Since o = is defined over Br, it follows from the homotopy extension 
property [2, p. 501] that ©, has an extension ®,*: Ber —> Y, (o SAS 1), 
such that $," = 6. Since 6,*(B,) = yo, hence yori (p) == yrr (Bă) is a 
regular element, y"*"™*(#') determines an element of Hse (Xs, mnir), which 
depends only on « and will be denoted by pa(a). 


(4.1) The correspondence a—>pn(a) is a homomorphism 
Hn: Kani -> H” (X. ner) 


of the (n—1)-trivial subgroup Kn-ı C mr (Q0) onto the group He" (Xs, mnr), 
whose kernel is the n-trivial subgroup Ky. 
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Proof. That u» is a homomorphism is clear. To prove that p» is onto, 

let ée Prr (Be, mner) be arbitrarily given. By definition, there exists a 

mapping F: B™r—> Y, F(B,) =Y» such that y#(P)—£ Define a 

homotopy , 

P: (Am XT) U (4X1) >Y ERESI 

by taking 

F(a, A -+ t — At) (a e Antr-t, tel), 

Pan 4, (as A, t= I). 


Since Fo == F is defined over B»*r, it follows from the homotopy extension 
property [2, p. 501] that F has an extension F*,: Br —>Y (oSAS1) 
such that P*,—F. Clearly we have P*,[(4"- X I) U (4X 1)] = Yo 
and F*,(B,) =Y for each o SAS 1. Define a mapping ¢: A-Y by 
taking (a) = F*,(a,0), (ae A). Since ¢(A"™*') — Yo, $ represents an 
element ae Kn. It is obvious that pa(a) e H."(X+, mner) is the coset which 
contains the image under ¢ of the element 


s ie (F*:) a yN (F) sues £ g priri (B>, Ener) : 


This proves that un is onto. 


To consider the kernel of un, suppose ae Ky, and pa(a%) =0. Let 
f: A> Y, f(A") = yo, be a representative of « and define F: Ber >Y 
as above. Then the element y"*"?(#) is regular; and hence there exists a 
mapping G: Ber — Y, G(Bo) = yo, such that y**"+!(G) = y" (F). Define 
a mapping $: Br» Y by taking ; 
F(T, Ber, 62, > "sêr, t) (03453), 
® (a, Eis €2,° © *5 er, t) a FF 2 —- es, Ge," ° 5 ers t), (4 < a S5 1), 


for each point (a, 21, €23, **, €r E)E Br C B, where x e X, (e1, eat, er) eE", 
teI. Then 6(B,) = yo and 


yera (®) pe yrr (F) = yonn ( G) == 0. 


It follows from the first extension theorem of S. Eilenberg [3, p. 239] that 
the partial mapping © | B»r-1 has an extension ®*: Ber1>»Y, Define a 
homotopy 


h: (A XT) YU (AX1) OF (oSAS1) 
by taking 
__ ( ®*¥(a,A+t—At) (a e A”, tel), 
(a) =f R (ae A, t=). 
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Since Y, = &* is defined over Bur +1, it follows from the homotopy extension 
property [2, p. 501] that Y) has an extension ¥*,: Bra >Y, (o SAS1), 
such that ¥*)== ®*. Define a homotopy fr: A> Y (0 St1) by taking 
f: (a) =". (a,0), (ae A,oStSil). Since G(A X 0) = Yo and ¥*, = &*, 
fo clearly represents the same element « as f does. Since ¥*,(A™™ X I) = Yo, 
we have f,(A"™") = yo Further, it follows from wW*;(B,)—y, that | 
fr(A4o) = Yo for each o S t S 1. Hence « is n-trivial. l 
Conversely, suppose ae K„ be represented by a mapping f: A>FY, 
f(A™r) = yo Define F: Ber —> Y by taking 


f(a) (ae A, t = 0), 
F(a, t) = 2 Yo (as A™r, tel), 
Yo (ae A, t=1); 


then clearly y+! (F) =0 and hence p,(a) —=0. Therefore, the kernel of 
bn is the n-trivial subgroup Kn. This completes the proof of (4.1). 


(4.2) Hach group of the sequence 
KoI Krd- . oo) Ke) , -D Km =1 


is a normal subgroup of the preceding and each of the quotient groups 
Kn-/Kn, (n = 1,2,: + -,m), is abelian and isomorphic with He" (Xs, mnir). 
Hence, the subgroups Kn (n=0,1,:+-+,m) are solvable groups [7, p. 15]. 


Proof. Since K, is the kernel of pa, it is a normal subgroup of Ky-4. 
Since pz, is onto, it follows from Noether’s theorem that Kn-1/Kn 
X He" (Xe, nnr), Since Kn s/Kn is abelian, the commutator subgroup of 
Kn. is contained in K,. Hence it can be easily seen that K,_, is solvable. 
Q. E. D. 


5. The tubular homomorphism. Let «e7,-(Q)) be an arbitrary element, 
and f: A— Y, f(A.) = Yo, be a representative of a Choose a point Toe <x. 
Define a mapping ¢: Er—>Y by taking ¢(e) —f(a,e), (ee Er). Since 
p(d£") = Yo, p represents'an element éear(Y). Since X is connected, é 
does not depend on the choice of wv. Further, it is clear that é is independent 
of the choice of the representative f. Hence é depends only on « and will be 
denoted by zr(a). 


(5.1) The correspondence «—>71,(a) is a homomorphism (called the 
tubular homomorphism tr: ar(Qo) >ar(Y). tr ts onto if To is vacuous; 
otherwise, tr maps nr(Q) into the identity element of mr(Y). The kernel K 
of tr is the o-trivial subgroup Ko of mr(Qo). 
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Proof. That rr is a homomorphism is trivial. If X, is non-empty, we 
may choose eX; hence (E) = ys and tr(«) = 1 for each element 
æ Err(Qo). Suppose Xo be empty. Let an arbitrary element ée2,(Y) he 
represented by ¢: Er — Y with ¢(0£") = yo. Define a mapping f: A> Y 
by taking f(z, e) = ¢ (e), (xe, ees E"). Since X, is void, A, = X X dH"; 
hence we have f(Ao) = Yo. f represents an element @e2,(Q)). Clearly 
_tr(%) =é Therefore, tr is onto. 

To consider the kernel of rr, let us assume «&err(Q,) with tr (a) =1. 
Let f: A—> Y, f(Ao) =Y» be a‘representative of a For each r-cell 
Sı = £; X Et, where a; is a vertex of X., the partial mapping f | s: represents 
the element tr(&) =1£€7,(Y). Hence, it follows from the homotopy exten- 
sion property [2, p. 501] that there exists a homotopy fe: A >Y, (0 St 1), 
such that fo = f, f1(A") = Yo, and fi( Ao) = Yo for each o StS 1. There- 
fore, ae Ko. 

Conversely, suppose «eK, and f: A->Y, f(A") = Yọ be a represen- 
tative of « If we choose z to be a vertex of X, we see that rr(&) —1. 
Hence the kernel of rr is K = Ky. This completes the proof. 

Hereafter, the kernel K = K, of the tubular homomorphism 7, will be 
called the principal subgroup of 7-(Q). The following statements are imme- 
diate consequences of (5.1). 


(5.2) If Xo is non-empty, then m (2o) = Ky is a solvable group. 


(5.3) If X. is empty, then K= Ky is a normal subgroup of mr(Qo) 
and mr(Qo)/K = ar(Y). 


In the remainder of this section, we shall assume that X, be empty. 


An element «ea;(Q)) is said to be tubular if it can be represented by 
a mapping f: A — Y, f(Ac} = Yo, such that f(a, e) = f (£2, e) for arbitrary 
points 7%, t.e X, ee Er. The tubular elements of 7,-(Q,) clearly form a sub- 
group T, called the tubular subgroup of mr(Qo). 


(5.4) The tubular homomorphism rr maps the tubular subgroup T of 
` mr(Qo) tsomorphically onto mr(Y). 


Proof. That +, maps T onto z-(Y) has been proved in the first para- 
graph of the proof of (5.1). To prove that rr maps T isomorphically, let 
us suppose that «e T and z,(a) =1. Let f: A— Y be a representative of g 
as described above. Choose a point zọ£ X and define a mapping ¢: Er —>Y 
by taking (e) = f (£o €) for each ee E". Since ¢ represents the identity 
element of r(Y), there exists a homotopy ¢:: Er—>Y, (o StS 1), such 
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that po = $, $1(4") = yo, and $:(0H") = yo for each oS t& 1. Define a 
homotopy fr: A — Y, (o & t S 1), by taking f; (2, e) = pt (e) for each ve X, 
ee b", and each o St 1. Then we have fy == f, fi (4) = yo, and f:(Ao) = % 
for each o S t & 1. Hence, « = 1 and the proof is complete. 


(5.5) ar(Qo) is the direct product of its tubular subgroup T and its 
principal subgroup K if and only if T is a normal subgroup of mr(Q). 


Proof. The necessity is trivial. To prove the sufficiency, let us suppose 
T to be a normal subgroup of mr(Qo).” Then both T and K are normal 
subgroups of mr(Q). Let «err(Qo) be an arbitrary element, and let 
É = tr(&) €Enr( Y). Since tr maps T isomorphically onto m,( Y), there exists 
a unique element ĝe T such that 7,(8) -=é Then the element 8 = ĝ*a is 
contained in the principal subgroup K ; and we have g == 88, i. e. w,(Qo) = TK. 
Further, since trr maps T' isomorphically and K is the kernel of -7,, we have 
T N K =1. Hence, w,(Q) is the direct product of T and K, [%, p. 16]. 
This completes the proof. 

Since rr(Qo) is abelian when r > 1, we have the following corollary of 
(5. 5). 

(5.6) For each r > 1, mr(9o) ts the direct sum of T and K. 


Thus we have proved all the results sketched in the introduction. 


6. Specializations. In the present section, we shall deduce some inter- 
esting particular cases of our general results concerning the structure of the 
principal subgroup K of w,(Q)). 

(6.1) The principal subgroup K of wr(Qo) is isomorphic with the co- 
homology group H"(X+, mner) of the following conditions are satisfied: 

(i) H(X., nmr) = 0 for each 1< p<n, 
Gi) HP (Xs, mpr) = 0 for each n< p< m, 

(iii) H?( Xs, mpr) == 0 except p= 0 and p =n. 

Proof. According to (3.3), the condition (i) implies that H+” (Xs, mnir) 
is isomorphic with P*"(X+, mnr). According to (3.4), the condition (ii) 
implies that P"(X+,7n,,) coincides with H"(X+, mner). Hence we obtain the 
isomorphism 

He" (Xs, nnr) © H” (Xe, nnr). 


It follows from (iii) that H?(X., mnr) =0 for each p>0 and pn. 
Hence K is isomorphic with the cohomology group H"(X+, rnr). Q. E.D. 
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As a corollary of (6.1), we give the following theorem. 


(6.2) If a(¥) = 0 for each r<p<m-+r, then the principal sub- 
group K of m,(Qo) is isomorphic with the cohomology group H™(X.«, amir). 


(6.3) If the integral homology groups Hp( X.) = 0 for each o < p < m,. 
then the principal subgroup K of mr (Qa) is isomorphic with the cohomology 
group H” (Xs, Tmar) . 


Proof. Since Hp( X.) == 0 for each o < p < m, it follows from the first: 
duality theorem [6, p. 117] that the integral cohomology groups H? (X=) = 0,. 
(o< p< m), and the m-dimensional cotorsion group T”(X-) =0. Then 
it follows from a theorem of Bilenberg and MacLane [6, p. 347] that 
H?(X., G) =0, (0 <p < m), for each discrete coefficient group G. Hence 
the conditions (i)-(i11) of (6.1) are satisfied with n ==m. This completes. 
the proof. 

In: particular, if we put X = 8”, the m-sphere, and X, either vacuous: 
or a single point, then (5.5), (5.6), (6.8) include the results of M. Abe [1] 
and the author [5]. 
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A PRIORI LAPLACE TRANSFORMATIONS OF LINEAR 
DIFFERENTIAL EQUATIONS.* 


By AUREL WINTNER. 


1. The results of the following considerations are in the direction 
initiated in [9] and applied in [10]. They deal with the solution of certain 
differential equations 


(1) z” + f(t)e = 0 

(on an unbounded interval 

(2) t* <t< a, 

with an unspecified ¢*) by means of definite integrals of specific type. 


The underlying idea is similar to, but the assumptions and the results 
are substantially distinct from, those in [9]. Correspondingly, [9] will not 
be needed. 


2. If f(t) is a real-valued, continuous function on an unspecified half- 
line (2), the differential equation (1) is called oscillatory or non-oscillatory. 
according as every or no real-valued solution 2(¢) 5&0 changes sign an 
infinity of times as ¿—> œ. In view of Sturm’s separation theorem, (1) 
must be non-oscillatory if it is not oscillatory. 

As observed by Kneser [8], the differential equation (1) cannot be 
oscillatory if 
(3) — œ Slimsup f(t) < 4, 

tc 


whereas it must be oscillatory if 
(3 bis) 4<liminf f(t) S ow. 
too 


The proof of these criteria follows immediately, if (1) is “compared,” in 
Sturm’s sense, with the trivial differential equation 

(4) a’ + ctx = 0. 

In fact, substitution of 


a(t) = ts 


* Received September 17, 1948. 


St 
oe 
Me 


vd 


588 AUREL WINTNER. 


into (4) gives 
2A = 1+ (1 — 4e)?, 


and the last two formula lines show that (4) is oscillatory when ¢ > 4 and 
non-oscillatory when ¢ < 4. : 

In view of Sturm’s comparison theorem, “ logarithmic” refinements of 
the criteria (3), (3 bis) are corollaries of the asymptotic formulae of Hartman 
[1] for the solutions of (1) when f(t) is an arbitrary logarithmico-exponential 
function. A criterion of quite another, though still explicit, type was given 
in [12]. 

None ‘of these explicit criteria supplies a condition which is necessary 
and sufficient in order that (1) be oscillatory (or non-oscillatory). A 
condition which is both necessary and sufficient (but, instead of being 
“explicit,” is of the “ Lebesgue-Toeplitz” type) was given in [11]. 


8. The content of the theorem to be proved below can be illustrated 
by the following corollary of it: 


OO 
If 3 cuz” converges everywhere, and if 
n=1 


(5) 4c, < 1 
and 
(6) Cn = 0 (n= 1,2, °°), 


then the linear differential equation 
oO 

(7) g” +. 2X (—1)"*"1¢,/t?" = 0 
n=l 


has, for large positive t, two linearly independent solutions representable in 
the form 


(8) e(t) = exp — ( f (res — 1)/s de(s), 
with i 


(8bis)  (—4)"d" log a(t)/dt" = —- ( f jste- de(s), (n> 0), 
ð 


where (s) is a non-decreasing function, the convergence of (8), (8 bis) on 
the half-line to <t < œ is part of the statement, and t and the monotone 
function @(s) depend on the pair of integration constants determining a 
solution x(t) of (Y). 
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The parentheses of the integral signs in (8), (8bis) refer to Abelian 
“summations”; so that the convergence of 


f )9(s)ds 


oO 


aleja f eg (s) ds 


0 


means that the integral 


converges for every e > 0 and tends to a finile limit as e— 0. 
If ¢ is replaced by ti, then (7) goes over into the case 


f(t) = 3 on/t2 


of (1). In view of (5), this f(t) satisfies (3) and, by virtue of (6), is such 
that the inequality 


(9%) (—1)*D*f(t) = 0, where k= 0,1,- >, (D! = d*/dt*), 


holds on the half-line 0< < œ. Accordingly, (1) is non-oscillatory and 
its coefficient function is completely monotone. l 


4. If this situation is compared with the substitution, {> ti, applied 
to (7), it is seen that the last italicized statement can be obtained by 
replacing t by t -+ ie, and then letting e (> 0) tend to 0, in the assertion, 
(12), of the following theorem: 


On some half-line (2), let f(t) be a function possessing arbitrarily high 
derivatives which satisfy the inequalities (9). Suppose further that F(t) 
is such as to render the differential equation (1) non-oscillatory (e. g., that 
(3) ts satisfied by f). Then there exists on (2) a t=T having the 
following property: There belongs to every to satisfying 
(10) te >T (T > t*) 

a solution of (1) representable on the half-line 
(11) lbo <t< o 


in the form 


(12) a(t) =exp— f (es —1)/s de(s), 
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where p(s) depends on to, is a non-decreasing function of s, i.e., 


(13) de(s) 20 for OSs < aw, 
and is such that 

as ; 
(14) f edos) < œ ife >0 
but k 
(15) f dbé(s) = 0; 
so that, by (12), : 
(14 bis) a(t) 0 on (11) 
but 
(15 bis) a(to) = 0. 


The proof will depend on the replacement of (1) by 


(18) y +y + f(t) =9, 
the Riccati resolvent of (1). It is satisfied by the logarithmic derivative, 
(17) y(t) = v (t) /2(}, 


of every solution æ(t) £0 of (1). If % is large enough, the denominator 
of (17) does not vanish on (11), since (1) is supposed to be non-oscillatory. 


5. Let s(t) be any real-valued, non-trivial (s£0) solution of (1). 
Since z(t) can be replaced by — e(t), and-since (1) is non-oscillatory, it 
can be assumed that 


(18) a(t) >0 


on (11), provided the tọ defining (11) is chosen large enough. It will be 
assumed that to is fixed in accordance with this proviso, and that ¢ is restricted 
to the corresponding half-line (11). 

According to (9)), the function f(t) 1s non-negative. It follows there- 
fore from (1) and (18) that 


(18 bis) a(t) S0. 


On the other hand, it is clear, for reasons of convexity, that (18) and (18 bis) 
cannot hold on the entire half-line (11) unless 7(¢) is non-decreasing, hence 
a’ (t) = 0, on (11). H follows therefore from (17) and (18) that y(t) = 0. 
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This proves that, if D” = d"/di", the case n == 0 of the inequality 
(19) (—1)"Dy(t) 20 


is true on (11). Since f(t) is non-negative, (16) shows that (19,) holds 
for n==1 also. In order to prove that (19,) is true for every n, it will be 
assumed that | 


(20) (195), (19,),°°- +, (19%) are true, 


and it will be shown that (20) implies (19%) by virtue of (9x). 
First, if the binomial coefficients are denoted by C—C(k,7), it is 
seen from (16), by &-fold differentiation, that’ 


e-1 
— Diy = D'F + 2 3 0 (k —1, j) (Diy) (Dy). 
jo ` 
It follows therefore from (9) that (19:.,) is true if 
ket 
(—1)¥30(k — 1, j) (Diy) (Dy) = 0. 
j=0 


Since C(k— 1,47) > 0, it follows that it is sufficient to ascertain the truth 
of the & inequalities 


(—1)*( Diy) (Diy) = 0, where 0S j Sk—1. 
But these k inequalities are implied by the k J 1 assumptions (20). 


6. This proves that (19,) holds on (11) for every n. In other words, 
y(t) is completely monotone on (11), i. e., y(t- to) is completely monotone 
on the half-line 0< t< œ. Hence, the Hausdorff-Bernstein theorem sup- 
plies the existence of a function ¢(s) satisfying (13) and having the property 
that 


oO 


y(t + to) = | edes) 


0 
holds on the half-line 0 < t < œ, i.e. 


co 


(12 bis) y(t) = f e- (t-t0) 8d (8) 


0 


on the half-line (11). The existence of an z(t) represented on (11) by (12) 
now follows from (17). . 
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The specification (15) was in no sense involved thus far. In fact, (12) 
and (13) show that (15) is equivalent to (15 bis), whereas the requirement 
imposed above on tọ was nothing like (15 bis), but merely the proviso that 
fo is large enough. | ; 

In order to satisfy (15 bis), it is sufficient to combine the latter proviso 
with the fact that x(#°) —0O (along with an arbitrary «’(t°) £0) can be 
assigned as an initial condition for a solution z(t) £0 of (1). 


7. In order to complete the proof of the last italicized theorem, it is 
sufficient to apply the following remark: 


If a differential equation (1), in which f(t) denotes a real-valued, 
continuous function for large positive.t, is non-oscillatory, then there exists 
aT having the property that no (real-valued, non-trivial) solution x(t) of 
(1) has more than one zero on the half-line 


(10 bis) Tt oo. 


Suppose that there does not exist such a T. Then (1) has (real-valued, 
non-trivial) solutions 2,(¢),@2(¢),-- + the n-th of which has the property 
that Ln(Un) 0 and a(n) = 0, where un < Vr, and U,—> œ as n> œ. 
But Sturm’s separation theorem claims that s(t} must have a zero on the 
interval Un Œ tÆ va. It follows therefore from u,—-> © that the zeros of 
2,(¢) cluster at t= œ. This contradicts the assumption that (1) is non- 
oscillatory. 

APPENDIX. 


The considerations of [9] depended on the following elementary fact 
which, in a slightly different formulation, is due to Kneser [4]: 

If f(t) is real-valued, continuous and non-positive on (2), then (1) has 
a solution satisfying 
(21) a(t) > 0 and a’(t) S0 


on (1). 


This fact leads, again in the direction of [9], to a curious result, which 
can be formulated as follows: 


If f(t) is real-valued, non-positive and continuous for OS t< œ, then 
(1) has a solution representable in the form 


(22) a(t) == const. + f X (s) cos ts ds for 0 < t < œ, 
re 
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where 

(23) const. = lim s(t) 
t> 

and 

(24) i X (s) >0. 


The existence of the limit (23), which is part of the statements, cannot 
be concluded from the balance of the statements. In fact, (23) can þe 
concluded from (22) only if the integral analogue of the Riemann-Lebesgue 
lemma is applicable to the Fourier transform occurring in (22). In view of 
(24), this is the case only if X (s) is absolutely integrable over 0=s < œ. 
But this is not claimed, since t= 0 is excluded in (22). 

It may be mentioned that, in (22), 


(e e] 
(25) const. = 0 if and only if f if (t)dt = œ 


0 

in (1), where f=0 (for a simple proof of the characterization (25) of the 
vanishing of the limit (23), ef. [2], Appendix; the method applied there 
leads to a result sharper than what is claimed by the first of the assertions 
of (25)). 

First, if y(t), where 0 =¢ < œ, is any function possessing a continuous 
second derivative and satisfying 
(26) y(t) >0, y(t) S0, y(t) 20 
and if, in addition to (26), 


(27) y(t) > 0 as tom, 


then the Fourier cosine transform, 


CO 
(28) f y (s) cos ts ds, 
0 


of y(t) is convergent, and represents a non-negative function on the half- 
line 0<t< œ. This follows, by a.partial integration, from the fact that 


. | 
Z (— 1) a, 20 if 0 S an S ünn 0; 


n=1 aes 


ef. [5], or [6], p. 378, where (27) is omitted. 
Next, if a(t) is a solution of (1) supplied, if f=0, by Kneser’s 
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theorem, then, since (21) holds on the half-line 01% < œ, the function 
x(t) is positive and tends non-increasingly to a limit x(oo). Furthermore, 
s” (t) = 0, by (1), where f(t) S0 and w(t) > 0. Consequently, (27) and 
all three conditions (26) are satisfied by 


(29) | y(t) = a(t) —2#(o), 
where 0=t < œ. 


. The last italicized theorem follows by substituting (29) into (28) and 
applying a Fourier inversion. In fact, (27) and (26) together are more 
‘than sufficient for the applicability of a standard criterion for the legitimacy 
of Fourier’s inversion (if t40); ef. [7]. 
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ON ALMOST FREE LINEAR MOTIONS.* 


By AUREL WINTNER. 


1. For large positive t, say for 
(1) to <t<o, 


let f(t) be a continuous function having the following properties: The 
improper integral 


o ' T 
(2) i f f(t)dt—tim f f(t)dt is convergent 


(it need not converge absolutely) and, when considered as a function of the 
lower limit of integration, is such as to make 


(3) f Cg f f(u)du|)dt < œ. 


It will be proved that these assumptions are sufficient in order, to make 
f(t) asymptotically negligible in the homogeneous, linear differential equation 


(4) o” + f(t)e—0 
(which is the disturbed form of the trivial differential equation 
(5) | y” = 0, 


that of the free motion). By this is meant that, if e(t) is a non-trivial (z£ 0) 
solution of (4), there exists a non-trivial solution, y(t) —¢,t+- c: s€0, of 
(5) satisfying 

(6) a(t) ~y(t) as to; 


and that, if (c1, c2) Æ (0,0) is a non-trivial pair of integration constants of 
y(t), there exists a solution x(t) of (4) satisfying (6). 


2. A weaker result is contained in Bécher’s extension of the Fuchsian 
theory of “regular” singular points to real domain; cf. [1]. In fact, if 
Bécher’s independent variable is replaced by et, where £ is the present 
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independent variable, his result for the case of a multiple elementary divisor 
(loc. cit., § 4) leads to the following criterion: If f(t) is continuous on (1) 
and if 


(7) J tt@lat<@, | 
then (4) has a solution satisfying 

(8) - æft)~t 

and another, linearly independent, solution satisfying 
(9) x(t) >Í, 


as t — œ. 

Clearly, the existence of such a pair of solutions is equivalent to the 
one-to-one correspondence (6) between the solutions of (4) and (5). But 
(7) is more severe than (3) with (2). For, on the one hand, (7) implies, 
whilst (2) and (3) do not imply, that 


Si fMld< o, 


and, on the other hand, (7) is equivalent to 


FS el anan < « 


(Fubmi), which requires much more than (3). 


3. According to (2), 
(10) ` F(t) = f f(s)ds 
i 


defines on (1) a function. Since this function is continuous and tends to 0 
as t—> ©, 


(11) G(t) = max | F(s)| 
tes < 0 


defines on (1) a function. Finally, (3) means that 


(12) H(t) = f @(s)ds 
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defines on (1) a function. Hence, the assertion, to be proved, is equivalent 
to the statement that, if f(t) is continuous and such that (10), (11), (12) 
define functions on (1), then (4) has two solutions satisfying (8), (9) 
respectively. : 

It will be sufficient to prove the existence of the solution satisfying (9). 
In fact, if f(t) is any continuous function on (1) and if æ(t) is any function 
which does not vanish for T&S t< œ, where T >t, two differentiations 
show that the product : 


(18) e(t) | {a(s)}*ds (TSt< «) 
F 


is a solution of (4) whenever æ(t) is. But if the solution 2(7¢) satisfies (9), 
then the solution (13) is of the form 


{1+ .0(1)} f ao ds = {1+ 0(1)}{¢ 0) } =t + 0(8), 
T 


as required by (8). A 
Accordingly, it is more than sufficient to prove the existence of a solution 
satisfying 
(14) g(t) —>1 and z’ (t) 0 (t= œ). 
4. To this end, it will first be shown that the recursion formula 


no) 


(15) il GY POA) f F (8)zn’(S)ds, 
where i 
(16) z1 (t) = F(t), 


and the “initial ” conditions 


(17) Zn( œ) = 0, 

where n = 1,2,: + -, define on (1) a sequence of functions, 2, (t), 22(t),: °° 3 
and that 

(18) wa(t)— | | ant(s)| ds 


t 


exists (< œ) for n= 1,2,- and for every t contained in (1). 
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The three functions (10), (11), (12) are supposed to exist. Hence, 
z(t) = — f F(s)ds 
t ° 
defines a function satisfying (16) and the case n==1 of (17), and (16) 
shows that the case n == 1 of (18) defines a function, w(t). In order to 


apply an induction, suppose that z,(t) and w,(t) exist for ‘a fixed n. 
According to (17) and (18), 


| 2n(¢)| SS wa (t). 
Hence, from (11), | 
S | F(s)en(s)| ds £ Gwt), 


since, according to (18), the function w,(t) is non-increasing. On the 
other hand, by (11) and (18), a oS 


f ( f | F(s)an’(s)| ds)\dusS f G(u)w,(u) du, 
t t : t ’ 
where, according to (12) and the monotony of w,(¢), 


| f G(u)w,(u)du £ H(t)w,(t). 


t 


If the last three formula lines are compared with (15), it is seen that 


S lem (s)| ds S (GC) + H(t) }00n(). 


In view of (18), this proves that the function Wn. (t) exists. It also follows 
that the function 


ön (l) = — f an (8) ds (nu (00) = 0) 
l 


exists. This completes the induction. 
In view of (18), the last inequality implies that 


f | enaa’(s)| ds S (Gt) + H(t) }" wi (2), 
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On the other hand, (10), (11), (12) show that, if tọ is large enough, both 
G(t) <4 and H(t) <4 
hold for every ¢ on (1). Finally, from (18) and (16), 


c0 


w(t) =f | #(s)| ds >0 as t > œ, 
by (11) and (12). 


5. The last three formula lines imply that 


oO 


(19) J |a'(s)| ds < e(t)/2" 


t 


where e(t) is a positive function satisfying e(t) —> 0 as —> œ. Moreover, 
(20) | 2n(t) | < e(t) /2*, 
by (19) and (17). 


In terms of the functions z,(¢), define the functions x,(t) by the 
recursion formula 


(21) ` En (t) = zn (t) + tna (t), 
where 
(22) . w= 


According to (21) and (15), 


(23) ay! (t) = F(t)aya(t) + f F(s)an-1’(s) ds, 


provided that n œ> 1. However, since (22) and the case n = 1 of (21) lead 
to x (t) = z; (t), it is seen from (15) and (22) that (23) holds for n = 1 
also. Finally, from (17) and (21), 


(24) ` Pe ene 


Clearly, (22), (23) and (24) represent a direct definition of the func- 
tions z(t). Their indirect definition is 


(25) y(t) =1 +3 an(t), 
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by (21) and (22). Since 3 e(t)/2" < e(t), the latter definition and (19), 
, i m= r 
(20) show that - 


(26) |1— e(t) < e(t) and f |a (5)| ds < e(t), 


t 


and (25) shows that a(t) tends, as n— oo, to a limit, say z(t), satisfying 


(27) | a(t) —aa(#)| Se(t)/2" and f | dat) — ta (t) } | S e(t) /2*. 
t 
Since every £a (t), being differentiable, is continuous, the first of the inequali- 
ties (27) implies that x(t) is continuous; and that 
by the first of the relations (26), where e(t) — 0 as t— 0. 


6. In order to carry out the limit process, n —> œ, in (23), a sufficient 
estimate of the first derivatives of the functions (21) remains to be ascertained. 
According to (15) and (11), 


| aust) | SS @(t)| an(t)[ + (4) BEOL 


Hence, if is replaced by n—1, it follows from (19) and (10) that 
(29) | an! (t) | = 4G (t)e(t)/2”. 


This estimate is sufficient to assure the legitimacy of the limit process in 
question. In fact, s(t) was defined as the limit of s(t) as n— œ. This 
means, by (25), that 


(30) 2(t) —1+ 3 za (t). 


But (29) implies that the derived series of (30) is uniformly convergent. 
Hence, the function (t) has a derivative, 


(31) a! (t) =3 zx (t). 


In addition, æ’ (t) is continuous, by (31) and (29), and since every 2,’(?) 
is continuous. Moreover, since G(t) —> 0 and e(t) —> 0 as t — œ, it is seen 
from (31) and (29) that 
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< (82) . T (œ) = 


. ` Tt is now clear from the existence (+4 œ) of all three functions (10), 
(11), (12) that the limit process, n—> œ, leads from (23) to 


(t) = F(t) x(t) + f FP(s)a’(s) ds. 


On the other hand, since (10) implies that F'(t) —> 0 as £ — œ, it implies, 
by (28), that F(t)a(t)->0. Hence, it is seen from (10) that a partial 
“integration gives 


f F(s)x' (s)ds = — F(t)x(t) + j f(s)x(s)ds. 


kasi 


According to the last two formula lines, 2’(t) = f f(s)z(s)ds is an 


t 
identity. Since f(t) and s(t) are continuous, the function on the right of 
this identity is differentiable. Hence, the same is true of the function on 
the left. Accordingly, x” (t) —=—f(t)z(t). This means that w(t) is a 
solution of (4). On the other hand, (24) and (32) mean that x(¢) satisfies 
(14). Hence, the proof is complete. 


Appendix. 


It may be mentioned that, if f(¢)-is real-valued and does not change its 
sign for large ¢, then the pair of conditions (2), (8), which is always sufficient, 
becomes necessary as well, in order that some solution of (4) should satisfy 
(9). In fact, the calculation made between (9) and (10) not only shows that 
(7) always implies (2) and. (3), but it also shows that (2) and (3) imply 
(7) if it is assumed that one and the same of the inequalities 


(33) + f(t) 20 


holds from a certain ¢ onward. Accordingly, all that is claimed is that, 
in this particular case, (7) is necessary for the existence of a solution satis- 
fying (9). But the truth of this remark is known; it goes back to Weyl [2], 
§i. A simple proof proceeds as follows: 
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Suppose that a continuous f(t) satisfying the alternative (83). fails to. 
satisfy (7). Then 


t Í = 
(34) +f sf (s}ds —> œ% $ (t œ}. a` 


On the other hand, if (4) had a solution satisfying (9), then, sińce M4); 3 
(9) and (33) imply that 


(35) — sa” (8) = + | se (8)f(8)| 


holds for large s, it would follow from (34) and (9) that | f sz” (8) ds | > co 


as ¿—> oo. Since a partial integration gives s “ay = 
ae 


: A mY 
f sg” (s)ds == const. -+ tz’ (t) -f a’ (s) ds, 


and since (9) implies the convergence of the integral f wv’ (4) dt, it follows 


that | ta’(t)|—> oo. Hence, if z’ (t) does not change sign from a certain ¢ 
onward, a quadrature shows that |s(ż)| tends, as {> œ, to oo (stronger `` 
than any fixed multiple of f dt/t —log#). But this contradicts (9). Finally, 
z(t) cannot change sign from a certain ¢ onward, since a2’(¢) is ultimately 
monotone. In fact, (35) shows that 2”(¢) does not change sign (from a 
certain ¢ onward). 
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By AUREL WINTNER. 


ve 1.. In the linear differential equation 


T | of’ + (F(t) Ala =0, 


| ‘where OS t< œ and — œ <À < %, let f(t) be a real-valued, continuous 


fuhction satisfying 


(2) — œ Slim supf(t)< aw. ” 
t-00 
For every value of the parameter A, consider only real-valued solutions 
r == (t) = £a; C, Ce) 5 cı = 2(0), co = g (0). 
If . 
_ (3) a” + (f(t) + ro) w= 0 


has a non-trivial solution of class (L°), that is, a solution «= y(t) satisfying 


-a 
-t ø 
` 


. oO 
(4) 0< f y(t)dt< o, 


0 


then y(t) is called an eigenfunction (belonging to the A =— ào occurring in 
(3) and to that boundary condition, say 


“(B) | x{0) cos + 2’(0) sin $ = 0, 


which is satisfied by z = y(t) at t= 0). 

According to Weyl [8], p. 288, the assumption (2) precludes the existence 
of a Xr corresponding to which (8) had two linearly independent solutions 
of class (L°). Correspondingly, every boundary condition (5) determines 
for (1) a spectrum S$(¢), containing a (possibly vacuous) point spectrum 
P(). The latter consists of those values A, corresponding to which there 
exists an «= y(t) satisfying (8), (4), (5). A theorem of Weyl implies 
that the cluster values of S(¢), that is, of the set consisting of the continuous 
spectrum and the derivative of the point spectrum, is independent of 4; 
cf. [3], pp. 251-252. This invariant A-set, 8’(¢), can therefore be denoted 
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simply by S. Accordingly, a A is an isolated point of S(¢) if ant ‘only if 
it is in P(¢) without being in s. 

By an application of the method used in [7], pp. 27-30, it was shown 
in [2] that every real number not contained in S’ is in P(#) for some ¢. 
By a further development of the same method, a method related to the 
Lebesgue-Toeplitz norm principle of arbitrary functions, a property of the 
eigenfunctions belonging to isolated points of the spectrum will be established 
in the sequel. 


_ 2% The definition, (4), of an eigenfunction does not imply that y(t) > 0 
as ¢—> co, and still less that y(t) tends to 0 fast. Actually, even if (2) is 
refined to 
(6) f(t) — 0 as t> œ, 


it is quite possible that (3) has for some Ao, say for 
(6 bis) No = 1, 


a solution «— y(t) which, though it satisfies (4), fails to be O(t) as 
t—> œ; cf. [6], p. 269. On the other hand, the eigenfunctions tend very 
fast to 0 in all the “classical” cases of wave equations, that is to say, of 
differential equations (1) which are integrable “ explicitly.” 

The purpose of the following consideration is to give some account of 
this situation. The explanation will be that in the “ constructed ” examples, 
in which an eigenfunction fails to tend to 0 fast, the corresponding eigenvalue 
cannot be an isolated point of the spectrum. What will actually be proved 
is the following theorem: 


If a solution s = y(t) of (3), where (2) is assumed, satisfies (4), then 
either A = ào is not an isolated point of the spectrum or else 


(7) -> y(t) = O(t) for every N | (t—> œ). 
It remains undecided whether (7) can be refined to 
(8) y(t) = O (et) for some c > 0. 


In the explicit cases referred to above, as well as when f(z) is periodic, (8) 
ae psi (4) does. 

f (7) could be refined to (8), at least when (2) is replaced by (6), 
oa would result, as a corollary and with a direct proof, a theorem of 
Hartman [1], which states that (6 bis) cannot be an isolated point of the 
spectrum in the case (6). In fact, in order to obtain this as a corollary, it 
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would be sufficient to observe that, as easily verified (cÉ, e.g., [4], p. 391), 
a solution of (3) in the case (6), (6 bis) must vanish identically if it is 
O(e**) for some e > 0. 


3. Let = y(t) be a function satisfying (4) and (3), where A, is some 
‘veal number and f(t) is subject to (2). Suppose further that A, is not in S’, 
the common derivative of every S(¢). It will be proved that these assump- 
tions imply (7). This will prove the italicized alternative. (the claim of 
which is not disjunctive). 

First, since y(t) does not vanish identically, y(0) and y’(0) do not 
vanish simultaneously, and so (5) holds for v == y and for a certain ¢ = œo 
which is unique (mod r). Choose any ¢ satisfying 


(9) $ Æ po (mod r). 


It is easy to see that Ào cannot then be in S(¢). 

In fact, S(¢) = 8S’ + P(¢). But r» is not in S’, by assumption. 
Hence, Ay is not in §(¢) if it is not in P(¢@). Suppose, if possible, that Ao 
is in P(¢@). Then, since dy was so defined as to make A, a point of P (¢o), 
it follows from (9) that two point spectra belonging to distinct boundary 
, conditions have a point (= ào) in common. But this is impossible, since 
it means that (3) has two linearly independent solutions of class (L°), 
which, as mentioned after (5), is prevented by (2). 

This proves that A» is not in S({¢). But to say that ào is not in S(¢) 
is equivalent to the following assertion (cf. [3], p. 251): The inhomogeneous 
differential equation | 


(10) o” + (f(t) + ro) v = u(t) 


and the boundary condition (5), where æ == v, have a unique solution v == v(t) 
satisfying 


oO 


(11). f v?(t)dt < œ, 


0 


whenever u(t) in (10), where Ot < œ, is given so as to satisfy the 
following restrictions: 


(12) u(t) is continuous and f u? (t)dt < œ 
0 


(all functions are meant to be real-valued). 


In particular, (10) has, for every continuous u(t) of class (L°), a 
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solution u(t) of class (Z°). Only this fact, which does not involve any 
boundary condition (and, correspondingly, no uniqueness) for v(t), will be 
needed in the sequel. 


4, Let x= z(t) be any solution of (3) which is not a constant multiple 
of the solution x = y(t) of (3). Then, since y(t) does not vanish identically, 
the Wronskian of y(t) and z(t) is a non-vanishing constant. The latter 
can be made 1 if z(t) is multiplied by a constant. Then 


(13) eyy t) —y (dt) (t) = 1 - 


is an identity in ¢ Since both gz== y(t) and a= <2z(¢) satisfy (8), it is 
readily verified from (13) that, if u(t) is any continuous function, 


(14) v(t) = y(t) | 2(s)u(s)ds—a(t) f y(s)u(s) ds 


is a solution, v = v(t), of (10). Hence, every solution of (10) is of the 
form 


(15) v(t) = ay (t) + ba(t) + v(t), 


where a, b are constants. 

In view of (4) and of the linearity of the (Z7)-space, (15) will satisfy 
(11) for some a and some b only if (15) satisfies (11) for a= 0 and for 
some b. Hence, if (14) is substituted into (15), it is seen that (10) cannot 
have a solution v(t) of class (L°) for a given continuous u(t) unless v(t) 
can be chosen as 


(16) v(t) == be(t) + y(t) f 2(s)u(s)ds— z(t) f EIOKOLS 


Since (10) is supposed to have a solution of class (L?) whenever the given 
u(t) satisfies (12), it follows that there belongs to every u == u(t), satisfying 
(12), some constant b == b, corresponding to which the function (16) 
becomes of class (£7).° IL will be assumed tliat ble constant b = by (which 
turns out to be unique) is so chosen. 

In order to calculate b == ba, differentiate (16), multiply the derived 
relation by y(t), the relation (16) itself by —y’(¢), and add. This gives 


t 
yv — vy’ = b (zy — zy) + 0 — (zy — yz) f u(s)y(s)ds, 


U 
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an identity in ¢.. It can be simplified to 


t 
(17) w(t) =—b+ | u(s)y(s)ds, 


if use is made of the identity (13) and of the abbreviation 


(18) w(t) = y(t) v (t) — o (t)y (t). 


_ By Schwarz’s inequality, (4) and (12) imply that the product uy is of 
class (L) = (L+). It follows therefore from (17) that w(t) tends, as t —> oo, 
to a limit, and that w(co) is connected with the constant b= bu by the 
relation 


(19) b=—w(%) + f u(s)y(s) ds, 


where the integral is absolutely convergent. 


5. It was shown in [5] that, if f, u satisfy (2), (12) respectively, 
then a solution, v(t), of (10) cannot be of class (L?) unless its derivative, 
vu’ ({t), is of class (L°). Hence, not only (16) but also the derivative of (16) 
must be of class (L°), if u(t) is any function satisfying (12) and b in (16) 
denotes the constant (19). It also follows that y’(¢) is of class (L°). In 
fact, y(t) is of class (Z°) and is a solution of (8), ie, of the case u == 0 
of (12). 

Accordingly, all four functions v, v’, y, y” are of class (L°). But (18) 
shows that w is a bilinear form in these functions. Consequently, 


(20) w(t) is of class (L) == (L>). 
Since the limit w(o) exists, it is clear from (20) that 
(21) : w(co) = 0. 


But (21) and (19) reduce (17) to 


oO 


(22) w(t) = — f y (s)u(s) ds. 


t 
It follows therefore from (20) that 


(%6) 


(23) fi f y(s)u(s)ds | dt < œ. 


0 
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Accordingly, the eigenfunction y(t) has the. property that (23) holds for 


every u(t) satisfying (12). 
Since (12) is satisfied by u = y, it follows that 


(sy fi f voana a. 


Hence, by Fubini’s theorem, 


(25) J POCS ayas< oo; 
so that 3 : 
(26) f(t) at o. 


6. In the above proof of (26), use. had to be made of the fact that, 
due to (2), 


(27) J y2(iyat < « 


is implied by (4). By adaptation of the proof of this implication (cf. [5]), 
it will now be shown that, due to (2), 


CO 
(28) J ty’*(t) dt < œ 
0 
is implied by (26). 
In terms of the given f of (1), define f* and f by placing 
ft (t) = max (f(t), 0) and f(t) = min (f(t), 0). 


Then ft=0, F£ 0, and f= ft+ f. Since (2) means that f(t) = 0(1) 
as t—> co, it follows from (26) that 


f ft(s)sy?(s)ds = 0 (1). 


Hence, if z = y(t) and f(t) = f (t) + f (t) are substituted into (3) and it 
the result is multiplied by ty(t), it follows that 


t £ 


È sy(s)y"(s)as- S sf-(s)y2(s) ds = 0(1), 


0 
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by (26). But 
su(s)” (s) = gy?" (s) — sy”? (s) 
is an identity. Furthermore, a Jii E E TEE gives ' 
t 


S kods = wO E) — f: y(s)y'(s) ds 


0 


Finally, from (4) and (27), 


oS TOF (a= d0), 


by Schwarz’s inequality. Clearly, the last four formula lines imply that 


t t 
(29) wO) — J sy/2(s) ds + J sf-(s)y*(s)ds = 0 (1). 
: ; 
In order to deduce (28) from (29), suppose that AR is false. Then, 
as t> o, 


¿ 
= sy”? (s)ds—>— o. 
À l 


It follows therefore from (29), where f- (s) 0, that ty(t)y’(t) > œ. In 
particular, y(t)y’(t) is positive, hence y?(t) is increasing, from a certain 
t onward. Since this contradicts (4), the proof of (28) is complete. 

A by-product of this consideration is that the eigenfunction y(t) must 
have, with reference to the coefficient function of (1), the following property: 


(30) f t1F@ | y@at < o. 


.; In fact,.since (2) means that f(¢) is of the form f-(¢) + O(1), where 
f(t) =0, it is clear from (26) that the nepepen of the truth of (30) is 


cae to 
t 


f sf-(s)y?(s)ds > — o. 


On the other hand, from (29) and (28), 


WOO S Hds = 0). 


> 
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But the last two formula lines imply the relation ty(t)y’(t) -> © which, 
as before, contradicts (4). 


7. The assertion (20) depended on the fact that both v(t) and v’(¢) 
are of class (L°). On the other‘hand, (26) and (28) mean that both y(t) 
and ¢#y’(¢) are of class (L°). Hence (18) shows that tw(t) is a bilinear 
form in functions of class (L°), and so 


(31) tw(t) is of class (L) = (L*). 


The proof of (26) depended entirely on (20). Correspondingly, if (20) 
is replaced by (31) in the deductions leading from (20) to (26), what 
results is the following refinement of (26): ) 


f t2y2(t)dt < o. 
0 


This in turn leads to 
Feroa a, 
0 


if the argument which led from (26) to (28) is repeated. In fact, (28) can 
now be used instead of (27). 

= Clearly, the process adapts itself to a complete induction and proves 
tnerefore that both 


00 
(32) f tty? (t)dt < œ 
and i 
(33) f ty (t)dt < œ 
` 0 


hold for arbitrarily large values of k. It also follows that (30) can be 
replaced by 


Go Feror s 


Let O<t<T<o and &>1. Since, by Schwarz’s inequality, 


T 


T 
I(T lS f sty%(s)as f sas, 
t 


t 


ar 
te 


~ 
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(33) supplies the existence of a constant C;, satisfying 
|¥(T) —y(t)|)S Ce | T — t | a, 
Hence, (7) follows by letting T —> œ. 
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THE CLUSTER SPECTRA OF BOUNDED POTENTIALS.* 


By ©. R. PUTNAM. | 


1. Let g==q(a) be a real continuous function on the half-line 
0S s< æ and let A denote a real parameter. The differential equation 


(1) y+ (A—g)y=0 


is said to be in the Grenzpunktfall, in the terminology of Weyl [9], p. 238, 
if for some » (hence, for all A} (1) possesses a solution y satisfying 


J yrdr = ©. 
0 


Here, and in the sequel, only real functions will be considered. 


\ 


In the Grenzpunktfall, the differential equation (1) and a homogeneous 
boundary condition 


(2) y (0) cos a +. ¥’(0) sin « = 0, ETEEN 


determine a boundary value problem for every fixed a. It is known [9], 
p. 251, that the set, S’, of the cluster points of the spectrum of any such 
boundary value problem is independent of a. Denote the least point (possibly 
+ œ) of S’ by ào It is known [5], p. 310, that the set of points constituting 
the spectrum of any fixed boundary value problem, determined by (1) and 
(2), cannot be bounded from above. Also, the set of points of the continuous 
spectrum either is empty or is unbounded; [12], p. 782. 
If q is bounded, 


(3) | q | < const., SrL, 
and even if q is just bounded from below, 
(3 bis) q > const., O=St< ow, 


the differential equation (1) is in the Grenzpunktfall; [9], p. 238. According 
to the corollary in [3], p. 850, the condition (3) implies that A, satisfies the 
inequality A & ào <= B, where A and B are defined by 

* Received December 11, 1948. 
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(4) A-==liminfg(#), B =lim sup q(z). 
g> w g—> 


The theorem to be proved in the present paper yields an extension of 
these results to` information concerning the set 8’. It will be shown that 
fq satisfies (3), then a a gap” in 8’ (that is, a \-interval occurring in the 
decomposition of the (possibly empty) open set constituting the complement 
of 8S” with respect to the half-line A)» = A < oo) cannot have a length greater 
than B— A. In particular, condition (3) implies that the set 8’ is 
unbounded. ‘The milder restriction (3 bis) surely is not sufficient to guar- 
antee this result; in fact, according to [9], p- 252, if q —> œ as g> œ, the 
set S’ is empty. 

All of this is contained in the following theorem: 


(*) If q==q(x) is continuous on 024 < œ and satisfies (3), then 
every A-interval, p < À < po, contains at least one poini of S’ whenever the 
length of the interval satisfies 


(5) pa — m > lim sup g(x) — lim inf q (£) 
gm co L-> 0 
and the lower end point p satisfies 


p = lim inf q (£). 


As a consequence of (*), one obtains the theorem [2], p. 71, that if 
q(x) > 0 as z—> œ, then every point à of the half-line 0 SA < œ belongs 
to S. 

It is known [9], p“ 251, that a point A is not in-the spectrum of the 
boundary value problem determined by (1) and (2), for a fixed a, if and 
only if for every continuous’ function f(z) of class (L?) on 0S a < œ the 
inhomogeneous differential equation 


(6) | yf (A—q)y=f 


} 


possesses a unique solution of class (L°) satisfying the boundary condition 
(2). The proof of (*) will depend upon this characterization of the spectrum 
together with an adaptation of the principle (which can be regarded as a 
manifestation of the Lebesgue-Toeplitz norm construction) used in [11], 
pp. 26-27, and then aa in [4], [8] and [2], for the location of points 
of the spectrum. 


2. Proof of (*). Let @6=¢(#,A,a) denote that solution of (1) 
satisfying (2) for which 
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(0, à, a) = — sin g and (0, A, &) = cos g, 


where the prime denotes partial differentiation with respect to s. Let 
Ar, Av,’ © + denote the (possibly empty) set of points of the point spectrum 
of the boundary value problem determined by (T) and (2). If $; denotes 
the normalized eigenfunction belonging to the eigenvalue A;, then 


(7) L ($3) +p; = 0, 
where L(y) denotes the differential operator 
(8) L(y) =y” — yy. 


According to Weyl’s application [9], pp. 239-251, of Hellinger’s spectral 
resolution theory [6] to differential equations, there exists a continuous mono- 
tone function p= p(u) such that the function P = P(e), 


À 
P(2) = P(r, a) = $'4(2,0,2)dp(H), 
is of class (L°) and satisfies 
(9) L(P (2,4, 4) + AP (2,8) = f Pep 2) du 


In terms of the eigendifferentials oe == dP (x, à, œ) the differential equation 
(9) may be expressed as 


(9 bis) L(dP) +a4P = 0. 


The eigenfunctions ¢; together with the eigendifferentials dP constitute an 
orthonormal complete set of functions on OS æ < œ; hence, if y is any 
function of class (L*) on 02% < œ, with “ Fourier coefficients ” 


(10) - G= E y(x); (x) da, AT(X) -i "y (a) AP (a, à, «) dx, 
the Parseval relation 
(11) J voc f (eto 


holds. 


Since the addition of a constant c to g(x) merely translates the spectrum, 
and hence 9’, by c, it can be supposed, without loss of generality, that 


(12) 0S B= — A< w 
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(cf. (4)). The proof of (*) will be complete if it is shown that the A-interval 
pı << A<( pe, Where m, = — B, contains at least one point of &’ whenever 


bo — pa > 2B. 

Suppose, if possible, that the interval m, < À < m contains no points of 
S’. Choose an arbitrary positive number e so small that yi + 2e < po — 2e and 
that 3 


(13) AS = (pa + fn) /2 be 


is not an eigenvalue. It is clear that A* > 0. Denote by A+, AZ, e e, AM, 
where M == M., the eigenvalues (if any) satisfying 

(14) m be SN Spe, g=1,2,- °°, M, 
and denote by ¢', ¢7,- - -,¢ the corresponding normalized eigenfunctions. 


In the sequel, the symbol f will always denote a continuous function, of 
class (L°) on OS 2 < œ, satisfying 


(15) f Pas = 1 
and 
M o , , 
(16) S ( f førdr/0* — N)? < e 
‘ l gui 0 


Any statement involving “independent of f” will mean independent of the 
choice of f in the class of continuous functions f for which (15) and (16) 
hold. Consider the inhomogeneous differential equation (6) for »—A*, 
that is, by (8), : 


(17) L(y) + A*y =f. 


Since A* does not belong to the spectrum of the boundary value ‘problem 
_ determined by (1) and (2), there exists a unique solution y of class (L°) 
satisfying (2), cf. [9], p. 251. It follows from the Green identity (cf. [9], 
pp. 241-242) that : i 


J gh (es)da = | L(y) esd and f “yL(AP)de— | L(y) APas. 
0 0 0 0 


Moreover, one obtains from (7) and the first relation of (10) 


J gL (4))d0— — re; 
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and from (9) or (9 bis) and the second relation of (10) 


o} A+tAA 
f II(AP)dr=— {nv (x). 
Q a A 


(Cf. [7], pp. 782-785; there, however, the contributions of both the point 
spectrum and the continuous spectrum are included*in the function P(e, d, ).) 
It follows from (17) and the last four formula lines that 





(18) J fesde— (A* — Aj) e; 
and 
© AtA 
(19) f faPde— f (O* —p)ar(n). 
o A 
If y is defined by 
(20) q = (pe — pi) /2 — Be, 


then relations (18), (19) and the Parseval relation for f yield the inequality 


(21) f Paame J (0) + Ber), 


where AT and c; are defined by (10) and where the asterisk indicates that 
the integration and summation are to be taken over that part of the spectrum 
exterior to the A-interval p, -+ e S&A S pa — e. Since the.only contribution 
of this interval to the spectrum is that due to the points At, M,e < -,A” 
(cf. (14)), relations (11), (16), (18) and (21) imply that 


f Piczo f vdeo). 

(E t 

Thus, in virtue of (15) and (20) 

(22) ` p | visit a< Ce 
0 


where the constant C, depends on e but is independent of f (and y). The 
inequality (22) will play a fundamental role in the calculations to follow. 

Henceforth, it will be supposed that the boundary value problem under 
consideration is that determined by the differential equation (1) and the 
boundary condition (2) for «—0, that is, y(0) 0. This is no loss of 
generality since 8’ is independent of the choice of a in (2). Let the function 
y = y(x) on 04 < æ be defined by 


(23) y = sin (A*2), 
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so that y is real since A* > 0. The next step in the proof of (*) will be to 
show that there exists a number N = Ne depending only on « and A* and 
not on f or y, having the property that on any 2-interval of length N there 
‘exists at least one point é such that 


(24) OPE —9(Ov (| <e 
In virtue of (17), 


x x X 
— f aLa f ydc— { fyd, 
(t 8 9 


while an integration by parts yields 


x ` X X : 
~f y L(y) da = — yy’ | -+ f (y? +- qy*) da. 


Since the functions y and f belong to class (L°) and g satisfies condition (8), 
it follows from the proof of the theorem [10], p. 6 (cf. also [1]), that 
y(X)y'(X) 30 as X— œ. Since y(0) = 0, one obtains from the last two 
formula lines that 


(25) f W+ ay)de— re f yda— È fydr. 
af § 8 0 


An application of the Schwarz inequality to the second integral on the right 
of the last inequality yields, in virtue of (15), 


| f uae |< f vary. 


Relations (25), (3) and (22) imply 


(26) J yde < De 


where the constant De is again independent of f. The existence of the number 
N is clearly a consequence of (22), (23) and (26). 

It will be shown that in virtue of the above results it is possible to define 
a continuous function f(z) on O& s< œ, satisfying (15) and (16), and 
to select a pair of positive constants é < é in such a way that the function y 
(which depends on the choice of f) satisfies the inequality 


Eo 
(27) (B+6)( J varie aoz 


Sag 


+. whenever U == U; (>7-+2N) is sufficiently large. Let U (>T -+2N) 
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Suppose this has been proved. Then, by the first inequality of 2) 
(B+ ¢) (1 + o77)*/y = (1— e)? — 2e. 
Since «e can be chosen arbitrarily small, the last, inequality and (20) imply 
2B/ (p2 — m) Z 1, that is, 
+. 

(28) Peo — py S 2B. 
Since (28) is in contradiction with the assumption pe— u, > 2B, the supposi- 
tion that the A-interval mı < À < m contains no points of 8’ is untenable. 

Thus, in order to complete the proof of (*), it remains only to establish 


relation (27) for suitably chosen f and é, é. In virtue of (12) and (4) 
there exists a positive number T = T. so large that 


(29) ( J yas J vac): = B +e whenever b>a=T. 
In addition, T can be chosen so that 

(30) YL) =0 

and 

(31) Sf, (P/A N) <e 


On the other hand, (23) shows that f Yva— œ. Hence, if T is fixed, 
s7 0 


U-N U 
(32) © f| waz | ydr > ie 
TiN T 


be chosen so as to satisfy (82), (U) —0 and 
"URN 
(33) ydr = 1. 
: : T+N 


Define the function f(z) on OS v < œ by 


{7 
W/( È yar)? if TSeSU, 
of T 
0 iffoseXTanduU=saw< o. 


It follows from (80) and the definition of U that f is continuous on 
02 < o and satisfies (15). That f also satisfies (16) is a consequence 
of (31) and (15). Finally, the property of the number N shows that there 
exist numbers é and é satisfying 


¢ 
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(34) TS@ST+N,U-NSésU 


and (24) for £= é and == é. It is clear from (32), the definition of U 
and (34) that 


Ža U l 
(35) f y?dæ/ f de >i—e z 
| A T l ng 
Also, (33) and (34) imply 
Ez 
(36) f y’de = 1. 
T Bolo 
Sinice y satisfies the differential equation 
y” -+ A*y = 0, 
it follows from (17) that a 
| Yh — yy" = gy4 + fy 


and, consequently, 
P $ bo Èa 
lyy—w] = f qypde + f fyda. 
$i $r 3 
Hence, in virtue of (24) for é= é and £= &, 
f & 
| Í qyyde | = f fda — 2e; 
i, & 
but, from (35) and the definition of f, it follows that 
ni fyz aon f ao) 
Š s Z (1—e)? da). 
& DE i i o 
The last two relations and (36) show that 
| fÈ i 
| J ayvde |= (1920) (f Yao). 
Finally, the Schwarz inequality and relations (29) and (84) give 
. Èa En : be 
| f omae S (B+) (yar) f doy 
& $ fs 
The last two formula lines imply (27), and so the proof of (*) is complete. 
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ON THE NON VANISHING AT s=1 OF CERTAIN DIRICHLET | 
SERIES.* 


‘By GEORGE SHAPIRO. 


ae e e e e 


By a multiplicative function is meant a function, f(n), which is defined 
on the set of positive integers, is not identically zero, and. satisfies 
finm) =f(n)f(m) if (n,m) ==1. If the last proviso is unnecessary, that 
is, if f(mm) = f(n)f (m) for all n and m, then f(n) is called a completely 
multiplicative function. 

The restriction that f(n) is not davali zero- is equivalent to f(1) = 1. 
Therefore any completely multiplicative function may be obtained by choosing 
f(p) for each prime, p, and by setting 


(1) f(m) = F(p): Fe (pm) if n= pi: > Pur” and f(1) = 1. 


Any multiplicative function may be obtained by choosing f(p*) for each prime, 
p, and each positive integer, k, and setting, 


(2) Fin) =f (p) + F(pmi) if n= p> > + pie and f(1) =1. 


Formally, (1) and (2) are equivalent to the Euler relations 


(3) Sf (n)/n = TE (1 F(p) p) 
and . | 
(4) Efm = ÈN), 


respectively, where $, = > in (8) and (4), and in the sequel. The state- 
n=1 i 


ment that f(n) is a bounded completely -multiplicative function is equivalent 
to |f(n)| <1. In this case, (3) is valid for Rs > 1'by virtue of absolute 
convergence. 

If f(n) is a residue character mod m, then the non-vanishing of 
L(s) = DS f(n) /n® at s= 1 is of prime importance in the proof of Dirichlet’s 
theorem that infinitely many primes occur in the sequence h, h -+ m, h + 2m, 

-, where (h,m)==1, In this case, however, the absolute value of f(r) 
is either 0 or 1. | 


* Received December 1, 1948. 
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Ingham [1] gave a simple direct proof that L(1) 540 if f(n) is any 
residue character; previously the case in which f(n) assumes only the values 
0, + 1, — 1, required separate consideration. Wintner [3] extended Ingham’s 
method to bounded, real, completely multiplicative functions and, in fact, 
to those satisfying —-1=f(p) for all p. In this paper, a combination of 
the methods of Ingham [1] and Wintner [3] is used to generalize Wintner’s 
result to complex functions. In Theorem I below, Wintner’s result for real 
bounded functions is extended to complex bounded functions. In Theorem 
II the boundedness condition is weakened in certain directions; however, 
Wintner’s result is not obtained as a corollary. | 


THEOREM I. If f(n) is a bounded completely multiplicative function, 
then L(s) = > f(n)/n’ is absolutely convergent for o = R(s) > 1. If L(s) 
possesses a regular analytic continuation onto a domain containing the real 
segment 30 S 1, then L(1) 0. 


Proof. Let . 
E(n) =Z f(d). 


Then > | E(n)|?/ns is absolutely convergent for o > 1 since | E (n)| Sd(n), 
the number of divisors of n. Let J(s) = >| f(n)]?/ns, so that the corre- 
sponding Euler relation (3) implies 


J (s) = H (1— | f(p) | */p*)> if o> 1, 
It follows that if o > 1, then 
(5) > | B(x) | ?/n8 = L(s)L(s)E(s) J (s) /7 (28) 5 
cf., e.g. [1]. 
If H(n) is defined by 
H(n) =1 or H(n) -H0 | F(p) |>) 


according as n = 1 or n > 1, then for a fixed prime p, 


(1— if) e) a1) =E A Ea) = RH). 
Clearly, H (n) is multiplicative and satisfies 0 = H (n) =1; hence, for ¢ > 1, 


x H (n) /" = H (1— | F(p) | °/p*) (1 — 1/p*) 7 = £(s)/J (8). 
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Multiplying the last relation by (5), we obtain 
(6) €(s)L(s)L(s)/J (2s) = (> H(n) /n5)( £ | B(n)| 2/24) fot s > 1. 


The two series on the right are absolutely convergent and so‘ their product 
may be represented by a Dirichlet series, X G(n)/n*, which also converges 
absolutely foro >1. Clearly, G@(1) =1 and G(n) = 0. 

Now J(s) is regular and does not vanish for e > 1; therefore the same 
is true of J(2s) when.o>4. The function ¢?(s) is regular for.o > 4 
except for a double pole at s= 1. If we assume that L(1) —0, then 
L(1) 0 and the pole of ¿& (s) at s=1 is absorbed in the product on the 
left of (6). Consequently, the function on the left of (6) is regular for 
o> +4, and by Landau’s extension [2] of the Vivanti-Pringsheim theorem, 
the series X G(n)/n® converges absolutely and represents the function on 
the left of (6) for o > 4. 

Now two cases arise, 


(i) E | f(n)|?/n < œ 
OF 
(ii) o E|fa)|? /n= v. 


If (i) is true, and $; 1/p < œ, where ’ indicates 
summation over those primes for which |f(p)| = 4. Also (6) can be 
written as 

(7) E (s)L(s)L(s) = J (28) È G (n) /n', 

where the two Dirichlet series on the right are absolutely convergent for 


o > 4, so that their product may be represented there by an ae con- 
percent Dirichlet series, say Se(n)/n8. Thus 


S e(n) /n? = ($ 1/n°)? (X f(n)/n*) (£ f(n) /n’), 





where 


e(n) = Bd (m/l) (SF (m)F(k/m)) 5 


in particular, e(p) == 2 + 28f(p). Now X | e(p)|/p <œ ; and if | f(p)| <4 
then | e(p)| 221, so that $” 1/p <œ, where the ” indicates summation over 
those primes for which | f(p)| < 4. Hence, if (i) holds, we obtain the con- 


tradictory result È 1/p < oo. 
The case (ii) will now be considered. Since G(1) 1 and G(n) 20, 


me relation (7) implies 
| t(c) L(s)| 2 | J (2c) | for o > 4. 
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2 has a finite’ mit 
as o tends to $ + 0, whereas (ii) implies that | J(2c)|—> œ as o —> $ + 0. 

Consequently, the assumption L(1) 0 is untenable and the proof of 
Theorem I is complete. 

A somewhat different treatment is required in order to extend the result 
to unbounded completely multiplicative functions. We first prove two lemmas 
concerning the non-vanishing of the Dirichlet series with coefficients p?(n)f(n), 
where p(n) is the Mobius function. 





Lemma A. Let g(n) be a multiplicative function with the properties 
that 


(8) . .  , 9#) =0 if k>1 
and 
(9) Ng(p) = — 4 for all primes p. 


If G(s) = 2 g(n)/n: converges absolutely on some half plane ¢ > oo (> 1) 
and possesses a regular analytic continuation onto a domain containing the 
real segment 1 S0 S oo then G(1) 40. 


Proof. First, Ē(s)G(s)t(s) =$, N (n)/n® for o> oo, where A 18 
the multiplicative function, 


N(n) = Z g (n/t) Bg(m) 5 
so that N(p) =1-+ 2%g(p) and . 
N(p*) = (1+ 9(p)) (1+ 9(p)) 20 if ke > 1. 
Since (9) implies N(p) 2 0 as well, N(n) = 0 forall n. 


Now if G(1) = 0, then G(c) G(o)£(c) is regular for o 2 1 and vanishes 
at o= 1. By Landau’s extension [2] of the Vivanti-Pringsheim theorem, 
the series X, N(n)/n® converges and represents this function in this region. 
In particular, $, N (n)/n = 0, which is clearly impossible. 


Lemma B. Let g(n) bea multiplicative function with the properties that 
(8) g(pt) =0 if k>1 
and | 
(10) Rg(p) =—1 and 2 + 49tg(y) + | g(p)|? = 0 for all primes p. 


If G(s) = E g(n)/n° converges absolutely on some half plane o > oo (> 4) 
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and possesses a regular amati continuation onto a domain containing tnp 
real segment 4 S oE To then G(1) €0. 


Proof. First, €?(s)/€(2s) = 3) 2?™ /n* for o > i where y(n) is the 
number of distinct prime divisors of n. Hence 


(11) G(s) G(s) @(s) /£(28) =EN (n)/n* for o > oo 
where N (n) is the multiplicative function determined by 


N (py =2'+ Rg (p), N (p°) =2 + 48g (p) + | 9(p) |? 


and, if k > 2, ; 
N(p*) =2+ 4g (p) +2] g(p)|? 20. 


The condition (10) assures that N (n) = 0 for all n. 


If G(1) = 0, the function on the left of (11) is regular on the real half- 
line o > 4; by the theorem referred to before in [2], the series on the right 
converges and represents this function there. Then 


| (a) E(o) | = | £(20)| E N (n) /n E | £(20)| 


for e > 4. But this is impossible, for the left side is bounded while the 
right side tends to infinity as o tends to $ + 0. 

An application of either of these lemmas allows the boundedness assump- 
tion on f(n) in Theorem I to be weakened in certain directions; and in the 
case of an application of Lemma A, a relaxation of the assumption concerning 
the analytic continuability of Z(s) is also possible. 


Turorem IJ. Let f(n) be a completely multiplicative function with 
the properties that X, f(n)/n* converges absolutely on some half-plane o > oo 
(> 1), that $ f(n?)/n? converges.and is not 0, and that g(n) = p?(n)f(n) 
satisfies either (9) or (10) (as well as (8)). Then G(s) = S g(n)/n° 
converges absolutely for o > o>. Suppose, further, that G(s) satisfies the 
assumption of analyticity made in either Lemma A or B, according as g(n) 
satisfies (9) or (10). Then L(s) possesses a regular analytic continuation 
onto a domain containing the real segment 1 < o Sap, and L(1+-0) exists 
and is not zero. 


Proof. Let r(n) be f(n) or 0 according as n is or.is not a square. 
Then r(”) is multiplicative and the series Sr(n)/n* converges absolutely 
for o œ> oo Furthermore, 


<7 
` f ` 
J 


UOT E E a a GEORGE SHAPIRO. 


+ 


SEE (2g (n) nm) (Z r(n)n/") = X f (7) m8, 
T amo e a ene A 
K a IARE gra I= (k= 1,2, > >). 
. ' Thus -L(s) = G(s) E f(n?)/n* for o > oo; so that L(s) can be continued 
E analytically onto a domain containing the real segment 1 <o Xo, while 
L(1-+ 0) exists and 


t p 


. > 

X kd 
t i 1 
t*r 


L(1 +0) = G@(1) È f(n) /n’. 


Hence L(1 -+ 0) £0, since G(1) £0 by Lemma A or B, while the second 
factor in the last formula line does not vanish by assumption. 
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OSCILLATORY AND NON- OSCILLATORY. “SINEAR © 


DIFFERENTIAL EQUATIONS.* ' ` ae ean ge 


Pam 
By PHILIP HARTMAN and AUREL WINTNER. 


In the differential equation 
(1) x” + f(t) = 0, 
let f(t) be real-valued and continuous for large Peet t, say for 
(2) 0St<o, 


and consider only those solutions z(t) of (1) which are real-valued and do 
not vanish identically. These obvious restrictions of the coefficient function, 
f(t), and of the admitted solutions, x(t), of (1) will not be repeated in the 
wording or the proof of the results below. 7 

The object will be to delimit, on the one hand, general possibilities for 
the behavior either of some or of all- (i.e., either of one or of two linearly 
independent) solutions of (1) as {> œ and to obtain, on the other hand, 
corresponding results for spectra (in Hilbert’s sense). The latter aspect 
results if f(¢) in (1) is replaced by f(t) +A, where A is a real parameter, 
and an homogeneous linear boundary condition is assigned at t == 0. 

As the various possibilities lead into quite different directions, each of 
the chapters will have its own introduction, explaining the problem at hand. 


The Oscillatory Case. 


If f(t) is a positive constant, then every solution s(t) of (1), being a 
sine: curve, is O(1) as t—> œ. On the other hand, if f(t) = const. > 0 is 
relaxed to the assumption that 


(3) lim f(t) exists and is positive (34 œ), 
f> 06 


then, as shown by Perron [14], it is possible for (1) to have a solution for 
which 


(4) lim sup | e(t) | = o. 


* Received October 2, 1948. 
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From his counter-example, it is not possible to answer either of the following 
questions: If.(8) is assumed, can (4) hold (a) for some but not for every, 
(8) for every, solution z(t) of (1)? The first part of (i) below answers both 
of these questions in the affirmative. The second part of (i) represents an 
unexpected residue of the O(1)-situation prevailing in the trivial case 
f(t) = const. > 0. l 


(i) Under the assumption (3), 
(a) some but not every, (B) every, 
solution x(t) of (1) can fal to ataf 
(5) | | z(t) = O(1) as ¿=> o. 
On the other hand, (3), and even the more general assumption 
(6) 0 < lim inf f(t) = ©, 


implies the existence of a sequence of t-intervals (Un, Un) which tend to t == 
as n—> ©, are independent of the choice of the pair of integration constants 
determining a solution of (1), and have. the following property: If t* varies 
on the (unbounded, open) t-set ; 


(7) x (Unt a) 


r n=1 
a set denending only on f, then 
(8) : | a(t*) = O(1) ds t* > œ 
holds for every solution x(t) of (1). | 
_ . TÉ the TA (3) is replaced by its limiting case, 
(9) e f(t) > œas t— œ, 
and if the “ growth” of f(t) is smooth enough, it follows fom aayo 
formulae that | 


(10). s(t) —> 0 as t— œ 


holds for every solution of (1); cf. [21]. But if the last italicized proviso 
is omitted, i. e., if only (9) is assumed, then not even (5) can in general he 
asserted. For an “ explicit ” example of such an f(t), consisting of a transfer 
of Perron’s construction from (3) to (9), cf. [22]. 
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- This leaves, however, undecided, for (9), both questions answered, for 
(3), by the first part of (i) above. The answers are supplied by the first 
part of the following variant of (i). 


(ibis) Both contingencies (a), (8), described in (i) under the assumi 
tion (3), can occur if (3) is replaced by (9). 


‘On the other hand, in the particular case (9) of (6), i is possible to 
refine (8) to 


(8 bis) | z(t*) =o(1) as t* > œ, 


uf the unbounded, open t*-set (7), which is independent of the pair of inte- 
gration constants determining a solution x(t) of (1), ts suitably chosen. 

The second part of (ibis) may be interpreted as what can be saved 
from (10) if the proviso italicized before (10) is omitted. 


Proof of (7), (8)-(8bis). Let N(t) denote the number of zeros 
possessed by a solution of an arbitrary differential equation (1) on the interval 
[0,¢]. It is known (cf., e. g., [6]) that, if z,(¢) and s(t) are two linearly 
independent solutions of (1), and if their Wronskian, which is always a non- 
vanishing constant, is normalized to be 1 (or —1), then 


(11) N) = f O + 0(1) 08 E 
where ° 
(12) | r= (m2 + 2,2)8>0 


(in fact, 7, =z, (t) and x% —.2,(¢) cannot vanish simultaneously). Needless 
to say, the step-function N (t), as defined before (11), depends on the choice 
of the particular solution, say x(t), whose zeros N (t) enumerates. On the 
other hand, it follows from Sturm’s separation theorem that two N-fuhctions 
belonging to two solutions of. (1) cannot differ by more than 1 at any ¢, and 
so the indeterminacy of N(t) is absorbed by the O(1) in (11). 

All of this is independent of the assumption (6). It will be shown that, 
according as (6) or its refinement (9) is assumed, 


(13) lim inf r(t) < œ or lim inf r(t) =0, © (t—> w), 


respectively. This, when combined with the continuity of the function r(t), 
will prove the respective assertions of (i), (ibis) concerning the existence of 
open, unbounded sets (7) on which (8), (8bis) hold. In order to see this, 
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it is sufficient to compare (13) with (12) and to observe that, since s(t) 
and x(t) are linearly independent, every solution of (1) is of the form 


“(14) a(t) = ct (t) + ceta (t), 


where c, and c, are independent of t. > 


For large ¢, the linear oscillator z” +- o°2 = 0 is a “ Sturmian minorant ” 
of (1) for some or for every choice of the positive constant w, according as 
(6) or (9) is assumed for (1). Since the asymptotic density of the zeros ot 
the solutions of the linear oscillator is proportional to w, it follows that, if 
N (t) refers to (1), ` 


, lim inf N(t)/t > 0 or N(t)/t—> œ% (t->, œ), 


according as (6) or (9) is assumed. Finally, it is seen from (11) that the 
last formula line implies the truth of the respective assertions (13). 

The remaining four assertions, viz., (@) and (8) in (i) and (ibis), 
will now be proved in order. 


Proof of (a) in (i). Corresponding to every a> 0, it is possible to 
choose an f(t) satisfying (3) and having the property that some solution of 
(1) becomes O(t-*) as t— œ; cf. [20], p. 269. In particular, (3) is com- 
patible with the existence of a solution satisfying (10). But if x(t) is a 
solution satisfying (10), then any solution linearly independent of «(¢) must 
violate (5); cf. [18], p. 397. 


Proof of (8) in (i). This contingency, too, is between the lines of [18], 
the situation being as follows: 


(A) If f(t) is subject to (3), and if a solution v == 2*(t) of (1) is 
such as to satisfy 


lim inf a*, = 0, (n> œ), 


where a*,, a*,,- - + is the sequence of the relative maxima of | e*(¢) | , then 
every solution s(t) linearly independent of this s*(ż) must violate (5). In 
fact, if the assumption made by the last formula line is strengthened to 
a*,—> 0 as n — oo, then, since the latter assumption is equivalent to the case 
g==2* of (10), the violation of (5) by every a(t) s4const.2*(¢) becomes 
the assertion used at the end of the above Proof of (@) in (i). On the other 
hand, a glance at the proof ([18], p. 397) of this assertion shows that what 
is actually used there is just the assumption made in the last formula line, 
rather than its strengthened form, which is (10). 
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’ (B) According to [18], p. 396, a function f(t) satisfying (3) can be 


chosen as follows: Some solution s(t) of (1) satisfies both 
lim infa, = 0 and lim sup an = œ (n> ©), 4 
where @1,d2,° © + denotes the sequence of the relative maxima of | 2(t)|.: 


If (A) is compared with (B), it is seen that there exists an f(t) 
satisfying (3) and belonging to the contingency (8) of (i). 


Proof of («) and (8) wm (ibis). The proof depends on an adaptation 
of a known principle of construction (cf. [15]; also [13]). 


Choose a sequence of positive numbers à, As,° © - satisfying 
(15) : lim A, == œ and 31/A, = œ, 
ko o k=1 


k-14 : 
put Bs = $r 31/A;, where £, = 0, and define f(t) by placing 
j=1 
f(t) = A? when BrE t< Br (k=1,2,- >). 


Thus f(t) is defined for Ot < œ by virtue of (15). This f(t), instead 
of being continuous throughout, is a step-function but, as far as the purposes 
at hand go, the jumps of f(t) can be smoothed out by “small” local altera- 
tions of the graph f = f(t). Clearly, (9) is satisfied. 


Let dı, do,- + + and @, @2,: - > denote the sequences of numbers 
k-11 4-1. 
(16) dy, == H raj /Asje1 and ey. = TT Aaje1/Azj423 
j=l : j=l 
so that 
(17) fas = Àa/ (Adi). 


Put l . 
Tı (t) = (—1)*dy, cos Aze (t — Box) or s(t) = (— 1) "dass Sin Asr (t — Boner) 


according as 
Bax St Bory OF Boky S i< Bore 


(so that z,(¢) is defined for 8 S t < œ), and put 


Y 


do (t) = (—1)¥ex cos Avie: (t — Boks) Or Balt) = (—1)¥ e421 Sin Azrolt — Borsa) 


according as 
Boksi St< Boxe OF Bokse = k< Boxss 
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(so that z(t) is defined for 8 = t< œ). Then, since f(t) is the constant 
Ax” when By t < Buu, both = x, (t) and z == T(t) are solutions of (1) 
on each of the successive intervals By < t < Bris. In addition, the constants 
are adjusted so as to assure the existence of continuous first derivatives s’ (t), 
T(t) throughout (i.e., at the points t= 8, also). This is seen from the 
definition of the f;’s. 


Ad (a). Choose 
| My = f? and Ayr j G=12 +); 
so that (15) is satisfied. Furthermore, 
dy = (k —1)! and eg = 1/[k — 1) 1], 
by (17). Hence, by the above definitions of sı (t) and z(t), 
g(t) ~0(1) but sa (t) =o(1), as i> ©. | 


In view of (14), this means that a solution z(t) is bounded, as t-> œ, if 
and only if s(t) = const. sa(t). Consequently, the present f(t) is of the 
kind required by (g) in (ibis). , : 


Ad (8). Choose a sequence A;,Az,° -+ satisfying (15) and having the 
property that 


(18) lim sup dy == œ and lim sup ep = œ (k -> œ) | 


hold for the numbers defined by (16). [Such sequences Aj, Ao," © + exist; one 
results by placing 


Asj ai he and À2j+1 = j if kon = J < konsi 
and 
A2j == q and Acie = j = iL Kons = ] < koniz 


where 1 = ko < kı <: >» is a suitable sequence of integers.] Then, if the 
pair of alternative formulae defining x,(t) and s(t) is compared with (16), 
(17) and (18), it is readily verified that a linear superposition (14) of z, (t) 
and s(t) is bounded as ¢-> œ only if both constants Cı, Ca of (14) vanish. 
This means that (1) has no bounded solution (s£0), as required by (£) 
in (ibis). | | 
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The Non-Oscillatory Case. 


If a solution (and therefore, by Sturm’s separation theorem, every 
solution) of (1) has an infinity of zeros on the half-line (2), then (1) is 
called oscillatory, and otherwise non-oscillatory. Since the zeros of a solution 
(s£0) cannot cluster at a finite t= to it is seen from (11) and (12) that 
(1) is non-oscillatory if and only if some (and/or every) pair of linearly 
independent solutions, x == s, (t) and z= z(t), of (1) satisfies 


(19) o f aeea) + 28 (t)} < o. 


Further information is contained in the following statements : 
(ii) Jf (1) is non-oscillatory, then, as t —> œ, 
(a) some solution must fail to be O(#) ; 
(b) every solution can (but need not) be O(log t); 
(c) every solution can (but need not) satisfy = O(| x(t)|); 


(d) some solutions must satisfy 


(20) f di/a2(t) < œ: 


(a) is a consequence of (19); cf. [23]. The negative (parenthetical) 
remarks of (b) and (c) follow from either of the examples f(t) =— 1, 
f(t) = 0, since the general solution of (1) then is s(t) = c,e* + 0t, 
T(t) = cı + cet, respectively. The positive assertions of (b) and (c) result 
by choosing f(t) == (24) (for 1S t< œ) and observing that the general 
solution of (1) then is s(t) = cit + cof? log t. | 

The remaining assertion, (d), was proved in [2]. Needless to say, (d) 
is a refinement of (19). It is understood that the lower limit of integration 
in (20). is meant to be large enough, viz., greater than the last zero of the 
particular solution in question. - : | 

Roughly speaking, the above comments could be interpreted by saying 
that, if (1) is non-oscillatory, there exists a solution which, as {> , is 
“small” (in this regard, cf. (a)-(b) in (v) below), whereas the other solu- 
tions, those linearly independent of the “small” one, are “large” (in some 
sense). 

Actually, the assertions of (ii) contain about everything that can be 
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said of the solutions of an arbitrary non-oscillatory differential equation (1). 
This can be seen by constructions similar to the one which will lead to the 
following contingency: 


(iii) A differential equation (1) can be non-oscillatory and nevertheless 
such that there exists an unbounded, open set (7) which is independent of 
the integration constants and has the following property: As t tends to œ 
on (7), every solution of (1) tends to 0. 


Much less than this restricted. 0(1)-situation is prevented by (a) in 
(ii) if ¢, instead of being restricted to a suitable set (7), tends to co without 
a restriction. 

In order to prove (iii), choose two monotone sequences of positive 


numbers, say ko, k1,- > + and Ao, Au, © +, satisfying 
(21) lim kn == © and X ky?/An = O( 6"), t —> œ 
n> ten 


(such pairs of sequences exist, as seen by choosing kn =n and Àn = nte” 
if n> 0). For the purposes of (22) below, choose A, greater than v. 

In terms of the numbers kn, An, define on the half-line (2) a function 
2,(t) by placing 


1/ai(t) = et if n+ r/m <tn l, 


(Pa) 1/z (t) = et -+ knu sint An (t — n) i n SiS n + r/àn 

where n == 0, 1,2,:- +. It is seen from (22) that 2,(¢) has a continuous 
second derivative on (2) and that 

(23) w(t) >0 on (2). 

Hence, if f(t) is defined by 

(24) f(t) =— (t) / (2), 


then f(t) is continuous on (2). The corresponding (1) is satisfied by 
g =m, (t); cf. (24). It follows therefore from (23) that (1) is non- 
oscillatory. 

It is readily seen from (21), (22) and (23) that (20) is satisfied by 
z= T(t). This fact, when combined with (23), means that 


(25) z(t) a(t) | du/x.2(w) 
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defines on (2) a function, və(t). Since (1) is satisfied by s= 2,(¢), two 
differentiations of (25) show that (1) is satisfied by £ == za (t) also. Further- 
more, (25) alone implies that 


(26) a(t) a(t) — ta(t)s (t) = — 1, 


which in turn implies that the solutions 7,(¢), a(t) are linearly independent. 
According to (22), 


f du/z? (u) S2 f edu + O( S ken?/Xn) 
a UN 
t t 


as t-> œ. Both terms on the right of this inequality are O(e7**), by the 
second of the relations (21). Hence, (25) and the last formula line imply 
that v2(¢) = 2%,(¢)O(e"*). On the other hand, 2,(t) = O(e*), by (22). 
Consequently, za (t) = O (et) O (e®) and 50, in particular, 


lim za (t) = 0 (t—> œ). 
Finally, it is seen from (22) and from the first of the relations (21) that 
lim inf z, (t) = 0 (t= œ). 


Since 2,(¢) and s(t) are continuous, it is seen from (23) and (14) that 
the last two formula lines complete the proof of (iii). 

The general properties of an arbitrary non-oscillatory differential equa- 
tion (1), which are collected in (ii), can be completed by the following 
comparison theorem: 


(iv) Let f(t), g(t) be continuous functions satisfying 


(27) f(t) 2 g(t) 


on (2), and suppose that (1) is non-oscillatory. Then, if v= a(t) is any 
solution of the differential equation (1), the differential equation 


(28) y+ g(t)y = 0 
(1s non-oscillatory and) has some solution y = y(t) = ya(t) satisfying 
(29) y(t) —O( | 2(t)|) as t= oo. 

The parenthetical assertion of this comparison theorem follows, by (27), 


from Sturm’s comparison theorem. 


10 
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In order to prove (iv), let z(¢) be a given solution of (1). Since (1) 
is non-oscillatory, it can be assumed that 
(30) w(t) > 0 fori ct < o, 


if tọ is large enough. Let ¢ be on the half-line t < t< œ. Then, if y(t) 
is any function, there exists a unique function z(t) == 2,%(t) satisfying 


(31) y(t) == 2(t)2(t). 
This makes applicable the method ‘of the variation of constants, as follows: 
Substitution of (31) into (28) gives 
2a +- zg — zfe + ger = 0, 


since 7” =-— faz, by (1). If this differential equation for z == z(t) is multi- 
plied by the given function ~ ==@(t) (which, according to (380), is an 
admissible operation), what results can be written in the form 


(32) (p(t)2’)’—q(t)z=—0, 
where p=? and q = (f —g)x’; so that, by (30) and (27), 
(33) p(t) > 0 and g(t) = 0. 


It is now seen from (31) that (iv) is contained in the following lemma: 


(iv*) If p(t) and q(t) are continuous functions satisfying (383) on 
(2), then (82) has a solution z(t) which is O(1) as t> œ. 


(iv*) is known; it can be deduced (cf. [8]) as a corollary of a theorem 
of Kneser [11], dealing with the particular case p(t) == 1. 


An illustration of (iv bis) can be formulated as follows: 


If f(t) S—a/?#? holds, for some a= const. > 0, as t-> œ, then (1) 
has a “small” solution of the form O(t), where b == b(a) > 0: 


(34) 2b == (1 + 4a)? — 1. 
In order to see this, it is sufficient to choose g(t), f(t) in (iv bis) to be 


f(t), — a/t, respectively (if t Z 1), and to observe that, if b is defined by 
(34), the case f(t) —— a/t° of (1) is satisfied by s(t) == t. 
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The Case of a Non-Oscillatory A-Region. 


‘Some of the assertions and negations of (ii), (iii), (iv) can be refined, 
and the construction proving (iii) adapted to more delicate situations, if the 
non-oscillatory character of (1) is so manifest that 


(35) a” + (f(t) +A) = 0 


is non-oscillatory for some, sufficiently small, à == const. > 0. This is a 
strengthening of the assumption that (1) is non-oscillatory. In fact, the 
parenthetical remark in (iv) implies that, if (35) is non-oscillatory for some 
A, then (35) is non-oscillatory for every A which is smaller than the given À. 

Accordingly, there belongs to every f(t) a A* having the property that 
(35) is non-oscillatory if 


(36) — o LA <L AÀ, 


and oscillatory if A* < A < œ, where it is understood that both limiting cases 
A* == +œ are included. If A* is called the parabolic point of the A-axis, 
and if AX* 54 + œ, then it depends on f(t) whether (35) is oscillatory or non- 
oscillatory for à = A*. Even in the latter case, some of the following con- 
siderations do not apply at à == à*. 


(v) Suppose that 
(87) -o o SAF So, 
where * denotes the parabolic point of (85). Then 


(a) there belongs to every point of the region (36) a solution 
w(t) = a(t) £0 of (85) which is of class (L°) on (2); 


(b) for enery A< A*, this m(t) is uniquely determined to a constant 
factor ; 


(c) although, by (a), 


(38) o< | at(Qdt< o, eee es 
0 


it is not in general true that 
(39) ’ w(t) == O(1), t—> 0, 


where A < r*; 
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(d) if (39) holds for some à =u < A*, then it holds for every X < p; 


(e) a 
(40) 2 (1) = o0(1), : t—> A, 


holds for some à = p < A*, then it holds for every N< u; 


(£) «f (89) holds for some à= pu < à”, then (40) need not hold for 
every À < p; however, 

(g) if (39) holds but (40) does not hold for a pair of values à = dj, Aa, 
where àr < àe < A*, then rA* = œ, and 


(41) lim my (t)/£a (t) exists and is not 0 
to «4 


for —-w CrA<p< ow. 

(a) was proved in [2] (by using (d) in (ii) above). 

(b) can be concluded as follows: If (b) is assumed to be false, then, 
for some value of A, two linearly independent, ‘hence all, solutions of (85) 
are of class (Z2) on (2); so that (35) is of Grenzpunkt type. But this is 
impossible if (85) is non-oscillatory for some A (cf. [2] and, for a sharper 
result, [6]). This proves (b). 


(d) and (e) are clear from (ivbis). In order to prove (ce), (£) and 
(g), the following lemma will first be established : | 
Lemma. If (1) ts non-oscillatory and has a solution 2 == x(t) satisfying 
o0 t ) 
(42) f x(t) ( f du/x?(u))dt < æ (for some T > 0), 
T T 


then (35) possesses, for every à, a pair of (linearly independent) solutions, 
Tı = V1 (t, A) and £a = z(t, à), satisfying 


(43) w(t, A) ~æ(t) and a(t, A) ~ a(t) f duetu) 
T 


as t—> œ ; conversely, if the first relation in (43) holds for some à +<0 and 
for some (L?)-solution x = g(t) of (1) on (2), then the latter satisfies (42). — 


Proof of the Lemma. In (28), let g(t) = f(t) +A (so that (28) and 
(85) are equivalent). The relation (27) will not hold unless A=0; how- 
ever, this is immaterial in what follows. 
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The variation of constants, (81), transforms (28) into (82), where 
p(t) =x (t) and q(t) = — àz? (t). 


If the new independent variable 


(44) s= s(t) = f duplu) =Í du/x* (u) 
T T 
is introduced, then (32) becomes 
(45) i—Q(s)z—=0 (+ = d/ds), 
where | 
(45 bis) Q(s) = p(t(s) )q(t(s)) =—Aaa*(t(s)) 


and = t(s) is the inverse function of (44). 

If x(t) is of class (L°), which is certainly the case if (42) holds, then 
s(t) > œ ast-—» œ. In fact, since the harmonic mean of a positive function 
does not exceed its arithmetical mean, 


f du/z (u) = =r) f v (u) du. 
T T 


Hence, the truth of the assertion, s(%) = œ,'is seen from (44). . 
Since the function (45 bis) does not change sign, it follows that (45) 
possesses a solution z == z(s) satisfying 


(46) z({s) > 1 as s— œ 


if and only if 


(47) | S 81 Q()|ds< a. 


In fact, whether Q(s) does or does not change its sign, a result of Bécher 
(L1], § 4) supplies the sufficiency of (47) for the existence of a solution 
a==2(s) of (45) satisfying (46). It is also known (ef. [16], pp. 40-42 or 
[8], Appendix, where Q = 0, and [5], pp. 533-534, where Q = 0) that this 
sufficient condition is necessary as well if Q does not change sign. 

If A540, then (44) and (45 bis) show that (47) is equivalent to (42). 
It therefore follows from (31) that, if s(t) is of class D?(0, œ), then (42) 
is necessary and sufficient in order that (35) has, for some A5£0 (and/or 


640 PHILIP HARTMAN AND AUREL WINTNER. 


for every A), a solution x == m(t, à) satisfying the first of the relations in 
(43). Fimally, the second of the relations in (48) is a consequence of the 
first, since 


c= y(t) | du/y*(u) 
T 


is a solution of (35) whenever y is a non-vanishing solution for t = T. 
This completes the proof of the Lemma. 


Proof of (g) in (v). Without loss of generality, assume that A. == 0, 
hence 0 << A* S œ, and that v= x(t) is an (L*)-solution of (1) on (2) 
and is O(1), but is not o(1), as t—> œ. Let à< 0 and g(t) —f(t) +A. 
Apply the variation of constants, (31), which reduces (28) and/or (35) to 
(32). Then (33) holds (since A < 0). Hence, (iv*) assures the existence 
of a bounded solution z == z(t) of (32). Actually, this bounded solution can 
be chosen in such a way that z(t) > 0 and z2’(t) = 0 (cf. [8]); in particular, 
(48) lim z(¢) = 0 exists. 

é> 00 
Since z(¢) is O(1) but is not o(1), it is clear from (31) and (48) that an 
(L*)-solution of (28) and/or of (85) is o(1) if and only if the sign of © 
equality holds in (48). 

Accordingly, the assumption of (g), namely, that there exists a 
Ai <.A2 = 0 violating the case A= A, of (40), implies that the limit (48) 
is not 0. Consequently, if z(t) is multiplied by a suitable constant, the limit 
in (48) can be chosen to be 1. Then (31) shows that the first relation in 
(43) holds if m, (t, àA) = x(t) and à = à 5£ 0. In view of the Lemma, this 
completes the proof of (g) in (v). 


Proof of (c) and (£) in (v). On (2), let ¢ = (t) be a continuous 
decreasing function satisfying 


(49) f $2(t) dt < o; 


so that ¢(¢t) > 0, and ¢(¢) — 0 as t-> oœ. 
Let kı kac +: and pàn: + - be two sequences of positive numbers 
satisfying kn Z= 1, An > 7 and 


n+l 


(50) S (Ien?/An) f dt/¢2(t) <% (hence S Bn? /An < 0). 


0 
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Define on (2) a function x(t) by placing 


e(t) = p(t) if either OS¢<lorn+a/a<t<n+l, 


(51) a(t) er p(t) + En sint Àn (t — m) if n & t&n + T/ Ans 


where n = 1,2,- -. Clearly, x(t) > 0 on (2). 

If ¢(¢) has a continuous second derivative on (2), then the same is true 
of z(t), by. (51). Hence, the case == x, of (24) defines a continuous f(t) 
on“(2). For this f(t), the function (51) is a solution of (1), by (24), and 
is of class (Z*) on (2), by (49) and (80). 

It will be shown that if (t) is suitably chosen, then (42) holds for 
the x = s(t) defined by (51). | - 

First, s(t) = (t), by (51). Hence 


f iuj (u) < f du/ẹ?(u). 


It follows, therefore, from (51) and from Minkowski’s inequality, that (42) 
is satisfied if 


© t 
(52) © S EOS dugu d< a 
and i j 
g N+ / An t 
(53) 3 f vna? f dusg (u) jdi < o. 
j 2 n o ` 


But (53) is a consequence of (50). In order to satisfy (52), it is sufficient 
to choose (t) = t exp (—?#*?) when 1 S&S $< œ. For then 


t t 
f du/p?(u) = f u? exp (2u*) du == O (1) exp (21°), 
hence i i 


feos du/¢?(u)) dt = 0(1) f rate æ. 


Accordingly, all of the assumptions of the first part of the Lemma are 
fulfilled. Hence, (35) possesses, for every A, a pair of solutions æ,(t, A), 
x(t, A) satisfying (43). 

In order to complete the proof of (c) and (f) in (y), it is sufficient to 
choose kn = and kn == 1, respectively. In fact, it is clear from (51) that 
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a(t) is not O(1) in the first case, and that x(t) is O(1) but is not o(1) in 
the second case .Finally, it is seen from (43) that s(t) can here be replaced 
by m(t) == z(t, à) in both cases, where — œ < À < oœ. 


The Parabolic Case. 


Before (v), the parabolic case, A = A", was defined as follows: (35) is 
oscillatory or non-oscillatory according as A > A* or A < A*, where A* 54 + œ. 
It will now be shown that, in contrast to the positive assertions of (v), which 
assume (36), anything can happen when A = A*. 


(vi) Suppose that A* > + œ, where rX* denotes the parabolic point of 
(35). Then the case à =A* of (85) can be 


(a) oscillatory, - (b) non-oscillatory 
and it can ur on (2) | 

(«) an (Z*)-solution (8) no (£?)-solution. 
In fact, all four possibilities 
(54) (aa), (aß), (ba), (bB) 


can be realized. What cannot occur is that the case à == A* of (85) be such 
as to have two, linearly independent, (L*)-solutions on (2). 

First, whether A* 54 + co is or is not assumed, (85) cannot have two, 
linearly independent, (L*)-solutions on (2) for any A unless the same is true 
for every A. This is Weyl’s theorem (cf. [17], p. 238) on which his alterna- 
tive of “ Grenzpunkt case or Grenzkreis case” depends (for a sharper result, 
establishing an explicit asymptotic connection between the solutions belonging 
to two arbitrary A-values in the Grenzkreis case, cf. [20], pp. 266-267). 
Accordingly, the last assertion of (vi) follows from assertion (b) of (v). 

Next, since z” + Ax = 0 is oscillatory or non-oscillatory according as 
AX > 0 or A < 0, it follows from Sturm’s comparison theorem that if 


(55) f(t) —0 as t> œ, 


then (35) is oscillatory or non-oscillatory according as} >0 or A <0. In 
other words, (55) is sufficient for A*=-0. In particular, if f(t) =C?t, 
where C is any real constant (and, for instance, 1 S ¿ < œ, whilst f(t) == 2 
when 0% <1), then A*=0; so that the case A==X* of (35) becomes 


(56) g” +. Ota == 0. 
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It is easy to see that, by suitable values of C, each but the first of the four 
cases (54) can be realized by (56); cf. [10], pp. 415-416. 
In fact, (56) is satisfied by x(t) = t° if c is a root of a quadratic equation, 


(34 bis) i "2c = 1 + (1— 40)é. 


If 4< C< æ, the two roots c are distinct, complex and .have the real 
part 4; so that (56) is oscillatory and, since #2 is not of class (L?) on (2), 
the second of the possibilities (54) takes place. If —o < C < $, the two 
roots are real and distinct; furthermore, the smaller c is less than —— 4 if 
and only if —œ < C < — 3}. Since s(t) =7¢ is a solution, it follows that 
(56) realizes the third or the fourth of the possibilities (54) according as 
— o <0 <—ł or —#S0< t. 

‘The remaining possibility, that which is the first in (54), is more delicate. 
Its occurrence will now be constructed by an adaptation of the “ Riccati” 
method used in [20], p. 268 (where the A-value, instead of being at a sharply 
defined parabolic point, is well within an “elliptic” range); cf. also [22]. 


Proof of (aa) in (vi). Let (1) be replaced by 1 S it < œ, put 
(57) a(t) == r(t) cos log ż, . (ASt<o), 


where, for the present, the function r(t) is undetermined, and substitute (57) 
into (1). This gives 


(58) f(t) = t° — r” (t)/r (t) + {2r (t)/r (t) — Ht tan log t}, 


(58) being computed from (57) and (1) as f==—w”/a. | 

In order to make the function (58) continuous on the half-line 
1<%<< œ, the infinities of the factor tan log t, which cluster at t == œ, 
must be neutralized by an appropriate choice of the first factor of the last 
term of (58). Since that first factor is the derivative of 


2 log r(t) — log t = log r° (t) /t, 


such a neutralization results by choosing the logarithmic derivative of r?(7) /t 
to be of the form y(t) cos? log t, where x(t) is an arbitrary continuous func- 
tion on the half-line 1 &¢ < œ. If x(t) = — 2yt, where y is a constant 
(which will be chosen below), this gives 


t 


(59) r(t) = È exp(— y ie cos? log s ds). 


1 
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If (t) and r”(¢) are computed from (59), it is found that (58) 
reduces to 


(60) 4t°f(t) = 5 — 4y? cost (log t) — 8y sin (2 log t). 


Clearly, (60) defines, for 1 &¢< œ, a continuous f(t), and’ (57), with 
(59), represents a solution of (1) for this f(t). 

Since (55) is satisfied by (60), and since (55) is sufficient for A* = 0, 
the parabolic case of (35) becomes (1). Hence, the possibility (ae), claimed 
in (vi), will be realized if it is shown that (1) now possesses a solution 
which has an infinity of zeros and is of class (L°). But 


t log ¢ 
f s~ cos? log s ds == f cos? s*ds* == $t* + 4 sin 22*, 


1 6 
where s* = logs, t* — log t. Hence, from (57) and (59), 
a(t) = (cos log ¢) iY exp(— dy sin 2 log t). 


Consequently, s(t) is of class (L?) on the half-line 1s t< œ if the con- 
stant y, which thus far was arbitrary, is chosen so as to satisfy 4 — ły < — $. 
Since the last formula line also shows that x(¢) acquires an infinity of zeros 
as t—> œ, the proof is complete. 

Since the oscillating function (60) is O(1) as t-> œ, the f(t) defined 
by (58) is of the same order, ¢°, as the coefficient function of (56). On 
the other hand, whilst the trivial family (56) sufficed for the realization of 
all but the first of the four possibilities (54), the delicate construction leading 
to (58) was needed for the realization of the first of these possibilities. This 
situation is explained by the following criterion: 


(vibis) Case (aa) of (vi) cannot occur if f(t) is monotone for large t. 


Clearly, it is sufficient to prove this under the assumption that f(t) is 
monotone throughout, i. e., on (2). 

First, it is clear from Sturm’s comparison theorem that, if f(t) tends 
to a limit, f(o), then (35) is non-oscillatory for every A, oscillatory for 
every A, or non-oscillatory for every à < f(oo) and oscillatory for every 
à > f( œ), according as f( œ% ) = —œæ, f(oo) = w,orf(#w) £ + œ. Hence, 
à*¥ ==f(o) holds in all three cases. Since (vi) assumes that A* 54 + œ, 
and since the constant A* can be subtracted from f(t) in: (35) if the origin 
of the A-axis is translated by A*, it follows that (vibis) need be proved only 
under the assumption f(o) = 0, and that the case A==A* of (85) then 
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becomes (1). In addition, f(t) cannot change sigh, since f(t) is monotone. 
If f(t) =0, then, according to Sturm, (1) is in case (b) of (vi), and so 
(vi bis) does not claim anything. Let therefore f(t) = 0. Then df(t) =0, 
since f(t) is monotone and f(0) =Q. 

Suppose that (1) is in case (a) of (vi). Then, since f(t) = O(1) as 
t—> œ, the (L?)-solution in question is subject to 


x(t} — 90 as t= æ; 


cf. [19], p. 8. Suppose, in addition, that (1) is in case of (a) of (vi). 
Then, if ti < ta <: +, where tn —> œ as n— œ, denote the zeros of x(t), 
and if the maximum of | æ(ż)| on the t-interval (tn-1 én) is | g(tn*)], 


| a(th*)| S| w(t*)| S- +, where t,*-> œ as n—> œ. 


In fact, these inequalities follow from the assumption df(t) 5 0; cf., e. g. 
[22]. 

Since the last two formula lines are contradictory, it follows that (a) is 
incompatible with (a). This proves (vi bis). 


Remark. It is seen from the relevant part of the proof of assertion (e) - 
of (vy) that, if f(t) is wobbly enough as t—> œ, the determination of the 
parabolic A-value, A*, of (35) can become quite difficult. That the task 
must depend on “ transcendental ” means, can be illustrated by the analytical 
machinery (such as infinite determinants) which, in view of the following 
criterion, must be mobilized if the determination of A* is required in such 
a comparatively harmless case as 


(61) f(t) = f(¢+-1) = (0St< o). 


If f(t) is periodic on (2), then (35) has a parabolic p-value, 
à = À" At œ, which can be characterized as follows: A= is the least d»-value 
corresponding to which (85) possesses a solution having the same period 


as f(t). 


The proof will be omitted, since it is between the lmes of the known 
description ([{9]; p. 280; [12]) of the distribution of A-intervals of stability 
and’ instability in the case (61). 


Spectral Formulations. 


In what follows, the terminology will be the same as in the latter part 
of the Proof of (c) in (v) above. 
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(c4) Suppose that 
(62) — œ Slimsup f(t) < œ. 
fow 


Then (35) is the Grenzpunkt type ([17] ; for a sharper result, ef. [6]). It 
was shown in [7] that, under the assumption (62), 


(I) 2A=0 must be in the spectrum determined by (35) and a boundary 
condition, az(0) + b2’(0) = 0, if (1) has at least one solution, x == @(t), 
which satisfies this boundary conditjon and is O(1) as t— œ ; and that 


(II) A==0 must be in the (invariant) essential spectrum of (35) if 
(35) has two, linearly independent, solutions which are O(1) as t-> œ. 


It turns out that the respective sufficient conditions of (I) and (II), 
represented by the O(1)-assumptions, are not necessary as well (in either 
case); not even if (62) is strengthened to (3). This follows from the actual 
occurrence of both possibilities realized by (i) above. In fact, if f(t) satisfies 
(3) and if the limit (3) is denoted by p, then, as shown in [3], the essential 
spectrum of (35) consists of the half-line — u SÀ < om. 


Remark. In the limiting case (9), where u = œ, it is no longer true 
that (85) must be of Grenzpunkt type, and so the limiting case of the theorem 
quoted at the end of (A) ought to be formulated as follows: If f(¢) satisfies 
(9) and is such that (35) is not of Grenzkreis type, then the essential spec- 
trum of (35) consists of the entire line, — œ < à < œ. We did not prove 
that this limiting case of the theorem quoted is true. On the other hand, it 
is surely true in the other limiting case, in that belonging to u == — œ. In 
fact, what is then claimed is that the essential spectrum consists of the points 
à satisfying —pwSA if p»=— œ. But this is equivalent to the statement 
that the essential spectrum is vacuous (i.e., that the Green kernels belonging 
to (35) are completely continuous), if 


(9 bis) f(t) 7m— a a too. 


And this assertion is known to be true; it is contained, as a limiting case, 
in a theorem of Weyl, which will be quoted at the beginning of (B) below 
(and which his proof establishes for the limiting case, u = — co, also). 


(B) Suppose that (85) has a parabolic point, A* =4 + œ, and choose, 
without loss of generality, A* to be 0. Thus, with reference to any boundary 
condition, a2(0) + ba’(0) = 0, the number’ of those points of the point 
spectrum which are to the left of A* is finite or infinite according as (35) is 
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non-oscillatory or oscillatory at A==A*. In either case, those points of the 
spectrum which are to the left of A* belong to the point spectrum only. 
According to Weyl [17], pp. 252-256, all of this can be concluded by an 
adaptation of a classical argument of Sturm. 


As shown in [2], a proof of this theorem of Weyl can be adjusted so 
as to avoid assumption (62). What is actually needed in the Sturmian 
argument is the more general proviso that the differential equation be of 
Grenzpunkt type. But Weyl deals with the arbitrary self-adjoint case, 


(1 bis) (PLY + (f(t) +a) =0, 


where p(t) is any positive, continuous function on (2), rather than with the 
particular case (1), where p(t) ==1. In the latter cdse, the proviso is not 
needed, since à” > — œ alone implies that (1) is of Gr i sal type. Cf. 
[6], where a sharper theorem is proved. 

Due to the above criterion concerning that portion of the ant spectrum 
which is to the left of A*, the f(¢) defined by (60) leads to a peculiar 
situation. In fact, since (55) is satisfied, A*—0. But (57) is a solution 
of (1), i.e., of the case A==A* of (85). Since (57) has arbitrarily large 
zeros, it follows that those points of the spectrum which are to the left of 
0 form an infinite sequence which tends to 0. 

This holds for the pomt spectrum belonging to any boundary condition. 
Calculate 7(0), 2’(0) from (55) and (57), and consider that particular 
boundary condition which is satisfied by the resulting initial values (0), 
z' (0). Then, since (59) makes (57) a function of class (L°), the point 
spectrum will contain à == 0. Accordingly, A= 0 is in the point spectrum. 
‘At the same time, A==0 is a cluster point of the point spectrum. 


In addition, A== 0 is in the continuous spectrum also. In fact, 


(63) f IOL < o, 


since f(t) == O (t?), by (60). But (63) is known to imply that every point 
of the closed half-line 052’ < œ is in the continuous spectrum of (35) 
and, incidentally, that no point of the open half-line 0 < à < œ is in the 
point spectrum. A simple proof results by observing that, if (63) is satisfied, 
then, according to Bécher [1], two linearly independent solutions of (35) 
are of the form 2, = cos wt + 0(1), v = sin wt + o(1) or a = et + o (et), 
Le = et +. 0(e") according as A < 0 or A> 0, where o = | à |? and t —> œ 
in both cases. On the other hand, in order that two linearly independent 


d 
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solutions of (35) be of the form s, = 1 + 0(1), te =t -+ o(t) in the para- 
bolic case A== 0, Bôcher requires 


(63 bis) f | f(t) | dt < o," 


rather than just (63). This explains why àA = 0 can be in a point spectrum 
belonging to the above example, f(t) being just about f?; cf. (60). 


(@) Let f(z) be any function for which (35) becomes of Grenzpunkt 
type, and let A be any fixed value not contained in the essential spectrum 
(provided that there exists such aA). Then (35) has a solution, z == a(t), 
which is of class (L?) on (2) (and, to a constant factor, is uniquely deter- 
mined) ; cf. [4]. 


It was shown in [24] that such an m(t) must be “ very small,” 
w(t) == O(t) for every fixed N, (t—> œ), 


as soon as (35) is of Grenzpunkt type by virtue of (62). It turns out that, 
if (62) is replaced by another Grenzpunkt criterion, then not only can m(t) 
fail to be “very small,” and not only can (39) become false, but even the 
following situation is possible: (35) is of Grenzpunkt type and has no essential 
spectrum, but the (Z*)-solution m(t), which exists for — œ < A < œ, fails 
to be O(1) at any à. . 

This is accomplished by the proof of (c) in (v). Im fact, the f(t) 
constructed there was such as to make (35) non-oscillatory for every À. 
Since this means that A* == œ, it implies that (35) is of Grenzpunkt type 
and has no essential spectrum; cf. [2]. Finally, it was seen in the proof of 
(c) in (v) that (39) is violated at every A. 
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A SEPARATION THEOREM FOR CONTINUOUS SPECTRA.* 


By PHILIP HARTMAN and AUREL WINTNER. 


On the half-line 0St < œ, let p—p(t) >0 and q= q(t) be real- 
valued, continuous functions, and consider real-valued, non-trivial (540) 
solutions of the differential equation 


(1) / (pa’)’ + (q+rA)a=0, 


where A is a real parameter. Suppose that (1) is of Grenzpunkt type, i.e., 
that (1) does not possess two linearly independent solutions both of which 
are of class (17), that is to say that 

(2) EOLIE 


0 


According to Weyl [4], p. 238, this requirement will be satisfied for every A 
if it is satisfied for a single A. Since what is required is that not every 
solution of (1) be of class (Z*), the assumption requires that (1) and a 
linear, homogeneous boundary condition at t—0, such as x(0) =0 or 
v’(0) == 0 (more generally, l 


(3a) 7(0) sina— p(0)2’(0) cos « = 0, 


where æ is a real number) should determine an eigenvalue problem. 

In particular, there belongs to every choice of x in (3) a spectrum, 
S(a), and in it a point spectrum, P(a) (which can be vacuous, whilst S(«) 
cannot). According to Weyl [4], p. 251, the set of the cluster points of 
S(a) is independent of « and can therefore be denoted simply by &’. Thus 
S(a) = 8" + P(a), where it is understood that S’ and P(a) can have points 
in common. Clearly, P(«) == P(a-+ r); ef. (3). Conversely, a point A 
belongs to both P(«) and P(B) only if «c= (modw). For, on the one 
hand, a given A is in P(«) if and only if (1) has, for this A, an (L°)- 
solution satisfying (3%) and, on the other hand, (1) should not have, for 
this (or for any) A, two linearly independent (L*)-solutions. 

Let S* denote the set of those points of the line — œ < à< œ which 
are not in 8’. Then, since S’ is a closed set (possibly the entire line), the 


marves: 
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set S* is open (possibly vacuous). It was shown in [2] that, if A is in 8*, 
then (1) has a solution satisfying (2). This means that, if S° denotes the 
interior of (i. e., the greatest open set contained in) the set of those A-values 
corresponding to which (1) has a solution satisfying (2), then S* is a subset 
of S°. We did not succeed in proving that S° is always identical with S*. 
The nature of the difficulties involved will be clear from the type of the results 
which will be proved in the Appendix below. l 

Since S* is in §°, there belongs to every A contained in S* an a = ay 
for which A becomes a point of P(a), and this «== æ, is unique mod r (for 
every à in S*)}. Suppose that S* is not vacuous (i. e., that not every real A 
is in S(a) for some and/or every a), and let S* == 3J, be the canonical 
decomposition of the open. set S* into a (finite or infinite) sequence of 
mutually disjoint, open intervals (one of which can ‘be a half-line). It will 
be shown below that, if the indeterminacy (mod x) of « is suitably normalized 
at every point A of S*, then 


(i) the a== a, for which à becomes a point of P(a) is a continuous 
function of the position, A, on S* == ZJ; what is more, 


(ii) the continuous a, is a regular function on every Jy; in addition, 
(111) the continuous a, is a (strictly) increasing function on every Jy. 


At the end of the paper, a fact corresponding to (ii) will result concerning 
the eigenfunctions themselves. It is understood that, in (ii), the regularity 
of æ on the real A-interval J; means that æ, possesses a (direct and regular) 
analytic continuation from Jẹ into the upper and lower half-planes of the 
complex variable À. 

Clearly, (i) and (iii) imply the following 


SEPARATION THEOREM. If N and A”, where N < X”, are (isolated) eigen- 
values of any boundary condition (3) and tf the open interval (A, A”) does 
not contain any point of the spectrum of that boundary condition, then (X, X”) 
contains exactly one point of the spectrum of every boundary condition (3) 
distinct from the given one. 


The need for such a separation theorem, a theorem depending on the 
monotony of a, was formulated in [2] as a desideratum. The use of-a 
classical argument of Sturm (cf. [4], pp. 252-255) is prevented by the possi- 
bility that two ()’, X’’)-intervals can be separated by points of S’, e. g., by a 
continuous spectrum. That such a case of “band spectra” can actually occur, 
is shown by the example of any periodic g(t) s£const. in (1), with p(t) =1. 


11. 
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Proof of (ii) and (iii). 


(i) is contained in (ii). In order to prove (ii) and (iii), it will be 
sufficient to show that, if A, is a given point of S*, the function a is regular 
and strictly increasing on sõme, sufficiently small, open interval containing Ao. 

Since (11) requires the consideration of complex A-values also, let (2) 
be reworded as 


(4) ACOR? 


According to Weyl [4], p. 238, there belongs to every non-real à a solution 
of (1) satisfying (4), and this solution is unique to a constant factor, (1) 
being of Grenzpunkt type. 

Let Ay be a given point of S*. Denote by «° an a-value corresponding 
to which P(a) contains A», and normalize a° by —4r 0° < $n. Let 0 be 
any real number satisfying @54«° (mod r}. Then, since A, is in the (open) 
complement of S’, a sufficiently small open interval containing A, will not 
contain any point of S(@). For, on the one hand, A, is in P(e), where as 9 
(moda) and, on the other hand, S(@), hence P(@), does not cluster at Ap. 
Hence, there exists about the point A, of the complex A-plane a sufficiently 
small circle having the property that, corresponding to every A within the 
circle, (1) has a solution satisfying (4), and this solution is unique to a 
constant factor and does not satisfy (30). 

It follows that, if A is any point of a sufficiently small circle about Ag, 
there exists a unique (complex) number /=1(A) having the property that 


(5) w= (t, À) 
satisfies the differential equation (1), the (Z°)-condition 


$ 


(6) 0< f JEGA o 
and the initial conditions i 
(7) (0, à) = — sin 0 -+ (À) cos 9, p(0)E (0, A) = cos 6 -+ 1(A) sin 90, 


where 6 is the real constant fixed above. In fact, this definition of 1(A) 
is equivalent to the following representation of the (7)-solution (5): 


(8) E(t, À) = 2, (t, A) HICA) T(t, À), 
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where xı, za is that pair of linearly independent solutions of (1) which is 
determined by the initial conditions 


(9:) zı (0, à) = — sin 6, p(0)2’,(0, A) = cos 6; 
(92) va(0, A) = cos 9, p(0)a72(0, à) = sin 8. 


According to Weyl [4], pp. 226-227, the function 1(A) or the resulting 
analytic continuation is regular in the open upper (and lower) A-half-plane. 
Clearly, 1(X) is real-valued along the real diameter of the circle. 

In contrast to the above definition of (5), let 


(10) © = g(t, A) 
denote that solution of (1) which belongs to the initial conditions 
(11) 2%(0,A) ==— sin 8 + 1(Ao) cos #, =p (0) #’ (0, A) == cos @ ++ I(Ao) sin 4. 


Thus g(t, ào) == E(t, ào), by (7), but, in contrast to the function (5), the 
function (10) is not in general of class L?(0, 0). It becomes of class 
L?(0, 0) at A == ào Az, As," °°; Where the latter sequence (which can be 
finite but, since it contains A», cannot be vacuous) consists of the points of 
the point spectrum P(«°), Put 


b+ 


(12) Wn? = f w(t, An) dt, where 0 < yn < œ (n= 0). 


0 


Besides the eigenfunctions æ (t, An), use will have to be made of Hellinger’s 
eigendifferentials x(t, r)ddé(A) ([8], pp. 252-258) which, according to Weyl 
([4], pp. 289-251), can be introduced, with reference to (1), as follows: 
There exists on the line — œ <A< œ a continuous, non-decreasing func- 
tion @¢ = ¢(A) which is constant on each of the components of the open set 
S* and has the following properties: For every fixed u, where — œ < p < %, 


the function of ¢ 
E 


(13) Bha) = f aaO) 


0 


is of class L°(0, œ), satisfies the homogeneous integro-differential equation 


Py a 
(4) PEPEYE Hau) — f aAA) 
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[which corresponds to (1) if, besides A = p, an infinitesimal vicinity of this 
A == » is also taken into account| and, when combined with the eigenfunctions, 
supplies a complete ortho-normal set. According to Hellinger (loc. cit.), 
the last condition means that, if f(¢) is any continuous function (or Baire 
function) of class 07(0, 0), then Parseval’s relation, 





*/dp(r), 





(15) f [F@|Pat— 3] eQm)]*+ f lao 


holds for thé Fourier constants belonging to the contributions of the point 
spectrum and the continuous spectrum together, i.e., for 


(16) c(An) = f FEEC, An) dt fn [ef. (2), (12)] 
and | 
(17) oa) = f FDD (t, A) dt. 


Parseval’s relation, (15), will be needed for the f(t) represented by (5) 
(for a fixed À £ à). In order to calculate the corresponding Fourier con- 
stants, (16) and (17), use will be made of the following fact: If D denotes 
the differential operator of the case A= 0 of (1), i.e., if 


(18) D(F) = (PPY + af, 


and if f, g are of class (L°) on 0t < œ, have continuous derivatives F, 9’ 
which make the products pf’, pg’ absolutely continuous locally and the func- 
tions D(f), D(g) of class (L?) on OSt< œ, then 


(19) ` : wWrg(t) — 0 as t— œ, 
where wr g(t) denotes. the Wronskian, 
(20) Wig = (Fg — gf) P. 


First, if c—f and «—g are real-valued and, besides satisfying the 
conditions just mentioned, satisfy a common boundary condition, (3a), then 
(19) follows from the relation 


| . - 9 
(21) f mous | Dha 
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and from the usual Green identity. The relation (21) was proved by Weyl 
[4], p. 242; it expresses the self-adjoint character of the problem. Next, if 
the last italicized proviso, without which (21) is not valid, is omitted, then 
(19) remains true, since, in view of (20), the relation (19) has nothing to 
do with the behavior of f(t), g(t) near t=-0. Finally, it is clear from (20) 
that, (19), being true for real-valued f, g, it must be true for complex-valued 


f, g also. 
Let (19) be applied to the pair of function 


(22) f(t) = E(t, A); g(t) == ğ (t, H) 


(which, in view of the defining properties of the functions (5), (13), is 
permissible). Since (5) and (13) are solutions of (1) and (14) respectively, 
(22), (20) and an application of Green’s identity give 


© i l H 
(w—2) f Ei E, u)dt=0—wn(0) + J EENS BCE») dv) a, 
l 0 : , o 0 
the first term, 0, on the right being wysyp(«), by (19). In order to evaluate 
the second term, — wy,(0), on the right, it is sufficient to observe that, on 
the one hand, the function ©(t,) of t satisfies the same homogeneous boun- 
dary condition as does the function (10), and that, on the other hand, the 
first of the functions (22) satisfies the initial condition (7). Hence it is 
clear from (11) that (20) reduces at ¿= 0 to ` 


wig(0) = {1(Ao) — H(A) Je (x) 
in the case (22). 
In view of the last two formula lines, the “ continuous ” Fourier constant, 
(17), of f(t) = E(t, A) is subject to the identity 


(u— A) O(n) = HUQ) —100) ela) H f O) 


But ®(t,0) ==0, by (13), hence ((0) = 0, by (17), and so a partial inte- 
gration gives 
i u 
(u—A) Olu) — | Coa f Orato). 
0 Q 


Consequently, - 


f ondora: 
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This relation means that the Stieltjes-Hellinger differentials of the “ con- 
tinuous Fourier constants,” (17), of f(t) = &(7,A) are given by 


(e —A) dO (u) = (A) — 1 (Ao) db (x). 
A similar calculation shows that the corresponding “ discrete” Fourier con- 
stants, (16), of f(t) = €(#,A) are given by 
(An A) 6 (An) = {I(A) — 1000) }/ ve 


the normalizing factor, 1/wn, on theright being supplied by the integral (12). 
Accordingly, (15) becomes 


J EENI = | 10) — 10) 93 | ea AP S Ladd). 


In addition, it is clear from the above evaluations of the terms of Parseval’s 
relation of f(t) = é(t, A) that 


f | x(t, do) + (A— Ao) WoE (4, A) /{E(A) =2104))) 2 dt 


0 


= [AM [eytt E [An —A | */ pn? f | a —A | dg (n)}. 


The last relation supplies the basis-for the proof of (ii) and (iii). 

First, since the eigenvalues A, do not cluster at Ao, and since ¢(A) is 
constant on ‘an open interval containing A», the expression on the right of 
the last equality tends to 0 as A—> A». Hence, the same is true of the integral 
on the right. Consequently, as A —> Xo, 


(23) Sf | a(t, do) + (A— Ao) Po (E, A) ZCA) — TO) }] dt> 0 


holds for every eee T. From this, it will now be deduced that 
(24) 1* (Xo) == — 1/o, where I*(A) == dl (A) /da 
(whilst ‘= d/dt). | 


Proof of (24). Two cases will be distinguished, according as there does 
or does not exist a y corresponding to which it is possible to choose a sequence 
of real or complex numbers By satisfying 
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(25) (Br) — Lào) ay and Br— ào as k— o.. 
In both cases, use will be made of the identity 
(26) E(t, A) —a (t, A) = {1(A) — 1 (ào) ze (t, A) 


which, since (5) and (10) are solutions of (1), and since a solution s(t) 
of (1) is uniquely determined by a pair of initial constants x(0), 7’(0), 
is clear from (7), (92) and (11). 

In the first case, that is, if there exist values y, £x satisfying (25), the 
identity (26), when combined with the local continuity of the general solution 
of (1), shows that, as k—> œ, the limit relation 


E(t, By) —> E(t, Ao) + ye (ty do) 


holds uniformly on every fixed interval OS ¢=7T < æ. In view of (23), 
this implies that, for every positive T < o, 


p 
lim f | E(t, Be) |? dt exists (+4 œ). 
kep 90 A : 


It follows therefore from (25) and from the case X= x of (23), where 
A— Xo, that either the value of the constant y is 0 or 


T 


f letal at =o 


0 


holds for every T. In other words, either y == 0 or s(t, ào) ==0. Since 
v(t, ào) is an eigenfunction, it follows that y= 0. 

In the second case, specified before (25), there does not exist any y 
corresponding to which it is possible to choose a sequence B1, B2,- © - satisfying 
(25). Hence, the second case is characterized by | 1(A) —I1(Ao)| —> œ as 
A —> ào, where A varies freely (near ào). It follows therefore from (26) that 
Ta(t, A) -> 0, as A—> Apo, holds for every ¢. But this means that z(t, Ay) ==0 
and contains, therefore, a contradiction. 

Accordingly, the second case is impossible, and the first case leads to 
y= 0. In view of the definition of the two cases, specified after (25), 
it now ‘follows that, when A varies freely, 1(A) — (ào) 30 as à — Ap. Con- 


sequently, from (26), 
p 


f Ialt a) — E A)| 2 dt 0 


0 
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aS A— ào Hence it is clear from (2) that 


(A — Ao) o/ {1(A) — 1(Ag)} = 1 as A —> Ao. 


This proves (24), since yo Æ 0, by (12). i 

Completion of the proof of (ii) and (iii). Since the sequence £81, B2,- °° 
occurring in (25) was allowed to be complex, the above proof of (24) implies 
that the derivative of ((A) at the (real) point A == Aà, exists even if AA 
in [L(A ++ AA) —1 (Ao) ]/AA, where AX > 0, is complex. In other words, the 
function [{A) of the complex variable A is differentiable at the point À = ào 
of the real axis. On the other hand, (à) is differentiable at every non-real.a, 
since it is clear from Weyl’s theory ([4], pp. 226-227) that 7(A) is regular 
in the open upper and lower halves of the A-plane. -But A, was chosen to be 
any real number not contained in &. Consequently, 1(A) is differentiable 
at every point of a circle m the complex A-plane having as its center the real 
point à = ào Hence, I(à) is regular at A == Ap. 

From now on, A will be assumed to be real and near Ay. Then (A) is 
real-valued. Furthermore, the function L(A) is decreasing at A= Xo, by (24) 
and (12). Since (A) is regular at À == ào, it is decreasing near À = Apo also. 
Finally, 1(A) is continuous at and near A = ào. It follows that if « and @ 
are the constants chosen, with reference to A», at the beginning of the section 
which follows (4), then . 


(27) a) = 4r + 6—are tan LHA) 
and the initial determination ay == a° define, on an open interval about Ao, 


a unique continuous function, a). 


According to (27) and (7), 
E(0,A) sin a — p(0) (0, A) cos a = 0. 


This means that the solution (5) of (1) satisfies the case œ = of the 
boundary condition (3a). Furthermore, the solution (5) satisfies (6); so 
that, since (5) is now real-valued, 


4) 


(i2bis) > BAl= f erat, where 0 < Y (A) < œ, 


0 


defines near Ay a function, y(A), satisfying 


(28) | day/dd = {1 + 12(A)}*/y(a) > 0. 
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In fact, (28) follows from (27) and (24), if the A, of (24), which is any 
point of S*, is called À. 

Since /(A) is regular at Ao, it is seen from (28), and from the remark 
made before (4), that the proof of (11) and (ii1) is now complete. 


Remark. The last two formula lines show that, if (5) is replaced by 
its constant multiple 


w(t) = {[1 + P(A) Jda/darje(t, a), 


then, besides (1) and (3%), (2) will ‘be satisfied by a(t) =a (t). It is 
easily realized that not only the normalizing constant, x*(¢)/é(t, A), is regular 
function on every A-interval Jy but that the same holds for the (Z?)-solution 
a\(t) itself, if the latter is thought of as a function of A while ¢ is fixed on 
the half-line Ot < œ of (1). 


Appendix. 


As above, let S° denote the set of those real numbers A° corresponding 
to which the differential equation (1); which is supposed to be of Grenzpunkt 
type, has a solution satisfying (2) whenever A is in a sufficiently small 
interval (A°—«,A° +e). > 

With reference to a fixed choice of the boundary condition (3a), let 
S(a), P(a) and Q(a) respectively denote the spectrum, the point spectrum 
and the continuous spectrum (the latter is defined as the complement of the 
set of the greatest open A-intervals on which, in the above notations, Hellinger’s 
continuous function (A) = ¢.2(A) is constant). Thus S(a) = Q(a) + P(e) 
+- P’(a) and S’(a) =@Q(a) + P’(a), if A’ denotes the set of the cluster 
points of a A-set A. 

In connection with his proof of the fact that S’(«) is independent of 
a, Weyl [4], pp. 251-252 points out that each of the two terms, G(«) and 
P (a), of S =S (a) might be, but has not been proved to be, independent 
of «. While this question will remain unanswered, ù partial result can be 
deduced by the method used above. In fact, the following theorem will be 
proved: 


(T) The open set 8? does not contain any point of any of the continuous - 
spectra Q (æ), — $r ss a < $r, which are determined by a boundary condition 
(3a) and a differential equation (1) of Grenzpunkt type. 


In view of the parallel standing of Q(«) and P’(a) in 8’, it is natural 
to expect that (I) should remain true if Q(«) is replaced by P’(a). But all 
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that the method leading to (I) will supply in this regard can be formulated 
as follows: 


(II) In the notations of (I), the closure of any of the point spectra 
P(a), where —}nx Sa < fr, is nowhere dense on the open set S°; what is 
more, no subset of any of the intersections P(a)S° is dense on itself. 


In order to prove (I) and (II), let an a°, where — dr = a < $x, be 
arbitrarily fixed, and let z= s(t; àA), where — œ <A< œ, denote that 
solution of (1) which is determined -by the initial conditions 


£(0;A) = cos a°, p(0)2°(0;A) = sin œ. 


Clearly, the solution æ(t;à) thus defined differs from the above solution 
x(t, à), defined by (11), only in a constant factor. In particular, s = s(t; A) 
satisfies (30°). Hence, if Ao, A1,° © © denotes the (finite or infinite) sequence 
which forms the point spectrum P(@°), then the respective eigenfunctions 
can be chosen to be z(t; ào), (t3A1),° ©. Similarly, the eigendifferentials 
corresponding to the points A of Q(a°) are of the form x(t; A)d¢(A), where 
the monotone function (à) depends on the choice of «°. Obviously, formulae 
(12)-(17) remain applicable. 

Let A be a point of the open set S°, defined above. Then (1) has a real- 
valued, non-trivial (Z?)-solution. Let this solution, which is unique to a 
constant factor, be denoted by w==&(t;A). Since the values of é and & at 
¿== 0 can be multiplied by any real, non-vanishing constant, they can be 
normalized by . 


(0; A) = cos qg, p(0)é(0;A) = cos g, 


where « = œa (à) is unique mod ~m. Clearly, the solution æ= é(żŁ; A) thus 
defined differs from the above solution # == é(t,A), defined by (7), only in a 
constant’ factor. 

Let Parseval’s relation, (15), be applied to f(t) = €(¢;A) (instead of to 
f(t) =é(#,A), as above). To this end, it is sufficient to observe that, in 
view of the last two formula lines, the value of the Wronskian (20) at t == 9 
now reduces to 

wWrg(0) = p (p) sin (a— a), with a==a(A), 


if (22) is replaced by f(t) = é(t; à), g(t) = ®(¢,) ; cf. (13), where z(t, A) 
must be replaced by 2(¢;A)}. Correspondingly, it is seen from the above 
calculation of the Fourier constants, (16) and (17), of f(t) = E(t, A) that 
the Fourier constants of f(t) = é(t;A) are given by 
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(an o  {8in(a®—2)}/py (=A) 20 (p) — {ain (a° — a) }4D(p). 


Consequently, the explicit form of the case f(t) = é(t;A) of (15) can 
be written as 


f é (t; ) dé /sin? (a! — a) =A (å) + B(A) 


if sin («° — a) +40, where à is any point of S°, and A (à), B(A) are defined 
by 


A) = f (e—a iela) BO) = 3 (An — A), 


It follows that A(A) < œ and B(A) < œ, provided that the point A 
of 9° is such that the corresponding a ==a(à), defined above, satisfies the 
proviso sin (@®°—-a)540. Clearly, this proviso, a(A)s<«° (modxr), is 
satisfied if and only if A is not in P(«°). Accordingly, A(A) < œ and 
B(A) < œ hold for all those points A of 8° which are not in P(a®). From 
this result, it will now be easy to deduce both (I) and (II). 


Proof of (1). Let S°—=3J* be the decomposition of the open set S° 
into mutually disjoint, open intervals J* (one of which can be a half-line), 
and let J == J (à) denote that J‘ which contains a given point, A, of 5°. The 
assertion of (I) is equivalent to the statement that the monotone function 
(a), occurring in the above definition of A(A), is constant on the p-interval 
J. In fact, while it is true that the function ¢(u) depends on the choice of 
the @==a° which determines the continuous spectrum Q(a) = Q(@°), the 
angle «° has above been chosen arbitrarily. 

Suppose that the point A of J is not in P(«°). Then A(A) < œ. Hence, 
by the definition of A(A), and since ¢(y) is monotone, 


Ate . 
>| | =at lE lA e) Ae, 
A 


where e > 0 is arbitrary. Consequently, if A is not in P(«°), the derivative 
dp(A)/dx exists and is 0. Since (p) is monotone and continuous, and 
since the point spectrum P(a°) is enumerable (at most), it follows, first, that 
(A) is absolutely continuous and then, that (A) is constant on J. 


Proof of (II). If A is in 8° but not in P(e), then B(A) < œ. But 
B(A) was defined as a Borel series of the form B(A) = Xen/(A— An)”, where 
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the coefficients Cn == 1/y,” are positive. Since the values A» occurring in the 
denominators form the sequence which constitutes the point spectrum P (a°), 
it follows that the series Xce,/(A— An)? is convergent at all those points of 
the open set S° which are distinct from every An. Hence, (II) follows from 
classical properties of the A-set on which a Borel series must diverge; cf. e. g., 
[1], pp. 814-815. ` 


Remark. Let M == M(«°) denote the sequence, say py = p (4°), 
po == po(@°),- - -, of those eigenvalues A, == .2,(%°) which are contained in 
an open interval, J. If it could be proved that the corresponding Borel series, 
say 3b./(A— pn)", where bn > 0, cannot converge at every point of J — M 
unless the set of the cluster points of M is enumerable (at most), it would 
follow that the set which (II) claims to be nowhere dense is enumerable as 
well. In view of (I), this would prove that the intersection of S° and 
S == O(a) + P’(a), besides being nowhere dense, is enumerable (at most). 
It would still not follow that S° is entirely free of points of S’. 
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ADDITIVE GROUPS AND LINEAR MANIFOLDS OF TRANS. 
FORMATIONS BETWEEN BANACH SPACES.* 1 


` By Bertram Yoo. 


1. Introduction. In this paper we consider the space A(X, %9) of all 
bounded linear transformations with domain X and range in 9, where X and 
2) are Banach spaces with complex scalars. We study A(X, 9)) in the uniform, 
strong, weak, finite and weakly finite topologies. It is our main purpose to 
obtain formulas for the closure of certain classes of. additive groups and 
linear manifolds in A(X, %9) in these topologies (except the uniform). The 
first step in this direction is the demonstration in 2 that the closure of a set 
B in A(X, 9) is contained in a set related to B (which may vary with the 
topologies). Then it is shown that, under appropriate conditions, the closure 
of additive groups and linear manifolds attains this maximum possible size. 
To a large extent the arguments are algebraic. These are based on the theory 
of rings as developed by Jacobson in [5, 6, 7]. If the notion of ideal is 
defined in a natural way (5.1), the closure in the strong and weak topologies 
of each of these groups and. linear manifolds is the intersection of the smallest 
weakly closed left and right ideals containing the given set. 

In the use of Jacobson’s ideas in this connection the following difficulty 
arises. Let B be a one-fold transitive ring in A(X,X). (We are using the 
terminology of Jacobson '[5]). By the results of Jacobson [5], B is dense, 
' in the sense that for any two sets £i, © -,%n3 Yi," °°, Yn of vectors where 
the members of the first set are linearly independent (with respect to the 
complex scalars) there exists a T eB such that T(a:) = yi, t= 1,° ';n, 
if and only if the centralizer of B in the set of all additive transformations 
defined on X is the set of all complex scalar multiples of the identity trans- 
formation. We have been unable to verify or refute the statement that a 
one-fold transitive ring B here has both these properties. But we do show 
that this is true if B is an algebra closed in the uniform topology. This is 
sufficient to show that any one-fold transitive algebra in A(X,X) is dense 
in the strong and weak topologies of A(X, X). 





* Received July 9, 1948. 

+ Presented to the American Mathematical Society, February 22, 1947, under the 
title On ideals in operator rings over Banach spaces. This is a revised version of a 
portion of the author’s dissertation, Yale University, June 1947. 
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In 5 we consider ideals in A(¥,9) and certain quotient (difference) 
spaces which can be defined in terms of subgroups. In 6 we discuss the 
notion of centralizer. 

The author wishes to express his gratitude to Professors Nelson Dunford 
and C. E. Rickart for their suggestions and encouragement in the writing of 
this paper. 


2. Preliminaries. Let X and Y be two Banach spaces and let A(Z, 9) 
be the class of all bounded ‘linear transformations with domain Æ and range 
in Y. Under the usual definitions of addition and multiplication by complex 
scalars, A(X, Y) is a linear space. When X= 9) we have the additional 
operation of multiplication, V = TU defined by the relation V(x) = T[U(z)]. 

Following the ideas of von Neumann [10] we consider the uniform, 
strong and weak topologies for A(X,9)). The uniform topology is the 
Banach space topology obtained by defining a norm for transformations, 
| T| sup | T(z)], [s] S1. A strong neighborhood of T, is any set of 
the form N[To; 21, © -,%n;¢€] which is composed of all transformations T 
in A(X, 2)) such that | T (zr) — Tola) || < e kh == 1,-- -,n where T:>’, Enr 
are elements of X and e > 0. A weak neighborhood is any set N[To; t1: t t, £n; 
Y1”, © *,Yn*; e] composed of transformations T eA(¥, %9) satisfying the 
relations | ys*[T (ax) ] — ys* [To (2r) ]| < e k= 1,: < -, n, where the xs and 
e are described above and y,*,-- -,yn* are n arbitrary elements of 9)*, the 
conjugate space of Y. The finite topology is described by Jacobson [7, p. 11]. 
A finite neighborhood of T, is any set N[To321,° © +, £n] which consists of 
all Te A(X, Y) such that T(z) = To(ax), k==1,:--,n. A weakly finite 
neighborhood of Te is any set N[To; ti, © t, Bn} Y1% Yn] of all © 
Te A(X, 9) such that y“ [T (ax) ] = yr* [To (2%) ], k = 1,- n. All neigh- 
borhoods are obtained by varying To, «, e, Yë, n over their domains of 
definition. 


Let B be any subset of A(X,%). Connected with B are two sets 
M(B) CX and N(BY'C Y defined by 


M(B) = {xe ¥ | T(x) —0 for every Te B} 

N(B) = {ye Y | y =T (x) for some Te B, seg}. 
We use the notation {x | P} to mean the set of all œ with the property P. 
M(B) is necessarily a closed linear manifold of X. N(B) has the property’ 


that if ye N(B) and à is a scalar, then Aye N(B). However examples can 
be readily supplied to show that N(B) need not be a linear manifold, even 
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if B is a linear manifold in A(X, %9). Consider, for instance, the linear 
manifold generated by two 1— 1 transformations whose ranges have only the 
zero element of Y in common. We let 3t,(B) designate the linear manifold 
in Y generated by N(B). 


2.1. THEOREM. The closure of a set BC A(Z, 9)) in the finite, strong 
and weak topologies is contained in the following sets, respectively, 


(1) {Te A(¥,9)| M(T) D M(B), R(T) CR(B)} 
(2) {Te A(¥,Y)| M(T) D MCB), N(T) CR(B)} 
(3) {Te A(#,9)| M(L) D M(B), N(T) C Ri (B)}. 


The closure of B in the weakly finite topology is contained in (3). 


That the closure of B in’ the finite topology is contained in (1) follows 
directly from the definitions. Of all the topologies considered here, the weak 
topology is the weakest in the sense that the closure of a set in it is at least 
as large as is the closure in any of the other topologies. Suppose that 
T(x) = y £0 for some te M(B). Let y*eQ* have the property that 
y*(y) =1. Then no Te B is in the weak neighborhood N[To; £; y*;4] of 
Ty. Thus for T in the closure of B in any of the topologies, M(T) D M(B). 

If T(z) = y, y £R(B) for some eX, then no Te B is in the strong 
neighborhood N[To;£; p] of To, where p is the distance from y to N(B). 
This proves the statement on the strong topology. Suppose that for some 
weX, To(t) = Yo Yok Nı(B). Then there exists a linear functional y* e Y* 
such that y* (yo) =1 while y*(y) —0 for ye (B). No TeB is in the 
weak neighborhood N[T,; x; y*; $] of To This proves the statements for 
the weak and weakly finite topologies. 

Next let G be an additive group of transformations in A(Æ, 89). Con- 
nected with G are a number of rings of transformations. Let 


R,(G) = {Te A(Y,9)| TU eG for every Ve G} 
R.(G) ={TeA(¥,x)| UT eG for every Ue G}. 











It is readily verified that the group property of G implies that R,(G@) and 
R.(G) are rings of transformations in A(9, %9) and A(X, X) respectively. 

Every T e R,(G) has the property that T(y) EN(G) if ye R(G). For 
if otherwise T(y,) =y, yieN(G), yoEN(G), then by the definition of 
N(G) there exists Us Q and eX such that U(x) =y, TU(r) =y so 
that TU £ G, contrary to the definition of R, (G). Thus the image of R, (G) 
is contained in 9,(G@) for every Te R,(G). Let 7” be the contraction of T 
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to the ‘domain 9,(@). Then the mapping T —> T defined for T e R,(G) is 
a ring homomorphism under which the image of R, (G) is again a ring 
which we shall call Ri(G). Rı(G) is a ring of transformations from Jt, (G) 
to Ri (G). 

_ By precisely the same reasoning, every T’'c R.(G) takes M(G) into 
M(G). We consider the difference (quotient) space of X modulo M(G), 
X/M(G). It is well known, see [2, p. 232], that if we define the norm 
| W | of a coset W as | Wi] infil z ||, ce W, then X/9i(G) is a Banach 
space. We use the notation 2’ to designate the coset of X/9%(G) which con- 
tains v. Since each T e R.(G) vanishes on Mt(G), each Te R.(G@) defines a 
transformation T” from X to X/M(G) by the rule T(x) = [T(x)]’. Since 
[2'()|SIT@ISITI del, PL YSU, and 7” is bounded. ` Also 
as T(x) = 0’ for ve M(G@), we can define T” (x) = T' (<) as a trans- 
formation from X/M(G) to itself. For each vez’, || T(x) S|] 7’ | e. 
Clearly | T” | s || 7’ || so that T” is bounded. The correspondence ‘'—> 1” 
has the properties (T+ U)” == T” + U”; (TU)” = T”U”. The latter 
property holds since TU” (x) = T”UU (x) |)’ = [TU (£) = (TUY (x). 
Thus the correspondence T —> T” takes the ring Ra(G) into a ring E, (G) of 
bounded linear transformations from ¥/M(G) to itself. R,(G) is defined 
unambiguously by G. 

As a bridge between the closure in the finite topology and that in the 
strong and weak topologies we shall use the following result. 


2.2. THEOREM. Let BC A(X, 9) have the property that its closure in 
the finite topology is the set (1) of Theorem 2.1. Then its closure in the 
strong topology is the set (2) of Theorem 2.1. If M(B) is a linear manifold, 
this is also its closure in the weak topology. 


Let T, be in the set (2) of Theorem 2.1 and let N[To32,,- > +, %n;e] 
be a strong neighborhood of Te. By renumbering, if necessary, we may 
suppose that tı, - -,2, is a linearly independent subset of 2,,- - `, &n which 
generates the same linear manifold. Then we can write 


£i == Ș date pee rte dys yn. 
k=l 
Since (7) C M(B) we can select vectors y: € N(B) such that || y: — Tole JI; 
< min {e,¢/rA} for i=1,---,r where A = max | a| forrr+isisn | 


and 1<k=r. Now the closure, B, of B in the strong topology contains its 
closure in the finite topology. Then by hypothesis we can select T eB such 
that T(x) == yi,+==1,---,7r. For these values of i, || T(a:) — Toal < $ 
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and a simple computation shows that this is also true for t =fr + 1,- n. 
Consequently Toe Ë= B. Then by Theorem 2.1, B is the set (2) of 
Theorem 2.1. Again by Theorem 2.1, if N(B) is a linear manifold, the 
set (2) is the closure in the weak topology. 

We conclude this section with a necessary condition on strong closure. 


2.3 LEMMA. Let %%,---+,%, be n linearly independent vectors in a 
Banach space X. Then there exists a number e > 0 such that if | ys — a; | <<, 
yic X, t= 1, --+,n, the vectors y; are linearly independent. 


Let I be the identity transformation from Æ to itself. Let «;* be linear 
functionals defined on ¥ such that z” (xi) = bij 1,7 = 1, n. We form 
the transformation 


T(2) =1(2) + È z (2) (yi — 2) 
It is readily verified that T is a bounded linear transformation and that 


I1—T| SÈ | a" |I ys—a |. 


Thus if we select e=-4nA where A = max | @v:# ||, | 7—T] <4. From 
this it follows (see, for example, Gelfand [4, p. 4]) that T is an isomorphism. 
But T (xvi) = yi, t==1,: ++, and thus the y’s are linearly independent. 


2.4. THEOREM. Let B be any set in A(X, 9). In order that To be in 
the closure of B in the strong topology it is necessary that, whenever £, ``, En 
in E and To(x1),° © +, To(an) in Y, each linearly independent sets of vectors, 
there exists a transformation T eB such that the vectors T(a,),° `>, T (an) 
are linearly independent. 


Consider the e of Lemma 2.3 for the vectors To(2,),- © -,To(@a) of Y. 
Every T in the strong neighborhood N[To; t: *-,8n;e] of T, has the 
property that T (a), © +, T(n») are linearly independent. 


3. On some closure formulas. We begin with the finite topology. For 
the notions of irreducibility and density see Jacobson [5]. 


3.1. THEOREM. Let G be an additive group in A(X, 9). If Bi(G) 
is a two-fold transitive ring of transformations from N(G) to M(G) then the 
closure of G in the finite topology is the set of all T in A(X, 9) such that 
M(T) OMG) and R(T) CMG). 


By Theorem 2.1, the closure of G in the finite topology is contained in 
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the set of this theorem. To show that every transformation of the set is in 
the closure in the finite topology it is sufficient to show that if ™,°* +, £n 
are any. vectors in X, linearly independent modulo Mt(G) and if y1,° °°, Yn 
are any n vectors in Nt (G), then there exists a transformation T e G such that . 
T (4) = yi, t= l,e, M , : f 

We proceed by induction. Let cg M(G), yeN(G). Then there exists 
T e G such that T(r) £0. As y and T (æ) are in N(G), by hypothesis there 
exists U e Ri(G) such that U[T (<)] = y. Since UT e G, the proof for n == 1 
is complete. For n =} we consider v, and za in X any two vectors linearly 
independent modulo M(G) and y, and y. in ¥(G). By the case n == 1 and 
the fact that G is an additive group there will exist T e G such that T(2:) = Yi 
i = 1, 2, if we can always find a T e G such that T(27,) = 0 while T(z.) «0. 
We suppose that no such T exists in G. By the two-fold transitive nature of 
Ri(G), this implies that for every TeG, T(z) and T(z.) are linearly 
dependent. As shown by Jacobson [5, p. 232] the mapping y == T (z1) —> T(z.) 
== V(y) is single-valued and defined everywhere in NG). Furthermore, 
since G is an additive group and one-fold transitive, the domain N(G) of 
this mapping is closed under addition and V is additive on %(G). Moreover 
N(G) has the property that if ye N(G), then Aye M(G) for each scalar aA. 
Thus 9%(G) is a linéar manifold. We show that V is homogeneous on 3t(G). 
For every ye (G), there exist scalars « and 8 not both zero such that 
ay + BV(y)=0. If B40, then V(y) is a multiple of y while if B= 0, 
then as a540 we have y—0 and again V(y) is a multiple of y. Given 
_ y = T (x,) 40 and a scalar «540, we have a transformation U e Rı(G@) such 
that UT (2,) = ay. If T(z) = 0, then V(y) = V(ay) =aV(y) =0. If 
T (x2) Æ 0, then also T(z) 40 and T (z2) = pT (21), p54 0. Since UT (2) 
= aT (xı), it follows that UT (x2) = aT (x2). Thus V(ay) = UT (ae) = aV (y). 
To see that V (y) is always the same multiple of y we need now consider only 
linearly independent y’s. If V(y:) = yı, V (Y2) == eyo where y, and ye are . 
linearly independent in N(G), then V (yı + Y2) = ta (Yı + Yo) = Yı F E2 
and gı = @: =a; .Thus V(y)==ay for some scalar « and therefore 
T (£a — axı) = 0 for every T'e @. This contradicts the fact that v, and 2 
were chosen linearly independent modulo M (G). 

The induction argument for n œ> 2 proceeds along the lines of the 
analogous portion of the induction used by Jacobson [5, Theorem 6]. We 
suppose that the theorem is true for n— 1. As above, it is sufficient to show 
that for 2,;- - -,@» linearly independent modulo M(G) there exists a trans- 
formation Te G@ such that T'(a,) => - -= T (tra) = 0, T(a,) 0. Con- 
sider the subgroup G’ of G of all ZeG which vanish on %,° - -, @n-2. 
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M(G’) contains M(G) and t,- >, €n but, by induction hypothesis, no 
non-trivial linear combination of £n- and zn. Thus £a-ı and a are linearly 
independent modulo Jt(G’). Then since #,(G’) 2 Ri(G), we may use the 
. first part of the proof to assert the existence of a transformation T e G’ such 
that T (En-1) = 0, T'(an) A 0. This completes the induction. 

In the course of the proof we showed the following. 


3.2. COROLLARY. Under the hypotheses of Theorem 3.1, R(G) is a 
linear manifold. i ; 


3.3. COROLLARY. Under the hypotheses of Theorem 3.1 the closure of 
G in the strong and weak topologies is the set of all Te A(X, 9) such that 
M(T) OMG) and R(T) C RG). 


This follows immediately from Theorem 3. 1, Corollary 3. 2 and Theorem 
2.2. 


3.4. THEOREM. - Let G be an addttwe group in A(X, 9). If Br(G) is 
a-two-fold transitive ring of transformations from X/W(G) to itself then the 
closure of G in the finite topology is the set of all Te A(X,Y) such that 
M(T) OM(G) and R(T) CMR(E). 





As in Theorem 38.1 it is sufficient to show that if %1, ` °, n are any n 
vectors of X linearly independent modulo Mt(G@) and if y1,---,ya are in 
N(G) then there exists a transformation TeG such that T(z) —y, 
1=1,:-:-,n. By the definition of 9%(G) there exist vectors z; in X and 
transformations U: e G such that Ui(z:) = yi, t= 1,-+-,2. As shown by 
Jacobson [5, Theorem 6], #,(G) is a dense ring of transformations from 
x/M(G) to itself. Using the notation of section 2, where A,(G) is defined, 
we see that there exist transformations V; in #,(G) such that Vi(a#.’) = PA 
and Vile) = 0 for 7544, i, } = 1,:> >, n. Let T; be any transformation 


in Ra(G) such that T” ~Vi,i—1,---,n. Then $ U:T: eG and as each 
U: vanishes on M(G), 7 
$; U:Ti (2) = UT i(e) = Uie) = yy 
This completes the proof. 
We note that under the hypothesis of the theorem, (G) is necessarily 
a linear manifold. For let 5 Asys be a linear combination of vectors in N(G). 


i=t 
Then using the notation of the proof, 
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> UTi Baa) = X Niyi 
4zi j=l 4=1 
Thus, as in the case of Corollary 3.3, we have the following result. 


3.5. COROLLARY. Under the hypotheses of Theorem 3.4, the closure 
of Gin the strong and weak topologies is the set of all Te A(X, Y) such that 
M(T) DME) and N(T) CRG). 


We can express the results of Corollaries 3.3 and 3.5 in another way 
by introducing the concept of annihilator. 


3.6. DEFINITION. Let BC A(X, 9). By the left (right) annihalator 
of B we mean the set B'( Br) of all Ue A(Y, X) such that UT = 0 (TU =0) 
for every T eB. 


The following is readily verified. 


3.7% Lemma. B! is the set of all Uc A(Y,X) such that U(y) =0 for 
every ye%t,(B). Bris the set of all Uc A(Y,X) such that N(V) C M(B). 





If we set BY = (B')", B"! == (Br)! then, by Lemma 3. 7, 
Bi — {T £ A(Z, Y)| NT) CRB}, Bt — {T e A, 9)| MT) D M(B)}. 
Thus we have the following result. 


3. 8. THEOREM. Under the conditions of Corollary 3.8 or Corollary 3. 5, 
the closure of the additive group G in either the strong or weak topology is 
the set Gr? N) GY. 


We show next that if 9) is an infinite dimensional Banach space there 
is always an additive group G in A(X,Y) satisfying the conditions of 
Corollaries 3.3 and 3.5 such that the formula of Theorem 3.8 properly 
contains the closure of G in the finite topology. This follows from the fact 
that Y must always contain a submanifold which is not closed. This may be 
seen as follows. There exists a sequence {yn} of vectors in Y such that no 
finite subset is linearly dependent. Let Jt be the linear manifold in Y 
generated by {yn}. If 9 is closed then {yn} is a Hamel basis for the Banach 
space Jt. But Mackey [9, p. 159] has shown that the power of the Hamel basis 
for an infinite-dimensional Banach space is at least that of the continuum. 
Hence N is not closed. The additive group G = {Te A(X, Y)| R(T) CN} 
is closed in the finite topology by Theorem 3.1, say, but has the larger closure 
Grif) G in the strong and weak topologies. 
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4, On linear manifolds closed in the uniform topology. We now relate 
the property of a linear manifold being closed in the uniform topology of 
A(X, 9) to its having the maximum possible closure in the strong and weak 
topologies. We begin with a study of irreducible algebras in A(X,X). By 
an algebra is meant here a set which is both a linear manifold and a ring. 
The term dense is defined in 1. 


4.1. THEOREM. An irreducible algebra W in A(X, X), closed in the 
uniform topology, is dense in A(X, £). | 


Let us suppose that Y is not two-fold transitive. This gives us (Jacobson 
[5, p. 232]) two linearly independent elements of X, x, and sz, such that for 
no Te do we have T(2,) = 0 and T(x) 540. As shown by Jacobson this 
defines an additive mapping V: T(z) —>T (s) of Æ into itself which com- 
mutes with every Te WU. Since Y is a linear manifold, V (As) ==AV (x) for 
each scalar A. Now since VT = TV for every Te% it is impossible that 
V(x) =0 for 540, for otherwise we can choose T such that T(x) == y 
where V(y) 540, arriving at a contradiction. Next we consider the mappings 
W; of UW into X defined by 


Wi(T) = T (2) nanos 


Each W; is a homogeneous and additive transformation defined on the Banach 
space Y (in the uniform topology) and is bounded since 


[Webi Ped SeT. 


By the irreducibility of M each of these transformations has X as its range. 
Since V is 1— 1, W,(7) =—0 if and only if W.(T) 0. We let MCW 
be the closed linear manifold for which W,(7) = W2(7) =0. The quotient 
space ¥/M is a Banach space with the norm of each coset L given by 
| Lior inf | Ty, TeL. We define transformations Wr (L) on A/M to Æ 
by the rule 

W/(L) =W,(T), TeL, : i == 1, 2. 


Each W,’ is linear and bounded for 
I We =| PTDI Sl vel | 7] 


for each T e L, hence | W? (D&W: LI. In fact it may be shown that 
| W7 |= | We |]. By a well-known theorem of Banach [2, p. 41], W’ is 
an isomorphism between W/M and X and W,’-! is bounded. From the relation 
Wg WW = Wy it may be seen that Wy W> (£) = V(2) for all eX. Con- 
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sequently V is continuous. Since M is irreducible, by a lemma of Bochner and 
Phillips [3, p. 412] it follows that V is a multiple of the identity trans- 
formation. Thus there is a scalar A such that V(x) —Az, whence 
T (z — àx) ==0 for every Te. Again by the irreducibility of 4, 
Ta — AT, == 0, which contradicts the fact that z} and gz, were chosen to be 
linearly independent. Thus M is two-fold transitive and by -the results of 
Jacobson [5, p. 233], W is dense. 


4.2. COROLLARY. An irreducible algebra U in A(X, Z) is dense in the 
strong and weak topologies. 


The closure Ñ of Y in the uniform topology is an irreducible algebra. 
I is contained in the closure of Y in the strong and weak topologies. Conse- 
quently the closure of Ñ in the strong and weak topologies is the same as the 
closure of X in these topologies. By Theorem 4.1, Ñ is dense, hence deuse 
in the strong and weak topologies. 


4.3. COROLLARY. If B is a linear manifold in A(X, 9) which is closed 
in the uniform topology when considered as a linear manifold in 
A(X/M(B),Y) and if R.(B) is irreducible, then the closure of B in the 
finite topology is the set of all Te A(X,Y) such that M(T) D M(B) and 
M(T) CMB). 


The assumption on closure implies that #,(B) is closed. It is also 
readily verified that #,(B) is a linear manifold and therefore an irreducible 
algebra. The conclusion then follows from Theorems 4.1 and 3. 4. 


4.4. COROLLARY.: If B is a linear manifold in A(X,Y) with N(B) 
closed in Y, B closed in the uniform topology and Rı(B) irreducible, then 
the conclusion of Corollary 4.3 holds for the fimte, weak, strong and weakly . 
finite topologies. 


We show first that N(B) is a linear manifold in Y. If y,eR(B), we, 
tof M(B), then there exists a transformation T:e B such that T(z) £0, 
and thus by hypothesis such that T; (tv) = yi, t = 1,2. Then (7, + 7.) (x) 
= J, + Yo and M(B) is a linear manifold and therefore a Banach space. 
By the closure of B, 2:(B) is closed in the uniform topology of A(R(B), R(B)). 
By Theorems 4.1 and 3.1 the closure in the finite topology is the desired set. 
Since N(B) is a closed linear manifold, by Theorem: 2.1 this is also the 
closure in the strong, weak and weakly finite topologies. 
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5, Ideals and quotient spaces in A(Z, 9). By analogy we formulate 
the following definition. 


© 75.1. DEFINITION. An additive group G in A(¥, 9) is called a left 
(right) ideal in A(X, Y) tf Ry (G) = AY, VY) (£2(G) = A(X, X)). 

5.2. THEOREM. If G is a lefi ideal in A(X, Y) its closure in the finite, 
strong, weak and weakly finite topologies is the set Gr. If G is a right 
ideal tts closure in the finite topology is the set of all Te A(X, Y) such that 
M(T) CRE). Its closure in the strong and weak topologies is the set G”. 


This follows readily from the result: of section 8. It is then seen that a 
left (right) ideal is weakly closed if and. only if it is the right (left) anni- 
hilator of some set in A(Y,X). From this we conclude the following results. 


' 5.83. COROLLARY. The lattice of closed linear subspaces of ¥(Q) iS 180- 
morphic to the lattice of left (right) anmhilators in A(Z, 9). 


For the case X = 9) this was given for right annihilators by Kakutani 
and Mackey [8, p. 53]. 


5.4. COROLLARY. Let B be any subset of A(X,Y). Then B"! (B!) 
is the smallest weakly closed left (right) ideal in A(X, 9) which contains B. 


It is clear that Br’ (B?) is a weakly closed left (right) ideal in A(X, 9) 
containing B. On the other hand, if # is a weakly closed left ideal containing 
B, then Et C Br, Bt? D Br and E = Er". Thus E D B” 


5.5. COROLLARY. For a left ideal G in A(X, 9) the following state- 
menis are equivalent. 


(1) G is one-fold transitive. 

(2) G is dense in the finite topology. 

(3) G is dense in the weakly finite topology. 

(4) G is dense in the strong topology. 

(5) G is dense in the weak topology. ` 
That (1) implies (2) follows from Theorem 3.1. Only the implication 
(5) — (1) need be shown. Suppose that G is not one-fold transitive. Then 
there exists 2540 in X and yae Y such that T (zo) = yo is impossible for 


TeG. By the left ideal property, T(z.) = 0 for every Te G. Let T£ A(X, Y) 
have the property that T)(x)) == y s4 0 and suppose y* e Y* has the property 
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y” (y) =1. Then no Te@ is in the weak neighborhood N[To; t0; y*3 4] 
which is contradictory to (5). 

We consider next the left ideal Ai(%t) of A(X,9) where As(M) 
= {Te A(¥,9)| T(x) —0 for every xe M} and WM is a closed linear mani- 
fold in X, and A(N) = {Te A(X, Y)| T(x) eM for every se X} where M is 
a linear manifold in Y. In particular we investigate the difference (quotient) 


spaces A;(Mt)/Ai(M) N Ar(M) and A,(M)/Ar(M) N Ar(M). 


5.6. THEOREM. Let Mt and N be closed linear manifolds in X and Y 
respectively. The quotient space Ay(M)/Ar(M) N A (N) possesses a linear 
continuous 1 — 1 image which is dense in the finite topology of A(X/M, Y/N). 
If there exists a projection of Y on MN the image is all of A(X/M, Y/N) and 
the correspondence is an isomorphism. 


Let C be the quotient space in question. Since A,(M?) and A,(9) are 
closed in A(X, J) in the uniform topology, C, with the customary definition 
of norm for quotient spaces, is a Banach Space. Let T, and Te be two 
transformations in A;(9t). They belong to the same coset in C if and only 
if the range of Tı — T is in N; i.e., if T, (x) and T.(z) are always in the 
same coset of Y modulo N. Now for any TeAi(M), T(x) has the same 
value over any coset of X modulo WM. To every coset Le C there corresponds 
a transformation T” from X/Mt to Y/N defined as follows. Let ve X/M, 
LeC, T be a representative of L and x a representative of 2’ Then we take 
T’ (æ) as the coset of Y/N which contains T(x). The correspondence L —> T” 
is readily shown to be additive and homogeneous. Since 


| PCa’) | int y | Sint | P(o) |S int | TV | 
ye g LEX BOR 
=) TIN, 


where T is any representative of Z we see that {PISZ}, that . 
T'e A(X/M, Y/N), and that the mapping is continuous. It is 1—1, for 
if T’ = 0 is the image of L then for every T eL, T(x) eM for every x and 
TeA,(3t), whence L is the zero of C. 

To see that the image is dense we consider n linearly independent elements 
wy’, © +, Br of ¥/M and any n elements y1’,- © +, Yn’ of Y/N. If w,- ++, en; 
Yi," © `, Yn are representatives of these cosets and we choose T e A,(Mt) such 
that T (z:) = yi, 1—1,- - -,n, then the image T” of the coset containing T 
has the property that T(r) = yi’, t==1,- +--+,” 

Next suppose that there exists a projection of Y on N. Let We A(X/M, 
Y/N). Consider W, defined from X to Y/R by W (s) — W(x) where 
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xex, s eg/M. The author has shown [11] that the existence of a pro- 
jection of 9) on Yt is equivalent to the existence of a continuous linear trans- 
formation R with domain Y/N and range Y such that the image under R 
of each coset is an element in that coset. Since W, vanishes on MM, 
RW, £ Ai(M). Let L be the coset of C which contains RW,. Since under 
our correspondence we have L — W, the correspondence has all of A(X/M, 
9/9) as its range. By a theorem of Banach [2, p. 41], the correspondence 
is an isomorphism. 


5.7. THEOREM. In the notation of Theorem 5.6, Ar(M)/AAN) NAM 
possesses a linear continuous 1— 1 image which is dense in the fimte topology 
of A(R, IW). If there existis a projection of X on Mt, the image is all of 
A(M, N) and the correspondence is an isomorphism. 


_ If L is a coset of A-(9) modulo A (N) N Ar(Mt), then T, and T, of 
A(N) are in L if and only if 7, — T, vanishes on Mt. Thus to L we can 
correspond a transformation T” which is defined on Wè and has range in K. 
If TeL, then T” is its contraction to the domain Wt. It is readily seen 
that the correspondence is additive and homogeneous. Furthermore since 
IPSI T] for every representative TeL, | 7’ |=] E]. Thus the 
mapping is continuous. As in Theorem 5.6, we see that the image is dense 
in the finite topology of A (Mt, N). 

If T'eA(M, N) and if there is a projection P of X on W, then 
T'PeAr(N) and T’ is the image of the coset containing T’P under our 
correspondence. Again by Banach’s Theorem [2, p. 41] the correspondence 
is an isomorphism in this case. 


6. On the notion of centralizer. Jacobson [5] has used the notion of 
centralizer effectively in his study of the density of rings of transformations. 
We can carry this notion over to additive groups in A(X, 9) and obtain partial 
success in the direction of Jacobson’s results for rings. - 


6.1. Derm rrion. If U and V are additive transformations defined on 
X to X and on Y to Y respectwely, then (U, V) is sad to be in the centralizer 
of BCA(X,Y) if UT = TV for every Te B. 


6.2. THEOREM. Let G be an additive group in A(X, 9) where R,(G) 
and R.(G) are one-fold transitwe. If for every (U,V) in the centralizer 
of G at least one of the transformations U and V is a multiple of the identity 
transformation, then G is two-fold transitwe. 
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We again use the argument of Jacobson [3, Theorem 6]. Gis certainly 
one-fold transitive. If G is not two-fold transitive there exist elements 2, 
and v, linearly independent in X, such that T(z) 0 implies T(x.) —9 
for T-e G. This defines a mapping U: T(a,) >T (x£) of Y into itself. It 
must also be impossible to find SeRj(G) such that S(s) =0 while 
S (x2) 540. Thus there exists a mapping V: S(z,) > 8 (z) of X into itself. 
U and V are additive. 

Let TeG, sce. There exists a transformation Se R.(G) such that 
S(zı) =x. Then TY (2) = TV8 (%1) = TS (x). Also UT (x) = UTS (a). 
But since Se #.(G), Te G. Thus UTS(2,) = TS (z) and UT=TV for 
every Te G. If V is a multiple of the identity, F(x) = Az, then ss — Ar, = 0, 
which is impossible, and the same argument holds if U is a multiple of the 
identity. l 

We turn our attention to the case ¥ -= 9). Here the centralizer of a set 
B is the set of all endomorphisms U of X such that UT == TU for every T eB. 


6.3. THEOREM. Any non-zero ideal B (left or right) in A(Z, X) has 
as its centralizer ihe set of multiples of the identity transformation, 


Let B be a non-zero left ideal. Arnold [1, p. 30] has shown that B 
possesses a minimal left ideal consisting of all transformations of the form 
a*(a)y where z” is a fixed linear functional defined on X and y ranges over X. 
Let U be in the centralizer of B. Then 


(1) a*|U (x) ly = Ula*(a)y] 


for every ce X, yeX. Since z* 50 we can choose se X such that 2*(7) = 1. 
If we then take y == Az, where A is a complex scalar, we see from (1) that 
AU (2) = U (àz) so that U is homogeneous. Also U(y) is a multiple of y 
for each y. An argument used in the proof of Theorem 3.1 shows that U 
is a multiple of the identity transformation. 

Let B be a non-zero right ideal. Arnold [1, p. 31] has shown that B 
possesses a minimal right ideal consisting of all transformations of the form 
a*(a)y where y is a fixed vector in X and w* ranges over X*. If Ọ is in the 
centralizer of B then (1) holds for every æ e X and s* e ¥*. Taking v*(2) = 1 
and z* ==Aw* we see from (1) U(Ay) =AU(y) which yields homogeneity 
for multiples of y. Hence (1) can be written in the form 


(2) w*| U(x) ly = 2* (x) U(y). 


This shows that U(y) is a multiple of y, say U(y) == ay. Then from (2) 
we have 
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a*|U (2) — avy = 0 


for every w*eX*, ve. Also y £0. Therefore U (4) = ax for each æ and 
thus U is a multiple of the identity transformation. 


This theorem together with Jacobson’s theorem [5, Theorem 6] shows 


that a one-fold transitive left ideal is dense, a fact which is contained in 
Corollary 5.5 above. 
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INVARIANTS OF INTERSECTION OF CERTAIN PAIRS 
OF CURVES IN N-DIMENSIONAL SPACE.* 


By CHUAN-CHIH Hsrenc. 


Introduction. It is well known that there is a projective tac-invariant 
of Mehmke-Smith [5, 6, 10]+ associated with two plane curves having 
ordinary contact at a nonsingular point. Several authors [3, 7, 8, 9, 11, 12] 
have extended this result to two curves C, C” in n-dimensional space having 
the same tangent at an ordinary point 0 by imposing different conditions on 
their respective osculating linear spaces at the point 0. In particular, B. Segre 
[8] considered the most general case in which the two curves O, C have at 
_ the point 6 the same oscuiating linear spaces of dimensions 1,- - -,7, where 
r is any fixed integer satisfying 1 Sr <S n— 1. The purpose of this paper 
is to study the situation in which the two curves C, C” have distinct tangents 
at the common point 0. This investigation may be regarded as a generaliza- 
tion of some results for ordinary space given by the author in a forthcoming 
paper [4]. 


CHAPTER I. Two Curves Intersecting at an Ordinary Point 
With Distinct Osculating Linear Spaces. 


1. Derivation of Invariants. Let two curves C, C’ in n-dimensional 
projective space Sa (n= 8) intersect at an ordinary point 0 with distinct 
osculating linear spaces Sy, S'er (k= 1,: +, n— 1) respectively. Let 
 Zı,* * >°, En Yepresent projective nonhomogeneous coordinates of a point in 
the space Sn. If we choose the point 0 to be the origin and the v:-axis to be 
the line of intersection of the osculating linear spaces S; and §’y-i,,, then 
the power series expansions of the two curves in the neighborhood of the 
point 0 may be written in the form 


(1) C: mimm tint p (t= 2,5 + +, 0), 


(2) | Q’. Ti == bilit +. - . (i = 1,: ; -,n—1). 





* Received September 1, 1948; presented to the American Mathematical Society, 
September 10, 1948. 
* Numbers in brackets refer to the bibliography at the end of the paper. 
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In order to find projective invariants of the two curves C, © at the 
pornt 0, we consider the most general projective transformation of coordinates 
which leaves invariant the point 0 and all the osculating linear spaces of the 
. curves C, C’ at the point 0. This transformation is ees in terms of the 
nonhomogeneous coordinates by the equations 


(3) Bi = Ki" /D (1== 1, +, n), 
where 
(4) D == Í -+ > Rokk”, 


kal 


and the œ’s are arbitrary. The effect of this transformation on equations (1), 
(2) is to produce two other systems of equations of the same form whose 
coefficients, indicated by stars, are given by the formulas 


Ziil” = Q li (i=; = n); 
(5) 


Arbit = Ann bi (4 = 1,: - +, n — 1) . 
Eliminating the @’s from equations (5), we see that the expressions 
(6) Ii == by" t/a (4/01) "1 (4=2,--+,n—1) 


are projective invariants associated with the point 0 of intersection of the 
curves O, C. 


2. Metric and projective characterizations of a general invariant J,. 
For the purpose of finding a simple metric characterization of a general 
invariant I; we make a projective transformation which leaves the point 0 
unchanged and carries the a-,: - -,2n-axes into n mutually perpendicular 
new axes. Let T, IY be the transformed curves of C, C’, and %,:- +, %» be 
the nonhomogeneous Cartesian coordinates of a point in the space Sa referred 
to the new orthogonal coordinate system; then the power series expansions of 
the curves T, IY in the neighborhood of the point 0 may be written in the form 


(7) D: =i (i=2,-°+-,n), 
(8) I’: i= biat ++. (i=1,--+,n—1), 
and the invariant J; takes the form 


(9) I; = bri /āt (äi /bi) "> (i= 2,--+-+,n—~1). 
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Let pi, Gi (t=1,--+,%—1) be respectively the i-th curvatures of the 
curves I’, IY at the point 0, then from the generalized Frenet-Serret formulas ° 
(10) di == pipe: > - pi-s/t!, bi == G152° t ‘Oy i/(n—1t1+1)! 
(a= 1,-- +,n——1), 
and therefore 
(11) Hip ae + e Pia) t Bina) JE Ge + Tna) Gas)” 7] 
(i= 2,--+,n—1), 
where ~ denotes that both its members are equal except for a constant factor. 
Thus we arrive at the following conclusion. 
Det pi, oi (0=1,° > -,n— 1) be respectively the i-th curvatures of the 
two curves C, CY at the point 0, then the quantities 
(12) Ji == (ps-r0n-ter) "2/0 (pr + > * pi-api* * ` pn-a) (01° © * on-son-t42* ° Oni) | 
l (i = 2,- n— 1) 
are projective invariants, and 


(18) deme Jim di/lin, Li mJ: ++ Ji (t=38,°-++,0—1). 


Let the “point at infinity” on the aj-axis (i= 1,- --,n) be denoted 
by 03, and T;, I’; be the projections of the curves C, C’ from the center 
Oo- - -0¢-10i41- - On, onto the space 00,0,0, (i = 2,---,2—1). In order 
to interpret a general invariant I; projectively, we consider a system of cones 
of order n-— 1 and vertex 0 in the space 00,0;0, such that the polar surfaces 
of orders 1,: - -,2—-ti—1, n—i -+ 1, :-,n— 1 of any point in the plane 
00,0, with respect to any cone of the system (the last of these polars being 
the cone itself) all pass through the line 00,. The equations of this system 
of cones can easily be written as 


(14) l To ==" t= Tia = Ciy == t = Cn- = 0, 
° (15) rs > Biwi ia, * tn >, yrit" En! == U, 
with j, k == 0,1,- -, 1—1; 7+ k=i— 1, and 
h, l == 0,1,- ,n— 1; ht+l==n—1 
where the f’s and ys are arbitrary. If the cones of this system have contact 


of the 1{n——1)-th order with the curve T; at the point 0, then their equation 
(15) reduces to 


2 Cf. [1, p. 16] or [7, p. 396]. 
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(16) a," 1g," tg, 1-2 — a,b ar ate 5 A jeti Enë = 0, 


with 7 = 0, 1,- 8; k= 1l, -, n—1;7+hk—n—1, 


where the A’s are arbitrary. Among the cones (16) we can determine a 
unique one which passes through the tangent of the curve I“; at the point 0 
and with respect to which the polar surfaces of orders 1,- © <+, n— 2 of any 
point in the plane 00,0, all pass through the line 00;. It is easily seen that 
for this cone all A’s vanish and equation (16) then becomes 


(17) a" at tr eer Ay taht penen 0. 


Similarly, we may have a cone of order n— 1 and vertex 0 with the 
equation 


(18) bya, a i — b rig”! a 0, 


which has contact of the (n—1)(n—-++ 1)-th order with the curve I’; 
at the point 0 and has the same other properties as that of the cone (17). 
The two cones (17), (18) determine a pencil of cones of order n—1 and 
vertex 0 in the space 00,0,0,. Belonging to this pencil there are two degenerate 
cones K, consisting of the plane 00,0,, counted n— 1 times, and K, con- 
sisting of the plane 00,0,, counted n—- i times, and the plane 00,0;, counted 
+—1 times. Hence the invariant I; is equal to the cross ratio of the four 
cones K,, Ke, (17), (18). 


CHAPTER II. Two Curves Intersecting at an Ordinary Point 
With Distinct Tangents But Certain Common 
Osculating Linear Spaces. 


3. Derivation of invariants. Let two curves C, C’ in n-dimensional 
projective space Sn == 8’, intersect at an ordinary point 0 with tangents t, ?’ 


and. osculating linear spaces Sk, Sr of dimensions k(k == 2,- - -,n—1) 
respectively. In this chapter we shall consider the case in which the tangents 
t, t’ are distinct but S: = Sa" - -,S,==8’,, where r is any fixed integer 


satisfying 2 = r= n— 1, and there is no other relation among the osculating 
linear spaces of the two curves O, C at the point 0. 
We first introduce in the space Sn any system of nonhomogeneous pro- 


jective coordinates 2,,:--,2, with origin at the point 0, having the z,- 
@e-axes as the tangents t, respectively, the v3-,- © -,w,-axes as Independent 
lines lying in the common osculating linear spaces of dimensions 3,:--,7r 


respectively, and the z)4:-,° © °,@»-axes as independent lines not lying in the 
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common osculating linear space S, but lying in the (r+ 1)-dimensional 
spaces of intersection of Sy. and S’n, Sma and S'na ++, Sn and ETE 
respectively. Then the power series expansions of*the two curves in the 
neighborhood of the point 0 may be written in the form 


* 


(19) O: w= dite? +: -: (i= 2,- > +, 0), 
(20) Ti == Dede? + - eey Ti = bitt + - za (i == 3,- è +57); 
Traj == Dry eq ++ - (j= 1,- n — r). 


+ 


Let us now make a most general projective transformation of coordinates 
which leaves the point 0 and the tangents ¢, t invariant, and changes the 
other axes in such a way that the new axes have the same properties as the 
old. This transformation is expressed in terms of the nonhomogeneous co- 


ordinates by the equations oe 


n 
t, = 1/D (ay 04" + È ont), 
k=8 


3 


n 
(21) t = 1/D X ana" (i= 2+ ++, 9), 
szi 
z; = 015 ;0;"/D (=r +41,- -,n), 


where D is defined by expression (4) and the a’s are arbitrary. The effect 
of this transformation on equations (19), (20) is to produce two other systems 
of equations of the same form whose coefficients, indicated by stars, are given. 


by the formulas ‘ 

(22) Aiit” = tli (1=2,: +, n), 

(23) O40." sm Goe"Do, iib” a Good; (t Pas 3, een r): 
ajb” iste Gaal rtib; (J =? ao l,e e> : n) 3 


Eliminating the œ’s from equations (22), (23), we see that the expressions 
(24) I; == (a:/0;)*(b2/a2)# (t = 3, > r)a 


(25) a T Bg a l (=r 4-1,- n) 


are projective invariants associated with the point O of intersection of the 
curves C, Q’. 
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4, Metric and projective characterizations of general invariants I; 
and Ji Let pi, oi (t—1,--++,2—1) be respectively the i-th curvatures 
of the two curves C, O” at the point 0, then it is easy to show that the 
quantities 


H = p2/02; H; = (pi-1/0i-1) 301/p1 (4 = 4,° ° tP) 
(26) K i (pr/ Gr? SS Oni) j ga eer T 
Ki = (pironsrer-i)/ (p101) | (i= r42,---,n) 


are projective invariants, and 


H == Is, Ay = l/l liem HUU eH (i = 4,- ° a) 
(27) Krmi ~ dra /D i, K’ rd ifd is, Ji ~ 1, Korey Kr : Kt 
(aro onan), 


Let the “point at infinity” on the a;-axis (i= 1,---,) be denoted 
by 0:, and Ty, I’; be the projections of the curves C, C’ from the center 
Os* + + 0¢-10i41° © - On onto the space 00,0.0; (t==3,-°-,7). It is imme- 
diately seen that the equations of the curves T;, I”; are 


(28) Cyst tee By = Cip ST, = O, 
(29) Fi: Ta = Got? +--+ >, Ti = Mitts +s, 
(30) I“: Uy = bag? + -, Ti = bitt es +, 


Now we project T;, I’;.onto the plane 00,0; from a point- V arbitrarily chosen 
in the plane 00,0.. If the coordinates of the point V satisfy equations (28) 
and 2, == @,, £o = a, x; == 0, then the two projections are easily found to be 





given by the equations X, == X; =` + -= Xia = Kin = > = X,—0 and 
(31) l Xi = UX +> i 
(32) X: == bi(— 5/4) Xt e. 


The cones projecting the curves T, I’; from the point V have contact of order 
at least i along the line OV if, and only if, the invariant of contact of the 
curves (31), (32) at the point 0 equals unit; then, and only then, the center 


13 
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V of projection lies on the principal lines [2, p. 25] at the point 0 of the ‘ 
two curves T;, I’;. Hence these principal lines have equations (28), a == 0 
and 

(33) Mitt + (— 1) 1D aot == WVU, 


On the other hand, let Q(Q’) be any three-point quadric of the curve T4 
(I’;) at the point 0 in the three-dimensional space 00,0.0; satisfying the 
condition that the tangent plane of Q(Q’) at the other point 7’(T) of inter- 
section of Q(Q’) with the tangent ¢’(t) passes through the point 7'(7"). 
Then by means of expansions (29) , (80) it is easy to show that the lines 
joining the point 0 to the other three points of intersection of the two conics 
determined by the quadrics Q, Q and the plane (t, t) have equations (28), 
tı = 0 and | 
(34) bot? — box? = 0. 


If u be any one of the principal lines (33) and v be a one of the three 
lines (34), then the projective inwariant I; (t= 3, > +,r) associated with 
the point 0 of intersection of the curves C, C’ 4s, a i sign, equal to the 
31-th power of the cross ratio (tt, uv). 


In order to find a projectively geometric characterization of a general 
invariant J; of expressions (25), we consider the projections T;, I”; of the 
curves C, O from the center Os’ > - 0i-:0is.° >On onto the space 00,0.0; 
(t—r+ti1,--++:,2). These projections are readily found to be given by 
equations (28), (29) and ) 


(35) Th: Ei os bot," + © ee y Ti — b ayttrti~t of eee 


As in 2, we consider in the space 00,020; a system of cones of order i—-1 and 
vertex-0, having contact of order 2(t— 1) with the curve T; at the point 0 ' 
and satisfying the conditions that the polar surfaces of orders 1,- - -,+—3, 
4—1 of any point it the plane 00,0; with respect to any cone of the system 
all pass through the line 00,. The equations of this system are easily found 
to be (28) and 


(36) Mitat ™ — ant 4, i a; + > Eimt2'ai” = 0, 
with = 0,1, s i— 2; m=: -ic l; 1 m—i—1, 


where the Æ’s are arbitrary. Similarly, we have in the space 00,0.0; another 
system of cones of order n -+ r—i and vertex 0, having contact of order 
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2(n 4-r— i). with the curve I’; at the point 0 and satisfying the conditions 
that the polar surfaces of orders 1,---,n+17r—-i—2, n+ r—i of any 
point in the plane 00,0; with respect to any cone of the system all pass 
through the line 002. The equations of this system are (28) and 


(37) batt — §rtriyg trig, + ` Pint, lym == 0, 
with l= 0, 1,- -n +H r—i— i; m=—1],:-:-,n+r—1; 
L+m==n-+r—i, 


where the F’s are arbitrary. If we further impose on the cones (36), (37) 
the conditions that the planes through the line 00,, in which their inter- 
section lies, reduce to a single plane counted n 4- r— 2 times, then these 
planes coincide with one or other of the n + r— 2 planes satisfying equations 
(28) and 


(38) ayrt-th tg nr? ae (by (4-2) (n+r-4) By, (i-2) (n+r~7) martr? = Î. 
On the other hand, if we impose on the cones (36), (87) the conditions that 
the planes through the line 00, in which their intersection lies, reduce to a 


single plane counted n+ *—2 times, then these planes coincide with one 
or other of the n-+7—2 planes satisfying equations (28) and 


(39) QyhtT-t-2h iig mtr? — datim) (nir-i-1) p, (1) (n+r-i) ayn? = 0. 
The line 00; and the lines of intersection of the two pencils (38), (39) of 


planes determine in the space 00,0.0; another pencil of planes, which intersect 
the plane 00,0. in n +r— 2 lines whose equations are (28), %—0O and 


(40) tet 1b arr ae Aibar tantr- w0. 


Let v be any one of the lines (34) and w be any one of the lines (40) in the 


plane 00:0», then the cross ratio of the four lines t, t’, v, w is equal to 
J; B (n+r-2)]. , 3 
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A CHARACTERIZATION OF NON-ISENTROPIC IRROTATIONAL 
FLOWS.* + 


‘By DAVID GILBARG. 


1. Introduction. The standard theory of irrotational gas flows postu- 
lates that the flows be isentropic, that is, that the entropy be constant through- 
out the region of flow. In this work, the isentropic condition is replaced by 
the weaker adiabatic hypothesis that entropy is constant along the individual 
streamlines. An apparently larger class of irrotational flows is thus obtained. 
Our main result is the characterization in the large, as well as in the small, 
of a wide class of these irrotational flows. It is shown that all steady plane 
subsonic irrotational flows are either isentropic or are vortex flows, (Theorem 
2), and that if certain general conditions are placed on the flow boundaries, 
the same result is true for supersonic and mixed flows, (Theorems 4 and 6). 
Similar results are established for axially symmetric flows, (Theorems 3, 5). 
These results signify for the general theory that the class of adiabatic irrota- 
tional flows is not essentially wider than the isentropic flows, and that the 
isentropic assumption is generally superfluous. Hicks [1], Truesdell and 
Prim [2], and others, also have studied the relation between irrotationality 
and entropy variation, but from a different viewpoint than is taken here. 

The proofs make essential use of uniqueness theorems for the Cauchy 
initial value problem, applied in this case to the differential equation for the 
velocity potential of isentropic irrotational flow. The discussion shows that 
more general uniqueness theorems than are now available would strengthen 
some of the results obtained here. 


2. Non-isentropic irrotational flows in the small. Let the flow region 
be an arbitrary open connected set R in 3-space. A steady adiabatic irrota-' 
tional flow of an ideal compressible fluid will be considered defined by func- 
tions u, v, Ww, p, p, n Which are continuously differentiable in Æ with respect 
to space coordinates x, y, z, and satisfy the following equations: 


(1) (V-V)V =— (grad p)/p, V = (u, v, w) 
(2) div (pV) =0 


* Received February 16, 1949. 
f Prepared under Navy Contract No. N6onr-180, Task Order 5, with Indiana 
University. 
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(3) curl V == 0 
(4) p=Tf(n)e% f, f 40, y constant 4 0 
(5) dn/dt == V- grad n = 0. 


The term ‘irrotational flow’ will be used here to mean flows. of this type. 
Equations (1) and (2) are the usual equations of motion and continuity, 
V == (u,v,w) being the velocity vector of the flow, p the density (assumed 
= 0), p the pressure; (3) is the condition of irrotationality; (4) is the 
equation of state for an ideal polytropic gas;? (5) is the statement that 
entropy y is constant for a particle, or in other words, that the medium is 
thermally non-conducting; this replaces the stronger isentropic condition, 
grad y == 0, which is customarily assumed in the theory of irrotational gas 
flows. 

We now consider the flow as divided into two sets: the isentropic set A 
is the set of points at which grad n = 0; the non-isentropic set B is the set 
of points at which grady=<0. It is clear, by continuity, that A and B are 
respectively closed and open relative to R. It will be assumed that none of 
the components (i.e. maximal connected sets) of B consists entirely of 
stagnation points. | 

The vortex and helicoidal flows play a central part in what follows; 
we therefore fix our ideas with these definitions. An irrotational flow in a 
plane region G is a vortex flow if either (1) the velocity vector is constant 
in G, or (2) the streamlines are concentric circular arcs, and the flow speed 
q at any point in G a distance r from the common center is g == k/r, where k 
is constant for the flow. It follows that for vortex flows p and p are constant 
on streamlines, and either p or 7 may be arbitrary functions of the streamline. 
A helicoidal flow is a spatial irrotational flow obtained by normal super- 
position of a uniform flow on a vortex flow; that is, for suitable coordinates - 
£, Y, 2, the velocity vector is given by grad (wz + karctany/z), where w,k 
“are constants for the, flow. The streamlines are thus concentric helices of 
the same pitch. One sees that for helicoidal flows p and p are again constant 
on streamlines and that, if the flow is non-uniform, either p, p, or n may be 
an arbitrary function of r(== (z? -+ y?)#), whereas if the flow is uniform, 
either p or y may be an arbitrary function of the streamline, (but p is con- 
stant). The vortex flows are evidently special cases of the helicoidal flows, 
corresponding to flows for which either w = Q or k = 0. 

The vortex and helicoidal flows are irrotational and may be non-isentropie. 


1 The same results hold for more general equations of state; see concluding remarks. 
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It will be seen that, in the plane and space, respectively, they are essentially 
the only non-isentropic flows. This is first demonstrated in the small in the 
following theorem. 


THEOREM 1. The flow in any.region of the non-isentropic set of an 
rotational flow ts helicoidal. 


Proof. From equations (1), (3), and (4), we have, 
b grad (u + 0° +w?) = — (grad p)/p-—=pr[f’ grad n + vf (grad p)/pl 


The first equality implies that, in the neighborhood of any point at which 
grad p 540, w + v? + w? = g? = [q (p) ]? and p= p(p). Hence, using both 
equalities, we obtain at every point of the flow, 


0 = grad p X grad n = grad p X grad y = grad q? X grad y. 


It follows that in the neighborhood of every point of B, p == p(y), p = p(n), 
and q = q (7), and, as a consequence, p, p, and g are constant on the stream- 
line components of B. The equation of continuity (2) thus takes the simpler 
form in B, div V = 0. In conjunction with (3), this establishes that the 
flow in any subregion B* C B is described by a velocity potential $(z, y, z) 
which is a harmonic function, which, furthermore, satisfies the additional 
condition that g = | grad ġ | is constant on streamlines. Hamel [3] has 
shown that the velocity field of such a potential must be helicoidal. 
As a particular case of the preceding theorem, we have, l 


COROLLARY 1. The flow in any region of the non-isentropic set of a 
plane irrotational flow is a vortex flow. 


An independent proof of this result is obtained easily by function 
theoretic methods. 


COROLLARY 2. The flow in any region of the non-isentropic sét of an 
axially symmetric irrotational flow is a uniform flow. ` 


This follows from the obvious fact that the only .axially symmetric 
helicoidal flows are uniform. 

The preceding result is essentially local in that it applies only to regions 
of the non-isentropic set. For a characterization of the non-isentropic irro- 
tational flows in the large we must determine the influence of the various 
parts of the flow on one another. This is provided by the following lemmas. 


LemMA 1. Any streamline of an irrotational flow lies entirely cither in 
the isentropic set or in the non-tsentropic set of the flow. 
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E Proof. Let § be a streamline containing a point P in B. Suppose, in 
contradiction to the theorem, that S meets A; then, since A is closed, there 
is a segment S’ such that P eF C S, 8’ C B, and 5’ has an endpoint Q in A. 
Since the flow in the component of B containing S’ is helicoidal, we have 
that on 8’, | grady|—=ks540, for ‘some constant k. By continuity, 
| grad y | = k also at Q, contradicting the assumption that S’ could have an 
endpoint in A. Therefore, S must lie entirely in B, and indeed in one 
component of B. This proves the lemma. 


The preceding lemma shows that the sets A and B are invariant under 
the flow in the sense that particles in either set remain in that set as long 
as they are in the region of flow. | 


Lemma 2. Let B be the set of boundary points of the non-tsentropic 
set; then if a point P of B is on a streamline C, O lies entirely in B, and is a 
circular heliw* which extends to the boundary of the flow region (perhaps 
at infinity); q, p, and p are constant on C, 


Proof. Let C — v(t), y(t); z(t) be the streamline 3 through P = x(t), 
y (to), z(to). In B there is a sequence of points P, converging to P, and let 
On = %n(t), Yn(t), Zn(t) be the (helical) streamlines through P,, the para- 
metrization of Ca being chosen such that Pa = (an(to), Yn(to), 2n(to)). By 
` virtue of the continuous dependence of the sequence £r (t), yn(t), 2n(t) on the 
initial values at to, the sequence converges uniformly to s(t), y(t), z(t), in 
every closed interval (¢),¢), and hence the limit curve C of the sequence of 
helices Cn is itself -a helix and lies in B. The functions q, p, p on C, being 
the limit of the corresponding quantities gn, pa, pn on Ca must evidently be 
constant on C. C cannot contain a stagnation point, therefore does not 
terminate in R. This completes the proof. 

We shall now limit the discussion to plane and axially symmetric flows. 


8. Plane and axially symmetric flows in the large. For the proof of 
the basic Lemma 3, we require certain uniqueness theorems from the theory 
of partial differential equations. We consider in particular the quasilinear 
equations for the velocity potential of an isentropic flow. 





** Circular helix’ is here used also for the degenerate cases of a circle and straight 
line. This convention of including the limiting forms of a curve under one heading will 
be adopted throughout, except where explicit reference is made to the limiting forms. 

? The non-constant solutions a(t), y(t), z(t), of the system, dæ/dt = u(z,y,2), 
dy/di = v(x, Y, 2}, dze/dt = w(x, y,z), are understood to define the streamlines of the 
flow. © 
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Plane flows: 
(6a) (1 — $2°/c?) boa —— 2babyhay/C? + (1 — $,7/c?) dy = 0; 
Axially symmetric flows: 


(6b) (1— ¢$2°/c’) Pas — habypay/ Cc? + (1 — $,°/c*) pus + by/y = 0; 
¢? == C9? -+ (1 —y)/2 lr + $y’), Co = constant. 


On a given smooth curve C = g(s), y(s), where s is the arc length, (y (s) > 0 
for (6b)), let Cauchy data, ¢—¢(s); ¢2—u(s), ¢y—v(s), be given 
functions of s which satisfy the compatibility condition, ¢’ = ua’ + vy’. We 
consider solutions of (6a,b) having continuous second derivatives in a 
suitable neighborhood of C and on ©. Then we can state the following 
uniqueness theorems: 


©—THE CASE OF ELLIPTIC DATA. Let G be a one-sided neighborhood of 
C, and let (2, y), (x,y) be solutions of (6a,b) in G taking on the limit 
values p, u, v on O, and satisfying in G and on O the inequality dx? + dy < c 
[i.e be? + gy? < 20%/(1 + y)]5 then (z, y) =G(a,y) in G3 


S—THE CASE OF HYPERBOLIC DATA. Let O be non-characteristic with 
respect to the given data, and let w+ v >e. Let o(a,y) be a solution 
of (6a, b) taking on the limit values ¢, u, v on C and satisfying the inequality 
$r + dy? > E in a characteristic triangle region G bounded by C and two 
characteristics of (6a,b), defined with respect to o). Then if (2,4) 
is any solution of (6a,b) in G satisfying the same conditions on O, 


(z, y) =$ (2,4) in G [5]. 


The corresponding theorem for the case of parabolic data on C seems 
to be incomplete at present. It is stated here in terms of the flow quantities 
under somewhat restricted hypotheses, and is proved in Section 4. | 


—THE CASE OF PARABOLIC DATA. On C, let the flow speed be sonic, the 
tangential component of velocity 40, and the normal’ derivative of the speed 
0; (it follows that on one side of C there is a neighborhood on which any 
solution of (6a,b) with values p, u, v on O is supersonic and on the other 
side a neighborhood in which the flow is subsonic). Let p(x, y) be a solution 


‘It is assumed that Ọ is part of the boundary of G, and that some neighborhood 
of every interior point of C contains no boundary points of G other than points of C. 

š For a proof see [4], in particular, pp. 325-326 of this reference, where a simple 
proof is given for the case that C is an analytic curve, and the given data on C are 
analytic, which is the case of interest for Lemma 3. 
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of (6a) taking on the initial values ¢, u, v, on O and defined either (a) ina 
characteristic triangle G on the supersonice side of C, or (b), in a subsonic 
neighborhood G; then if (x,y) is any other solution defined in G and 
sulisfying the same conditions on C, $(2,y) ==4(x,y) in G.S 


The proof of this theorem is deferred to Section 4. It is to be noted 
that Theorem $ does not apply to the simple situation that C is a straight 
streamline on which the velocity is sonic, for, in this case, the normal deriva- 
tive of the speed is zero on C. This is the essential gap in the theory which 
follows. We formulate this conjectured theorem for reference purposes. 


P. Let C be a straight line segment of a streamline and on C let the 
speed be sonic and constant. Then in a neighborhood on either side of C, 
the only solution of (6a,b) is the uniform sonic flow. 


This uniqueness theorem, if true, will probably hold in any neighborhood 
of C contained within the strip bounded by the two perpendiculars to C at 
its end points. 

The following lemma will prove to be essential in the sequel. 


Lemma 3. In a plane trrotational. flow, let C be either (a) a circular 
streamline segment, or (b) a closed circular streamline, or (c) an infinite 
straight streamline which does not approach the boundary of the flow. On C 
let the speed, pressure, and density be constant, and let C be curved if the 
speed is some on tt. Then, respectwely, (a) in some neighborhood containing 
every subarc of C in its interior, or (b) in a concentric annulus containing C, 
or (c) in an infinite parallel strip containing O, the flow ts a vortex flow. If 
the flow is axially symmetric, and O is straight, then the flow in the respective 
neighborhoods of O is uniform. 


Proof. Consider first plane flows. (a) Through any interior point ae C 
consider the curve orthogonal to the streamline family. Let L be a segment 
of the curve such that the streamlines through L sweep out a full neighbor- 
hood G of C. There’ exists such a congruence of streamlines since q 0 
in the neighborhood of C. If the speed is sonic on C, C is curved by hypo- 
thesis, and G can be chosen so small that the streamlines in it have non-zero 
curvature. 

L intersects the sets A and B in subsets A’ and B’ which are respectively 
closed and open on L. Since A’ is closed, it may contain closed subarcs of L, 


€ For the case that @ is on the supersonic side of C, this theorem has been proved 
by L. Bers [6]. The method of proof is quite different from the one shown in section 4 
of this paper. 


f 
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and forms at all its other points a nowhere dense set. If a is interior to a 
subare o of A’ or is an end point, then there is a subregion of G belonging 
to A swept out by the congruence of streamlines through this arc, and conse- 
quently equation (6a) for the potential of an isentropic flow describes the 
flow in this region. The vortex flow is an obvious solution of (6a) satisfying 
the stated conditions on C, and ‘also the hypotheses of the appropriate unique- 
ness theorem ©, §, or $$." It follows that according as a is an interior point 
or end point of g, the vortex flow is the only solution in a one-sided neighbor- 
hood of C, or in a two-sided neighborhood containing every subare of Ọ in 
its interior. (If the flow is sonic or supersonic on C, repeated application 
of $ or $ is generally necessary to establish uniqueness in this neighborhood.) 
Also, if a is an isolated point of A’, then clearly the flows on both sides of C 
are vortex flows (belonging to B), which, combined with C, form a connected 
vortex flow. 

Suppose, then that @ is neither an isolated nor an interior point of A’. 
If there are subarcs of A’ in every neighborhood of a, let o be such a segment, 
b the end point of o closer to a, and b’ the farther end point. The region 
SC G swept out by the streamlines through o belong to the isentropic set, 
and in it, therefore, equation (6a) applies. Since b is a boundary point of B’, 
hence of B, the streamline Q 3b is by Lemma 2, a circular are on which 
q, p, p are constant. Again an obvious solution of (6) which holds in S for 
these values on @ is that given by the vortex flow. If the vortex flow is 
wholly subsonic or supersonic in the interior of S, and if G was initially 
chosen sufficiently small, we can then apply the appropriate uniqueness 
theorems ©, §, or $, to establish the uniqueness of the vortex flow in all of 8S. 
If, however, neither of the inequalities g? 2 yp/p holds exclusively for the 
vortex flow in the interior of S, then the proof of uniqueness is in two steps, 
first by means of Œ (or §) in the subsonic (or supersonic) strip between Q 
and the sonic circular streamline in S (which must exist as a consequence 
of the uniqueness proof), and then by application of theorem $ to the strip 
of S between the sonic streamline and the streamline through b’. It has thus 
been proved that the flow through any subare o © A’ is a vortex flow. 

Since the flow in G through the subares of A’ and B’ consists of vortex 


i, 


“If C is an are of radius r, dg/dr = — q/r = 0, so that the hypotheses of §§ are 
satisfied if the speed is sonic on C. 

8 It suffices to choose G as follows: If g?2yp/p on C, let G be so small that the 
corresponding inequality holds throughout it; furthermore, if g?=yp/p in G, let M be 
an upper bound of ¢/(yp/p)% in G, and consider the region cut out by the four curves 
through the end points of C which make the acute angle are sin 1/M with C and with 
the streamlines in G; let this new region be the G of the proof. 


e- 
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flow strips, it remains only to show that these belong to a single vortex flow 
in G. That the streamlines through L are concentric circular arcs is evident. 
Then in G, g=k(r)/r, (or g= k(r) if the streamlines are all straight), 
where &() is the constant of the vortex flow at points a distance 7 from the 
common center (or from a common parallel). That k’(7) ==0 follows, since 
k’(r) is continuous and equal to zero on a dense set of values of r on L, 
namely, on the subarcs of A’ and B’. Hence k(r) is a constant and q = k/r 
in G for fixed k. The constancy of p and p on streamlines in G is evident. 
This completes the proof of part (a). 


Case (b) that C is a closed circle is reduced to (a) in an evident way 
by subdividing C into several overlapping arcs to which the lemma now 
applies. This determines an annulus about Ọ in which the flow is‘a vortex 
flow. | 


To prove the lemma for case (c), we confine our attention to a strip on 
each side of C of width less than the distance of C from the boundary of the 
flow. Consider any finite segment C” C C, then by part (a) of the lemma, 
the flow in a neighborhood G of C’ must be uniform. As in the proof of (a), 
we can define an orthogonal segment L and on it sets A* and B’, where now 
the streamlines through the boundary points of B’ are infinite straight lines 
on which q, p, p are constant, and g° s4 yp/p if G is sufficiently small. By 
paralleling the proof of part (a), one sees that it suffices to prove that, if 
q, p, p are constant with g?s4yp/p on an infinite straight streamline Q, 
and the flow is uniform and isentropic in a finite strip s of width ô on one 
side of Q, then the flow is uniform in the infinite strip S of width $. This 

follows by virtue of Lemma 1 and then € or §. 


The proof of the lemma for the case that the flow is axially symmetric 
and C is straight is the same except for evident verbal changes. 

The restriction that C be curved in case the speed is sonic could be 
dropped if Theorem $’ were proved. 


The proof of Lemma 3 can be greatly simplified if the data on the initial 
arc C are not sonic. This is seen as follows. Equations (6a,b) apply to the 
entire field of flow, and not meyely to the isentropic regions, if cọ is some 
appropriate function of the coordinates which is constant on streamlines. 
The generalized uniqueness Theorems © and § for this more general form 
of (6a,b) are contained implicitly in the Carleman uniqueness theorem [10]. 
With these stronger uniqueness theorems, it is clear that the proof of Lemma 3 
is almost trivial for the case of nonsonic data on C. 


The following theorems in the large can now be proved. 
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THEOREM 2. A plane irrotational flow which is subsonic throughout a 
region R is either isentropic or a vortex flow in R. 


Proof. Assume the flow to be non-isentropic. Then by Theorem 1, 
Corollary 1, Æ contains a subregion of vortex flow ‘B* CB. Let B be the 
maximal vortex flow region in & containing B*. We wish to show È= R. 
If not, let P be a boundary point of R. If PCB, then a neighborhood of 
it is a vortex flow region, which contains a subregion of Ë, and is therefore 
a continuation of the vortex flow in Ë, thereby contradicting the definition 
of Ë as a maximal region of vortex flow. Similarly, if P is a boundary of B, 
then the streamline through P is a circular are on which q, p, p are constant. 
Therefore, by Lemma 3, a neighborhood of P is a vortex flow region, and, 
as above, this contradicts the maximal character of R. Finally, if P is an 
interior point of A, then, in a neighborhood of P, equation (6a) holds for 
the velocity potential, the flow being isentropic in this neighborhood. .The 
equation is also of elliptic type by hypothesis that the flow is subsonic. Since 
the flow is a vortex flow in a subregion of this neighborhood, then, by the 
well-known theorem on the analyticity of solutions of elliptic differential 
equations [7], the flow in the entire neighborhood is of vortex type. As in — 
the previous two cases, this leads to a contradiction. It follows that É, 
having no boundary points in KÆ, is both open and closed in the connected 
set R; hence R= Ř. This proves the theorem. 


THEOREM 3. An axially symmetric irrotational flow which is subsonic 
throughout a region R is etther isentropic or a umform flow in R. 


The proof proceeds as in Theorem 2, except for several obvious changes 
appropriate to axially symmetric flows. 

One cannot expect to extend these theorems in all generality to mixed 
or supersonic flows, as the following simple counterexample shows. 
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In the figure let the flow in region I be uniform and non-isentropic, 
n= n(y).a non-constant function. In II the flow is uniform, g having the 
same constant value as in I, but y, p, p are constant, and such that g? > yp/p. 
In region ITI, the flow is a non-uniform continuation of the flow past the 
characteristic C, the curve L being any suitable smooth curve forming a cusp 
at 0. The flow in the entire region I + II + TII is thus neither isentropic 
nor a vortex flow. = 


A suitable generalization of Theorems 2 and 3 to mixed and supersonic: - 


flows requires limitations on the heretofore arbitrary character of the flow 
regions. The limitation we adopt here is one reflecting the physical condition 
that flows exist in the large, in the sense that particles do not enter and vanish 
through the boundaries of the flow region. This restriction is made precise 
by demanding that the flow region have streamline boundaries: that is, the 
boundary will consist of piecewise smooth curves which are streamlines of the 
flow ‘on which we require, furthermore, that the velocity be continuous. 

The above example shows that, even for these more restricted flow regions, 
extensions of Theorems 2 and 3 do not hold generally. However, appropriate 
generalizations are obtained if we exclude from the class of admissible boun- 
dary curves the following special types of curves:® (1) infinite half lines, 
(2) circular arcs, (3) closed curves, consisting in part of a circular arc, with 
cusps at both ends of the arc, (4) curves, consisting in part of a half line, 
with a cusp at the end of the half line. The boundary curve of the counter 
example flow shown in the figure is of type (4); similar examples can easily 
be constructed for flows with boundaries of the type (1)-(3). The admissible 
boundary curves obtained from the exclusion of types (1)-(4) will for the 
sake of brevity be called non-cusped streamlines (although this name signifies 
a smaller class than is being considered). With this definition, we have 


THEOREM 4. A plane subsonic or supersonic irrotational flow in a region ` 
bounded by non-cusped streamlines is either isentropic or a vortex flow. 


Proof. The subsonic case has already been proved for general regions 
in Theorem 2; we therefore confine ourselves to supersonic flows. Assume the 
flow is non-isentropic, and let B* be a vortex flow component of B. The 
streamlines of B* must all be closed circles or infinite straight lines, for 
otherwise (Lemma 1) a streamline Q C B* would terminate at the boundary 
of the flow region R, meeting there a curve which, at the same time would 
have to be a bounding streamline of B; this is possibly only if the latter 


®° These curves are assumed to be maximal, i.e., they are not contained within a 
larger connected portion of the boundary. 


ta, 
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eurve’is a circular are continuation of Q, and is therefore either-a. circular 
are or an infinite half line, contrary to our assumption concerning boundary 
curves. Let +(P) be the distance to any point P in the plane from the center 
of B*, or, if the flow in B* is uniform, from some fixed line parallel to the 
streamlines of B*. Define.m and M to be such that (1) the annulus 
m<7(P) <M hes in the maximal vortex region containing B*, and (2) 


m and M are respectively the minimum and maximum (possibly infinite) 
‘such values of m and M. Such an m and M exist since B* itself is an 


annulus satisfying (1). Assume M is finite; we shall then show that the 
entire circle, or straight line, C :r = M, iš a boundary streamline of the flow. 
If this were not so, then either it hes wholly interior to &, or consists only 
partly of boundary points of R. In the former case, the curve C is a stream- 
line in Æ on which q, p, p are constant and g? > yp/p, and hence to which 
Lemma 3b or 3c?° can be applied. Thus there is a strip MS r(P) < M 
within which the flow is a vortex flow, thereby contradicting the choice of M 
as a maximum. On the other hand, © may consist partially of boundary 
points of R. These form a closed set C” on C, containing generally circular 
arcs and a set of points not dense in any segment of C. By definition of the 
class of boundary curves, the boundary curve containing one of these arcs 
must have a non-cusped vertex on C. It follows from the continuity of the 
velocity on the boundary that such a vertex is a stagnation point, which is 
impossible since it is on the boundary of a vortex flow. ©” therefore does not 
contain arcs. But ©” cannot contain other points of the flow boundary, 
for, as one readily sees, this would contradict the hypothesis that the boun- 
dary curve containing such a point must be a streamline on which the flow 
is continuous. It follows that either M == œ, or the entire curve r == M 
bounds the flow in R. In precisely the same way one shows that the curve 
r==m is a bounding streamline. Since the flow region is connected, the 
curves r== m and r== M are the only boundary curves. Thus the flow is 
either isentropic or is a vortex flow in the annulus or parallel strip m < r < M.. 

By making suitable verbal changes in the preceding proof we have, 


THEOREM 5. An axially symmetric subsonic or supersonic trrotational 
flow in a region bounded by non-cusped streamlines is either isentropic or a 
uniform flow. 


Theorems 4 and 5 could be stated for mixed flows provided the con- 


1° Lemma 3c requires that C does not approach the boundary of R; but if the 
boundary curve is a streamline, the proof of the lemma shows that the distance between 
C and this curve must stay above some fixed value greater than 0. 
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jectured: uniqueness theorem: $8’ were true. For in this case, Lemma 3 would 
hold -without exception, and hence the preceding proofs would go through 
just as well with the curve C a straight line on which g? = yp/p. However, 
if C is curved, and q? = yp/p on it, the proof of Theorem 4 still holds without: - 
the limitation to supersonic or subsonic flows. To insure that ( be curved, 
it suffices that the streamlines of the non-isentropic component B* be curved. 
We thus have the following limited theorem for mixed flows. 


THEOREM 6. If a plane wrotational flow in a region bounded by non- 
cusped streamlines is non-isentropic, and if the non-tsentropic set contains 
a curved streamline, then the flow is a vortex flow. 


The proofs of preceding theorems assist in characterizing the vider class. 
of flows obtained by dropping the limitation to non-cusped streamline boun- 
daries. They show that the general irrotational flow with streamline boundary 
s “pieced together” from isentropic and vortex flows along circular ares 
or straight lines in such a way that the new boundary curves formed by the 
piecing process are curves of the exceptional set Ue (4). The flow shown in 
the figure is a simple example of this. 


4, Uniqueness theorem for parabolic data. The proof of Theorem $ 
is achieved by the use of the well-known transformations of (6a) to the hodo- 
graph plane. Let us consider, for example, the Legendre transformation, 
u = u(x, y), v= v(z, y), (u, v) = zu + yv— ¢, by means of which (6a) 
is transformed into | 


(7). (1 — u?/67) Pos + 2 (uv/c*) Pur + (1 — v?/c?) Bun = 0, 
e = e + 4(1— y) (wu? + 07), | Co == constant. 


To reduce the uniqueness theorem for (6a) to one for the above equation, 
it must first be established that any solution ¢(2,y) of the former equation, 
which satisfies the hypothesis of Theorem $ on the initial curve C provides 
a transformation to the hodograph plane which is 1—1 in the neighborhood 
of C. This is shown by Bers [6], who proves that C is mapped in a 1— 1 
way onto an arc C of the circle u? -+ v? == c? (= 2¢9?/1 + y) in the hodograph 
plane, and that the Jacobian of the transformation 0(u, v)/0(x,y) does not 
vanish on C, hence in a neighborhood.* Thus any solution œ (æ, y) of (6a) 


11 This is easily seen for the particular application of theorems P to lemma 3; 
where C is a streamline. For one obtains, | 6(u,v)/@(2,y)| = (uv — vu’)*/¢" along 
any sonic initial curve C, and if, in particular, C is a streamline, on which, by hypo- 
thesis, dq/dn z 0 and q = ¢’ z 0, then numerator and denominator of the right member 
are evidently non-zero. 
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which satisfies the prescribed conditions on C, is transformed into a solution 
(u,v) of (7) which on Č takes on the initial values @ (s) == su + yv'— 4, 
Pa = o(s), Py=y(s). That such a solution is unique in a neighborhood 
‘of C is established by means of the following special case of a theorem due to 
Holmgren [8, 9]. 

Consider the equation, 


where the coefficients a, b, c, d, e are anakytic functions of + and y. Let O 
be a curve which is non-characteristic (at every point) with respect to L(w), 
and let w(x, y) be a solution which takes on the values w == Ws == Wy = 0 
on C, and which is continuous up to its second derivatives in a neighborhood 
and on C. Then w(z, y) =:0 in a neighborhood of C. 

Equation (7) satisfies the conditions of Holmgren’s theorem, and thus 
(u,v) is unique in a neighborhood of C. This implies uniqueness of (x, y) 
in a neighborhood U of C. To complete the proof of Theorem $3, it must 
be shown that if the solution ¢(z,y) of the theorem in a characteristic 
triangle G on the supersonic side of C, then it is unique in all of G, and 
similarly for a neighborhood G on the subsonic side. However, this follows 
from the uniqueness result already proved for U, since in U, arbitrarily close 
to C, there are non-characteristic curves C’, on which the initial data ¢, ha, dy 
is uniquely determined, and to which the uniqueness theorems © or § can 
now be applied (according as C” is on the subsonic or supersonic side of C); 
this shows the uniqueness of ¢ in an arbitrarily large subregion of G, and 
therefore in all of G. 

It is evident that Theorem $ cannot be proved by this method, since 
in this case the hodograph .transformation degenerates to a single point. 

Remark 1. The restriction to the polytropic gas law (4) is not essential 
to the preceding results. One sees readily that the proof remain basically 
„unaltered if the polytropic law is replaced by the general equation of state, 


p =f (pn), (fns fos fpp =£ 0 for p > 0), 


where f(p,7) is analytic in p for every „. The latter condition is necessary 
to insure the analyticity of equations (6a, b); this is a requirement for the 
proof of P, and also for the theorem on the analytic character of solutions 
of elliptic equations, which is quoted in the proof of Theorems 2 and 3. 


Remark 2. The preceding methods are not directly applicable to general 
spatial flows primarily because of difficulties in the proof of the generalized 


14 
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Lemma 3. However, this obstacle could be easily overcome with the help 
of stronger uniqueness theorems than are now available for differential 
equations In three independent variables. 


INDIANA UNIVERSITY. . 
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A CHARACTERIZATION OF THE NORMED VECTOR ORDERED 
SPACES OF CONTINUOUS FUNCTIONS OVER 
A COMPACT SPACE.* 


By Leopotpo NacHBIn.t 


Given a compact space E, the system e( FE) of all real-valued continuous 
functions over FẸ is a normed (real) vector ordered space, or more precisely, 
a normed vector lattice. The problem of finding a characterization up to an 
isomorphism of the normed vector sublattices of some c( E) was considered 
previously by S. Kakutani, H. F. Bohnenblust, M. Krein and S. Krein.t 
In this note we shall consider the problem of giving a characterization up 
to an isomorphism of the normed vector ordered sub-spaces of some c(f).? 


Let S be a normed (real) vector space * which at the same time is an 
ordered vector space.* Following the usual terminology, we shall say that 
ves is positive if s Z= 0, and negative if «0. We shall also say that x is 
semi-positive if y = y always implies || y || = || z |, and that « is semi-negative 
if y Sv implies | y | =| æ ||." 

Our aim is to prove the following theorem. 


THEOREM 1. In order that S be isomorphic in the order, vector and 
norm sense to a normed vector ordered sub-space of c(E), for some compact 
space E, it is necessary and sufficient that (1) every element of S be either 
semi-positive or semi-negative, and (2) the set of all positive elements of S 
be closed. 


Before going into the proof of this theorem, we shall first state and 
prove the following theorem concerning the extension of linear functionals, 
which may be considered as a generalization of the well known Hahn-Banach 


* Received November 18, 1948. 

f Fellow of the U. S. A. State Department. 

t See the bibliography at the end of this paper. 

* This case was also considered by M. Krein [8}. 

? See Banach [2]. 

t That is, S is a vector space which is (partially) ordered in such a way that æ Sy 
implies e-+22y+2 and Aw Sy for \2#0. 

‘The origin of this terminology is the fact that in the real line the notions of 
positiveness and semi-positiveness coincide. 
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theorem ° to the case of ordered spaces, this last theorem being obtained as a 
particular case when the ordering relation is taken to be the discrete one. . 


_ THrorem 2. Let V be a vector sub-space of S, f be a linear functional 
defined over V and k = 0. In order that there should exist a positive? con- 
tinuous linear extension F of f defined over S such that | F | Sk tt ts 
necessary and sufficient that ve V, we S, v& w imply f(v) Sk lwl. 


The condition is clearly necessary because, if such an extension does exist 
and ve V,weS,v Sw, then f(v) =F(v) SF(w) SFI. lvl sel vi. 

To prove that the condition is sufficient let us assume that it is satisfied. 
For each we 8, define P(x) as the greatest lower bound of || y | for all ye S 
such that y= a. It is clear that 0 S P(x), P(Av) =AP(x) for A120 and 
P(a, + z2) S P(e.) + P(x). Our hypothesis that the condition is satisfied 
is equivalent to saying that f(v) S p(v) for all ve V, where p(x) = kP (x). 
Applying a known result, we see that there exists a linear extension F of f, 
defined over S, such that P(x) S p(s) for all ses. If +220, that is 
—a@ 0, then P(— gz) —0 and therefore #(— x) S p(—z) = 0, that is 
F(z) 20, so that F is positive. Moreover it is clear from the definition of 
P that P(x) Æ |x], and therefore F(z) Sp(v) Sk ||]. Replacing x 
by —a we get F(z) 2—k | a | which together with F(z) Sk |x| shows 
- that | F(z)| & k || æ ||, that is | F | Sk. 

It is not without interest to notice that, in the ordered spaces case, a linear 
positive continuous functional does not need to possess a linear positive con- 
tinuous extension without having to increase its norm. For instance, if S is the 
plane with its usual ordering and norm, and V is the set of all z == (é, —&), 
then the functional f defined over V by f(x) =€ is positive (because the 
ordering on V is discrete) and has norm | f| 1/2, but any positive 
extension F of f has norm | F| 21. 

We shall now prove Theorem 1. pa 

Let E be a compact space. If sec(E), then jel = [a] Vi z-i, 
where z, =g V 0 and z-=gz A0. Let us assume that | 2, || = |j z- || so 
that | si =] z}. If yec(E) and y Z z, then y, =x, = 0 and therefore 
| y+ || & | z || from which it follows | y | 2 {y = Ie. | = | æ || and z is 
semi-positive. In the same way we see that, if || z- || = || z, || then x is semi- 
negative. From this it follows immediately that condition (1) is necessary. 
The necessity of condition (2) is clear. 


° See Banach [2], p. 55. 
7A linear functional F is called positive if F(a) 20 whenever «20, 
8 See Banach [2], p. 28. 


NORMED VECTOR ORDERED SPACES. _ 703 


Now let us assume that S satisfies conditions (1) and (2). Let S* be 
the dual of S, that is the vector space of all linear continuous functionals 
over § endowed with its natural norm and ordering. We shall also consider 
on S* its weak topology obtained by making the points of § act on S* as 
linear functionals: it is known- that the unit sphere U of S* is weakly 
compact.® Moreover the set P of all positive elements of S* is clearly weakly 
closed. Putting E == U () P we get a compact space. 

For every seg let X be the real-valued function defined over Æ by 
X(f) = f(x), where fe E. It is clear that X is continuous over E and that 
the mapping z — YX is a linear transformation from § into c(£). 

The mapping q —> X is isometric. In fact, we have | X(f)| = | f(z)| 
<fi-fell Sie] and therefore |X| <|2]. On the other hand, 
every veg is either semi-positive or semi-negative. Assume that we are in 
the first case and a 540 (the case z = 0 being trivial). Let V be the set of 
all v= àv and let f be defined over V by f(v) =Ale|l. If ve V, wss, 
vesw then f(v) S|] wi. In fact, we have v—aAzr: if ASO then 
fw) =Alle] & lw ]| is clear, and if A>0 then v= ìs & w, that is 
rZ w/à implies | x || S | w/A || because x is semi-positive and f(v) <= || w | 
is still true. This being so, we may apply, Theorem 2 and get a linear 
positive extension F of f defined over § such that |F| =1. Then Fek 
and Y(F) = F(x) = f(x) =|| <i. If z, instead of being semi-positive, is `’ 
semi-negative we may get some Pe # with X(#) ==— |z|. In any case 
we see that | X | = || a ||. The final conclusion is that || X || = || æ |: 

The mapping z —>» X is one-to-one between S and its range: this follows 
from the above result. 

Finally the mapping z —> X is order-preserving in both directions. T£ 
x Z 0 then X(f) =f(x) 20, that is X 20. Assume now that Y=0. We 
want to show that x = 0 and therefore may assume 7540. Put = P(— vr), 
where P is the function introduced in the proof of Theorem 2. Let V be 


the set of all v = dz and let f be defined over V by f(v) =—ASs. If ve V, 
wes, vessw then f(v) S| wi. In fact, if var and AZ 0 thea 
f(v) =— A8 S |w] is clear, and if A<0 then v=dAx=w implies 


— g & —w/d and therefore P(— 2) S || w/A ||, by the definition of P( x), 
and f(v) & || w || still is true. Applying once more Theorem 2 we obtain 
a linear positive extension F of f defined over S with | F| <1. But then 
P e and X(£) = f(z) =— 8 and we must have § == 0, that is, P(— z) = 9. 
This implies the existence of a sequence yne S (n = 1,2,: +) such that 


? See Bourbaki [4] and also Alaoglu [1]. 
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e+ yn2:0 and v+ yrr. By condition (2) we conclude that s = 0. 
Theorem 1 is therefore proved. 
An alternative form for Theorem 1 is the following: 


THEOREM 1’. In order that S be isomorphic in the order, vector and 
norm sense to a normed vector ordered sub-space of c{H#), for some com- 
pact space E, it is necessary and sufficient that: (1’) if eS yz then 
lyilsicl v dz, and (2’) the set of all positive elements of X be closed. 


It is sufficient to notice that conditions (1) and (1’) are equivalent. 

The idea of using the notions of semi-positive and semi-negative elements 
is also suitable for the lattice case. Let us assume that § is a normed (real) 
vector space and at the same time a vector lattice.° Then we have: 


THEOREM 3. In order that § be isomorphic in the lattice, vector and 
norm sense to a normed vector sub-lattice of e( E), for some compact space E, 
it is necessary and sufficient that: (1) every element of S be either semi- 
_ positive or semi-negative, and (2) |s| =i |x| i, where |x| = zr Vv — re. 


The necessity of condition (1) was already proved, and that of condition 
(2) is clear because it is even true that || |æ] | =| 2 |. 


Now assume that (1) and (2) hold good. If0 Sav y then | el S lyt 


>s In fact, this is clear if x is semi-positive, and if x is semi-negative then 


0 =z implies | x || = 0, that is, 0 and the result is still true. 

Since (Ses |e], OS —r S|], we see that |e | V z-i 
<| fe] 1. . 

If x is semi-positive, from s = 2, we get |e || = || z+ |]. If z is semi- 
negative, the relation «=x. implies || z |) || z_ ||. In any case’ we have 
EIREANN fe. 

Combining these last two results with condition (2) we see that 
lz] =] |2|] and that J2|—j2| V jz |. 

The fact that 0 Sz Sy implies || S || yl, and that |z| =||] 
means that S is a- normed lattice, which in addition has the property 
| gl = | z, V | zl]. Incidentally we notice that, conversely, every normed 
lattice with this additional property satisfies conditions (1) and (2) of 
Theorem 3. - 

Now we observe that, by a result of Bohnenblust and Kakutani, it is 
sufficient to prove that s A y == 0 implies || V y | =le] yv iyl. Since 
the condition « A y = 0 is necessary and sufficient for the existence of a ze 5 


10 That is, in addition to the properties stated in *, 8 is a lattice (see Birkhoff [3]). 
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with 2, = z7, 2.——y, in which case z = z — y and |z|=«+y=—cry y, 
we see that the Bohnenblust-Kakutani condition is equivalent to || | z | | 
== | el V || 2 |, that is, to || zl =] z| V | 2]. Theorem 3 is therefore 
proved. 


An alternative form for Theorem 3 is obtained by replacing condition 
(1) by its equivalent (1’). 


UNIVERSITY oF CHICAGO. 
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FREE SUMS OF GROUPS AND THEIR GENERALIZATIONS. 
AN ANALYSIS OF THE ASSOCIATIVE LAW.* 


By REINHOLD BAER 


Introduction. Our problem and our method of approach can best be 
described in a situation in which the problems have been solved for a long 
time: the free sum of two groups with an amalgamated subgroup. (Note 
that the composition of group elements will be called addition in spite of the 
fact that this addition need not be commutative.) In this case there are 
given two groups G and H and a pair of isomorphic subgroups G’ and H’ of 
G and H respectively. If a is some fixed isomorphism of G’ upon H’, then 
we may identify the element x in G’ and its image wa in H’; and we are led 
to the following structure: a group G, a group H and a group S which is a 
common subgroup of G and H and which is exactly the intersection of the 
two groups G and H. Now we form the join J of the two sets G and H 
subject to the requirement G{] H = 8; and in J we may define an addition 
in the following obvious fashion: if s and y both belong to G (or both. belong 
to H), then their sum sv -+ y is defined as in G (as in H); and their sum is 
undefined otherwise. It is clear that the sum of any two elements in J is 
either undefined or uniquely determined. The problem is to imbed this 
structure into as general a group as possible, a problem that has been solved by 
O. Schreier [1] by his construction of the free sum of G and H with the 
amalgamated subgroup JV. | 

We may regain this problem in a somewhat more general form by the 
following observation: Let T be a non-vacuous subset of the group L; if x,y 
and «-+-y belong to T, then the sum‘of the elements x and y in T is the 
uniquely determined element x-y; and if z,y belong to T, though t + y 
does not belong to T, then we let the sum of v and y be undefined. Thus the 
subset T has been made into an additive structure, and one may ask how to 
characterize by inner properties those structures that may be imbedded into 
groups. As may be expected, such a general discussion will provide the 
proper framework within which to discuss problems of the type indicated in 
the first paragraph. 

In the first part of the present investigation (sections 1 to 5) we develop 
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a general method for attacking such problems.. Here we shall be concerned 
mainly with the various possibilities for formulating the associative law of 
addition, if we assume that the sum of two elements may or may not be 
defined, but if defined is, unique; and we shall investigate the effect of 
imposing these various lawson the problem of imbedding the given system 
into an additive manifold (which possesses an addition which may always be ` 
effected in one and only one fashion and which is associative in the cus- 
tomary sense). It turns out that such an imbedding may sometimes, be 
„effected and sometimes it is impossible; and if it is possible to effect this 
imbedding, then we may search for what one may call a “ most general ” con- 
taining manifold. If the term “ most general ” is identified with “ freeness ” 
as recently formulated by Bates [1], then imbeddability implies imbeddability 
into a most general manifold; but if we ‘identify the term “most general ” 
with Schreier’s concept of “freeness,” then it is éasy to construct sums of 
groups which are “ Bates free” but not “Schreier free.” 

In the second part we apply the results of the first five sections" to the 
problem of constructing sums of groups. Here we obtain proofs of the 
known results (the theorems of O. Schreier [1] and H. Neumann [1]) and 
a variety of more general criteria. It seems to the author as if the results 
obtained by no means exhaust the possibilities inherent in the methods which. - 
have been developed here. Ba 

One word concerning our methods. In most proofs for the existence of 
sums of groups one attempts more or less forcefully to represent the elements 


of the sum by some sort of a normal form which’ has the disadvantage that. ` 


the formal sum of two normal forms is not a normal form. Artin [2] gave 
recently a proof for the existence of the free sum of groups (without amal- ` 
gamation) in which the elements in the sum are classes of similar “ vectors.” 
Since in this case the elements are “almost in normal form” anyway, the 
difference between these methods is not too great in this special case. But 
in our more general situation it seems to be much more advantageous to 
forget about normal forms altogether; and this we do. 


1. Summation. The general frame work for our discussion is provided 
by the following concept. 


DEFINITION 1. An add is a non vacuous system A of elements with one 
composition, called addition a +- b, meeting the following requirement: 


(U) If a and b are elements in A, then there exists at most one element c 
in A such that a+ b= c. 


ba Pi 4 
Hoa ` Pa 
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Thus. the sum of the elements a and i in: A. is ‘cither ‘undefined or. else 
it is nue determined. | Sas 

If dı, © -,@, are n (equal or different) Caines: in the: add A, then 
we define the summation © (a1, ` *,an) as a pune of ‘A in the following 
way: by complete induction. 


DEFINITION 2. (1) Jf u is an element in A, then G(u) consists. a JA 
(n) Suppose that ix n and that w, -Un are in A. Then the element 


`: um A belongs to (us: `, Un) f, and only if, there exists an integer:t | 


with 0 < i< n and elements u' and u” in G(un' + +, wi) and S(t, =, h) 
respectively such that u == w + u”. i 


Sometimes we shall say ©4 instead of G in order to indicate that the 
summation has to be effected within the add A and not within some more 
comprehensive add. $ 

We note that G(a) is always a one-element set, that © (a, b) is aihe 
vacuous or the one-element set consisting of a + b (if this sum is defined) ; 
and that © (a, b,c) may consist of 0, 1 or 2 elements. More generally we have: 


Salur’ ©, Un) ws a finite subset of A. 
This important fact is easily verified by complete induction. 


LEMMA 1. . Suppose that sı, ` +,8, are elements in A, 1< n. 


(a) If a belongs to G(s1,: ` *,Sa), then there exists an integer i with the 
properties: 0 <i < n, si + Sin, exists in A, and a belongs to 
©(s1,° ` ta Siusi +. Stars Size,” 7 584) . 
ib) Tf0<j<n, and tf s; + Sjn exists in A, then 
©(s:, T ta Spur, S} -+ Sje1,8jea,° °° Sn) = ©(s1, Ty Sn). 

These two facts are easily verified by complete induction. 

If the subset § of A is not vacuous, then S may be considered as a subadd 
of A where we define addition in § in the obvious fashion. It is, however, 
quite possible that the sum of the elements s’ and s” in S exists in A, but not 


in g (namely in case s’ + s” does not belong to S). This leads us to the 
following concept. 


DEFINITION 3. If 8 is a subset of A such that s’+ s” belongs to S 
whenever s’ and s” are in S and S +- 8” exists in A, then S is closed in A. 

Note that this closure property is weaker than the subgroup property 
(the negative integers, for example, form a closed subset of the group of 
integers). 
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LEMMA 2 I f Sita o iSn. are elements in; the subadd S of the add A, 
then. 7. tot a aa 7 3 

(a) © (81,° "s “5 Sn) S G4 (sy a Sn) (1 S; and 

(b) Sils, Sn) = Oas ©, Sa) N S whenever S is closed in A. 


‘The inequality (a) is an almost immediate consequence of Definition 2; 
and the equation (b) may be verified by an easy induction argument, based 
.. on’ Lemma 1. 


2. The derived additive manifold. The following notations will prove 
very convenient in the future and will be used throughout. If Q is a set of 
elements, and if v, - +, Un (0 < n) are elements in Q, then v = (01,° + >, Un) 
“as a vector of length n over Q. The element v; in Q is the i-th coordinate 
‘of the vector v. The system of all vectors over Q will be denoted by V(Q). 
In V(Q) we define addition by the rule 


(A) (0 Um) F (Wi © ©, Wn) = (Vis © © y Um, Wi,* -y Wn). 
Addition in V (Q) is unique, associative and the cancellation law holds too, 
so that V(Q) is a semi-group. (Note that our “vectors” take the place of 
what has often been termed “ words.”’) : 

If in particular there is given an add A, then we introduce a similarity 
between the vectors over A as follows: 


(S.1) If a,b,c are elements in A such that a + b =c, and if u and v 
are vectors over A, then the vectors u + (a,b) + v and u+ (c) +4 are 
directly similar. (Here, as in similar circumstances, the vectors u and v may 
be of “length 0.”) | 


$ 


This direct similarity should be interpreted symmetrically in the sense 


lhat direct similarity of the vectors r and s is equivalent to direct similarity 
of the vectors s and r. Direct similarity is not transitive; and thus we com- 
plement the rule ($8.1) by the following rule. 


. (S. 2) The vectors v and w over A are similar, in symbols: v ~w, if there: 
exists a finite number of vectors v(1),---,v(k) over A, 0< k such that 
v = vu(1), v(t) and v(i -+ 1) are directly similar for0 < i < k and v(k) =w. 


It is clear that similarity of vectors is reflexive, symmetric, transitive. 
Thus we may form classes of similar vectors in V (4A); and we shall denote 
the class of similar vectors which contains the vector v = (v, **,Un) by 


LUS = L (Vis + +, Un)>. 
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It is furthermore quite easy to see that sums of similar vectors are 
similar; in symbols: v~v’ and w~w’ imply v+ w~ +w’. Conse- 
quently it is possible to define addition of classes of similar vectors by means 
of the formula: 


(A.1) <u> + <w> = <v + wd. 


Denoting by D(A), for A any add, the system of classes of similar vectors, 
subject to the definition A.1 of addition, one verifies readily the following 
facts: 


Addition of any two elements in D(A) is well defined and addition in 
D(A) is associative. 

Thus we may call D(A) the derived additive manifold (of the add A) 
in accordance with the following 


Derinition 1. An additive manifold is a nonvacuous system M of 
elements with one composition, called addition a+ b, meeting the following 
requirements : 


(a) If a and b are elements in M, then there exists one and only one 
element cin M such that a + b =c. 


. (b) a+ (b+c) = (a+b) +c for a,b,c in M. 


Because of the associative law (b) we may omit parentheses in sums of 
elements in M. It should be noted that we do not require validity of the 
cancellation law or commutative law. 

To enunciate the fundamental properties of the derived manifold we 
need the concept of homomorphism. 


DEFINITION 2. If A and B are adds, if § is- a, single valued A to B 
mapping, and if 


a + b =c for a,b,c in A implies ah + dh = ch, 
then h isa homomorphism of A into B. 


If, for instance, the sum of elements in A never exists, then every single 
valued mapping of A into some add is a homomorphism. 


THEOREM 1. If A ts an add, then the mapping 
(N) a®*=<(a)> forain A | 


has the following properties: 
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(a) Mapping x in A upon së in D(A) is a homomorphism of the add A 
into the derived additive manifold D(A). 


(b) Every element in D(A) is the sum OF elements in the subset A* (of all 
the elements z* for x in A). 


(c) If } ts a homomorphism of A into the additive manifold M, then there | 
‘ exists one and only one homomorphism £ of D(A) into M such that x*f == h 
for every xin A. 


Proof. It is clear that a single valued mapping of A into D(A) is effected 
by mapping v in A onto v= <(z)> in D(A). If a,b,c are elements in A 
such that a-+- b = c, then it follows from the preceding definitions that 


a + Dë = < (a)> + <(B)> = < (a) + (b)> = < (m b) > = < (0) > = 0”. 


This shows the validity of (a). 
- If y is an element in D(A), then there exist elements a,,° *',đ@n in A 
such that 


y = < (0n © 30n) > = (a) H > + (an)> 
ONE E ROEE 


and this proves the validity of (b). _ 

If ý is a homomorphism of A into the additive manifold M, and if f is a 
homomorphism of D(A) into M such that «*f = 2h for x in A, then we have, 
for ta’ ©, an in A, as before 


<(@:,° + +, dn) >t Ca", +> a* East: + atk 
ba tah ++ oH aab. 


Thus f is uniquely determined by §, if it exists at all. To prove the existence 
of at least one homomorphism f, meeting our requirements, we proceed as 


- follows: 


If a, * +,d@» are elements in A, then ai) +--+ : + a,b is a well deter- 
mined element in the additive manifold M. Thus we may let 
(di, ° i " , n) b = b F ° ° > + anb. 


If a,b,c are elements in A such that a+ b =c, then ab + bh = ch since 
h is a homomorphism. If u and v are vectors over A, then it follows now 
from the validity of the associative law in M that 


[u + (a, b) + v]h = uh + (a, b)h + 0h = ub + ah + b9 + vp 
== uh + ch + vh = [u + (e) + vb. 


4 
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Hence ) maps directly similar vectors upon the same element. Consequently 
any two similar vectors are mapped by h upon the same element in M. Hence 
a single valued mapping f of D(A) into M is defined by the rule: 


<u>t == vh for v in V(A). 


From <v>f +- <w>t = vh + wh = (v + w)h = <(v + w) dF, by the associative 
law in M, we deduce finally that f is a homomorphism of D(A) into M. 
If x is an element in A, then we have 2*f == < (x) = (x)h = a; and this 
completes the proof. f 

The homomorphism of A into D(A) which is defined by Theorem 1, 
(N) will be referred to as the natural homomorphism of the add A into its 
derived additive manifold D(A). 


In order to show that the derived manifold and the natural homo- 
morphism are essentially uniquely determined by the properties (b) and 
(c) of Theorem 1, we need the concept of isomorphism. 


DEFINITION 3. An isomorphism of the add A upon the add B is u 
correspondence a meeting the following requirements: 


(a) ais a one to one mapping of A upon B == Aa; 


(b) fa, b, care elements in A, then the validity of a+ b == ¢ is necessary 
and sufficient for the validity of aa + ba = ca. 


Thus if a is an isomorphism of A upon B, then there exists the inverse 
correspondence a7 and is an isomorphism of B upon A. It should in 
particular be noted that a homomorphism of A into B which is at the same 
time a one-to-one mapping of A upon B need not be an isomorphism. If, 
for instance, the adds A and B consist of the same elements, though using 
different definitions of additions, then it is quite possible that the identity 
mapping’is a homomorphism of A upon B without being an isomorphism 
of A upon B. 


THEOREM 2. Suppose that the homomorphism r of the add A into the 
additive manifold M has the following properties. 


(a) Every element in M is the sum of elements in Ar. 


(b) Jf ġ is a homomorphism of A into some additive manifold N, then 
there exists a homomorphism E of M into N such that Ņ = rf. 


Then there exists an isomorphism b of M upon D(A) such that ë = arb 
for xin A. 
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_ Proof. We-apply first condition (b) upon the natural homomorphism 
of A into D(A). Hence there exists a homomorphism v of M into D(A) . 
such that «*=- arp for x in A. Next we apply Theorem 1, (e) upon the f 
homomorphism r of A into M. Thus there exists a homomorphism f of D(A) 
into-M such that z*f — gr for x in A. We have conSequently 


c* == gro = ofp and gr = g" == ervf for every v in A. 


If y is an element in D(A), then it follows from Theorem 1, (b) that y is 
the sum of elements in A*. But every element z* in A* is left invariant 
by fb; and thus it follows that y == yfo for y in D(A). Likewise we deduce 
from our hypothesis (a) that z==zbý for every z in M. Thus we have 
shown that fo—1 and bf 1. ‘But Ë and p are homorphisms and con- 
sequently they are reciprocal isomorphisms between D(A) and M. Hence v 
is the desired isomorphism of M upon D(A). 


3. The associative laws. We are now going to enunciate a variety of 
properties of adds which would be equivalent to the customary associative 
law, if the sum of any two elements in the add would always exist. .But as 
properties of adds they can be shown not to be equivalent. 

If v is a vector over the add A, then v == (v,° *-,v,); and thus the, 
addition Gv = ©(v,- > *, n) is well defined (see section 1). 


THE FIRST on WEAK ASSOCIATIVE Law is satisfied by the add A, if Go 
contains, for every vector v over A, at most one element. 


We note that Gv contains one and only one element, if v has length 1; 
and that Gv contains at most one element, if v is of length 2. For vectors 
of length 3 the weak associative law is rather similar in effect to the customary 
associative law. 


THE SECOND ASSOCIATIVE Law ts satisfied by the add A, if the natural 
homomorphism of A into its derwed additive manifold D(A) is a one-to-one 


correspondence. 
The following fact will be useful. 


LEMMA 1. If v is a vector over the add A, and if the element u in A 
belongs to Gv, then (u) ~v. 


This is easily verified by complete induction with respect to the length 
of v. (Use 1, Lemma 1, (a).) 


The first associative law is a consequence of the second associative law. 


& 
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Proof. If the elements a and b belong to Gv, then it follows from 
Lemma 1 that (a) ~v~ (b). Hence a* = b*; and a = b is a consequence 
of the fact that the natural homomorphism is one to one. Hence Gv contains 
at most one element. 

In general, the second associative law is ndt a consequence of the first 
one. However, we shall show (in section 4) that they are equivalent in the 
cases of greatest interest. 


THE THIRD OR INTERMEDIATE ASSOCIATIVE LAw is satisfied by the add 
A, if the natural homomorphism of A into its derived additive manifold is 
an isomorphism. 


It is obvious that the second associative law is a consequence of the 
third one: and their non-equivalence may be verified easily [see 6, Example 2]. 
We may decompose the third associative law into two properties as follows: 


(TIT.1) (a) ~ (b) if, and only if, a =b. 
(TII.2) (a,b) ~ (c) tf, and only if, a + b =c. 


(III. 1) is equivalent to the second associative law, since (a) ~ (b) if, 
and only if, a*=- b*. (JII.1) and (III. 2) together are equivalent with the 
third associative law, since (a,b) —~(c) if, and only if, a* + b* == c* (see 
also 2, Definition 3). 


THE FOURTH OR STRONG ASSOCIATIVE Law is satisfied by the add A, tf 
v~ w implies always Gv = Ow. 


The third associative law is a consequence of the fourth associative law. 


Proof. If (a) ~ (b), then we infer @(a) = ©(b) from the strong 
associative law. This implies a= b, since G(2) consists of the element x 
alone. Hence (III. 1) is true. If (a,b) ~ (c), then we infer G(a, b) == G(c) 
from thé strong associative law. Since G(c) consists of c only, it follows 
that c belongs to G(a,6); and this implies a + b == c. Hence (III.2) is 
true too. i 

The converse of the preceding statement is not true [6, Example 3]; 
and it appears that there exists a considerable gap between the third and the 
fourth associative law. 

In what follows we shall refer to the various associative laws either 
by their names or by roman numerals. We remark that I seems to be the 
most natural generalization of the usual form of the associative law, as 
usually formulated. The importance of III is fairly apparent; and, as a 
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matter of fact, IV will be by far the most important of all. The importance 
of III and IV will be elucidated somewhat in section 5. Some indication of 
the importance of Properties (II) and (III) is contained in the following 
useful proposition which is a generalization of a result due to H. Neumann 
(T1], p. 598, Theorem). 


Lemma 2. The natural homomorphism of the add A into D(A) ts an 
isomorphism (is one to one) tf there exists an isomorphism ‘(a one-to-one 
homomorphism) of A into some additive manifold. 


Proof. If § is a homomorphism of A into the additive manifold M, 
then we deduce from 2, Theorem 1, (c) the existence of a homomorphism f 
of D(A) into M such that 2*f = zh for s in A. Now it is clear that the 
natural homomorphism is one to one, if § is one to one; and the natural 
homomorphism is an isomorphism whenever § is an isomorphism. 


COROLLARY. The add A may be imbedded into an additive manifold if, 
and only if, the third associative law is satisfied by A. : 


This is a fairly immediate consequence of Lemma 2 and the existence 
of the derived manifold D(A). | 


Proposition 1. (a) If the first (or second or third) associative law is 
satisfied by the add A, then it is also satisfied by the subadds of A. 
(b) If the strong associative law is satisfied by the add A, then it is also 
satisfied by the closed subadds of A. 


Proof. If the weak associative law is satisfied by A, if 8 is a subadd 
of A, and if v is a vector over S, then Gsv = Gav [1, Lemma 2, (a)]. 
Since the latter summation contains at most one element, so does the former. 
Hence the weak associative law is satisfied by 8. 

If the natural homomorphism of A into D(A) is one to onc, (is an 
isomorphism), then it induces a one-to-one homomorphism (an isomorphism) 
of the subadd § of A into the additive manifold f(A). It follows from 
Lemma 2 that the natural homomorphism of § is one to one (is an iso- 
morphism) ; and this completes the proof of (a). 

Assume finally the validity of the strong associative law in A; and 
suppose that the subadd S of A is closed in A. If v and w are similar 
vectors over S, then it follows from V(S) = V(A) that v and w are similar 
vectors over A. Hence Gav == Gaw, since the strong associative law holds 
in A. Since S is closed in A, we deduce 


Sgu == Gav ‘a 8 = F 4 UW) ‘a S = Sw 


15 
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from 1, Lemma 2, (b); and this shows the validity of the strong associative 
law in 8. 

Remark 1. It is not difficult to construct subadds of groups which do 
not satisfy the strong associative law (see, for instance, 6, Example 3). This . 
shows that Proposition 1, (b) would fail to be true, if we omitted the require- 
ment that § be closed in A. 


PROPOSITION 2. The associative law (X), for ae II, III, IV, ts 
satisfied by the add A, if every finite subset of A is contained in a subadd 
of A with Property (X). 


Proof. Assume that every finite subset of A is contained in a subadd 
of A which satisfies the strong associative law. Suppose that v == (v1,- - +, Un) 
and that the vector w of length n — 1 is directly similar to v. Form a finite 
subset F of A as follows: F contains every v; it contains v; + Vin, if it 
exists in A; it contains (%-+ vur) + Vig and via- (4; + Vi), 1E these 
sums exist in A; and so on. It is clear that F is finite, that v and w are 
vectors over F, and that Sav = Grv and Saw = Grw. But F is, by hypo- 
thesis, contained in a-subadd § of A in which the strong associative law is 
satisfied. Now one sees that Gav = Grv = Ogu = Ggw = Gpw = Gaw. Hence 
directly similar vectors m A have the same summation in A; and conse- 
` quently any two similar vectors in A have the same summation in A. Thus 
the strong associative law is valid in A. The other contentions of our 
proposition are verified in a similar fashion. 


DEFINITION. The vector v= (V, ``, Vn) over A is contractable, tf 
1 <n and if there exists an integer i such that 0< i< n and such that the 
sum Vi + Vin, exists in Å. 


Using the terminology of section 2 we may also say that the vector v | 
of length n is contractable, if 1 < n and if there exists a vector w of length 
n— 1 which is directly similar to v. 


THEOREM 1. The following properties of the add A imply each other. 
(i) Ifaiin A and vin V(A), and if (a) ~v, then a belongs to Gv. 


(ii) If a, a.,° + +,an are elements in A such that (a) ~ (a,° + *, an), then 
n= ] and a= a or else 1 < n and the vector (a1,- + -,,) is contractable. 


(iii) If v and w are similar vectors over A, and if Sv is not vacuous, then 
Sw consists of one and only one element. 
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(iv) The weak associative law holds in A; and if v and w are directly 
similar vectors of length n—1 and n respectively such that Gw is not 
vacuous, then Gv is not vacuous. 


(v) The strong associative law holds in A. 


Proof. Assume the validity of (i); and suppose that a, @ı,* * >, @, are 
elements in A such that (a) ~ (@1,' ` *, an) =v. It follows from (i) that 
a belongs to Gv. If n= 1, then Gv consists of a, alone so that a == a,; and 
if 1 < n, then we infer the contractability of v from 1, Lemma 1, (a). Thus 
(ii) is a consequence of (i). . 

Assume next the validity of (ii). Suppose that r is a vector over A 
and that a and b are elements in Gr. It follows from Lemma 1 that 
(a) ~r-~ (b); and hence it follows from (ii) that a==b. This proves the 
validity of the weak associative law in A. Consider next a vector v over A 
such that Gv is not vacuous. If there existed among the vectors similar to 
v one with vacuous summation, then there would exist a vector w of minimal 
length m such that v ~w.and Gw is vacuous. Clearly 1 < m, since © (v), 
for « in A, consists of x There exists an element u in Gv; and it follows 
from Lemma 1 that (w)~v. Consequently (u) ~~w; and we infer from 
(ii) the contractability of w. Hence there exists a vector s of length m — 1 
which is directly similar to w; and it follows from 1, Lemma 1, (by that 
Gs £ Sw. Since v~ wms, and since the length of s is less than the 
(minimal) length of w, it follows that Gs is not vacuous. Hence Gw cannot 
be vacuous either, a contradiction which proves that Gt is not vacuous, 
whenever t~ ù (and Gv is not vacuous). Since we have already verified 
the validity of the weak associative law, we have shown that (iii) is a 
consequence of (ii). 

(iv) is a special case of (iii) (and hence+a consequence of (ii) ). 

Assume now the validity of (iv). Suppose that v and w are directly 
similar vectors of length n— 1 and n respectively. Then it follows from 1, 
Lemma 1, (b) that Gv = Sw. It follows from (iv) that either Gv and 
©w are both vacuous or they contain both exactly one element. In either 
case we may infer Gy = Gw from Gvu=6w. Thus the summations of 
directly similar vectors are equal; and it follows (by complete induction) 
that the summations of similar vectors are equal. Thus the strong asso- 
ciative law holds in A, proving that (v) is a consequence of (iv). 

Assume finally the validity of the strong associative law. Ifa is in A 
and v in V(A), and if (a) ~v, then G(a) = Gv. But G(a) consists of a 
alone, showing that a belongs to Gv. Thus (i) is a consequence of (v); and 
this completes the proof. 


A 
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Remark 2. Condition (ii) may be restated in the following very useful 
form which involves the natural homomorphism of A into D(A). 


(i) The natural homomorphism of A into D(A) is one to one; and if 
Qis’ © `, Un are elements in A such that 1 < n and such that the sums a + Gin, 
for0 <i < n, do not exist in A, then a*, +- - ++ a"n does not belong to A*. 
The equivalence of the properties (ii) and (ii’) is easily deduced from 
the fact that 
(a) ~ (@1,° + +, an) and a* =a", +---+a*, 


are equivalent properties of the n+ 1 elements a, Qi’ © *°, aa in A. 


4. Self-reflexive adds. This important class of adds is characterized 
by the validity of the following postulates. 


(SR.1) There exists an element 0 in A such that x == g + 0 = 0 -+v for 
every xin A, 


It is clear that the null-element is uniquely determined, if it exists. 
It may happen that a subadd of an add with 0 may posess a null element, 
not 0. We shall therefore usually restrict our attention to those subadds 
of A which contain the element 0. 


(SR.2) To every element x in A there existis an element y in A such that 
zt y =Q. 
(SR.3) -+ y =0 and x -+ z= 0 imply y=2. 

It (SR. 2) and (SR.3) are satisfied, then we may denote the uniquely 


determined solution of the equation a + v ==0 by «==—da. Instead of 
(—a) +b and c+ (—a) we shall write —a -+ b and c—a. 


(SR. 4) xr + y= 0 if, and only tf, y +- z =0. 


Together with the preceding postulates this implies —(— g) =g. 

If these four postulates are satisfied by the add 4, then we shall term 
the add A self-reflexive. Sometimes it will be convenient to be able to use 
the following rule which will be satisfied in all important situations. 


(SR. 5) If a+ b= 0, and if the sum b + c exists in A, then a 4- (b+c) 
== C; if the sum r -+s existis in A, and if s + t= 0, then (r -+ s8) + t =r. 


An add A which satisfies all the rules (SR. 1) to (SR. 5) shall be termed 
self-reflexive in the strict sense. 


4 
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PROPOSITION 1. lf the add A has properties (SR.1) and (SR. 2), then ` 
the derived additive mamnfold is a group. 


Proof. Addition in D(A) is always defined and associative. It is clear 
that <(0)> is the null-element of the additive manifold D(A). If d is an 
element in D(A), then d==<(d:,- + -+,d,)> with d; in A. Hence there exist 
elements d’; in A such that di + d’;= 0 for every i. Let d = (d'm: - +, d’1)>. 
Then one verifies readily that 


d + d = < (di; ` i Ons Ons” "a)y = < (0)>. 


It is well known, and easily verified, that under these circumstances the 
additive manifold D(A) is a group. 


Lemma 1. Assume the validity of (SR.1) and (SR. 2) in the add A. 
(a) (SR.3) is a consequence of the second associative law. — 
(b) (SR. 4) and (SR. 5) are consequences of the third associatwe law. 


Proof. If x, y, z are elements in A such that z -+ y = æ + z = 0, then 
v* + y" = g* + z* == 0*. But D(A) is a group [Proposition 1]. Hence 
y* —=2* and y =z is a consequence of (II). 

If £+ y= 0, then z*+y*==0*. Since D(A) is a group, we have 
y* + 2" = 0"; and y Hr =0 isa consequence of (III). Likewise we infer 
from s+ y==0 and the existence of the sum y +z that 


ot Ey payee at fy + tm (e H y)* + at OF ot mat 


and that therefore «-+ (y-+-2) =z [here we applied (III) twice]; and the | 
other half of (SR.5) is verified likewise. 

For a convenient enunciation of the next proposition we define induc- 
tively the concept of i-fold contraction of a vector. Every vector is its own 
0-fold contraction. If w is an i-fold contraction of v, if w =r + (a,b) +s 
[where the vectors r and s may have length 0], and if the sum a-+ b exists 
in A, then r+ (a+ 0) +s is an (1+ 1)-fold contraction of the vector. v. 
Instead of “ i-fold contraction ” we shall often say only “contraction ” [see 
3, Definition]. 

One deduces easily from 2, (S.1) and 2, (S. 2) that vectors are similar 
to all their contractions. The following property is often useful. 


Lemma 2. The element ain A belongs to Sv if, and only if, the vector 
(a) is a contraction of the vector v. 


This is easily verified by complete induction. 
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Lemma 3. If the vector v(1) +- -+ (n) is an t-fold contraction of 
the vector w, then there exist vectors w(j) with the following properties: 
v(j) is an i(j)-fold contraction of w(j), w==w(1)+---++w(n) and 
pm i(1) +- pil). 


The proof is effected by complete induction with respect to t after direct 
verification of the cases i = 0 and i= 1. 


THEOREM 1. If the add A is self-reflexive in the strict sense, and if the 
vectors v and w over A possess a common contraction, then there exists a 
vector z over A such that both v and w are contractions of z. 


We precede the proof of Theorem 1 by the proof of the following special 
case. ; 


(li) If u+ (a+ b)+ is an «fold contraction of the vector w, then 
there exists a vector z such that both u +- (a,b) + v and w are contractions 
of 2. 

Proof by complete induction with respect to i. 


If i = 0, u+ (a+ 6) +0—w is a 1-fold contraction of z = u + (a, b) 
+v. This shows the validity of (1.0). Assume now that 0 < i and that 
(1. j) has been verified for 0 & j <i. Suppose that u -+ (a+b) +v is an 
i-fold contraction of the vector w.. It follows from the definition of t-fold 
contraction that there exists a vector ¢ such that u + (a + b) +v is a 1-fold 
contraction of ¢ and ¢ is an (t—-1)-fold contraction of w. We distinguish 
two cases. 


Case 1. t= u -+ (cd) -v with a + b =c + d=e. 

We infer from Lemma.3 the existence of vectors p, q, r with the 
following properties: u is a contraction of p, (c,d) is a contraction of q, 
v is a contraction of r; and w=-p+tq+r. Since A is self-reflexive in the 
strict sense, there exists a well determined element — a in A which satisfies 
a—a= 0 and — a 4- e = —a + (a+b) =b. We let z—p--(a,—a) 
+g+tr. Then w is a 2-fold contraction of z. Since u, (c,d), v are con- 
tractions of p, q and r respectively, it follows that u + (a,—a) + (c,d) +v 
is a contraction of z. Since c+ d==e and —a + e == b, it follows that 
u -+ (a,b) -v is a 2-fold contraction of the latter vector. Hence both w 
and u + (a,b) +v are contractions of z. 


Case 2. t has not the form discussed in Case 1. 
_ Since u-+ (a+ 5) + is a 1-fold contraction of t, we may assume 
without loss in generality that 


y 
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t= p+ (ed) +¢q+ (a+b) +0 with wu—pt(c+d)+¢. 


Since ¢ is an (1—1)-fold contraction of w, we infer from (1.¢— 1) the 
existence of a vector z over A such that both w and p + (c,d) +9q-+ (a,b) 
+. v are contractions of z. Since u -+ (a,b) +v is a 1-fold contraction of 
p+ (c,d) +4q-+ (a,b) -+ v, it is likewise a contraction of z. 

This completes the inductive proof of (i.i). 


For convenience of inductive argument we restate Theorem 1 as follows: 


(i,j) If the vector c over A is an i-fold contraction of v and a j-fold con- 
traction of w, then there exists a vector z over A such that both v and w are 
contractions of z. 


Proof by complete induction with respect to 4. 


If i = 0, then v =c is a 7-fold contraction of w =z. This shows the 
validity of (0.j). If i= 1, then v =r + (a,b) +s and c=r -+ (a+b) 
-+ s and c is a 7-fold contraction of w. Thus we obtain for 1== 1 just the 
assertion (1.j) which we have verified before. 

Assume now that 1 <i and that (k.j) has been verified for O<k <i 
(and every j). If c is an 7-fold contraction of the vector v and a j-fold 
contraction of the vector w, then there exists a vector p such that ¢ is a 
1-fold contraction of p and p is an (i—1)-fold contraction of v. Since ¢ 
is a 1-fold contraction of p and a j-fold contraction of w, we infer from (1. j) 
the existence of a vector g over A such that both w and p are contractions 
of q. Since p is an(¢—1)-fold contraction of v and an m-fold contraction 
of q, we infer from (1—1.m), (the inductive hypothesis), the existence of 
a vector z over A such that both v and q are contractions of z. Since w is a 
contraction of the contraction q of z, it follows that w is a contraction of z. 
Thus v and w are contractions of z, as we intended to prove. This completes 
the proof of (i.j) and of Theorem 1. 


Remark 1. It is worth noting that only the properties (SR. 1), (SR. 2), 
(SR. 4) and the first half of (SR. 5) have been used in the proof of Theorem 1. 


COROLLARY 1. The vectors v and w over the strictly self-reflexive add A 
are similar if, and only if, there exists a vector 2 over A such that both v 
and w are contractions of z. 


‘Proof. Ji v and w are contractions of z, then v~ z~ w, as has been 
pointed out before; and v ~ w is a consequence of the transitivity of similarity. 
If conversely v and w are similar vectors, then one deduces readily from the 
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' definition -of similarity the existence of vectors v(t) with.the following 
` propertiés :- 


v= v(0), v(t) is a contraction of v(i + 1) or v(t-+ 1) is a contraction 


of.v(t), v(n) =w. 


We are going to construct by complete induction with respect to i vectors 
z(t) such that v and v(t) are both contractions of z(4). For 1—0 we may 
clearly choose z(0) ==v. Thus suppose that we have already constructed a 
vector z(t) of which v and v(t) are contractions. If i= n, then we have 
obtained the desired vector z. If i< n, then we distinguish two cases. 


Case 1. v(4-+1) is a contraction of v(t). 

Then v(t+1) is also a contraction of z(1); and so we may let 
2(a +1) —=2(1). | 

Case 2. v(i+1) is not a contraction of v(i). 

. Then v(t) is a contraction of both z(2) and v(1-+ 1); and it follows 
from Theorem 1 that there exists a vector z(i + 1) over A such that both 2(2) 
and v(i-+1) are contractions of z(i-- 1). Since v is a contraction of 2(i), 
v is likewise a contraction of z(¢+ 1). 

This completes the induction. Hence there exists a vector z =z(n) of 
which both v and v(n) =w are contractions. This completes the proof. 


COROLLARY 2. The first and second associative law are equivalent 
properties of self-reflexive adds in the strict sense. 


Proof. It has been shown in section 8 that the first associative law is a 
consequence of the second one. Assume now that A is a self-reflexive add 
in the strict sense and that the first associative law is satisfied by A. Con- 
sider elements a, b in A such that a* — b*. Then (a) ~ (b); and it follows 
from Corollary 1 that there exists a vector v over A of which the vectors (a) 
and (b)‘are contractions. We infer from Lemma 2 that the elements a and b 
belong both to Gv; and a == b is now a consequence of the first associative law. 
Thus a=b is a consequence of a* == b*; and this shows the validity of the 


second associative law. 


Remark 2. It may be of interest to obtain results similar to the pre- 
ceding ones without the use of (SR.5). In this respect we state without 
proof the following fact: 

The second associative law is satisfied by the self-reflexive add A (in the 
weak sense) if, and only if, the first associative law is satisfied by A and 


(0) ~ (a,b) implies O—a-+ b. 


FREE SUMS OF GROUPS AND THEIR GENERALIZATIONS: ` 1.123 
ot as eA? it 

THEOREM 2. If A is a self-reflexiwe add (in the weak sensé), then the |: 
following conditions are necessary and sufficient for the validity of ‘the strong , >. 


gut 


associative law in A. Re RE 


(a) Ais a self-reflexive add in the strict sense. 


(b) The weak associative law is satisfied by A. 


(c) If (0) ~v, and if the length of v is greater than 2, then v is con 
tractable. 


Proof. Assume first the validity of the strong associative law. Then 
we have shown in section 3 that all four associative laws hold in A. Thus 
(b) is true; and the validity of (a) is a consequence of Lemma 1. The 
validity of (c) may be inferred from 3, Theorem 1. 

Assume conversely the validity of the conditions (a), (b), (c). Then 
it follows from (a), (b) and Corollary 2 that the second associative law holds 
in A. If a and b are elements in A such that (a) ~ (b), then `a” == b*; 
and a == b is a consequence of the sécond associative law. Next we prove by 
complete induction with respect to n (for 1 < n) the validity of the following 
fact. ) . 

(C.n) If the vector v of length n is similar to a vector of length 1, then v 
is contractable. | 

To prove (C.2) consider elements a, b, c in A ‘such that (a) ~ (b,c). 
Hence (0) ~ (—a,a) ~ (—a, b,c); and it follows from (c) that at least 
one of the sums —a+Ob and b-c exists in A. If —a-+d exists 
in A, then (—c) ~ (— a, b, c, — c) ~ (—a+5,0)~(—a-+b); and 
— ¢ = — Q -+b is a consequence of the second associative law. Applying 
(SR. 5) twice we find that a — c = a + (—a + b) =b and b + c= (a—c) 
+- c =a. If —a—+ b does not exist in A, then b + c exists in A. Hence 
(a) ~ (a, — a,b,c) ~ (0,6 +c) ~ (b-+-¢); and this implies, as has been 
pointed out before, a = b -+ c. Thus we have in either case a = b -+ c. Con- 
sequently (C.2) (and the third associative law) are true. 

Assume now that 2 < n and that the validity of (C. j) has been verified 
for 2S7 <n. Assume that a,b,,---+,b, are elements in A such that 
(a) ~ (bi, + +,0n). Then (0) ~ (—a,a) ~ (— a, bı: ``, bn); and we 
infer from Condition (c) the existence of at least one of the sums —— a + },, 
bi + be: + ©, On- +- bn in A. If —a-+ b, exists in A, then 


(—(—a -+ b,)) ~ (—(— a + b), — a, bi ` 23.04) 
~ (—(—a + b1), — a + bi Da, i -, ba) ~ (bz: : “5 Un) 3 
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and it follows from (C. n— 1) that (b2,- - -, ba) is contractable. Thus the 
vector (b;;:-+,0n) is in all cases contractable. This proves (C.n) and 
completes the induction. 

Now we have verified the validity of Condition (ii) of 3, Theorem 1; 
and this shows the validity of the strong associative law in A, as we claimed. 


COROLLARY 3. The strong associative law is satisfied by the strictly self- 
reflexive add if, and only if, (0) is a contraction of the vector v whenever 
(0) ~v. 


Proof. The necessity of our condition is a consequence of the fact that 
©(0) consists of 0 alone; and that (0) is a contraction of v whenever 0 
belongs to Gv. To prove the sufficiency of our condition we have to verify 
only the validity of the second associative law (by Theorem 2); and this 
is easily done, since a* = b* implies (4) ~ (b), and since this implies 
(0) ~ (b,——a) so that (0) is a contraction of (b,—a) or 0—b—a or 
b =q. 


5. Freedom and independence. In this section we shall establish the 
relations between the methods and results of the first four sections and the 
problems of group construction, in particular that of generation of groups 
by subadds. Here we say that the additive manifold M is generated by its 
subadd S, in symbols: M = {S}, if every element in M is the sum of some 
elements in S. If S happens to meet requirements (SR.1) and (SR. 2) of 
section 4, then {S} is easily seen to be a group. 


DEFINITION 1. The subadd S of the additive manifold M is a free add 
of generators of M [or M is freely generated by S], af 
(a) M = {8}, and tf 


(b) there exists to every homomorphism 8 of the add S into some additive 
manifold N a homomorphism t of M into N such that 28 = zt for every x in S. 


It is readily seen that the homomorphism t is uniquely determined by 3 
and maps {S} upon {88}. (See Bates [1] for a discussion of free generation.) 


THEOREM 1. Suppose that A is an add. 


(1) If the additive manifold M is freely generated by A, then there exists 
an isomorphism of M upon D(A) which induces the natural homorphism 
in A. 


(2) If Ais a free add of generators of the additive manifolds W and M”. 
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then there exists an isomorphism of M upon M” which leaves invariant every 
element in A. | 


(3) The third associative law holds in A if, and only if, A is a free add of 
generators of some additwe manifold. 


Proof. (1) is an immediate consequence of 2, Theorem 2 [if we let there 
in particular r==-1]; and (2) is an immediate consequence of (1). It isa 
consequence of 2, Theorem 1 that D(A) is freely generated by A*; and 
(3) may be deduced from this fact and 8, Corollary. 


DEFINITION 2. The subadd S of the additive manifold M is an inde- 
pendent add of generators of M, if 


(a) M = {8}, and if 


(b) So= Si + + > + Sn for sı in S and 1 < n imply contractability of the 
vector (S:,° ` *,$n) over the add &. 


. Note that the additions occurring in (b) are effected in the additive - 
manifold M whereas the contraction of the vector (s,,--.:,8:) has to be 
effected within the add 8. 


THEOREM 2. If Conditions (SR.1) and (SR. 2) of section 4 are satisfied 
by the subadd S of the additwe manifold M=={S}, then the following 
properties of M and S are equivalent. 


(i) S ts an independent add of generators of M. 


(ii) If s,:++,8, are elements in S such that 0 == s1 +- ` -+ Sn, then 
0 belongs to Gg(s1,° ``, Sa). . 


(iii) M is freely generated by S and the strong associative law is satisfied 
by the add 8. 


Proof. We note first that M is a group, as has been pointed out before. 
Since § is a subadd of a group, it follows from 3, Lemma 2 that the natural 
homomorphism is an isomorphism; and now it is a consequence of 4, Lemma 1 
that S is strictly self-reflexive. 

Assume that (i) is true and that 0==s,-+----+s,. Then either 
n==1 and 0 = s, belongs to Gs(s,) or else we infer from Definition 2, (b) 
the existence of an integer i with the following properties: 0<1< n, and 
8; + Sı = t is an element in 8S. Then | 


0 = s+: +--+ Sn. 4+ Sete + Sn, 
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and now it is clear how to prove (ii) by complete induction with respect to n 
(together with 1, Lemma 1, (b)). a 

Assume now the validity of (ii). Since § is a subadd of the group M, 
the identity is an isomorphism of § into M. Hence we may infer from 2, 
"Theorem 1, (c) the existence of a homomorphism g of D(S) into M such 
that a*g— x for every v in 8. Clearly we have D(S)g = {S*}g = {8*g} 
= {S}—M. Next we note that D(S) is a group too [4, Proposition 1]. 
If.w is an element in D(S) such that wg == 0, then there exist elements 
Wi’ © ` Wm in S such that w = ¢(w1,: ` -,wm)>; and we find that 


= WY = Wg pW ng == Ww -Ho en. 


It follows from (ii) that 0 belongs to Gg(w.,:--,Wm); and it follows 
from 8, Lemma 1 that (0) ~ (Wi, * ~, Wm) (over S). Hence w =0 and 
consequently g is an isomorphism of D(S) upon M; and now we are assured 
of the existence of the reciprocal isomorphism gt of M upon D(S). If} 
is a homomorphism of § into the additive manifold N, then there exists a 
homomorphism f of D(S) into H such that s*f — xh for æ in S (2, Theorem 
1, (c)). Hence rh = a*f=ag"f for v in S; and the homomorphism g“f 
of M into N induces § in 5. This shows that M is freely generated by S. 
If the vectors (0) and (s1,° - `, Sn) are similar over §, then 


0 = 0g = (8% H: e +S) g=Sigt- (tages tet; 


and it follows from (ii) that 0 belongs to Gs(s,,: © ©, 8a). Hence it follows 
from 1, Lemma 1 (a) that the vector (s,,: *',Sa) is contractable over &. 
Thus we have shown that the conditions (a), (b), (c) of 4, Theorem 2 are 
satisfied by S; and this shows the validity of the strong associative law*in S. 
Hence (iii) is a consequence of (ii). 

Assume now the validity of (iii). Then we infer from Theorem 1, 
(1) the existence of an isomorphism b of M upon D(S) such that 2* = 2b 
for x in S. Suppose now that 1 < n and that the elements s; in § satisfy 
So = Sı +` c +s, [in M]. Then we have 


< (80) > = S” o = Sod = sb +: : -F Snb == 3, +. ; Ls, 


== €(81,° +, 8n)> OF (So) ~(S1,° + +, Sn) [Lover S]. 


It follows from the strong associative law that s, belongs to Gg(so) 
= s (S, ° *,8,); and the contractability of the vector (s,,- - -, Sn) 
[over S] is a consequence of 1, Lemma 1, (a). Hence § is an independent 
add of generators of M [Definition 2]. Thus (i) is a consequence of (iii). 
This completes the proof. 
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COROLLARY 1. The strong associative law is satisfied by the self- 
reflexive add S if, and only if, 8 is an independent add of generators of one , 
(and essentially only) one group. 


This is easily deduced trom Theorems 1 and 2. 


THEOREM 3. If A ts an independent add of generators of the additive 
manifold M, and if the subadd S of A is closed in A, then S is an independent 
add of generators of the additive submanifold {8} of M. 


This is an almost immediate consequénce of Definition 2 and 1, Definition 
3. | 

COROLLARY 2. If the strong associative law is satisfied by the self- 
reflexive add A, if the self-reflexive subadd S of A is closed in A, and if a 
and 8 are the natural homomorphisms of A and 8 respectively, then there 
exists an isomorphism g of D(S) upon {Sa} such that «8g = za for every 
can Ñ. 


This is easily deduced from the preceding results. 


6. Concretions and amalgams. The following definition expresses ‘a 
basic principle for the construction of adds. 


DEFINITION 1. If ¢ isa system of subadds of the add A, if every element 
in A belongs to at least one of the subadds in œ, and if the validity of the 
equation a -+ b = c in A implies the existence of an add-in p which contains — 
a, b, c, then A is the concretion of the adds in . 


If A is the concretion of the adds in œ, if B is some add, and if there 
is given to every add X in ¢ a homomorphism H(X) of X into B such that 


uh(X) == wh(Y) for every u in X f) Y, 


then there exists clearly one and only one homomorphism of A into B 
such that : R 
ub == ub(X) for every u in X. 


Thus homomorphisms of A are obtained by “ concretion ” of homomorphisms 
of the adds in ¢. . 

The construction of adds by concretion of given adds proceeds as follows: 
Suppose that @ is a set of adds such that the cross cut of any two adds £ 
and F in 6 is either vacuous or a common subadd of both X and Y. Then 
let A (0) be the set of all the elements belonging to at least one of the adds 
in 6; and define addition in A(6) by the rule: 
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a+ b = c if, and only if, there exists at least one X in 6 which contains 
a, b and c and in which add XY the equation a -+ b == c is valid. (See Bates 
[1] for the principle of concretion.) 


EXAMPLE 0. Suppose that G and H are two groups which have no 
elements in common. The concretion of G and H is then an add without 0, 
since the null-element of G cannot be added to any element in H etc. If v 
is a vector over the concretion C of G and H, then Ggv is not vacuous if, 
and only if, all the coordinates of v belong to G or all the coordinates of v 
belong to H; and from this fact orfe easily deduces the validity of the strong 
associative law in C. 

The situation indicated in ein 0 is one that we want to avoid. 
This leads us to the following concept. 


DEFINITION 2. If is a system of subgroups of the add A, if A is the 
concretion of the groups in o, and if the cross cut X (| Y of any two groups 
X and Y in ¢ is a subgroup of both X and Y, then A is the amalgam of the 
groups in o. ) 

The concretion of the groups G and H without common elements, as 
discussed in Example 0, is clearly not their amalgam. 


EXAMPLE 1. Denote by {a}, {b}, {e}, {u}, {v}, {w} cyclic groups, not 0, 
but of equal order; and let 


U= {0} ® {b}, V=} O (e) W=(} O(a}, T—(u} @ (v} © {w} 
We identify elements according to the following rule: 

iu = i(a — b), iv = i(b — c), iw = i(c— a) for integral i. 
Then the groups U, V, W and T have the following common subgroups: 


"onr VOWS: Whe. 
UN T= fu}, V (VT = {v} W NT = {w}. 


Thus we may form the amalgam A of these four groups U, V, W and T. But 
the weak associative law is not satisfied by the amalgam A, 
since the summation © (a, — b, b, — c, c, — a) is easily seen to contain both 
0 and the element u -+ v -+ w in T which is not 0. 
It is easily seen that amalgams are always strictly self-reflexive adds. 
It is therefore a consequence of 4, Corollary 2 that the first and second 
associative laws are equivalent properties of amalgams. 
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EXAMPLE 2. Suppose that the group G is the direct sum of three groups 
H, J, K none of which is 0, in symbols: G=H@O®J@K. Le U=H OJ, 
V=J@K,W—-K@®4H. Denote by A the concretion of the three groups 
U, V and W. Since Uf) V is their common subgroup J etc., A is the amal- 
gam of U, V and W. The identity mapping of A into G is a one-to-one 
homomorphism of the add A into the group G; and so it follows from 3, 
Lemma 2 that the natural komomorphism is one to one. Hence ‘A has 
Property (II). 

Denote by A, 7, k elements, not 0, in H, J and K respectively. Then 
'h — j belongs to U, j—k to V and h— k to W. Since h— 3 does not 
belong to V nor to W, j — k does not belong to W nor to U, it follows that 
the sum of h — J and j — k is undefined in the concretion A of U and V and 
W. But the following vector similarities are easily verified to hold over 
the add A: 


(h—j,j—k) ~ (h,— f, J, — k) da (h, — k) ~ (h — k); 


and this implies (h —j)* + (7 — k) * == (h — k)*, showing that the natural 
homomorphism of A into D(A) is not an isomorphism. Thus the amalgam A 
has Property (11), but not Property (JIT). 


EXAMPLE 8. Suppose that the group G is the direct sum of four groups 
H, J, K and L none of which is 0, in symbols: GC =H @ J K @ L. Denote 
by A the concretion of the subgroups H@/, JQK, KOL and LOA 
of G. It is easily seen again that the add A is the amalgam of these four 
groups. 

The identity mapping of A into G is clearly a one-to-one homomorphism 
of A into G. Suppose now that x and y are elements in A whose sum 2, as 
defined in G, also belongs to A. Then one verifies by a simple discussion of 
the possible cases that v, y and z all belong to one of the four groups 
H J,- -; and thus it follows that the identity mapping of A into G is 
an isomorphism. It follows from 3, Lemma 2 that the natural homomorphism 
of A into D(A) is an isomorphism. 

Consider now elements p, q, r, s in H, J, K and L respectively, none of 
which is 0. Then p— q, g—r, r—s and s— p belong to A, though none 
of the sums of any two consecutive elements (like (p—gq) + (¢q—r)) is 
defined in A. Thus the vector (p — q, q— r,r —s,s— p) is not contrac- 
table over A. On the other hand the following vector similarities hold over A: 


(p — 4q, q — T, —8,8— p) ~(P, — f; l — T, T, — 8,8, — p) ~ (Pp, — P) 
~ (0). 
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Thus the strong associative law is not satisfied by the aaa A, a 
the third associative law is valid in A. 


We infer from 5, Theorems 1 and 2 that this amalgam is a free add of 
generators of some group, though it is neve an independent add of generators 
of any group. 


What appears in the literature as “a fgee sum of groups with amal-’ 
gamated subgroups” (Schreier [1], Neumann [1] and others) is in the 
present terminology a group for which a given amalgam of groups is either 
a free or an independent add of generators. The preceding examples illustrate 
some of the possibilities arising in connection with the problem of constructing 
“free sums of groups with amalgamated subgroups.” l 


7. Schreier’s theorem. The sole objective of this section is the proof 
of the following proposition. 


Tueorem. If the add A is the amalgam of the groups in the add 4, 
and if there exists a subgroup U of the add A such that U =X (\) F for 
any two distinct subgroups X and Y in }, then the strong associative law is 
satisfied by the add A. 


The proof of this theorem will be effected in a number of steps. 


(1) If Gv is not vacuous, and if the vectors r and s are 1-fold contractions 
of v, then r and s possess either a common contraction or there exists a 1-fold 
contraction t of v such that both r,t and s,t possess common contractions. 


Assume that this is not true. Then clearly r54s. Furthermore it is 
impossible that v = h +k, r= W +k, s =h + k where h’ and k are 1-fold 
contractions of A and & respectively, since then h’+ k’ would be a common 
contraction of r and s. Thus we may assume without loss in generality that - 
v =h + (a,b,c) +k, r=h 4- (a+ b,c) +k, s=h 4+ (a,0-+c) +k. IE 
a, b, c were in the same subgroup of A, then h + (a +b 4- c) -+ would be a 
common contraction of r and s. Hence a and c belong to different subgroups 
in ġ; and it follows from our hypothesis that b belongs to U and that b 
consequently may be added to every element in A. 


If there exists a 1-fold contraction A’ of h, then t= W -+ (a,b,c) + k 
would be a 1-fold contraction of v; and r,t would have the common con- 
traction W + (a-+ b,c) +, and s, would have the common contraction 
h -+ (a,6-+-c) +k. In this fashion we see that neither A nor k can have 
a 1-fold contraction. 
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If h= WK -+ (d), then d-a exists if, and only if, d+-a-+ b exists in 
A, since b isin U. In this case we could let t == h’ +. (d+ a,b,c) + k; and 
t,7 would have the common. contraction h’ + (d +a- b,c) +h, and t,s 
would have the common contraction A’ + (d+ a,b+c) +. This is im- 
possible; and likewise we see fhe impossibility of k — (d) + k’ together with 
the existence of one of the sums c+ d or (b-c) +d. | 

From this discussion it fellows that r and s are the only 1-fold con- 
tractions of v, and that neither r nor s possesses a 1-fold contraction. But 
this contradicts our hypothesis that Gv is not vacuous [see 1, Lemma 1, (a) ]. 
Hence (1) is true. 


(2.n) If ats an element in Gu, if v is a vector of length n and if w is a 
1-fold contraction of v, then a belongs to Sw. 


This proposition we prove by complete induction with respect to n 
[for 1 <n]. If v= (b,c), then a=b +c and w= (a) so that a is in 
Gw too. Hence we may assume that 2 < n and that (2.j) has been verified 
for 1<j<n. Suppose that v is a vector of length n, that a is in Gv and 
that w is a 1-fold contraction of v. It follows from 1, Lemma 1, (a) that 
there exists a 1-fold contraction, v’ of v such that a belongs to Gv’. This 
proves our contention if v =w. If v's w, and if v’ and w possess a common 
contraction c, then it follows from the assertions (2.j) with 7 < n that a 
belongs to Gc; and it follows from 1, Lemma 1, (b) that a belongs to Sw. 
If v and w do not possess a common contraction, then it follows from (1) 
that v possesses a 1-fold contraction t with the following properties: ¢ and v’ 
possess a common contraction c and ¢ and w possess a common contraction d. 
As before we verify successively that a belongs to Gc, hence to Gt, hence to 
Gd and thereforé to Gw. This completes the proof of (2.n). 

From(2.n) and 1, Lemma 1, (b) we deduce that Sv == Sw whenever 
w is a contraction of v; or in the terminology of section 2, (8.1) whenever 
v and w are directly similar. But now one verifies immediately [see 2, (S. 2) ] 
that v~ w implies Gu == Sw. Hence the strong associative law holds in A, 
as we claimed. - ) 


Remark 1. It follows from 5, Corollary 1 that the assertion of the pre- 
ceding theorem is equivalent to the fact that A is an independent add of 
generators of some group G; and it is easily seen that G is, in the terminology 
of Schreier [1], “a free sum of groups with one amalgamated subgroup.” 
Thus we have obtained a new proof of Schreier’s theorem. It would, of 
course, have been possible to obtain a proof of the preceding theorem by 
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direct reference to Schreier’s original thëorem and 5; Corollary 1; but it’ 
seemed appropriate to design a proof based on direct verification of the 
strong associative law. 7 


COROLLARY. The strong associative law js satisfied by every amalgam 
of two groups. 


This is obviously a special case of the preceding theorem. 


Remark 2. In the subsequent applications we shall only use this Cor- 
ollary; and the preceding theorem: will be recovered as a special case of some 
of the later results which are derived from this corollary. But the proof of 
our theorem would not have been simplified if we had only considered 
amalgams of two groups. 


8. The structure of the amalgamations. If the add A is the amalgam 
of the groups in the set ¢, and if X and Y dre two different groups in ¢, 
then the intersection X [) Y may be considered as having arisen by amal- 
gamation of a certain subgroup of X with a certain subgroup of Y. The 
examples of Section 6 and Schreier’s theorem show that the question whether 
or not the strong associative law is satisfied by some amalgam will depend 
_on the structure of these amalgamations; and the present section is devoted 
to a study of this question. 


LEMMA 1. Suppose that the add A 1s the concretion of the group G and 
the self-reflexive add R, that R and G and A have the same null-element, that 
R11 G is an independent add of generators of the group G, and that the 
strong associative law is satisfied by A. Then the strong associative law ts 
satisfied by R. 


Proof. It follows from our hypotheses that 4, (SR.1) and 4, (SR. 2) 
are satisfied by the add A. Hence we deduce from the strong associative law - 
and 4, Lemma 1 that A is strictly self-reflexive. Consequently — a is uniquely 
determined by z; and now it is easy to see that R and RN G are strictly 
self-reflexive too. 

It is a consequence of the strong associative law that A is an indepen- 
dent add of generators of an essentially uniquely determined group H (5, 
Corollary 1). Since R is a subadd of A, and A is a subadd of the group H, 
R itself is a subadd of the group H. Denote by K the subgroup of H, 
generated by R. Since R is self-reflexive, every element in K is a sum of 
elements in R or K = {kR}. We prove: 


(1.a) R is an independent add of generators of the group KE. 
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f Suppose that Æ n, that fi,’ '',Ta are elements in R and that 
0=7 4". ++. >We want to prove the contractability of the vector 
(fot stn) over R. If this were not true, then 7; + Tin for O<i<n 
would not belong to R. We have to show that this hypothesis leads to a 
contradiction. We note first ‘the existence of some r; that does not belong 
to G. For otherwise (7,,- © <, Ta) would be a vector over R) G. But RNG 


is an independent add of generators of G; and the equation 0 = r, 4: +--+? 
would hold in Œ too and would imply the contractability of the vector 
(%1,° > *,7) over Rf} G and hence over R. Consequently there exist 


integers n(7) with the following properties: 


LSn(1) << n(2) <-+-<n(k) Sn; 
rı belongs to R{) G if, and only if, t54n(7) for every j. 


Now we define: | 
Tf 1<n(1), then g(0) =r +--+ ++ tna 
na) iS nl od), then FO) es ai 
if n(k) <n, then g(k) = that oc: + Ta 


It follows from our choice of the integers n(7) that g(z) is either undefined 
or an element in G. Since the sum of the 7; (in their natural order) is 0, 
and since addition in H is associative, the sum of the faq; and g(7) in their 
natural order is 0 too. Indicating typical terms only this last sum has the 
following form: 


(*) 0=: >.: + tract) Ss Pn (i41) -+ se E TE Ti g3) + Tn¢ jar) + saa 
(where n(i) + 1—n(i+1) and n(j) +1 <n(j+1).) 


We note that the fwg) belong to R, but not to G, whereas the g(7) 
belong to G. Hence all the summands of (*) belong to the add A. But A 
is an independent add of generators of the group H; and so there exist two 
consecutive summands in the sum (*) whose sum belongs to A. Conse- 
quently there arise three possibilities : 


Case 1. There exists an i such that n(t) + 1=n(t-+- 1) and such 
that Tne + Tacs) belongs to A. 

Since by hypothesis the sum of these two elements does not belong to 
R, and since A is the concretion of R and G, this would. imply that 
Taci Tancian ANG Taci) + Tacie belong to G. But this contradicts our choice 
of the integers n(j). Thus this case cannot occur. 
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Case 2. There exists an integer i such that g(t —1) and race) are both 
defined and such that g(t—1) + faa) exists in A. ` 

Since faq) does not belong to G, and since A is the concretion of R 
and G, it follows that g(t— 1), rai) and g(t —1) + Taa) all belong to R. 
Thus g(t—-1) belongs to R{)G. But 


g(t ga 1) = fni- F’ e e F Tni- 


(letting n(0) == 0, if necessary) where g(t—-1) as well as the summands 
of the right side belong to R() G. It is impossible that n(i—1) +1 
== n({t) — 1, since then g(t— 1) = fac- and consequently faci- + Tni) 
would be an element in Rf] @. Thus the sum defining g(i— 1)'contains . 
more than one summand. However, G{) # is supposed to be an independent 
add of generators of G. Consequently the defining equation for g(t—1) 
implies the contractability of the vector (Tadi °° Tacty-1) over Bf) G. 
Thus the sum of two consecutive 7’s belongs to R [| G; and we have obtained 
a contradiction again. Hence this case cannot occur. 


Case 3. There exists an integer + such that faci) and g(t) are both 
defined and such that faa) + g(t) belongs to A. 


The impossibility of this case 3 is shown exactly as that of case 2. 

Thus we have shown: If ri,- **,Tn are elements in R such that 1 < n 
and O==r,+:---+7,, then the vector (%,- - ‘, Ta) is contractable over R. 
From this fact one deduces easily the validity of Condition (ii) of 5, 
Theorem 2. Hence (1.a) is true and the strong associative law is satisfied 
by R, as we claimed. 


Lemma 2. Suppose that the add A is the concretion of the group G 
and the self-reflexive add R, that RÒ) G is a subgroup of G. Then the 
strong associative law holds in A if, and only if, it is satisfied by R. 


Proof. We note first the fairly obvious facts that A is self-reflexive and 
that R is closed in A (For if a,b are elements in Rk, a+ b =c in A, then 
either a, b, c belong to R, as we want to show, or a, b, c belong to G, since A 
is the concretion of R and G. But in the latter case a, b and hence a + b ==c 
belong to the subgroup R (] G of G, so that a + b = c belongs to R in either 
case.) 

If the strong associative law holds in A, then it follows from 8, 
Proposition 1, (b) that the strong associative law holds in the closed subadd 
R of A. 

Assume conversely the validity of the strong associative law in R. Then 
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we infer from 5, Corollary 1 the existence of one and essentially only one 
group H such that R is an independent add of generators of H. Since the 
intersection of R and G is the subgroup S=R() G of G, we may assume 
without loss in generality that 


i) Sak OG=HnG 


We form the concretion K of the two groups H and G, subject to the rule (1). 
We show | 


(2) .A is a subadd of K such that A) H = R. 


It is clear that A is contained in K. Consider elements a,b,c in A. 
If a -+ b = c holds in A, then either a, b,c are in & and a + b == c holds in 
R and hence in H and in K or else a,b, c are in G and a + b = c holds in G 
and hence in K. If conversely a + b = c holds in K, then either a, b,c are 
in G and a -+ b =c holds in @ and hence in A or else a,b,c are in H and 
a +- b = c holds in H. But if the elements a,b,c in H belong to A, then 
they belong to the subadd R of H and so a +- b =c holds in R and hence 
in A. This proves (2). l 


(3) K is the concretion of A and H. 


It is clear that every element in K belongs to A or to H, because every 
element in K belongs already to GA or to H. Suppose now that a, b,c 
are elements in K such that a-}-b==c¢c. Then either a,b,c are in H and 
a +- b = c holds in H or else a, b, c are in G and a + b = c holds in G S A, 
since K is the concretion of G and H. 


(4) The strong associative law is satisfied by K. 


This is a consequence of Schreier’s theorem (7, Corollary), since, by (1), 
= K is the amalgam of two groups H and G. 

Since the subadd A [] H = R of K is an independent add of generators 
of the group H, it follows from (1) to (4) that we may apply Lemma 1, 
showing that the strong associative law is satisfied by A. This completes 
the proof. 


PROPOSITION 1. Suppose that the add A is the amalgam of the finitely 
many groups Gi >, Ga meeting the following requirements: 


(a) The join A(t) of G,,- +--+, Gi ts their concretion. 
(b) A(t) N Gin is a subgroup of Qin- 


Then the sirong associative law is satisfied by A. 
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Proof. Note that every A(z) is the amalgam of G,,-- -, Gi, since A is 
the amalgam of all the Gi, and since A(i) is the concretion of Gi,- - -, Gi. 
Note furthermore that A(1) = G, and A(n) =A 

We are going to prove by complete induction with respect to i that every 
A(t) satisfies the strong associative law. Tkis is certainly true for the 
group A(1). Thus we assume that 1< t and that the strong associative 
law holds in A(t—1). It follows from (a) that A(t) is the concretion of 
the group G; and of the self-reflexive add A (i — 1); and it follows from (b) 
that the cross cut of A (t—- 1) and G; is a subgroup of Gi. It follows from 
Lemma 2 that the validity of the strong associative law in A(i—1) implies 
its validity in A(z). This completes the induction. Consequently the strong 
associative law is satisfied in particular by A(n) = 


Remark 1. The need for condition (a) of Proposition 1 arises from the 
following fact. Suppose that a, b,c are elements in Gi, G2, G3 respectively ; 
and suppose that a -+ b =c. The fact that A is the amalgam of Gi,---, Gp 
implies the existence of some G; which contains a,b,c such that a + b == c¢ 
holds in G. But we are not assured that + may be chosen from 1, 2,3 unless 
we impose condition (a). 

It is obvious how to deduce criteria for the validity of the strong asso- 
ciative law by a formal combination of Proposition 1 and 3, Proposition 2. 
More interesting than a general criterion of this type seem some special 
instances. 


THEOREM 1. Suppose that the add A is the amalgam of the groups in ¢ 
and that there exists a group U in $ with the following property: 


(*) If X, Y, Z are three distinct groups in ¢ such that X [| Y is neither 
part of U nor of Z, then ZQ YS YX. 


Then the strong associatwe law ws satisfied by A. 


Proof: Suppose that Ga: ++, Gn are a finite number of groups in ¢ 
which are all different from U. Denote by J the set theoretical join of JU, 
Gi,: e, Gy. We deduce a number of properties of J. 


(1.1) If X is a group in ¢, then X () J =X) U or else there exists an 
integer m such that 1S m <n and X N J =X N Gu. 


This proposition is certainly true, if X is one of the G;. Hence we 
may assume that X =< G: for every 7. The proposition is likewise true, if 
X N Gi U for every i. Thus we may assume now without loss in generality 
that there exists an integer k with the following properties: 


s 
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OSk can; XNGSU frisk; XN GB for kKisn. 
We prove: | 
(a) Ifk<i, thn US|) X SX) G. 


This follows by applying (*) on the triplet Gi, X, U in ¢, since Gi N X 
is not part of U. - 


(b) Ifk<tandk <j, thn G;Q XSXNG or GF;NXSXM G. 


iid OX LX) G, then Gif) X.is neither part of U nor of Gj. 
Thus we may apply (*) on the triplet Gi, X, Gj; and it follows that 
G;()X =X 1G. This proves (b). 

It follows from (b) that the subgroups XY (] Gi of X with k<i®&n 
form a finite ordered set. Hence there exists an integer m such that 
k< msn and such that k <i<=n implies X (1G; =X) Gy. It follows 
from (a) that UM X SZN Gm IftSk, then it follows from our choice ` 
of k that YONG <XNU; and this implies Y¥(1G:i =X Gm. Com- 
bining all these facts it follows that X (]) J = X f) Gm; and this completes 
the proof of (1.1). 


(1.2) J is the concretion of U, Gi © +, Ga. 


Suppose that v, y,z are elements in J such that «+ y = z holds in A. 
Then there exists a group X in œ which contains g, y, z such that s + y = z 
holds in X. It follows from (1.1) that either X (|) J=XNU or else 
XJ =X f) Gn for some m. In the first case x,y,z are in U and 
t -+y == z holds in U; and in the second case a, y, z are in Gm and z +- y =s 
holds in Gm. This proves (1.2). (Note that it is possible to prove by quite 
similar arguments the fact that J is closed in A.) 

Suppose now that F is a finite subset of A. Then there exists a finite 
number of groups P,,- - +, Pp in ¢ which are all different from U such that 
F is part of the join of U,Pi,---,P,. Denote by J(t) the join of U, 
Py, +, Pi. Then J(0) =U and F<J(p). It follows from (1.2) that 
J (it) is the concretion of U, Pa: <>, Pi; and it follows from (1.1) that 
J (i) (1) Pis is a subgroup of Pi,,—remember that A is the amalgam of the 
groups in œ. It follows from Proposition 1 that the strong associative law 
is satisfied by J(p). Consequently it follows from 8, Proposition 2 that the 
strong associative law is satisfied by A. 


Remark 2. Since the antecedent in condition (*) is symmetric in X 
and Y, this condition implies actually the following stricter statement: 
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If X, Y,Z are three distinct groups in ¢ such that YX N.Y is neither 
part of U nor of Z, then ZQ ¥SYVQOX and ZN XSAXMY. But from 
these inequalities one deduces readily that 


ZVX=XMNVOZ—ZMY. 


The following extreme special case of Theorem 1 is not only of great 
interest in itself, but also convenient for applications. (Another extreme 
special case will be treated in section 9 below.) 


COROLLARY 1. Suppose that the add A is the amalgam of the groups 
in p and that there exists a subgroup U of the add A with the following 


property: 
("F If X and Y are different groups in œ, then X(]) YSU. 
Then the strong associative law is satisfied by A. 


Proof. It is easily verified that A is the amalgam of the groups in 4 
together with U; and thus we may assume without loss in generality that U 
belongs to ¢. It is clear that condition (*) of Theorem 1 is satisfied by U 
and ¢; and thus the strong associative law holds in A. 


Remark 8. If we change in condition (**) inequality into equality, we 
obtain just Schreier’s theorem (section 7) which thus reappears as a special 
ease of Theorem 1. We note that only a special instance of Schreier’s theorem 
(amalgam of two groups) has been used in our deductions. 

Our next application is mainly devoted to obtaining a theorem which, 
on the basis of 5, Theorem 1, is equivalent to a theorem discovered by H. 
Neumann [1]. For its formulation some concepts are needed. 

Suppose that the add A is the amalgam of the groups in the set d If X 
is a given group in d, then we denote by (X,¢) the subgroup of X which 
is generated by all the subgroups X [) Y of X for Y in ¢, Y = X; and we 
denote by (A, $) the set of all the elements in A which belong to at least 
one (X,¢). l 


Lemma 3. If A is the amalgam of the groups in œ, then A(¢) is the | 
amalgam of the groups (X, ¢); and (A, p) is closed in A. 


Proof. Suppose that 2, y,z are elements in A such that 7 +- y =z; and 
suppose that z and y belong to (A,¢). Since A is the amalgam of the 
groups in ¢, there exists a group G in ¢ such that z+ y = z holds in G. Since 
v is in (A, $), there exists an X in ¢ such that x is in the subgroup (X, ¢). 
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If X=4G, then z belongs to the subgroup (X, $) N G of X N G which in 
turn is a subgroup of (G, ). Thus æ belongs necessarily to the subgroup 
(G,) of G; and, the same holds for y. Hence s + y == z belongs to (G, ¢) 
too. This shows that (A, ) is closed in A and that (A, ¢) is the concretion 
of the subgroups (X, ¢). IfX5éY, then (X,¢) N (Y, $) =X] Y which 
is a common subgroup of X, Y, (X,¢) and (¥,¢); and thus (A,¢) is the 
amalgam of the groups (X, ¢) for X in ¢. 


THEOREM 2. Suppose that the add A is the amalgam of the groups in ¢. 


(a) The natural homomorphism of A tnto tts derived manifold is an iso- 
morphism if, and only if, the natural homomorphism of (A,¢) into ats 
derived manifold is an isomorphism. 


(b) The strong associative law holds in A if, and only if, at is satisfied by 
(4, $). 

Proof. It is a consequence of Lemma 3 that (4A, ¢) is closed in A. 
Hence it follows from 8, Proposition 1 that (A,¢) has Property (III) or 
(IV) whenever A has the i i property, showing the necessity of 
our ‘conditions. 

If the strong associative law holds in (A, $), then the natural homo- 
morphism of (4, ¢) into its derived manifold is an isomorphism. Thus it 
follows from 5, Theorem 1, (c) that (4A, $) is a free add of generators of one 
and essentially only one group G@ (see also 4, Proposition 1) whenever either 
the third or the fourth associative law is satisfied. We. note that it will 
suffice for the first part of our proof to assume that 


(1) (A, ¢) is a subadd of the group G; 


and only during the second part of our proof will there be restrictions imposed 
on our choice of the group G. 


We may assume without loss in generality that 
(2) Gf) A= (A4,¢). 


With this condition (2) in mind we form the concretion K of A and G. 
Let @ be the set of groups composed of G and the groups in ¢. Since 
G [| X = (X,¢) for X in ¢, it follows that © 


(3) K is the amalgam of the groups in @.- 


If the elements a,b,c belong to A, and if a -+ b =c holds in K, then 
either a,b,c belong to A and a + b = c¢ holds in A; or else a,b,c belong to 
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G and a+b-c holds-in G. But in the latter case a,b,c belong to` 
Gf) A= (4, $). Since (A,¢) is a subadd of G, it follows that a + b =c 
holds in (4, @) and hence in A; and now it is easy to see that 
(4) A is a subadd of K. 

if X and Y are two different groups in %, then it follows from our 
construction of G that Xf) Y=G; if neither X nor. Y is G, then 
X {\)¥ Ss (A, ¢) SG; thus (**) of Corollary 1 is satisfied by the amalgam 
K of the groups in 0 and we infer from Theorem 1 that 


(5) the strong associative law holds in K. 


From (5) we infer the validity of Property (III) in K and in all its 
subadds (8, Proposition 1. (a)). Thus the subadd A of K has Property (IID), 
and this proves the validity of (a). 

Assume now the validity of the strong associative law in (A,¢). Then 
it follows from 5, Corollary 1 that (A,¢) is an independent add of generators 
of one and essentially only one group; and thus we may assume now that 
(A, ) is an independent add of generators of the group G. Now it follows 
from (2), (4), (5) and Lemma 1 that the strong associative law holds in 
A too; and this completes the proof. 


Remark 4. It is not difficult to see that Theorem 1 is a special case 
of Theorem 2, (b). 


Remark 5. Using 5, Theorem 1 and 5, Corollary 1 it is possible to 
restate Theorem 2 in the following form: 


(a’) The amalgam A of the groups in ¢ is a free add of generators of some 
group if, and only if, (A, @) is a free add of generators of some group. 


(b’) The amalgam A of the groups in ¢ is an independent add of generators 
of some group if, and only if, (4, ) is an independent add of generators 
of some group. 


Proposition (a’) is,equivalent to Neumann’s theorem (see H. Neumann 
[1], p. 599, Theorem). 


9. Homogeneous Amalgams. Homogeneity of amalgams may be defined 
in a variety of, ways. We consider only a fairly strong type of homogeneity. 


DEFINITION. If the add A is the amalgam of the groups in the set 4, 
and if, for every non vacuous subset 6 of , the join of the groups in 0 is a 
closed subadd of A, then A is a homogeneous amalgam of the groups in ¢. 


A 
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.; It is trivial to construct amalgams which are not homogeneous. : The 
following characterization of homogeneous amalgams will be convenient to use. 


E LEMMA. The following properties of the- amalgam A of the groups in 
the set @ are equivalent. ; 


(i): A is the homogeneous amalgam of the groups in ¢. 


(ii) If 2,y,2 are elements in A such that c+ y =z, and if x belongs to 
X in ¢ and y to Y in 4, then x, y, 2 belong all to X or they all belong to Y. 


(iii) If X,Y,Z belong to g, than XN ¥YSY¥NZorZNVYSYNY. 


Proof. Assume first the validity of (i). Suppose that v, y, z are elements 
in A, that «+ y =z, that x is in XY, y is in Y. The join J of the groups 
X and Y is closed in A; and so z belongs to J too. This implies that z 
belongs to XY or to Y; and we may assume without loss in generality that z 
belongs to X. There exists a group Z in œ such that æ + y =z holds in Z, 
since A is the amalgam of the groups in ¢. Consequently v and z belong to 
the common subgroup X f) Z of X and of Z. This implies that y belongs to 
X{)Z too. Thus v, y,z2 belong to X. Hence (ii) is a consequence of (i). 

Assume next the validity of (ii). Consider groups XY, Y,Z in ¢; and 
assume that YM YSEY(Z and Z(-1.¥ SY(\X. Then there exists an 
element # in X {| Y which does not belong to Y f) Z; and there exists an 
element z in Z {| Y which does not belong to Y [|] X. Thus g and z are both 
in Y ; and consequently there exists a well-determined element y in the group 
Y such that zte=-y. On the other hand x cannot be in Z nor z in X, 
contradicting (ii). This shows that (iii) is a consequence of (ii). 

Assume finally the validity of (iii). Suppose that x,y,z are elements 
in A such that z 4+- y =z; and suppose that they belong to the groups X, Y 
and Z respectively (in ¢). There exists a group W in ẹ such thatz+y=—=z 
holds in W, since A is the amalgam of the groups in ¢. It follows from 
(iii) that XM WSWlY or Y(|W=Wl\X- Since x belongs to 
X {| W, it follows in the first of these cases that s and y belong to the common 
subgroup W () Y of Y and W, implying that z, y, z belong to Wf) Y SY; 
and in the same fashion we show in the second case that 2, y,z belong to X. 
But from this fact it is easily deduced that A is the homogeneous amalgam 
of ‘the groups in ¢. Thus (i) is a consequence of (iii). 


THEOREM. Suppose that A is the homogeneous amalgam of the groups 
un the set o. 


< 
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(a) If 61s a nonvacuous subset of h, then the join A6) of the groups on 0 
as the homogeneous amalgam of the groups in 0. 


(b) The strong associative law is satisfied by a A(6) (and in particular 
by A). | 


(c) If A is an independent add of generators of the group G, then A(6), 
for 0 a nonvacuous subset of p, is an independent add of generators of the 
subgroup {A(@)} of G. 


Proof. (a) 1s an immediate consequence of the preceding Lemma; (b) 
_ may be deduced from the preceding Lemma in conjunction with 8, Theorem 1; 
and (c) is a consequence of 5, Theorem 3, since A(0) is closed in A. 
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THE ISOPERIMETRIC PROBLEM FOR MINKOWSKI AREA.* 
A 


kad 


By HERBERT BUSEMANN. 


The present paper centers about the following problem: A positive con- 
tinuous function o(u) is defined on all unit vectors u of E”. To find among 
all simple closed surfaces D in a certain class T and with a given “area” 


f a(u)dS those which bound the maximal (Euclidean) volume V(D). Here 


d means the (Euclidean) surface element of D and u the exterior normal 
of D “at dS.” | 

For the rather restricted class T which consists of all convex surfaces 
and the non-convex surfaces whose first partials piecewise satisfy Lipschitz 
conditions, the problem is solved by the isoperimetric inequality 


(*) f o(u) dS = nV (D) V¥"(E) 


where K is the polar reciprocal (with respect to the unit sphere) to the 
boundary of the convex closure of the surface C: o7*(uw)u; and the equality 
sign holds only for D homothetic to K.* 

The author’s interest in the problem is due to the fact that (*) solves 
the isoperimetric problem for the intrinsic area in Minkowski (or finite 
dimensional Banach) spaces (Section 6). The solution is in general not a 
Minkowski sphere, but a new conver surface which proves of great importance 
for the theory of Finsler spaces.? The reader interested in these questions 
is referred to the author’s lecture on “The Geometry of Finsler Spaces ” 
which is going to appear in the Bulletin of the American Mathematical 
Society. The present paper shows only that Minkowski’s definition: of area 
in Euclidean spaces by means of parallel sets carries over to Minkowski 
spaces if the parallel sets are formed with solutions of the isoperimetric 
problem instead of spheres. 


* Received February 11, 1948; revised January 31, 1949. 

1 If w means the interior normal, then Æ must be replaced by the surface symmetric 
to K with respect to the origin. 

2 For the plane the problem was solved in [3] and the methods of [3] are used 
here in Sections 1 and 5. However, in the plane case the solution of the isometric 
problem reduces after a rotation through 7/2 to the sphere of the dual space (in Banach 
space terminology), and is therefore not an essentially new geometric object. 
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Using (*) presupposes the validity of the representation fo(w)dS for 
the intrinsic area of a surface of class I in Minkowski spaces. But [2], 
where this area is defined, establishes this representation only for surfaces 
of class D’, and therefore not for all convex surfaces. The final Section 7 
of the present paper fills this gap by proving the much more general 
theorem that fo(u)dS represents the intrinsic area of any rectifiable manifold 
in a Finsler space. For rectifiable manifolds in Riemann spaces fo(u)dS 
also represents the various other areas (of Lebesgue, Radó, Federer, .. .) 
none of which is intrinsic by definition. Thus the present theorem con- 
tributes to the theory of these areas the information that they are intrinsic 
in the rectifiable case. 

The form of (*) indicates a close connection with the Brunn-Minkowski 
Theory, in fact, the area fo(u)dS was first studied by Minkowski in [9, 
§ 27], and (*) follows for convex Ọ and D directly from Minkowski’s 
inequality (Section 1). For non-convex D the relation (*) follows from 
Lusternik’s generalization [8] of the Brunn-Minkowski Theorem to non- 
- convex sets, see Section 2. However, Lusternik’s method does not yield the 
condition for the equality sign in (*). Therefore Dinghas and Schmidt 
proved in [5] Lusternik’s result again for the special case where Ọ is a 
sphere, by adapting Kneser and Siiss’ proof of the Brunn-Minkowski Theorem 
(compare [1, pp. 88-90]), and showed how this method leads through an 
elegant additional device to the conditions for the equality sign in (*). 

Sections 3 and 4 of the present paper use the method of [5], at times 
verbally, for arbitrary convex O instead of spheres, and go slightly farther, 
to yield a necessary and sufficient condition for the equality sign in the 
isoperimetric problem for the Minkowski area corresponding to C. 

This result implies (*) for convex C. The passage to arbitrary C 
(Section 5) is.accomplished in a surprisingly simple manner by an idea 
which the author called regularity principle,? and which seems applicable to 
many similar problems. 


1. Let o(u) be-a positive continuous function defined on the unit 
vectors u of En, and such that the surface O: o™(u)u is convex. The defini- 
tion of o(w) is extended to arbitrary vectors æ by 

o(s) = |s| o(z/| x|) for +340, o(x) = 0 for s =Q. 
Then C has the equation e(z) = 1 and o(s) is a convex positive homogeneous 
t Compare [4]. The author was incautious enough to state in [4], that the present 


problem for non-convex D was hopeless. He was then not aware of the paper [8] by 
Lusternik. 
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function of the first degree in x Therefore it is supporting function of a 
convex body L with boundary K. It is well known [9, § 8] that K originates 
from C by a polar reciprocity in the unit sphere |x|—1. If o(s) is 
analytic and D is any other analytic closed convex surface bounding the 
convex body Æ, then | 


(1) J o(u)as = nv (E, AREE ie 

D 
where (see. [9, § 27] or [1, p. 64]) u is the exterior normal of D “at dS” and 
(2) Vi(#,L) =V (E, L, <, L) 


is the mixed volume of # and (n—1)-times L. If D and K are arbitrary 
closed convex surfaces, then sequences {Dv} and {Kv} of analytic convex 
surfaces exist, which tend to D and K respectively ([1, section 27]). Con- 
vergence of convex surfaces implies convergence of their supporting planes. 
Since V, (D, K) depends also continuously on D and K ([1, p. 40]) it follows 
from (1) and (2) that for any convex D and K 


(3) f o(u)dS nV, (E, L) = lim p*(|# + pL | —| BI). 


The integral on the left is extended over all points of D where the tangent 
plane exists, | X | denotes generally the exterior Lebesgue measure of the set 
X, and ¥ -+ pY means the set consisting of all points of the form x + py 
‘with ce X and ye Y. For the last part of (3) compare [1,p.47]. The 
number nV, (E, L) is called the area of D relative to K and was first studied 
by Minkowski ([9,§27]). The inequality of Minkowski (see [1,p.91] or 
the next section of this paper) 
Ve(E, L) =| B\r | L] 

and (8) yield | 


(4) f od En] Blom] | 
D 
and the equality sign holds only for Æ homothetic to L or D homothetic to K. 
Therefore 
(5) If C:o0+(u)u is conves then the surfaces homothetic to the polar 


reciprocal K of C and only these minimize f o{u)adS among all convex 


surfaces D with a given volume | E |. 


2. The discussion of the same problem for non-convex D rests on the 


g 
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expression which the right side of (3) gives for f o(u)dS. If H is the 
D 


interior of, K, then for any convex # 

|E + pH |=| E+ pL. 
Denoting the closure of the set X by X, any set X satisfies the relation 
(6) X+ pH =F + pH. 


Therefore we define generally as Minkowski aréa B(M) relative to K of the 
boundary of a set X with | X | < œ, the number 


oa) B(X) = lim inf p+ (| X + pH |—| Z|). 
Because of (6) i 
(8) | B(X) = B(2). 


For this area the isoperimetric problem can be solved completely. In order 
to formulate the solution adequately we introduce the following notation. 
For any bounded set M with | Æ | > 0 and a given direction u, let a’ be the 
least upper bound of those d for which the intersection of M with the set 
zu = d has measure 0 and b’ the greatest lower bound of the d for which 
M intersects cu = d is a set of measure 0. We call a = su Bb’ the essential 
supporting strip W(u) of M normal to u. Obviously W (u) = W(— u) and 

| M—M f) W(u)|=0. The intersection 


Mg = M N IL W (u) 


is called the essential part of M. By definition Mp == (Ñ )s. - There is a 
countable set {uy} of directions u such that JI W (u) = II W (w). Since 
uù y 


M — Ma = M —M N IJ W (w) = U [M—M N W(w)] 
it follows that 
(9) | M — Mn | = 0. 
Corresponding to (4) we are going to prove the isoperimetric inequality : 
THEOREM 1. For any set M with 0< | # |< œ, 
(10) B(M) È n| | Orel, 


and the equality sign holds if and only if Mn is homothetic to L and 
B(M) = B(Ms). | 
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Notice that the theorem is trivial for unbounded M since then 
| M -+ pH |= for any p, so that B(M) = œ. In the proof we assume 
therefore that M is bounded. We call topological sphere a topological image 
D of the unit-sphere |s| =1. If M is the interior of D then Mg = M. 
Therefore Theorem 1 yields . 


(11) Jf O is convex then the surfaces homothetic to K and only these 
minimize B(M) among all topological spheres D with a given (positive, 
finite) volume | M | or | M |, where M is the interior of D. 


(10) without the discussion of the equality sign follows from the Brunn- 
Minkowski Theorem | M + pH |» > | |” -+p|L]|*” which yields 


| M+ pH |— | at | = np | at | HM. | L | 1, 


The relation |X + pR |*= |X|” -4-p|F |" was given for arbitrary 
measurable X and Y by Lusternik in [8]. For reasons explained in the- 
introduction we follow very closely the method of [5] to establish Theorem 1 
and the Brunn-Minkowski Theorem for arbitrary convex Y. With minor 


modifications the present proof works for any Y which contains an open 
set Z with | Z|=—=-|Y |. 


3. The purpose of the next two sections is then to prove simultaneously 
Theorem 1 and 


THEOREM 2. If M is a bounded set and K’ is a bounded conver set 
with interior points, then for any p > 0 


(12) | M 4 pK’ |>| E |m p| E | 
and the equality sign holds if and only if M is homothetic to K. 


Note. If either M or K’ is not bounded or K’ has no interior points 
(12) is trivially correct. The conditions for the equality sign are different, 
but equally trivial. 

If H is the set of interior points of K’ then |H | =]|K |, hence 
Theorem 2 follows, because of (6), from the special case where K’ = H 
and M= if. Instead of (12) we therefore prove 


(13) | M+ pH | >| M |Y” +p] H|” for closed M. 


Theorem 2 is trivial for |M@|—0. For if M contains more than one 
point then |M-+pH|>p|H|. And if M consists of one point, then 
| M +- pH | =p | H | and M is homothetic to H. Therefore we may assume 
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that | W| >0, and it means no restriction if we assume in addition that 
| M | = | H | , because the general case follows immediately from this case. 

The proof proceeds by induction. The very simple case n ==1 is left 
to the reader, and Theorem 2 is assumed to hold for n —— 1. In H, introduce 
rectangular coordinates #, ¥1,° ` `, Yn-13 let a and b (a and 8) be the minimum 
and maximum of «in M(H). Then a Se & £8 is both the ordinary and 
the essential supporting strip of H or H normal to the z-axis, but the 
essential supporting strip of M normal to the a-axis will in general have 
the form a Sr Sy withasSa’ <=. 

ForaSdSb (a S8 <S 8) denote by M(d) (H(8)) the intersection of 
the halfspace r S d (s 8) with M(H), and by m(d) (A4(8)) the inter- 
section of M(H) with s =d (a = 8). Then H(a) = h(a) = h(8) =0. If 
| X |’ is the (n —1)-dimensional measure of a set X in a hyperplane, then 


(14) [andy = F"|m(ayi’as, O f "| We) "ae 


Following the original idea of Brunn we introduce the function z(x) by the 
relation 


| H(z) =| M(2)|, Q@QSaSob. 
z(z) is a monotone increasing, absolutely continuous function of @ with 


2(%) =4 for asad 
(15). z(x) == B for hb Sab 
y <L zí) <B for d <r <b. 
Because of | A(z) |” > 0 fora <z < £ the relations (14) and (15) show that 


Z 0 frasz < dg and bY <r hb 
16 
ak dz __|m(2)|’ 


eee, for almost all a with a’ Sg S b. 
de ~ [re 


Now construct the set M* in the strip a + pa = d* = b + pB by defining 
its intersection m*(d*) with the plane x == d* as follows: Because d -+ pz(d) 
is a strictly monotone and continuous function of d, a given d* in [a + pz, 
b + pB] determines exactly one d in [a,b] such that d -+ pz(d) = d*. We 
then put 


(17) m*(d*) = m(d) + ph(2(d)) if a’ < d< b and m(d) 0 
== 0 for all other d in [a,b]. 
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Since h(z(d)) lies in g==2(d) and m(d) in s= d, the set m*(d*) lies 
really in g= d ~- pz(d) == d*, and since ph(z(d)) C pH and m(d) CM 
the set M* is contained in M -+ pH. 

The inductive hypothesis yields 


(18) | m®(a) |= {| m(d)| Yor) + p | R(@(d))| V00} 
for the first set of ds in (17). The relations (16)-and (18) show that for — 
almost all x in [a’, b’] with | m(x)|’ > 0 
(19) | m*(x*)|’- (1 + pdz/dz) 

= | m(x)|’ [1 + pf] A)|] ma) 37 Je-4(1 + p(| m(a)| °7| h(z)| 9). 
But 
(20) (1-4 parja (I pA*) = (1+ p)* if p>0,A>0 
and the equality sign holds only for A= 1 (compare [5] or [6, p. 61,. 
Theorem 64]). (19) and (20) yield 
(21) | m* (a*) |/(1 + p(de/de)) = | m s)|”: (1+ p)” 


for almost all x in [a’,b’] with | m(x)|’>0. But (21) holds for all æ 
with | m(#)|’==0. The definition of z(s) and (15) show that | m(x)|’ = 0 
a.e. in [a,a’}] and [b’,b], so that (21) holds a.e. in [a,b]. Hence 


(22) | M+ pH |=|M*|— f | m* (a) |" da* 
== S m*({£*)| (1 + p(dz/dz))dz 
> atf m(x)|’ dz = (+p) M| ={| M|" +p] H| 1/n}n, 


This proves the inequalities (10) and (12). We also observe that the 
equality sign can hold in (12) only if | M + pH | = | M* This‘ implies 
that a’ =a and b == b, because M* contains no points in s < a’-+ pe and 
M+ pH intersects any strip a+ pa < s< c in a set of positive measure, 
because m(a) £0. Varying the direction of the z-axis we find 





1 
(23) If the equality sign holds in (12), then My = M. 


It is now quite simple to discuss the equality sign in (12), but (23) and 
Theorem 1 contain Theorem 2, because—as pointed out by Dinghas and 
Schmidt—the equality sign in (12) for some p > 0 implies equality for any 
p <p. For if p==p’-+ 8 then M+ pH = (M + øH} + 8H hence 
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M|” +p|H |” = | M+ pH |*2>|M+)H|¥"+8|H|¥ 
|| | Ya | A | Mem | ME |3 9 | E 
Therefore the equality in (12) implies (for p—>0) equality in (10). 

4. That the equality sign holds in (10) when Mp is homothetic to L 
and B(M) = B(Mz) is trivial. But it is worth noticing that the condition 
B(M) = B(Mz) is not superfluous. For if N is a sequence of points which 
tends to œ» and M = L N, then My—L but B(M) > B(L). Examples 


of W. H. and G. C. Young in [11, pp. 276-281] show that the same effect 
may be obtained with suitable convergent sequences. 


(8) and the formulation of Theorem 1 show that we may restrict our- 
selves for the “only if” part in the discussion of the equality sign to the 
case of closed M. We show first: 


(24) If the equality sign.holds in (10) then | m(d)|’>0 ford’ cd <0’. 
First let a < d < b, put M(d) = M’, and call M” the intersection of M with 
a= d. Let m'p and m”p be the intersections of M’-+ pH and WM” -+ pH 
with v = d. If P denotes the orthogonal projection of H on æ == 0 then the 
intersection of M +- pH (M” + pH) with t =d (x S d) is contained in the 
cylinder with base m'p -+ pP (m”p-+pP) and altitude (8 —a)p (the width 
of pH in the direction of the z-axis). Therefore 


|(W + pH) N (M + pH)| S (8B—«a)p(| mp + pP |’ + | mp + pP |’). 
Since M +- pH = (M +- pH) + (W + pH) it follows that 
| M+ pH |Z |W + pH |+|M’4 pH | 
— (B—)p(| mp + pP |’ + | mp + pP |’), 

hence because of | M | =| M’|+|M”|, 
(25) §4(| M+ pH |—| |) = eM + pH |—[ 20 |) 

HaC] Me + pH |—| |) 

— (8 — a) (| mp + pP |’ + | mp + pP |’). 


Because m'p > m(d), m”p > m(d), and m(d) is closed, both m'p + pP and 
m'p + pP tend for p->0 to m(d), and it follows from (7) and (25) that 


(26) B(M) = B(M’) + B(M”) —2(8 — a) | m(a)|’ 


Assume now that a < d< 0b’. Then | W | >00, | M”|>0 and (10) and 
(26) yield 
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B(M) >n | L | 1/n( | M” | (n-1)/n |. | M” | (n-1)/n) —2(B—a)| m(d) |? 
=n | M | (n-2)/r | L | 1/n(| W | =n | M | =a 
4 | M” | 07n | ME | C) — (B — a) | m(d) |" 
Because of | W| | M|- Mum 
| M’ | (n-1) /n | M | (1-2) /n + | M"! | (n-1) /n M | (1-n)} /n > 1, 
so that l 
B(M) > n| M | 097| L| Y» — (B—a)| m(d)|’. 
Hence if m(d) = 0 the equality sign cannot hold in (10), which proves (24). 
Putting A = A(x) = | h(2(x))|’/| m(x)|’ it follows from (24) and 
(19) that equality in (10) implies that a.e. in [a@’, b] 
| m* (a*)| “(1 + p(de/de)) = | m(x)|*{1 + pL(n— 1) 0 + r+ ]}; 
hence (compare (22) ) | 


M+ pt | =| ae |= f°] m(x)| da 
oor fino aae Jaia 


and 


UMHEIM = f" me) aae xde 
Now - 
(n— 1) D (x) H A (s) =n 


and the equality sign holds only for A(z) = 1. This can be seen by differen- 
tiation or from the theorem of the arithmetic and geometric mean (see 


L6, p. 17]). 
Therefore (since we assumed | M |=| Z|) 


B(M) >n|M|=n|M|eve| L| un 


unless A(x) == 1 a.e. in [v]. 

The absolute continuity of z(x), the equality in (10), and (16) imply 
therefore that 2(v) =— g +- a — a for a’ Ss by. If we place L so that its 
center of gravity coincides with that M, then A(x) = | A(z)|’/| m(2)|’=—=1 
a.e. shows that the essential supporting strip e St 0’ of M must be a 
supporting strip of L. 

As a convex body, L is the intersection of its supporting strips. Varying 
the direction of the a-axis we see that MC L. If a point peL—My 
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existed, then a sphere § with center p and disjoint from My would exist 
because Mz is closed. Then |S{)LZ|>0 because L is convex, hence 
| L| > |Mer |, which contradicts (9) and | Z| =] M]. 

This proves that L and My are homothetic and 


B(Mn) =n | at | 07 | L | +, 
if the equality sign holds in (10). Therefore also B(M) = B(Mz). 


5. The statement (11) solves the main problem for convex C and those 


D for which Í o(u)dS = B(M). Unfortunately the ‘class of surfaces for 
D 


which this relation holds, even when o(w) = 1, is very restricted. Since the 
best possible results can doubtless not be obtained through using B(M), we 
mention only one class I” for which the relation 


(27) | f oas =B) 


is very easily established: I” consists of topological spheres of class D’ 
where in addition the set of points in which the first partial derivatives are 
continuous can be covered by a finite number of neighborhoods in which 
these partials satisfy a Lipschitz condition. The class P is defined to consist 
of IY and all closed convex surfaces. l 


(28) If O is convex then the surfaces homothetic to K and only these 


minimize f a{ujdS among all surfaces in T with a given volume. 
D 


. From this theorem we derive the corresponding theorem for arbitrary C. 
Let Ë denote the boundary of the convex closure of C and let y(u): u be 
the point of the form A-u, A> 0, on C. Then o(t%) So(u) hence 


ea o f awass f ouas 


for every surface D in T. We are going to show that the equality sign holds 
in (29) for surfaces D which are homothetic to the polar reciprocal K of Č 
with respect to | s |= 1. It suffices, of course, to prove this for K itself. 
Every point p of C lies on an (n — 1)-simplex with vertices in O (see 
[1, p. 9]), and therefore on a simplex T (p) of lowest dimension y S n-—1 
with vertices on C. Then T(p) CC. This is obvious for v == 0. For v > 0 
the point p is an interior point of T (considered as set in a v-dimensional 
plane), and a hyperplane through p either contains T (p) or separates at 
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least two of the vertices of T (p). A supporting plané r of @ through p must 
therefore contain T, and since m {) Ē is convex, T(p) C ©. 

If v=1 and go, gu’ -+,qv are the vertices of T(p), then p has the 
form 


(30) p = È agi, & > 0, Ze —=1, 
hence, after defining F(s) in the same way as o(s) for |e |341, 
l= o(p) =7F(3 agi) S Seo(qi) —1 or 


31 A 
04) o(p) =X ao(q) 


If g(x) is now interpreted as supporting function of a body L with boundary 
K then (80) and (31) imply that at a point of K where the exterior normal 
is parallel to p, more than one, namely v + 1 linearly independent, supporting 
planes exist, so that K is not differentiable. 

The crucial point is now that on the one hand for any point p of 6, 
but not on C, the dimension of T'(p) is obviously at least one, and on the 
other hand the points on Ë and not on C are exactly the points p =o 1(u)u 
for which o(u) <o(u). ‘Therefore the preceding discussion shows that 
o(u) =o(u) at every point of K where a tangent plane exists, so that 


(32) | Saw aS = Í. i as. 


If V(D) denotes the volume bounded by the surface D in I, then 
Theorem 1, (27), (28), (29) and (82) contain the following main theorem: 


THEOREM 3. If o(u) is defined for | u| —1, positive and continuous, 
then for any surface D in T 


f o (u) dS È nY dD) VYE) 
D 


where K is the polar reciprocal to the boundary C of thg convex closure of C: 
a *(u)u with respect to the unit sphere. The equality holds only for D 
homothetic to K. 


Although this theorem shows that the question whether C is convex: or 
not is not of great importance as far as the isoperimetric problem for the 
Minkowski area fo(u)dS is concerned, there are profound differences 
regarding other properties of this area. This is made clear by the following 
theorem which is due to Minkowski (see [9,§ 27]): 
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(33) The function o(x) (or the surface C) is convex if and only if the 
following holds: whenever the convex body L, contains the convex body Le 


> 


then f o(u)dS = f o(u)dS, where K; is boundary of Di 
K 1 Ky 


An equivalent condition, which will be discussed elsewhere, is that the 
hyperplanes be minimal (that is area minimizing) surfaces. 


6. Theorem 3 leads also to a solution of the isoperimetric problem in 
Minkowski geometry. Let tı, £o, + *, 2n be a rectangular coordinate system 
in a Euclidean space associated with a given Minkowski metric » (for this 
and the following see section 2 in [2]). Then a positive homogeneous func- 
tion f(x) of degree 1 exists, which is positive for +540 and such that 
p(z, y) == f(x —y). Area and volume are defined only if » is symmetric, 
that is p(z, y) = p(y, £) or f(x) —f(—-). The surface T: f(z) =1 is 
the Minkowskian unit sphere. It bounds the closed convex set S:f(#) = 1. 

If | X | denotes the exterior Lebesgue measure of the set X with respect 
to the associated Euclidean space, then X has the Minkowski measure 


(34) |X| m—=o| X | 
where 

o == wy (") | S | -1 and wo) == r'r (9 +. 2-1) ; 
that is, w is the volume of the Euclidean unit sphere. 


The intrinsic area of a surface in a Minkowski space is defined in terms 
of the one-dimensional metric u, but admits for hypersurfaces D of class D’ 
an integral representation of the form fo(u)dS, which is obtained as 
follows: Let the tangent hyperplane of D at a point where it exists, have 
normal u (because of the symmetry of » or S we need not distinguish 
between interior and exterior normals). The hyperplane normal to u 
through the origin intersects S in an (n — 1)-dimensional convex set.S(w). 
If |X |’ denotes exterior (#%—1)-dimensional Lebesgue measure with 
respect to the associated Euclidean space, then 


o(u) = o =) / | S (u) | G 
The intrinsic area of a topological sphere D of class D’ is then 
(35) Am(D) = f a(u)ds 


where d8 is, of course, the Euclidean surface element (see the next section). 
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Since convex surfaces are in general not of class D’ this representation 
has not yet been established for the whole class T, but this gap will be filled 
in the next section. 


The surface C:o™(u)u is convex. (A proof is found in the author’s 
paper “A theorem on convex bodies of the Brunn-Minkowski type,” Pro- 
ceedings of the National Academy of Sciences, vol. 85 (1949), pp. 27-31). 
If K denotes the polar reciprocal of C with respect to |x| =1 and Vn(D) 
is the Minkowski volume (84) enclosed by the surface D, then Theorem 3, 
(34) and (35) yield i 


(36) Am(D) È nVm ®D(D) Vn (E) o. 


The factor o™ appears because K depends on the choice of the coordinate 
system x. But “homothetic” is independent of the coordinate system and 
has a Minkowski meaning. K can be characterized in terms of perpendicu- 
larity in a very similar manner as in the two dimensional case (see [8, p. 867]), 
but this will be discussed elsewhere. 

For a satisfactory Minkowski isoperimetric inequality it is desirable to 
eliminate the factor o which depends on the associated Euclidean metric. 
This can be most easily accomplished by choosing among all the surfaces 
homothetic to K the surface K* = oK. Then 


(37) Vm” (K*) = Va” (K)o. 


A Minkowskian characterization of K* is obtained by substituting K* 
for D in (36): 


(38) — Am(K*) = 0Vn(K*). 


This relation may be considered as the Minkowskian analogue to the Eu- 
clidean fact that no) is the surface of the unit sphere. (The relation 
An(T),="Vm(T) is in general not correct.) Since the associated Euclidean 
space to a given Minkowski metric is determined up to a non-degenerate 
affine transformation, the class T is Minkowski invariant. Therefore we may 
formulate the solution of the Minkowski isoperimetric problem as follows: 


THEOREM 4. For all surfaces D in T 


Am(D) = nVm nD) Vnt (K*), 


756 | HERBERT BUSEMANN. 


where K* is homothetic to the polar reciprocal of C with respect to |c|—1 
and Am(K*) =nVm(K*). The equality sign holds if and only if D ts 
homothetic to K*. 


The choice of K* has the great advantage that it permits us to generalize 
the fundamental relation (7) to Minkowskian-geometry. It is not true that 
the intrinsic area of D is the limit of mae M +- pS | m— | M |m), where M 
is the interior of D. But 


THEOREM 5. If H* is the interior of K*, then for any surface D in T 
with interior M À 


Am(D) = lim p (| M+ pH* | m—| Hf |m). 


Proof. For the interior H of K the relations (27), (84) and (35) yield 


f 0048 = An (D) = lim p> (| M + pH | —| at |) 
D 

= lim (op)*(| M + pH | m—| Mf |m) 

= lim (0p) (| M + po(0H)| m—| if | m) 
which proves the Theorem because oH = H*. 


In analogy to (7) we may now define as Minkowski area Bm (X ) of the 
boundary of a set X in a Minkowski space the number 


(39) Bm(X) — lim inf p7(| X +. pH* 
p>0+ 





m ~~ | x | in) » 
and Theorem 1-yields 


THEOREM 6. For any set M with O < | H |m < œ 
Bu(M) È n| 1 | med” | H* | ai 


and the equality sign holds if and only if Mp is homothetic to H* and 
Bu (M) = By(Mn). 


7. To make the preceding result valid, (35) must be established for 
convex surfaces. The results and notations of [2] will be used freely. 
Since convex surfaces in a Minkowski space are birectifiable, (35) is con- 
tained in the following general theorem: 


THEOREM 7. If (P,2) is a k-dimensional rectifiable manifold in a 
Finsler space F with local rectifiable representation x(u), then 
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(40) | P, x | = | P, z | = f oa(u) 2) A (%2) (u) du,- + -duy 
? . 


where ofer) is the term o®) ga) of [2, (7,6)] (the Ps in Bb and 
Awk) are misprints) and means the following: 


The derivatives d2;/du; exist for a definite w-system and a definite 
z-system almost everywhere (a.e.) in the u-coordinate neighborhood. If the 
matrix 0¢/0u == 02; /0u;) henf has rank k then the k-dimensional plane 
in the tangent space £ at c(u) spanned by.the k vectors ĝx/ðu; intersects the 
set (v, é) = 1 in a k-dimensional convex set whose k-dimensional measure 
with respect to é considered as a rectangular coordinate system is 1/8 (*) (u) 
=o) /g(%2) (u). Since Al) (w)du,---du, is the Euclidean surface 
element of (P, æ) at x(u) (see [2,(7.5)]) (40) has the form (85) (but u 
does not have the same meaning), moreover Ak) (u) = 0 if ĝx/ðu has 
smaller rank than k. Therefore o()(w) need not be defined in that case, 
we simply put the whole integrand o*) (w)A\™*) (u) = 0. 

Because of the additivity properties of |P,x|, | P,x|.%, and the 
integral, the general case can be reduced to the local case where P is a bounded 
closed convex set with positive measure | P|’ in H* with rectangular coordi- 
nates u = (t,° °°, Ug) and #(w) moves in one coordinate neighborhood (s) 
of P. We choose these coordinates once and for all, and can then replace 
a2) (y) and Aa) (u) by o(u) and A(w). We show first that 


(41) | | Pie]? = Í, o(u)A(u)du. 


The paper [2] contains a mistake regarding the measure | P,2 | ,". 
The relation | Pi, 71° | n = Z | 2(PiVx), 8 |» on p. 254 is in general not 


correct. Therefore the P that |P, æ |n is monotone does not hold, and, 
in fact, this measure is not monotone. This follows from another repre- 
sentation for | P,e |»! which Prof. H. Federer communicated to the author. 
If P is the union of a countable number of compact sets in some metric 
space, (p) maps P continuously into a metric space with distance 8, and 
v(%)) denotes the number of (maximal connected) components of the set of 
points p in P with w(p) == 2, then 


(42) |P, |E = f v(2)d| M,8 |» 
s(P} 


where the right side means the integral of v(x) over æ(P) with respect to 
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n-dimensional Hausdorff measure on (P). It follows from (42) that 
| P,æ |n? is invariant under the change of the parametrization, that is 
[2, (4.8) ]- (the proof given in [2] does not hold because it uses mono- 
toneity.) It is easy to see that the integral in (42) is not monotone. 

Jt is known that (41) holds if it has been established for an Fo subset 
of P, on which the mapping p—2(p) is one-to-one, compare H. Federer 
and A. P. Morse, “Some properties of measurable functions,” Bulletin of the 
American Mathematical Society, vol. 49 (1943), pp. 270-277, Theorem 3.1 
and Section 5. This reference implies the mentioned reduction for the integral 
over the number N (z) of points p with z(p) =, but because of the 
rectifiability N(x) 4v() on a set My with | Mo, è | n = 0. 

We therefore consider an Fo subset P-of P on which p—>2(p) is one-to- 
one, It follows from (42) that | Ë, æ | „¥ = | s(P),8 |x Rectifiability means 
the existence of a constant 8 such that the distance & in F` satisfies the 
relation 
(43) 8(a(u),2(v)) =Bl|u—v| for u,v in P. 


The partials dz,/du; exist therefore a.e. in P and are bounded. Conse- 
quently A(w) exists a. e. and is bounded. o(w) is bounded because P is closed. 

For a given e > 0 there exists a compact subset I” of P with | P—P’ <e 
such that «(w) is uniformly totally differentiable on P’. By Kolmogoroff’s 
Principle | P — P’, x|,# =< p*| P—P’ | pře hence 
(44) |2(P’),8{. S | a(P),; 8 | z= | P,a |£ < | P,a |a 

T | P—P’,2 | WS | a(P’),8 |x + pre. 

The boundedness of A(w)o(u) and (44) show that it suffices to establish 
(41) for P’. 

The uniform total differentiability of (u) on P’ implies: for every . 
point uoe P’ there is a p;>0 such that for u;e P’ {) S(uo;p1), t= 1, 2, 
(S(t, p1) -is the set qf all points u in H* with | w— to | < p1). 


(45) ælu) —- z(u) = y (t) — y (u2) + z | u, — Ue | with |z| < «4 
We put 
(46) y(u) = z(u) + (u — uo) ðs (u) /ðu. 

If A(t.) £0, then 


4 (45) is stated in [7, p. 363] and proved in [10, p. 7513. 
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E Zle (uo) | ts — ua | ; k(uo) > 0. 





(47) | y(u) — y (u2) 
There also is a pe > 0 such that for we P’ []) S (un; po) 
(48) o (uo) A(U)/(o(u)A(u)) =1 -+90 with |8| <e. 
(45) að (47) imply the existence of a ps > 0, ps Sp, such that 
(49) = | a(t) —a(u:)| = (uo) | ui — ue | for u; £ P” N S (uo, ps). 
With the notations 
(50) w= (u) —a(ue), V = y(u) — y (u2), W =w/| w |, T—v/| v | 


we conclude from 


loo | = w(|v|— |w |) + |w |(w— v) AEA 
of fw] te? 


(45), and (49) that 

(51) [D — 7| <2 |z |/k for ue P 1) S(uo, ps). 

We put )(é) == (x (uo), é). Then for | é| = 1 and a suitable p’ > 0 
(52) (é)/®(a, é) =1 4+0 with | 0| Se when | a—2(u)| < ø. 


Because is homogeneous in é the relation (52) holds for all 540. If & is 
the (Minkowski) distance which corresponds to ®, as integrand, then i 
follows from (52) that 


(53) 8(w(w), v(t) )/8(a (uz), ¢(ve)) =1 +9 with |0|<e 
when u; €N (uo ps) with a suitable ps > 0. Moreover 


o(w) /o(v) — J pe ela 


P(T) —O(¥) , [w|— Te] 


= Í — E a An 
Te) [| BoB) 
Since ||w|—]v||<|w—v| it follows from (45) and (51) that 
for a suitable positive p; <= ps 


(T). 


(54) ` &)(w)/So(v) =1 + 0 with |0 | £ e for ue P’ N S (uo ps). 


Let p(uo) == min (po, ps, ps), then combination of the results (48), (53) 
and (54) yields for any measurable set Q C P’ f) 8 (tto, p(to)) 


2 
® 
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(55) | @(Q),8|u—= (1+ 0)" | (Q); 8o | e = (1 + 8:)™ | Y(Q), 80 | 
= (1 + 0:)™ | ¥(Q), 7 | x0 (Wo) 
aa lepoa) J 2 (to)o(wa) du 


= (1+ 6,)?* ROO du, 


where (2, y) is the Euclidean distance |x—y]| and |6;| Se. 
Let P” be the subset of P’ where A(u) 340. There is a sequence of 
spheres S(u?,p(u*)) which cover P”. Putting Q, == S,P” and generally 
n-i 
Qn = P” Sn — 8a N ( U Qi) we have P” = |) Q; and Q; [N Q; = 0. Because 
121 


the mapping x(u) is one to one on P”, (Q) Q (Q2) ==0 and the sets 
x((i) are measurable, therefore by (55) 


(56) [eP 8e =E eQ), l= E +6) f o(uya(uyau 
= (1+ 0, j> J owya(u)au 
Since by [7, p. 362] or [10, p. 753] 
| o(P’—P"), 8 |x < B | 2(P’—P”),n|s— e f A(u)du—0, 
it follows that 
| P'a | = J eau) du. 


By a method which illustrates convincingly the strength of Kolmogoroff’s 
Principle, Theorem 7 can be reduced to (41) and Section 8 of [2]. As 
before or in [2, Section 8] the general case can be derived from the special 
case where P is a bounded closed convex set in Æ" and « moves in one 
coordinate neighborhood in F, so that (P,2) is represented in the form 
(wu) == (T(t © ©, Up) © +, rn (th, © +, g) ) with i 


(57) S(2(u), (u2)) SB | a — t | for ue P. 


As auxiliary space we introduce the Æ"! with Cartesian coordinates 
Vy t p Eny U’ © +, Uy and metrize (a portion of) it by the Finsler metric 
ô determined by the integrand i 


(58) P( (X,U), Éi’ ` ae 4 ee 7 akp] [8 (x, é) -+ | é |J. 
Then 
(59) (2, u)e = (w(u), eu) 
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is a birectifiable surface in the resulting Finsler space because by (57) 
and (58) 
e| Uy — Uz | S 87 (T (U1), (U2) ) S (P +)? | ta — u |. 


The matrix (x, u)/ðu is 


tiur’ © -0%,/f/Ou, e0 
(60) l ee, SE es | 
02;/0Un-> © *O0n/0u, O°: -e 


Therefore the expressions A*(w) and of(w) corresponding to A(w) and 
a(u) for the surface (59) have the following properties 
(61) A(u) SA (u) S (A?(u) + eB)? 
where B is a constant which depends only on n, k and 8 (because 
| dc;/0a;| S 8). For e—>0 the expression A‘(w) tends therefore to A(w). 
The direction coefficients for the tangent space of (59) at a point u are 
the k-row determinants formed from (60) and divided by Af(w). Hence, 


if A(w) 0, the tangent space tends to a k-dimensional space in (1° °°, én 
0,-- -,0) and of(u)-—>o(u). Therefore 


(62) of(u)A&(u) >o(u)A(u) when e— Q. 

By (58) and (59) 

(63) &*[ (a (ur), tie (x(ue), U2) | Ze 8* [e (u), U1) 0, (x (te), Ue)o | 
== §*[ (x(w), 0), (r(Us), )]. 


If the set traversed by (a; u)e as u traverses P, is denoted by (4(P),P)e. 
then by (41) and [2, (8.1)] 
(64) |P, (a u)el = [(2(P), P)o Lv = f ot(u)at(u)du 
and by (41) 
(65) |P, (a, u)o | a? = f o? (u) A? (u)du = Í o(u)A(u)du =| P, 2 ae: 


? 


Kolmogoroff’s Principle (see [2, p. 248]), (67) and [2, (4.10)] show 
that 


(66) | P, (2, w)e| = | P, (2, t)o | = | P, (4, u)o | ;”. 
Theorem 7 is now a consequence of (41), (64), (65) and (66). 
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APPROXIMATION IN, AND REPRESENTATION OF, CERTAIN 
BANACH ALGEBRAS.” 


By RICHARD ARENS. 


1. Introduction. The primary purpose of this paper is to extend to 
non-commutative Banach algebras the functional representation theorems 
obtained for certain commutative Banach algebras by M. H. Stone, I. Gelfand, 
I. Gelfand and M. Neumark, and by I. Kaplansky and the writer (See the 
bibliography at the end of this paper. We refer to papers listed there by 
placing the author’s name in brackets). | l 

The algebras we study, and call BQ*-algebras, are defined in section 5. 
The possibility of treating them by “commutative” methods is due to the 
fact that we have required each f to commute with its f* and f* to lie in 
the center (cf. 5.02). Our main representation for an arbitrary BQ*-alegbra 
A is essentially this: There exists a compact Hausdorff space X on which the 
group T of automorphisms of the quaternions (the orthogonal group) is 
represented as a transformation-group, and A is isomorphic to the ring of 
all continuous quaternion-valued functions on YX satisfying the conditions 
of covariance 


ii E (el Ge ao iy, 


(For details see 5. 4 and 5. 5.) It was shown in [Arens and Kaplansky, 9] 
that a representation without the covariance feature 1.1, for éxample, as 
functions on the structure space (of maximal two-sided ideals) is generally 
~ impossible even in the commutative case. 

The present methods evolve from the fundamental strategy of Stone, the 
most important changes being due to the indispensability of the covariance 
condition. From [Arens II] we predict that all irreducible homomorphisms 
are quaternion-valued; a commutative-sub-algebra argument based on [Arens 
and Kaplansky] followed by the extension of maximal ideals shows that the 
representation by functions on the space of irreducible homomorphisms is 
norm-preserving (and, a fortiori, faithful) and that BQ*-algebras are semi- 
simple. 

The greatest tactical problem was that of showing that we obtain ail 
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functions satisfying the condition of covariance 1.1. The first half of the 
paper is devoted to establishing a suitable generalization, including Stone’s 
generalization, of the Weierstrass approximation theorem. Our investigation 
goes beyond that needed for quaternions, yielding such results as the following 


(cf. 4.2): i 


Let X be a topological space. Let M, be the algebra of all matrices of 
degree n with complex entries. Let A be a real linear subalgebra of the 
algebra of all continuous M,-valued functions on X. Suppose A contains 
f* (the hermitian conjugate) -and the real part of the trace of f when- 
ever it contains f. Then a necessary and sufficient condition that we 
should be able to approximate a function g unformly on any compact 
set by elements. from A is that we should be able to do so at any pair of 
points. 


The paper closes with an unrelated item: it is shown that in a Banach 
“algebra in which || f* || =|| f ||? one cannot have f*——1. This is 
related to, and derives its interest from, an unsolved problem of Gelfand 
and Neumark (cf. 7). 


2. Approximation theorems for lattice-valued functions. The princi- 
pal theorems in this and the following sections are of the following character: 
there are given two sets of functions A and B with a common domain X 
and a common range G; moreover, 


2.01. for each x and y in X and any f in B there is a g in A such that 


g(x) = f(r) and g(y) = f(y). 


To this we add algebraic and topologic conditions on Y, G, and A which 
insure that A includes B. | 

We abbreviate condition 2. 01 by saying that A is bt-approzimate to B. 

In this section G, will be an abelian topological group which is also 
partially ordered and has defined in it the two. lattice-operations satisfying 
the usual laws. The algebraic structure is related to the order by the 
familiar condition that a = b implies c— b S c — a for all a, b, c. Finally 
it will be supposed that there is a family of symmetric open intervals, con- 
taining the group zero element 0, which forms a basis for the topology of 
G at 0. Consequently, the lattice operations are continuous in both argu- 
ments at once. A group G satisfying all these conditions will be called a 
topological lattice-ordered abelian group [cf. Birkhoff]. 


+ 
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Now a word on the ‘topologization of function spaces. Let G be as 
above, let X be a topological space, and let C(X, G) be the family of continuous 
functions on X with values in G. All the operation of G and the ordering 
of G can be adopted, in a natural way, in C (X, Œ). But the topology we shall 
introduce into C(X,G@) will not be in terms of the ordering and intervals 
in C(X,G) (except when X is compact), but will be defined as follows: 
for each compact subset K of X and each symmetric neighborhood —e<q<e 
of 0 in G we let (K/e) denote the class of pairs (f, g) of functions in (CY, G) 
for which — e < f(a) — g(x) < e whenever ve K. This gives a uniform 
structure and, a fortiori, a topology (called the k-topology, see [Arens I]) to 
C(X,G@). It is known that C(X, G) is complete in this uniform structure, 
if G is complete [Arens I]. 

The following theorem is an exploitation of a lattice-technical device 
used by Kakutani [Kakutani, pp. 1004-5] for a formerly similar purpose. 
It was pointed out to us by Professor Stone (at Harvard, 1942) that this 
device could be used to prove Stone’s theorem (see 2.3 below) in more or less 
the way presented here now. 


2.1. THEOREM. Let G bea 


2.11 topological lattice-ordered abelian group. 


Let X be a topological space, and let C({(X, G) have the k-topology. Let A 
be a topologically closed subgroup and 


2.12 sublattice of C(X, G). 


Then a necessary and sufficient condition that A include a gwen subset 
B of C(X, G) is that A be bt-approximate (2.01) to B. 


i 


Proof. If A includes B, then obviously, 2.01 holds. We turn therefore 
at once to the sufficiency. 

Let fe B, let the compact subset K of XY, and let the neighborhood . 
(—e,e) of 0 in G, be given. By 2.01, for each.a, ye K we can find 
Jay € A such that gay (x£) =f (x), gey(y) =Ff(y). There exists a neighborhood 
V(x) of x such that gsy(2) = f(z) —e for ze V (x£). There exist 21,° © -, 8m 
such that K is covered by V (æ), *, V(£m). With the corresponding 
functions, form the least upper bound gy = gay V` `` V Jemy From the 
properties of this lattice operation we have g,(y) == f(y), and g,(z) = f(z) 
—e for all ze kK. Now we can find a neighborhood W(y) such that 
gy(z) = f(z) +e for ze W(y). Dualizing the previous compactness argu- 
ment, we select y,,- `,Yn such that K is covered by W(y,),- © ©, W(yn) 
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and then form the greatest lower bound g = gp. ^ ->A gy, of the corre- 
sponding functions. | 

It is not hard to see that —e< g(z) —f(z) Se for all ze K, or 
g—fe(K/e). But this means that f lies in the closure of A. Since A is 
closed, fe A. Hence B is contained in A, as was to be shown. 

In the following, A will always denote the real number system, and K 
the complex system. . 


2.2. THEOREM. Let X be a topological space. Let A be a closed linear 
subalgebra of C(X, Ry with the k-fopology. Then a necessary and sufficient 
condition that A include a gwen subset B of C(X, R) is that A be bi-approx- 
mate to B. | 


Proof. We need only show 2.11 and 2.12. For 2.11, we define, as 
usual, a V b to be the larger of the two numbers a and b, ete. To show that 
the lattice operations are limits of polynomials in A, and thus are performable 
in A, we use a device suggested by Lebesgue’s proof of Weierstrass’ theorem 
[Lebesgue]. : 

If (1— (1—#*))* be developed in powers of 1—??, it converges 
uniformly to:|¢|{ for |¢| <1. Now let M be a compact subset of X, let e 
be a positive real number, and let fe A be given. It suffices to consider 
merely the case in which | f(z)| 1 for we M. Select a partial sum S,(t) 
of the series mentioned above such that | S,(t) —t | < e for all ¢ of absolute 
value not exceeding 1. Then S,(f)—8,(0) approximates |f| uniformly 
to within 2e on M. Now S,(f) —S,(0) belongs to A because when expanded 
there is no constant term. Since A is supposed to be closed in the k-topology, 
the function |f|, with values | f (x)|, thus approached on M, belongs to A. 
From here it is only a step to the maximum- and minimum-operations: We set 


fvafAg=iI2f+o+|f—g9)),12f+9—lF—g)). 
"This proves 2. 2. 


2.8. THEOREM [Stone, pp. 466-469]. Let X be a compact Hausdorff 
space. A necessary and sufficient condition that a linear subalgebra A of 
O(X, R) coincide with C(X,R) itself is that (a) A contains the constant 
functions, (b) gwen «>4y in X there is an element f in A for which 
f(x) f(y) and (ce), A ts complete. 


Proof. The necessity is well known; it follows from Urysohn’s Lemma. 
For the sufficiency, we must show that (a) and (b) imply that A is bi- 
approximate in C(X,f#). Let geC(X, R), and let x, ye X. There is an 
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fe A such that f(«) s4f(y). By multiplication and addition of suitable 
constants, we can obtain from f an h e A such that h(s) = g(x), h(y) —g(y), 
as desired. Now (c) shows that A is closed in C(X,R). Hence we apply 
2.2 and obtain 2. 3. 

A consequence which is closely related to Weierstrass’ theorem itself ; 
and which will be used often in the sequel, will next be presented. 


2.4. LEMMA. Let X be a topological space. Let fı: -+,fn be members 
of C(X, R). Let F be a continuous function of n real variables, and let 
F(0,---,0)==-0. Then the ae g=F(f,,---,fn) is in the closed 
linear subalgebra A generated by fıs: © +, fn in C(X, R) under one k-topology. 
Moreover, A consists of precisely all such g's. 


Proof. We show that A is bi-approximate to g. Let w=s4y be given. 
If fi(v) = f(y) for all i then g(x) —g(y), and if fi(@),---,fn(w) all 
vanish then g(v) == 0 and so g(x) = fı(x), 9(y) = fı (y) ; but if some don’t 
vanish, let f(x) =< 0: then t can be found such that g(x) = tfil) = g(y) 
= tfı(y). On the other hand, if fi(x) =4fi(y) for some i, then the deter- 
minant of the system 


g (2) = sfi(w) + tf? (x) 
gy) = Fiy) + fe? (y) 


does not vanish unless f(x) or fi(y) does. If one of them vanishes, let it be 
the former, fı(v) = 0. If, in addition, g(x) — 0, we can find a ¢ such that. 


g(x) =0=tfi(x), g(y) =tfi(y), since fi(y) 40; but if g(x) 0 then 
there must be some non-zero f;(@)—in which case we can solve 


g(s) = sfi(a) + file) 
g (y) = sfil(y) + ti(y), 
since fify) 5 0. : 
The converse follows essentially from the completeness of "C(X, R). 
(Cf. [Arens I]). 
In the case of complex-valued functions, we deduce the following results. 


2.5. Trrorem. Let X be a topological space. Let A be a closed real 
(i.e, admitting real scalars) linear subalgebra of C(X,K), with the k- 
topology, and let A contain f* (the complex-conjugate)whenever it contains f. 
Then a necessary and sufficient condition that A include a gwen subset B of 
C(X,K) is that A be bi-approzimate to B. 


Proof. Again we show how 2.11 and 2.12 can be fulfilled. We partially 
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order K by saying that r- pi = 0 (r, p real) if r> |p|. IE for complex 
numbers r -+ pt we define the complex number <r + piy = m + rpi/m where 
m is max(|7|,|p |); and then define, for complex gu, q2 


qi V P = 1/2 (q1 + g2 + <0 — 427); 

qi A G2 = 1/2 (q1 + 12 — <Gi — 92>) 
we obtain two operations which turn out to be the lattice operations consistent 
with this ordering. We leave the verification to the reader (Cf. 3). 


We must now show, after these lattice operations are introduced into 
C(X, K), that A is closed under them. We shall show that if fe A and 


f(v) = r(e} + tp(e) then 








<f> == m + rpi/m 


where m(x) = Max (r(z),p(x)), belongs to A. First of all, r and ip 
separately belong to A, for r= 1/2(f + f*), ip = 1/2 (f —f*). Next, 
p? == (ip) (4p)* belongs to A. By 2.5, A contains F (r, p*) where F(s, t) 
== max (|s|,|¢|4). Hence the function m belongs to A. For a real positive 
u, the function r(w-+ m)~ belongs to A, by 2.5. Hence rm(u -+ m)*e a. 
Now 

rpi/ (u + m) —rpi/m | S u. 


Considering that A is closed, we have rpi/meA. Thus <f>e A, and A isa 
sublattice. This proves 2. 5. 

From this result, a new flock of corollaries could be deduced; of these 
we mention one, because of its relation to [Dunford and Segal, Theorem 4]. 


2.6. COROLLARY. Let X be a locally compact space. Let A be a closed 
real linear subalgebra of Cy(X, K), the class of continuous functions vanishing 
at infinity (see [Dunford and Segal]), and suppose A contains f* whenever 
it contains f. Then A=C)(X, K) if and only if for each z, y in t, oY 
implies that there is an f in A such that f(x) is real and f(y) is not real. 


The proof is essentially the same as that of 2.3, but about four times 
as long because (a) the hypothesis is applied once as it stands and then 
again with z and y interchanged, and (b) only real scalars are to be used, 
although values may be complex. 

Corollary 2.6, from which Theorem 4 [Dunford and Segal] may readily 
be deduced, differs from it inasmuch Dunford and Segal appear to require 
complex scalar multiplication in A, while in 2.6 this condition is replaced 
by requiring essentially that we can obtain all complex numbers at each 


” 
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point y of X. In this form, the results, although not the methods, can be 
carried over to the case of quaternion valued functions, which are treated in 
the next two sections. . 

Our final application is the proof of a theorem which the authors of 
[Arens and Kaplansky] negletted to prove in the paper just cited. It can 
be proved by purely ideal-theoretic arguments (as indeed the known special 
cases are proved), but as we need the result in a later section, we take this 
opportunity to illustrate the method of bi-approximation in such a connection. 


2. 7. THEOREM. Let X be a locally compact Hausdorff space on which 
is defined an involutory homeomorphism (*). Let A be that subring of 
C(X,K) whose elements satisfy the relation f(x*) = f(x)*, and vanish at 
infinity. Then each homeomorphism H of A into K is determined by precisely 
one point x of X and the formula H(f) = Ff(x), (f mA). 


Proof. Let the maximal ideal a be the set of functions in A which are 
mapped into 0 by H. By introducing a unit into A (if it has none) and 
applying [Gelfand, Satz 4], we discover that a is a closed set of A and thus 
a closed linear subalgebra. If we consider the point at infinity w to be 
adjoined to X, then C(X,K) can be regarded as having the k-topology of 
C(X + w,K). Suppose that for each « in XY there is a g in a such that 
g(a) 540. If v and y are points of X -+w (and we may exclude the case 
that z or y is w), there will be two elements gs and gy such that g,(xv) =Æ 0 
==gy(y). By letting he = gags", hy == GyJy*, we obtain hy(x) =a’ > 0, 
hy(y) =V > 0. By suitable scalar multiplications, we can make a’ = b’ = 1. 
Let he(y) =a, y(x) =b. Unless ab = 1, we can find c and d such that 
h == ch, + ah, which has the value 1 at z and y. If ab= 1 and a1, 
we can find c and d such that h = che + dh,” has the value 1 at z and y. 
Tf a = 1, let h == he. In any event, we have an A in a such that A(z) = 1 
== (y). Now let f be any element of A. Then Af belongs to a, and since 
(hf) (2) =f (<), (Af) (y) =—f(y), we see that a is bi-approximate to A. 
Thus a coincides with A. This contradiction shows that there is an s such 
that fea implies f(x) =0. The ideal a is clearly not maximal unless there 
are only two (perhaps coincident) such points, v and 2*, related, as indicated, 
by the homeomorphism (*). Since a is the kernel of only two possible 
homomorphisms, which are given by z and z*, one of these must determine H 
by the formula stated. 


Thus the space X is the space of homomorphisms of A into K. 
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3. Preliminary remarks on quarternions and partially ordered groups. 
The methods of the preceding section can be extended to quaternion-valued 
functions by setting q = 0 for a quaternion q if its real part is non-negative 
and its pure part lies in the first quadrant for some fixed choice of axes in 
the system of quaternions, Q. This makes Q-a lattice, but the performance 
of lattice operations in C(X, Q) would require not only the use of f and f* but 
also the non-invariant ft, fi, and ff, where by ft for example, we mean the 
function with values —if(«)+. 

The ordering we have found useful reduces, in the special case of Q, 
to saying g=r-+ai+bj+ck=0 if and only if r= (€e + b? -+ e). 
This ordering is suggested by the “cone of the future” of special relativity, 
if the real part r is regarded as the “time.” So ordered, Q.does not form 
a lattice (although K does: cf. proof of 2.5) because the common part of 
two “cones of the future ” is generally not itself such a cone (ef. [Clarkson]). 
Geometrical considerations make this evident. 

But a weaker sort of lattice operation is possible, and the proofs of the 
next section will utilize it. Its exposition is simplified by the introduction 
of a singulary operation. We list here some formulae and results which show 
their abstract relationship, and which show how far structures in which they 
can be defined fall short of lattices. For concrete definitions, see the next 
section. 

Let & be a partially ordered abelian group admitting the positive (dyadic) 
rational numbers as operators, with the requirements: a, «œ =b implies 
c— b = c— a and 1/2(a-+a’) =b for any a, a’, b, c in G. Suppose there 
are defined a singulary operation < > and a binary operation V: then the 
following 3. 01-3. 14 are meaningful. 1 


3.01. Gis a topological group and V is continuous. 
3.02. a V a=& (idempotence). 

3.03. a V b=a,b (incidence). 

3.04. a,b Sc implies a VOSe. 

With 3.03 and 3.04, G would be a lattice. 

8.05. 2(a V b) =2aV 20. 

3.06. (a+b) Y (a—b) =a +b V (—b). 

3.07. <a> =a V (— 8). 

3.08. aY b= 1/2(a +b + <a — by) 
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3.10. Gis a topological group and < > is continuous. 

3.11. <05 = 0. 

3. 12. <= aa. 

3.13. a,b = 0 implies a+ b= <a— bd. 

8.14. <20> = 24>. 

We now list a number of propositions. We shall require only the last 


one for later use. The other are possibly of independent interest. The proofs 
are very short and are all left to the reader. 


3.15. Lemna. In the presence of 3.07 and 3.08, (8.01, 3.02, 3.03) 
is equivalent to (3.10, 3.11, 3.12). i 


3.16. Lemma. 3.08 with 3.14 implies 3.07. 

3. 17. Lemma. 3.05 with 8.06 and 3.07 implies 3.08. ` 
38.18. Lemma. 3.08 with 3.13 implies 3. 04. | 
3. 19. T 3.04 with 3.07 implies 3. 13. 


3.20. LEMMA. In the presence of 3.07 and 3.08, G is a lattice if and 
only if 3. 11, 3. 12, and 3.18 hold. 


3.21. Lemma. -3.03 with 3.04 implies 3.02, 3.05 and 3.06 (case of 
a lattice). 


8.22. THEOREM. 3.08 with 3. 10, 3.11, 3.12, and 3.14 imphes 3. 01, 
3. 02, and 3. 03. 


4. More general approximation theorems. As ranges for the function 
spaces later to be considered, we introduce the following spaces. The qua- 
ternions form a special case. 

Let # be a Banach space with norm ||.. ||. Form the direct product 
G= RX E (Cf. [Banach, p. 181]), which is also a real Banach space. If r 
is a real number, and we speak of re G, then we mean the element (1,0). 
Whenever q == (r, p) e G where re R, pe E, we will denote these components 
as follows: r == g’, p =q”. We partially order G by writing 


4.01. g==0 when q’ = | g” ll; q Zq if and only if g—q, = 0. 


4.02. Lemma. G is a partially ordered abelian topological group (in 
the sense of 8). 
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Proof. The only non-trivial part of the theorem is quickly reduced to: 
the question: if (r, p), (ru pı) 20, is (r+ru p+ p) 20? We have at’ 
once r= |p|, 12] ai. From this r+ r, 2 || p -+ p, | follows, by the 
triangle inequality for the norm in F. ) 


The singularity operation < > in G shall’ be defined as follows: 
4.03. <g> = (Max (|g |, 1g I), ¢¢’/Max(|q' |, 1g’ )), g0; 
<0> = <0. 
4. 04. Lemma. Conditions 3.10, 3.11, 3.12, and 3.14 hold. 
Proof. The continuity (3.10) of < > is doubtful at most at the origin; 
but it is clearly present at the origin also, since 
KOMEILEE 


To prove 3.12, first set g =r, q” =p. Abbreviate max(| r|, lpi) 
by m. Then. 
ljr-+m|Sm+r, |r—m|Sm—r; 


whence 
lp jrem|Sm(m =r) 
and . 
| rp/m p| Smr 
or 


(mar, rp/m = p) = 0 in G 
This proves <g> = (m,rp/m) = +q. The remaining condition 3.14 
obviously holds. Thus 4. 04 is proved. 
4.05. Lemma. If one defines 
qVu=I2(qtat<I—n)>) 
in G, then this operation is continuous, idempotent, and incidental, 


This results from 3.22 and 4. 04. 
After these preparations, we present our most inclusive approximation 


theorem. 

4.1. THEOREM. Let G= R X E where E is a Banach space with norm 
|---|). Let X be a topological space. Suppose A is a closed linear subspace 
of C(X, G) with the k-topology such that 


4,11. Iff, g belong to A then Fg belongs to A; 


a 
à 
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+ 


z ae a If f belongs to A then (|| F |F, 0) Belongs to A (this function has 
„the values || f(x)” ||? eR); similarly (f’,0) belongs to A; ` 


4.13. The elements having f” =0 form a real linear algebra, (where 
(f, 0) (9’, 0) = (f'9',0); then a necessary and sufficient condition that A 
include a gwen subset B of C(X, G) is that A be bi-approzimate (2.01) to B. 


Proof. The condition is obviously necessary. To prove the sufficiency, 
we will show that for any real positive e, for any compact subset M of X, 
and for any f in B, one can find a g in A such that for any ze M one has 
g(2) = f(z)—e and g(2)’Sf(2)’+2e. This yields || g(2)”—f(2)” | 
= 9(2)’ — f(z)’ + eS 83e, which shows that g approximates f uniformly on M. 

In the construction of g we shall use the Y operation; hence we must now 
show that A is closed under this operation. Again, it is enough to show that 
for he A one has <he A. If he A then (W’,0) and (|| 2” |?,0)e4. Now 
(max(| k |, || A” |), 0) is a continuous function of these which vanishes for 
zero values of the arguments; hence, by 2.4 and 4.13, this element belongs 
to A. As for the second component, we observe that for any real positive u, 
(W (u -+ max(| h’ |, || A” i)) =, 0) belongs to 4, by 2.4 and 4.18 as before. 
By applying 4.11, and then subtracting off the first component, we arrive at 
(0, h (u + max(| h’ |, A” i) )h”). By the same argument used in the proof 
of 2. 5, the limit of this as u approaches zero lies in 4. Hence A contains 


<h = (max(| W |, 1A” 1), WR’ (max(| W |, |W” ))~). 


Now we proceed just as in the proof of 2.1, until we have found 
Jey’ * *>GJemy Which, we recall, have the property that g2,,(y) =y., and 
Gayy(%) = f(z) —e for each z in M and proper choice of k. We define 
Jy = (°° * (Gay V Gav) V` © V Gonye A. Which way we associate here 
does not matter, but a specific order must be selected since the associative law 
does not hold. By 3.01 and 3. 02 we have g,(y) = f(y) and g,(z) = f(z) —¢ 
for each z in K. For each y in M we can find a neighborhood W (y) such that. 
GY E f(z)’ +e. By the compactness of K there are y:,° ` -, Yn such that 
M is covered by W(y1),--+,W(yn). Let us denote the corresponding gy- 
functions by 91,:°°,9. The desired g is going to be a linear combination 
of these ga. This is where the present proof departs from the method of 
proving 2. 1. 

To construct the coefficients of the linear combination, let us first abbre- 
viate by setting += min (9/1,° gn), and let 


s=1/(e/n +g — r) + + 1/(e/m + g'ar). 
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Then for each k == 1, + +,n, the functions 
Cy = 1/8: 1/(e/n + g'r— r) —1/n 


are continuous functions of g1,- - -,g» and vanish when these do. By 2.4 
and assumption 4.18, the elements (c0), =`, (Cn, 0) belong to A, whence 
also Cigi- e t -H Gngn belongs to A. Finally, let g = 6g +° ` ++ Cngn 
+ (g+: -+ 9n)/n. It is apparent now that g lies in A, but we could 
not immediately have inferred it from the formula 


4.13 g= g/(e/n + gı— r): 1/s +: + ga/(e/n +g'n— r): 1/8, 


obtained by collecting terms. For each z in M, the coefficients 
1/(e/n + g'1(2z) —r(2)) : 1/s(2),' + +, 1/(e/n + g’n(2) —1(2)) : 1/s(2) 


are positive real numbers whose sum is 1. ‘Therefore, sincé g,(2),° + *, gn(@) 
lie in the convex set of @ defined by g =’f (z)—e, we conclude g(z)= f(z)—e. 
Continuing, let us set g^i(2) =11,° © +, Gn(2) =n, and let us suppose that 
min (%1,° °°; Tn) = Then s(z) > (e/n + % — r) = n/e, whence 
1/s(z) <e/n. Now 


g (2) = 1/8 (2) ` r3/(e/n + rr — te) +: > + 1/8 (2) ` tn/ (0/0 + ta — Te) 5 
and by the formula for s(z), 
Te = 1/8(2) + ry/(e/n -+ Ti — rr) + + slz) > ra/(e/n + tn — Te). 
Therefore 


g (2) —te= 1/8(2) > (11 — te) /(e/m + 11 — 1x) 
be + A/s(z) > (ta — te) / (0/0 + ri — Fr) 


whence 
OS g (2) —m% <e/n-1+---:+e/n: ile. 


Since == min (9/1(2)3: «+, 9/n(2)) Sf’(z) + e we have g' (2) < f’(z)-+ 2e 
as desired. This finishes the proof of 4. 1. 

We now apply this result to rings of matrix-valued functions. If f is 
such a function, then f* will be used to denote the function whose value f* (2) 
is the hermitian transpose f(2)* of f(a), and f* will be called the adjoint of f. 
By rtr f we mean the function having as its value one n-th of the real part 
of the trace of f. 


4.2. THEOREM. Let X be a topological space. Let M, be the algebra 
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of all matrices of degree n with complex PE Let A be a closed real linear 
subalgebra of O(X, Ma) with the k-topology, and suppose 

4.21, A contains fF whenever tt contains f. 

4,22. A contains rtr f whenever tt contains f. 
Then a necessary and suficient condition that A include a given subset B of. 


C(X, Ma) 1s that A be bi-approszimate to B. 


Proof. Let # be the class of matrices in M, whose trace is zero or 
imaginary. The class Æ, of real scalar matrices is obviously isomorphic, with 
preservation of linear combinations, to the real number system R: 


0 r>- . 0 
ro 
ye > 0yr 


Observing this isomorphism, we can say that M, is isomorphic to R X E, with 
preservation of real linear combinations. The usual topology of M, is repro- 
duced by taking the “norm” im F to be 
| I Pl = (3 | pas [?)* = (pis) £ E. 

For f in A, we have f'e A since F is obviously rir f. Since A is a subalgebra, 
fg isin A if gis. This shows that 4.11 holds. IffeA, then f— f =f 2A; 
and || f” |? ==air(f’f’*) eA. Thus 4.12 is verified. Finally, 4.13 holds 
because A is a real linear subalgebra. An appeal to 4.1 now establishes 4. 2. 

The earlier results on the real (2.2) and complex (2.5) cases are con- 
sequences of this theorem, but of course the real case is already involved in 
the proof through the medium of 2.4. The following statement for the case 
of the quaternions Q is now possible. 


4.3. THEOREM. Let X be a topological space. Let A be a closed real 
linear subalgebra of C(X,Q), with the k-topology, and let A contain f* (the 
quaternion-conjugate) whenever it contains f. Then a necessary and sufficient 
condition that A include a given subset B of C(X,Q) is that A be bi-approai- 
mate to B. 


Proof. As is well known, the quaternions can be represented by the 
ring of unitary matrices of the form 


at 


a —b* 
G .) (a, b complex) ; 
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and in this representation, the conjugate quaternion is represented by the 
hermitian transpose. Moreover, rir f == 1/2 (f 4+ f*) is evidently a member 
of A if f is. Therefore the truth of 4.3 is reduced to that of 4. 2. 

_ This theorem is used later in the study of certain representations; but the 
following application has some interest of its own. 


4,4. THEOREM. Let X be a completely regular space. Let A be a closed 
real linear subalgebra of C(X,Q) with the k-topology, and let A contain 
f* whenever it contains f. Then a necessary and sufficient condition that 
A= C(X, Q) is that, given x,y in X and a quaternion q, there is an f in A 
for which f(a) = 0 and f(y) =q. 

Proof. The necessity is a consequence of the complete regularity of X. 
Therefore let us show that A is bi-approximate to O(X, Q). Let ge C(X, Q), 
and letz,yeX. There are fs and fy in A such that f2(7) = 0, fo(y) = g (4), 
fy(z) = g (£), fy(y) =0. Therefore f == fs + fy shares its values at v and y 
with g, as desired. 


5. Representation of BQ*-algebras. By a Banach algebra we mean a 
normed ring in the sense of [Gelfand], except we do not require complex 
scalars nor a unit element. By a BQ*-algebra we mean a Banach algebra A 
in which there is defined an operation (*) which satisfies, for real r, and 
f,gin A 


5.01. (rf +9)" = + 9% (f9)* oh, PF, 

5.02. ff* lies in the center of A, 

5.03. IF] |i ff* + gg* I, if f and g commute; and the norm itself 
satisfies | 

5.04. fg ssf - igi. 


If all conditions except 5..02 are satisfied, we call A a real Banach*- 
algebra. The letter “Q” is used to imply 5.02, which was suggested by the 
quaternions, and the word “real” is then omitted. 


We prove first a result on commutative Banach*-algebras. 


5.05. Lema. Let B be a commutative real Banach*-algebra. Let 
fe B. Then 


5.06. | a(t) Sif i and x(f*) —«(f) for any homomorphism æ of B 
into the complex numbers; 


` 


CERTAIN BANACH ALGEBRAS. rales 


5.07. there is a homomorphism a of B into the complex numbers for 


which | a(f)| = | fll; 


5.08. Fff" = gt for some g = g* e B, and ff* —|| ff* | has no inverse 
on B. 


5.09. The closure of the i ideal generated by ff* also contains f. 


Proof. This algebra B can be represented by an algebra A as acon 
in 2. 7 above, in such manner that : 


f* (æ) = f (£) and | f [sep f(s), 


by [Arens and Kaplansky, Theorem 9.1]. Now 5.06, 5.07, and 5.08 are 
obvious consequences of that representation. 

We now prove 5.09, also supposing that B is represented by an A as 
described in 2.. We designate the ideal by J and ff* by j. Let a,yeX 
(please refer to 2.7). If f vanishes at 2 or y, then a scalar ¢ can easily be 
found such that tf and f agree in value at s as well as y. Otherwise 

O<j(x),7(y), and there is an element 


h== | (7(2) Hor- non 


md. Since h(x y = (y) = 1 it is evident that Af and f agree in value at v 
as well as y. This shows that J is bi-approximate to f, and by 2. 5, J contains f. 
Let Hom (A, Q) denote the class of homomorphisms of the ring A into Q. 


5.1. LEMMA. Let A be a BQ*-algebra. If ee Hom (A,Q) then, for 
fe A, i 
5.11. [a(PlSsifl ee | denotes the modulus in Q), 


and 
5.12. 2#(f*) =a(f)*. 


Proof. First, we observe that in a BQ*-algebra, one has ff* = f*f. In 
tact, FP — ff) = ff — (ff) f =f — Ff) = 0, from which one can 
deduce that (ff* —f*f)?—0. Replacing f in 5.03 by ff* — f*f, and g by 0 
we see that ff* — f*f==0. Second, we apply 5.06 to the commutative sub- 
algebra A, generated by f and f*, giving 5.11 and 5.12. 

The next proposition is essentially that Hom (A, Q) has sufficiently 
many members. 


5.2. LEMMA. Let A bea BQ*-algebra, and let fe A. Then there is an 
element x in Hom (A, Q) such that | «(f)| =| f I- 
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Proof. We may exclude the case f = 0. Case 1: A has a unit element 1. 
Let || f | =r. If r+? — ff* has no inverse in A, then, since it lies in the center, 
it lies in some maximal] two-sided ideal Af of A. We assert that each g which 
is not in M has an inverse mod M. In fact, if ge M then gg*eM by 5. 09. 
Now the center of A is, mod the maximal ideal M, a field. Since gg* lies in 
the center, there is an % such that gg*i — 1 isin M. This g*h is the desired 
inverse mod M. Evidently A/M is a division algebra which can, by [Arens I], 
be only Q, or a subfield of G@. Now a(r?—/ff*) ==0, whence x(ff*) = 1°. 
Application of 5. 11 and 5. 12 gives | w(f)| = || f |- If +* — ff* has an inverse 
in A, then it has an inverse in tHe closed commutative linear subalgebra a; 
generated by f, f* and 1. But by 5. 08, 7? — ff" cannot have an inverse. 


Case 2: A has no unit. Imbed A isometrically in a ring A, which has a 
unit, after the fashion of [Arens III, Lemma 4]. We do not care whether 
5.03 holds in A,; at least it holds for the subalgebra A. If r?— ff* has 
no inverse in A,, we arrive at the desired homomorphism æ of A,, as before. 
But v is also a homomorphism of A. But if r? — ff* has an inverse s— h 
in A,, then (s—h)(r?— ff*) =1. Since A does not contain 1, sr? = 1, 
and we arrive at an element p = r°h in A for which r°p = ff* + pff*. Apply- 
ing 5. 08 to the commutative closed linear subalgebra A; generated by f and f* 
we obtain that ff* == g', where g = g* e Ap. Therefore g? is in the center of A. 
Consider the commutative closed linear subalgebra Ay generated by p, p*, and 
g*. Evidently || g? || = r, and so by the representation of [Arens and Kaplan- 
sky, loc. cit.|, there is at least one homomorphism y of A, for which ¥(g*) == 7°. 
Applying y to the equation r?p == g* + pg* we obtain the contradiction 7? = 0. 


Thus the conclusion of 5.2 is reached in all cases. 


If ce Hom(A, Q), and g is an automorphism of Q leaving R invariant, 
then there is a ye Wom(A, Q) such that 


5.3.. y(i) = alaf) ) (for all fed). 


In this case we write y = av. In this way the group T of automorphisms of Q 
which leave R fixed acts in a natural way as a group of one-to-one transforma- 
tions on Hom(A,Q). (The fact that æ is always an inner automorphism and 
that T is isomorphic with the orthogonal group is not relevant at this point, 
but is implicitly taken into account in the proof of 5.4.) If we introduce 
into Hom(A, Q) the weak neighborhood topology, then X becomes a Hausdorff 
space, and each fe A may be regarded as a continuous function by setting 
f(z) = (f). Moreover, X becomes a compact space. (We are not omitting 
the 0-homomorphism. But some may prefer to omit it, in which case X is 
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locally compact and 0 becomes the point in infinity.) The proof of these facts. 


can be constructed in the same way as the proof of the related case of the unit 
sphere of the conjugate space of a Banach space [Alaoglu], or alternately, 
along the lines of [Arens IIT, p. 278]. With this topology, the automorphisms 
act homeomorphically on X. - 


5.4. THEOREM. Let A be a BQ*-algebra. Let X = Hom(4, Q) be 
given the weak neighborhood topology. Then X is a compact Hausdorff space. 
For any automorphism a of Q leaving B fixed, set y = ax if 5.3 holds. Then 
ais a homeomorphism of X. If A is imbedded in the natural way in C(X, Q), 
then A is precisely the class of functions, vanishing at infinity, such that 


5. 41, (av) ='a(f(x)) 

for alla and alla. Moreover, 

5.42, If l= sup | f()| 
sex 

and 

5. 48. {* (a) == f(x)*. 


Proof. We establish the facts in the reverse order mentioned. First, 5. 43 
and 5. 42 are consequences of 5.11, 5.12 and 5.2 collectively. From 5. 42 and 
the assumed completeness of 4 we infer that A is a closed real linear subalgebra 
of C(X,@) with the k-topology. Each f of A satisfies 5.41 because of the 
definition of «s == y by 5.2; and each f of A vanishes at infinity. Let B be 
the class of functions for which 5. 41 holds, for all æ and x, and which vanish 
at infinity. 

We shall show that A is bi-approximate to B. Let v and y be points ot 
X, and let fe B. Let f(z) =a, f(y) =b. The image algebra § in Q of A 
under x determines, and is determined by the subgroup aT of those æ for which 
az= x. Since presumably øg ==a for exactly those a, we infer that ae 5. 
Hence there is a gae A such that ga(x) = a = f(x). If, furthermore, there 
is an @ such that y== aa, then also b —aa and g2(y) = ge( at) = ag,(2) 
= a = 6; and in this case h = gz. 

` If there is no a such that y= aa, obtain first of all a gye A such that 
Jy(y) == b by the same argument used to find gz. But if y s4 ax for any ag, 
the kernel ideals of v and y must be distinct. Being maximal, each must 
contain an element not in the other; and therefore there exist hz and h, such 
that ha(x) +0, haly) == 0, hy(y) 40, hy(z) =0. By considering hs and 
hy replaced by suitable scalar multiples of Ashe” and hyh,* respectively, we see 
that one could achieve a(x) 1 and h,({y) = 1. In case this paragraph 
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applies, let h == hegas + hyg, Then h(a) =a—f(x) and h(y) = b = f(y). 
Such an A was obtained also in the preceeding paragraph. Thus A is bi- 
approximate to B, and by 4.3, A coincides with B as asserted in 5.4. The 
remaining assertions of 5. 4 were already considered in the introductory para- 
graph preceding 5.4. ` 

The proof of 5. 4 shouid be compared with that of [Arens and Kaplansky, 
loc. cit.]. There, the ring A was imbedded in a larger ring A’ admitting as 
scalars a division algebra (K) which was known in advance to contain all 
possible residue fields; and then previously established results: were applied 
to obtain a representation of A’ as functions on a space XY. From the way A 
was imbedded in A’ it was then discovered that A consisted of all functions 
satisfying a certain condition of covariance (viz., f(2*) = f(v)*) analogous 
to 5.41. The same attack was also made on certain algebraic algebras, in 
[Arens and Kaplansky]. And finally, it had to be established a posteriori that 
X was the space Hom(4, K) (in 2.7, above). But here (in the proof of 
5.4), we could not “extend” the coefficient field of A from R to Q. This is 
not only because the new “ scalars ” would not commute with the ring elements 
(pre-factors, post-factors, ete.) but a fundamental and unaesthetic asymmetry 
arises even when one considers the simple case A = K itself. Formal methods 
(Cayley-Dickson process [Dickson, p. 15]) lead to non-associative algebras, 
and therefore make a prediction of residue algebras on the basis of [Arens II] 
impossible. Therefore we began with the space Hom(A, Q), or in other words, 
with the space of irreducible (although not inequivalent) representations as 
, linear operators on 2-dimensional unitary space. Hence. the analogue of 2.7, 
desirable for completeness’ sake, was involved from the start. Spaces of ideals, 
and debates about their topologies, are avoided. On the other hand, the proof 
that we obtained all the continuous functions satisfying a condition of co- 
variance (5.41) became enormously complicated, requiring almost all of the 
machinery of sections 3 and 4, 

A smaller distinction between 5.4 and [Arens and Kaplansky, Theorem 
9.1]—that (*) forms a homeomorphism of X in the latter but not in the 
former—should also be observed. 


A characterization of BQ*-algebras can be formulated in the following way. 
5.5. THEOREM. Let X be a compact Hausdorff space on which the 
orthogonal group T acts as a transformation group [leaving a pont aw, fixed]. 


Consider the subalgebra A of C(X,Q) of those functions [vanishing at xo] 
which satisfy 


5. 51. flar) =Je(f(z)). (for all zve X) 
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where Ja is the inner automorphism of Q associated (in the way discovered 
by Hamilton) with the rotation « Set || f || = sup |f(z)|, and f*(2) = 
f()* for each fe A. Then A is a BQ*-algebra, (possessing a unit if and 
only if Ta is isolated). Then X = Hom(A,Q); and all BQ*-algebras are 
obtainable in this way. co 


Proof. The only thing that is not either obvious or covered by 5. 4 is, 
that XY = Hom(A,q@Q). But we leave it to the reader to construct the proof 
of this, along the lines of the proof of 2.7. The necessary argument of bi- 
approximity uses the technique of the demtonstration of bi-approximity given 
in §. 4. 

‘Concerning the topology of X = Hom(A, Q), we can make the following 
statement. 


5.6. THEOREM. Lei A be a BQ*-algebra, and let X = Hom(A, Q) be 
given the topology described above. Then X is metrizable if and only if A is 
separable. If X is metrizable, the metric can be so chosen that it is invariant . 
under the homeomorphisms induced by Y. l 


The proof of [Gelfand, Satz 12] can be adapted to establish the present 
theorem. The formula for the metric given there, after suitable change of 
notation and interpretation for quaternion-valued functions, yields a metric 
invariant under T. | 

We now present a characterization of the space C(X, Q) itself, supposing 
X to be compact. This theorem is of interest in itself, but it is not likely that 
the hypothesis could be fulfilled in a ring actually arising in a situation not 
involving the quaternions intimately a priori. 


5.8. THEOREM. A necessary and sufficient condition that a real Banach 
algebra A is isomorphic to C(Y,Q) with 


| fll = sup | f(x)| 
æe Y : 
for some compact Hausdorff space Y is that A be a BQ*-algebra containing 
a subalgebra isomorphic (wilh preservation of the- *-operation) to the 
quaternions. | 


Proof. The necessity is obvious (see 5.5). We turn to the sufficiency. 
Let X = Hom(A, Q), and let us regard Q itself as a subset of A, rather than 
merely isomorphic to it (or, what is almost the same thing, select a definite 
one of the isomorphisms which our hypothesis provides). Let FY be the subset 
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of X containing those y for which ge Q C A implies y(q) =q. Y is evi- 
dently compact, and A is homomorphic to a subspace of C(Y,Q). Let feA 
and suppose || f || == 7. Then there is some we X for which x(ff*) = 17°. By 
means of a suitable «er we have y = «xe Y. But y(ff*) 7? as well. 
Therefore 


sup | f(y) = iif. 
ye Y 


The reverse inequality is obvivous. Therefore A is algebraically and topo- 
logically isomorphic to a subset A’ of C(Y, Q) with the k-topology. A’ clearly 
satisfies the conditions of 4.4, because distinct elements of y have distinct 
kernel ideals in A. Therefore A’ = O (Y, Q), and our theorem is proved. 
Suppose we have a concrete BY*-algebra A of quaternion-valued functions, 
and suppose that a basis in Q can be so chosen that for each function f in A, 
there can be found in A also the four components fo, fı, fo, fs of f, where 
f == fo + fi + fe -+ fs, to being real-valued, fı, fo, fs being some real-valued 
functions times 1, 7, and k, respectively. It follows that A is closed under the 
automorphisms f —> fi, f — fi, f-> f where fi (£) — — if(2z)1, ete. These auto- 
morphisms have the following abstract properties (among others) : 


5.81. it = ij = identity, ij = ji = Ť 
5.82. f+ f+ Ap = RHF) 
Conversely, we have the following representation theorem. 


5.9. THEOREM. Let A be a BQ*-algebra. in which there are defined 
three automorphisms i, j, and Ë satisfying 5.81 and 5.82. Then there exists 
a compact Hausdorff space Y on which acts a group Œ@ = {Ñ}, 7’, k, and the 
identity} of homeomorphisms satisfying the relations 5.81, leaving a point 
yo of Y fixed. A is isomorphic to the subalgebra B of O(Y, Q) determined 
by the relations 


5.91. FUV = FY) FN =Y), Ty =f), Fo) = 9. 


(N.B.: The index }, cte. on a quaternion such as g or f(y) denotes the image 
of that quaternion under the concrete inner automorphism g > — iqi; but attached to 
an element f of A it denotes the image under the automorphism abstractly presupposed 
for A in 5.9 and satisfying merely the axioms stated. It should be borne in mind that 
in fi(y) the index has been attached to f and not to f(y).) 


Moreover (using the same notation for B as for A) 


5. 92. If = sup | f(y)| 
yey 
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and 
5.93. f(y) =f (y)*, f(y) =F) ACY) =F, FY) <P) 3 
Finally, yy is isolated if and only if A has a unit. 


Proof. We begin by drawing certain consequences from 5.81 and 5. 82. 
First, if f= f* then f = fi = fi == f. This is obvious; when one replaces f* 
in 5.82 by f, one obtains that 4f is invariant under all three automorphisms, 
hy 5.81. Second, each automorphism commutes with the *-operation: to see 
this, proceed as follows. Replace f in 5.82 by g—g'. Then the left side 
vanishes, yielding g — gt + g*— g'* =0. Now apply i to g + g*, obtaining 
g+g*=g'+ 9". Comparison of these equations gives g'* = g*", 

Define F as the subset of Hom(A, Q) at which we have fi (y) =f (y) >>, 
f(y) =f(y)' @ is the subgroup of the group of homeomorphisms induced 
by T which is defined by 5.91. Thus 5.91 and 5. 93 hold, where yo is the zero- 
homomorphism of 4. We have now only to prove that 5.92 holds, which 
implies incidentally that F does not consist of y alone (unless A is void). 

Let f be given, and suppose | f| =r. There is an æ in Hom(A, Q) 
such that | f(v7)|= 97. For any g, if g(x) ==0 then gg*(x) ==0. Hence 
(gg*) (2) = gi (2) g" (£) = gi(«)gi(z)*—=0. Therefore g(s) =0 if g(x) 
= 0; and similar results obtain for j and f. Hence these automorphisms 
induce inner automorphisms of Q at the various points of Hom (4A, Q) 
(Cf. [Jacobson, p. 101, Theorem 15]). If at the point z, all three 
automorphisms are extensible to Q as the identity, then 5.82 implies 
that g(x) == g(z)* for all g and hence se Y. If not, suppose that g'(x) 
== g(x) for some g. Then we may suppose that for every g in A, gi(a) 
== p*g(x)p where p is a pure quaternion, for otherwise 1° would not be the 
identity. Let p = gig* for some pure q. Let ye QT be the inner automorphism 
g*---q of Q, and let z= ys in Hom(A,Q). It is easily verified that 
y'(z) =g(z)t. At the point z consider the inner automorphism of Q induced 
by j. As before, suppose gi(z) == u*g(z)u with some pure u. Since i does 
not leave every value at z unchanged, we may conclude that ¢ itself is obtained 
as one of the values at z. Suppose A(z) =7. Inserting A into 5.82 and 
evaluating at z, we obtain u*iu==—1+1. Therefore, a quaternion v may be 
found such that v*iv =-74 and u == vjv*, Let § be the inner automorphism 
v*---y, and let y=: 82 in Hom(A,Q). It is easily verified that g'(y) 
== g(y) and gi(y) == g(y)i. Consequently y lies in Y, and 5. 92 is established. 

The bi-approximity of A to B is established along the now familiar lines 
followed in 5.4. Thus 5.9 can be established. 

This theorem can also be proved by constructing an algebra A, of ordered 
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quadruples which (a) contains A and (b) admits the quaternions as scalars. 
The automorphisms i, j, Ë are used to define the commutation relation between 
the elements of A and those of Q. This mode of proof is very tedious because 
the axioms of BQ*-algebras for 4, can only be reduced to those for A by long 
calculations. ; 

At this point it seems appropriate to consider whether every BQ*-algebra 
can not be represented simply as a space O(Y, Q). To put it another way, 
is the covariance feature 5. 51 of 5. 5 sometimes indispensable, or are the con- 
ditions of 5.8 always fulfilled? The fact is, that not every BQ*-algebra is 
representable as a space ((Y,Q). 

We shall describe a general petaee for obtaining BQ*-algebras a are 
not representable as spaces O (Y, Q). 

Our method is an elaboration of the following principle. 


5.94, Lemma. If A is a subalgebra of C(X,Q) and A is isomorphic to 
C(Y,Q) for some suitable compact Hausdorff space Y, then there exists a 
continuous mapping of the space X into the orthogonal group T. 


Proof. Find f, g, and h in A which correspond to the constant functions 
1, j}, and & in the representation of A as C(Y,@Q). Now at each v of X, the 
triple f(x), g(x), h(x) can, by a unique orthogonal transformation a(s) 
of the space of pure quaternions, he rotated into the fixed triple of quater- 
nions t, 7, k: 


5. 941. (F(a), g(2), h(2)) = a (2) (i,j, F). 


This a(x} depends continuously on 2 and thus provides the desired mapping 
of X into T. 
The general method of obtaining examples is now to be set forth. 


5.95. Lemma. Let X be a completely regular space containing a closed 
set z which can be mapped inte T by a continuous mapping B which cannot 
be continuously extended to X. Let A be the subalgebra of those f in C(X, Q) 
defined by the requirement 


5. 951. B (zo) (F(#)) = B (2) (F (20) ) _ (#24) 


where z, is some distinguished point of Z arbitrarily selected in advance. Then 
A admits neither K nor Q as scalars and in particular, is not representable 
as a space C(Y,@Q). 


Proof. If A admitted K as scalars, it would be commutative (see Theorem 
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5.97 below), but A is surely not commutative because the complement of Z 
on which the functions in A are subject to no restriction must under the 
hypothesis of inextensibility of 8 be a non-void open set. This shows inci- - 
dentally that A isn’t void. If A admitted Q as scalars, then as in 5.94 we 
could find f, g, h in A which would have the abstract algebraic properties of 
the quaternions 7, j, k. We should then set up a mapping a as we did in 5. 941. 
. For z in 4 we would then have 


5. 952. (2) (i, j, k) = (£(2), g (2), h(a) 
= B (20) (2) (f (20), 9 (20), (#0) ) 


and consequently 
5. 958. B(2) == B(%)a(z)a(%)7. 


Therefore B(2.)a(x)a(2)-? would provide the extension of 8 from Z to all 
of X. This provides 5. 94. 


5.96. THEOREM. There exisis a BQ*-algebra which cannot be repre- 
sented by a space C(Y,Q), but modulo each maximal ideal the residue 
algebra is Q. 


Proof. Using the terminology of 5. 95, let X be the closed dise (0 Sr, 
0 = 0 < 2x, in polar coordinates), and let Z be the periphery (r= 1). Now 
there exist mappings 8 of Z into Tr which cannot be extended to all of X. 
This is because the fundamental group of I is not trivial, and because the 
extension of 8 to all of X would show that the path given by A(z) for zeZ 
was homotopic to the null-path. As an example, we propose 8(1,@) eT to 
be that rotation of the 2-sphere which corresponds to the inner automorphism 
eko )e-ak of the quaternions. This gives a path in T which punctures the 
“plane at infinity ” an odd number of times, and at any rate a contemplation 
of a suitable polytope will convince the reader that this 8 is not homotopic 
to 0. Hence condition 5. 951 may be taken as the criterion that f belongs to A, 
and read i E 


5. 561. f(1, 0) = cf (1, 0) Be (00 < 2r). 


Then 5.95 assures us that A is not representable as a space O (Y, Q). 

Each point (7,6) with r <1 corresponds to one and only one maximal 
ideal, and all points (r,@) with r= 1 determine one additional ideal. It is 
easy to see that this accounts for all maximal ideals since a function vanishing 
at none of these points has an inverse element in A. The values f(s} at any 


786 RICHARD ARENS. 


such v, as f ranges over all elements of A, evidently exhaust Q, whence the 
residue algebras modulo maximal ideals are all isomorphic to Q. 

The reason for stressing the residue algebras modulo maximal ideals for 
this example is of course that if for any maximal ideal the residue algebra is 
not Q, then the possibility that A is representable as a space O(Y, Q) is at 
once ruled out. 

We have been unable to determine whether this example can be repre-. 
sented by 5.9, but we doubt it. 

We end this section with a proposition which shows that it would have 
been undesirable to limit one’s self to BQ*-algebras admitting complex scalars. 


5.97. THEOREM. A BQ*-algebra in which complex scalar multiplica- 
tion is possible, is commutative. 


Proof. Select any ve X = Hom(A, Q) and an A% e A such that c(h) =1 
and h = h*. Since x(th- th) —2(—h?) =—1, w(th) = q is not a real 
number in Q. Now g2(f) =«x(ihf) = a(ifh) = (fih) = (f)q for any f in 
A. Thus (f) lies in the commutative subalgebra generated by g. Hence 
(fg -— gh) = 0 for any f and g. Thus A is commutative. The representation 
of such a ring can therefore be effected by [Arens III, p. 279, Cor. 1]. 


6. Closed ideals in BQ*-algebras. The representation theorems make 
possible a number of statements about the closed ideals in a BQ*-algebra. 


6.1. THEOREM. In a BQ*-algebra A, every closed ideal is a two-sided 
ideal, and is an intersection of maximal ideals. The closed ideals of A are 
in one-to-one correspondence with the family of those compact subsets of 
X = Hom(A, Q) which are invariant under the homeomorphisms of X induced 
by the automorphisms of Q leaving R fixed (see 5.3). Hach closed ideal is 
closed under the *-operation. 


Proof. We shall prove these statements in the reverse of the order stated, 
using 5. 4. 

Let J be a closed ideal. We must show that f*eJ/ if fe J. However, 
if fed then ff* e J, and so by 5. 09, J contains f*. 

Let ZC X be invariant under T. Let Jz be the class of those f in A 
which vanish on Z. Jz is evidently a closed two-sided ideal. 

Conversely, let J be a closed ideal. For definiteness, suppose J is a right 
ideal. Let Z == Zy be the class of those x in X at which every element of J 
vanishes. Z may be void, but in any case it is closed and invariant under T. 
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We shall show that J = Jz, in thé notation of the preceding paragraph, by 
showing that J is bi-approximate to Jz, it being clear that J is included in Jz. 

Let x, y in X, and he Jz, be given. 

First, suppose v and y lie without Z. Then there exist f and g in J such 
that f(z) 40 s&g(y). Now ff*(—f*f) and gg*(—g*g) belong to J also, 
and their values at v and y, respectively, are real and positive. By scalar 
multiplication, we can now obtain f, and g, such that f,(#7) = 1, gi(y) = 1. 
Now either y == ax for some a, or not. Consider the latter case. Then we 
can find, as in the proof of 5. 4, he and hy in A such that hale) = hy, (y) = 1 
and he(y) == hy(x) =0. The element f,heh + gihyh belongs to J. It has the 
same values at a and y, respectively, as has. In the former case, W == fih. 
This element lies in J; and ; 


h’ (x) = fi (a)h (2) = h(a), 
k (y) = w (av) =a(h' (£)) =a(h(2)) = h(x) = h(y). 


Second, suppose y e Z. We can dismiss the case that also ve Z. We obtain f, 
as before, and form h’ = fh in J. Then W (£) = h(s), and h’(y) = 0 =h (y). 

We conclude that J == Jz, by 4. 3. 

The correspondence referred to in 6.1 is that between Jy and Zs. It will 
be observed that it is inclusion-reversing, as is to be expected in these matters. 
Therefore, the maximal ideals correspond to the smallest invariant sets, i. e. 
the orbits of the individual poinis of XY under T. Since each Zy is a union of 
some of the latter, each Jz is an intersection of the former. 

It is already abundantly clear that each right ideal is also a left ideal, 
but this can also be demonstrated as follows. Let J be a right ideal. Let. 
feJ and ged. Then (gf)* = f*g* lies in J because f* does. Hence gfe J. 
This completes the proof of 6. 1. 


6.2. COROLLARY. If X is a compact Hausdorff space, then the closed 
ideals of C(X,Q), with the k-topology, are in one-to-one inclusion-reversing 
correspondence with the compact subsets of X. ; 


This theorem may be extended to completely regular spaces ¥. The sets 
that correspond to closed ideals are, however, still compact. We leave the 
proofs to the reader. And then the results may, of course, be specialized to 
the case of K or R, rather than Q. 

In finite-dimensional BQ*-algebras, all ideals are linear subspaces and 
hence are closed. Theretore, in the finite-dimensional case, all ideals are two- 
sided. On the other hand, one of the simplest infinite-dimensional BQ*- 
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algebras does have ideals which are not two-sided and hence also, a fortiori, 
ideals which are not closed. | 


6.3. EXAMPLE. If X tis the unit interval, then the BQ*-algebra C (X, Q) 
contains a right ideal which is not two-sided (Cf. [Kaplansky, p. 180]). 


The ideal we wish to exhibit is the principal right ideal J generated by 
the function 
g(x) = x(cos 1/x + isin 1/2) <S. 


g(0) =0. ; 


To show that J is not two-sided, we need only attempt to find an f in C(X, Q) 
such that jg = gf. If this were possible, a simple calculation shows that, for 
0< a1 we must have 


f(x) = j cos 2/a -— k sin 2/e. 


Hence no definition of f(0) can make f belong to C(X, Q). Therefore 
jg does not belong to J, and J is merely a right ideal. 


7. A remark on Banach *-algebras. This section deals with a detail on 
Banach *-algebras, i.e., Banach algebras A with complex scalars, in which 
there is defined a semilinear operation (*) satisfying 5.01 and also 


7010 | (cf) = c*}* (c complex). 


This section is otherwise unrelated to the preceding theory. Our purpose is 
to prove the following theorem. ° 


7.1. THEOREM. Let A be a Banach *-algebra with a unit, in which 
5.04 holds and in which, for all f, 


7.2, lift i= OF 


There can be no element f in A such that ff* + 10. 


Before proceeding to the proof of 7.1, we indicate the origin of this 
question. In [Gelfand and Neumark, p. 196 (footnote) ] it is conjectured 
that from the hypothesis of 7.1 above it follows that ff* - 1 have a unique 
two-sided inverse for every f (in the commutative case, this is known to be 
true). From this conjecture, 7.1 would follow. Hence the conjecture is at 
least slightly substantiated by 7.1. 
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Proof of %.1. We shall show first, that if ff* —— 1 then the smallest 
circle in the complex plane with center at the origin and surrounding the 
spectrum of f contains the unit circle. For the radius of this circle is given by 


Ta a r = lim | fe n 


(Cf. [Arens III, first part of proof of Lemma 2] or, of course, [Gelfand] ). 

Now the radius of a similar circle for f* is clearly the same as r, for algebraic 

reasons, By 7. 2, . 

| fi? = | fe) = Fi] 1, 

hence : 
| ft JP" me 1. 


By letting n approach infinity and observing 7.3, we obtain r21. As a 
matter of fact, r= | fll, || f* || = 1 because the spectrum of any element is 
confined to a disc about the origin whose radius is the norm. Consequently 
r=]. 

_ We proceed to another calculation, Let c be any complex number of 
absolute value 1. Then (f — ce) (f* —c*) = ff* —cf*—c*f+1. Since 
ff* + 1 = 0 we obtain 


[fel = i(f—0) (Po) PS FES =e. 


Therefore the spectrum of f is within a distance of 2% of every point on the 
unit circle. This contradicts the minimum property already established for 
the unit circle. Thus 7.1 is proved. ‘ 
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MULTIPLICATIVE DIOPHANTINE EQUATIONS IN 
QUATERNIONS.* 


By E. ROSENTHALL. 


1. This note is concerned with the resolution of multiplicative equations 
in integral quaternions. We consider only Lipschitz integral quaternions. 
T == ty + tte + gts + kt, with rational integral coordinates t, where i, j, k 
are the familiar Hamiltonian units. Conjugate and norm of T are defined 
as usual: f= 32t— T, N(T)=—TT =D i?; R[L] will represent the 
rational part tı of T. Except for the quaternion units 1, 7, k, all small Latin 
letters with or without subscripts will denote rational integers; large capital 
letters A,B,--- will represent integral quaternions; their corresponding 
coordinates are designated by ay, @o, Gs, @a, and so on. We say that A is 
even or odd according as N(A) is even or odd, and hence according as 
dy + la + aa -+ a, is even or odd. If (a4, de,a3,a,) = 1, A is said to be 
primitive. The Greek letter + will represent any one of the five even 
quaternions 1+ i 1+5, 1+kk, (14i) (1+4), (1+7(1+ 4). 

The main object of this paper is to obtain the complete integral para- 
metric representation in integral formulas of the equation XY = ZW. The 
resolution of this equation will be based on Theorems 1 and 2. Theorem 1 
is interesting in itself and generalizes the problem of finding all integral 
quaternions which are doubly divisible by a given integral quaternion [4]. 
Theorem 2 is not new [2, p. 7], but the proof given here shows that the result 
is an immediate consequence of the factorization of primitive quaternions. 


2. Turorem 1. The complete integral solution of the system 
(1) TW=ZU, N(T)=N(U), T odd and primitive, 
as gwen by | ; 
(2) W=TXY+ YU, Z = XÜ + TF, 
where X and Y are arbitrary. 


Substituting in (1) the value of W from (2) we get ZU = TTX + TYU 
= (XU+T7Y)U, Z= X0 4+ T. Hence it suffices to show that the linear 
system, obtained by equating coordinates in (2), 
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tity F bota -H tatg + tata + Uys + UY + UsY3 A Usa == Wi, 


(3) ~~ beh ~~ bita 4 tatg — tota + UsY1 — U1Y2 — UaYa + UsYs == Wa, 


— tg — bye + tits + tota + Usyy + UsYo — Uys — UY == Wa; 


— tt + latz —~ boTa -H tla -H UsY1 — UsYe + Uata — UWYa = Wa, 


is always solvable for integers z:, y, when T, W, U satisfy (1). System (3) 
will be solvable in integers if the g.c.d. of all the four-rowed determinants . 
in the matrix of the coefficients is equal to the g. c.d. k of all the four-rowed 
determinants in the augmented matrix (M) [6, p. 10]. Let (a,b,c,d) 
denote the determinant formed from the columns in position a, b, c,d in the 
augmented matrix, and let m= N(T). Then (1, 2, 3,4) = m°, and so k can 
only contain factors of m. Also (1, 3, 6, 8) = m[m — (u? + ug? + t? + #,?)] 
= ma and (1,3,5,7) = m[m — (t? + t? + u? -+ u2)] = mb. Let p|m, 
where p is a rational prime, and let p | a and p | b; then p | a+, p | t? + t°. 
Similarly if p | c and p |d in (1, 2, 5,6) = m[m — (t1? + ta? + Us? + us”) | 
— mce, and in (8,4,5,6) = m[m— (t? + t.2 + u? + u2?)] = md, then 
p |t? + t2; and if p|e and p|f in (2,3,5,8) = m|m —(u? + u? + ty? 
+ t)] = me and in (1,4,5,8) = m[m— (up? + u? + 11? + b47) ] = mf, 
then p |t? -+ t. Hence p|2t24 N(T), pl ts (i= 1,2,3,4), p= +], 
since T is primitive and therefore k|m. We have only to show now that 
all the four-rowed determinants are divisible by m. i 

Note that the elements of the successive columns in (M), taken in order 
of the rows, are respectively the components of the quaternions 7, Ti, Tj, Tk, 
U, — iU, —jU, — kU, W. We observe that the determinant 


fi tx Ge Di 

: ee t, Ge de 

(4) a — i, =—ty @ b 
—t, ts @ Od, 


is equal to m (bia: — aba) + (t? + t2) (BA) + (tats — tits) (BA); T (tat, 
+ t,t,)(BA)x, where (BA), is the coefficient of i in the product BA. Since 
TiT = — im + ilh? + te?) + 27 (tats — tits) + 2k(hits + tots) it follows 
that 


(5) dd = — R[TiT BA} (mod m) or 2d== R [TiT AB] (mod m). 


If B=W and A = 0U or 16, where 0 is a unit then 2d=— R[TiT WUE] 
— &R[TiZU C6] = 0 (mod m)or 2d== R [TiTTOW ] = 0 (mod m). Hence all 
the four-rowed determinants with columns 1, 2 and 9 are divisible by m. 


= 
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Again if B = 6,U, A == 0U, then 2d==— R [TiT0 U00] = 0 mod m) and 
if B=6,U and A == 16. then 2d == R [TiTT6.UG,] = 0 mod m) ; hence all 
four-rowed determinants of (M) with columns 1 and 2 are divisible by m. 

_if in (4) we replace T by 77, (5) remains unchanged except for sign; 
but this substitution replaces-columns 1 and 2 of (Af) by column 3 and the 
negative of column 4 of (M). Hence all four-rowed determinants of (M) 
with columns 3 and 4 are divisible by m. 

In (4) replace T by U and change the signs of the elements in the last 

three rows. This gives a four-rowed determinant whose first two columns are 
columns 5, 6 of (M), and (5) becomes. ° 


(6) 2d== R[|ŪiU -BA)(modm) or'2d = -- R [Ui - AB](mod m). 


Put B—W and A —6U or TO; then (6) gives 2d =— R[TiV TOW] = 0 
(mod m) or 2d == R [CiU WT] = R [TiU Z0] =0 (mod m). If A= 76, 
B — 0a, then 2d= R [UiU TT] =0 mod m), and if A= 70, and 
B=6,U, then 2d== R [iU 08, T0,] = 0 (mod m). Hence all. four-rowed 
determinants of (M) containing columns 5 and 6 are divisible by m; similarly 
for the determinants with columns 7 and 8, as is seen by replacing U by — jU. | 

If in (4) we replace the first two columns by columns 1 and 3 of (M), 
then d satisfies 2d==_— R[TjT-BA] (modm) or 2d=_R[TjT- AB] 
(mod m); and if in (4) we replace the first two columns by columns 1 and 
4 of (M), then d satisfies 


2d==— R[TLT-BA] (mod m) or 2d = R [TkT - AB] (mod m). 


We now proceed with each of these two sets of formulas for 2d as 
we did with (5). If in these formulas we replace successively T bys — 4T, 
U, —1U, we obtain (except possibly for sign) from the first set of formulas 
the values of 2d(mod m) when the first two columns of (4) are respectively 
replaced by columns 2 and 4 of (M), by columns 5 and 7 of (M), by columns 
6 and 8 of (M), and from the second set we get the values of 2d(mod m) 
when these two columns of (4) are respectively replaced by columns 2 and 3 
of (M), by columns 5, 8 of (M), by columns 6, 7 of (M). Now in each of 
these formulas make the same substitutions for A and B as we made in (5) 
and (6). In all cases we get d= 0 (mod m), and this completes the proof 
that all four rowed determinants are divisible by m, and hence the theorem. 

A result due to Olson[4] giving all integral quaternions doubly divisible 
by a given integral quaternion T can be deduced from Theorem 1. 
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COROLLARY 1. All integer solutions of TW = ZT, T odd and primitive 
are given by 
Z = NĪ + 2a, W = TN 4- 2a 


where a and N are arbitrary. 


For Z, W satisfy W = TX -+ YT, Z =— XT 4+ TY. Replace X by Y +N 
and replace the equal rational integers TY + YT, TY + FT by 2a. 

In the case T even and primitive we can write [3, p. 304] T == Sw where 
9 is odd; also there is an integer V such that rW == Vx, where W is obtained 
from V by known sign changes and interchanges of coordinates of V, depending 
on the value of m selected. Since TW = ZT, it follows that SV — ZS, and 
soZ—=NS+2a,V=SN+2a. — 


8. THEOREM 2. All ‘odd integral solutions of the equation 
(7) N(X) = uv 
are given by 
(8) X == mAB, u=mAÄ, v=mBB, 


where m, A, B are odd. 


Let X = pY, Y primitive; then p YFF == wv and we can write p? = ab, 
YY = cd, u= ad, v == cb. Since. Y is primitive, ¢ odd and c | N(Y), then 
[5, Theorem 1, p. 488] Y has a right divisor of norm c, Y = DC, c= 0 
and hence DD == d. Also from p?=ab we can write p = mng, a == mn?, 
b = mq?. Hence 


X = mng DC, u == mn? DD, v = mq’ CË, 


and writing B, A respectively for the products gC, nD gives the required 
result. 

If m, A, B are arbitrary then (8) gives all the solutions of (7); for 
put F = rZ, Z odd, then ZZ = uw, where u= 2u, when N(r) =2, and 
ZZ = U,V, OF Uw, Where u = 2u,, v == 20,, U == du, when w is (1 +74) (1+-7) 
or (1--i)(1-+4%). Since Z is odd, from ZZ == u,v or uw by (8) we get 
Y = rmEB, u==2mHE or 4mEE respectively, v= mBB. Replacing rE by 
A gives the required form (8). Finally from ZŽ == u,v, we get Y = «mEF, 
u = 2m, v==2mPF, which takes the form (8) if we replace rH by 
A(i+ 7) and (1+ 7)F by B when r = (1 +i) (1 + ĵ), and rE by A(1 + k) 
and (1 -+ k)F by B when r = (1 -+ 1) (1 + 4). 
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- 4, We can now reduce the resolution of XY — ZW to that of system 
(1) by using the conditions for quaternions to have common divisors of odd 
norm as given by G. Pall [5]. 

THEOREM 3. All odd integer solutions of 
(9) AY =ZW 
are given by 
(10) X=cSSFPABC, Z=eCCF(UN + PV)RST, 
Y=efTOBA(PU+ VN), W—=cBBISRNE, 


where AA = RR, PP = NN and all pérameters are odd except that U and V 
must be of opposite parity. 


Put 
(11) A =X), Y= yl, 4 = ző, W = wW, 


where Xi, Yı, Zi, Wa are each primitive. ‘Let k and 1, both necessarily odd, 
denote the g.c.d. of the coordinates of the product X,Y, and the product 
Z,W, respectively. Then [5, Th. 5, p. 491] we can write X,—X.K, 
Yı, = KY, N(K) =k where the product X Y, is primitive; similarly 
Z, = ZL, W,=—LWe, N(L) = 1, where the product Z.W, is primitive. Thus 
(8) becomes cyKKX.Y,—2wLLZ.W.. Hence 


(12) ayKK = zwLË and X,Y; = ZW. 
The solutions of the first equation in (12) satisfy 
c=abe, y=def, z=aen, w= dhe; KKE =ghn, Li =  gbf, 


and by a repeated application of Theorem 2, since K is primitive, all the 
solutions of KK = ghn are given by K = ABC, g = AA, h= BB; n= 0Õ; 
similarly all the solutions of LĒ == gbf are given by L == RST, g == RR, 
b = S8, f = TT. Equating the two values of g shows that AA == RR. Hence 
all the odd integers satisfying (12) with K and L primitive are contained in 


(13) w2==caSS, y= deTĪ, z= 4e00, w—dcBB; K== ABC, L= RST, 


where AA == RÈ and all parameters are odd. 

Now consider the second equation in (12). Let m, necessarily odd, 
divide both N(Y.) and N(W,.). Then since X,Y. is primitive it follows 
[5, p. 489, Corollary 1’] that any right divisor of norm m of X,Y. is also a 
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right divisor of norm m of F., and conversely; that is, ZW, and F, have the 
same right divisors of norm m. Since ZW, is primitive, ZW, and We also 
have the same right divisors of norm m; hence any right divisor of norm m 
of Y, is also a right divisor of norm m of W., and conversely. ` 

Therefore, if (V(W:),N(Y2)) = m, we. necessarily have Y, = ME, 
Wa = NE, (N(M), N(N)) = 1, NCL) = m, and (122) reduces to X M = ZN. 
Similarly, if (NX (X:), N(Z)) = p, it is necessary that X, == FP, Z, = FQ, 
where (N(P),N(Q)) =1, and therefore PM — QN, (N(P), N(Q))=1, 
(N(M), N(N)) =1, hence N(P)=N(N). Thus the resolution of (12,) 
is reduced to that of . 


(14) PM=QN, .N(P)=N(N). 


‘Since P is necessarily odd and primitive, it follows from (14) by Theorem 1 
that M=PU+VN, Q=UN-+PV. Hence all the odd solutions of 
XY» = ZW, both sides primitive, are contained in the set 


(15) X,=—FP, Y.=(PU+VN)E, Z,=F(UÑ 4 PV), W.—NB8, 


where PP = NN, and all parameters are odd except that U and V are of 
opposite parity. Substituting (15) and (13) into (11) and absorbing a into 
F and d into # yields (10). 


5. The solution (10) of (9), though complete, is not stated explicitly, 
since the parameters A, R, P, N must satisfy the systems AA == RR, R odd 
and PP — NÑ, P odd. Each of these systems, which are of the form 
XX = Y, X odd, can be solved explicitly in terms of quaternions by an 
application of Theorem 1. In fact we establish 


THEOREM 4. All solutions of XX = YY are given by 
(16) fX = MU + UN, fY = MU — UN, 


where N is pure and it suffices to take U = Vx, where V is odd and primitive 
and f is 2 or 4. i 


Put P = Y — Y, Q = X 4+ Y and equation becomes PO = — QP. Since 
Q is even we can write Q == eVr, where V is odd and primitive. If also 
N(x) =2 we can put P == Wr. Hence in this case WV == — VW, and so, 
by Theorem 1, W = KV + VL and W =— (YK + LỌ). It follows that 
KV + VL =— (RV + VL), kı ==— l and it therefore suffices to take K 
and L pure. Hence X — $ (MVr + VLr), Y = 4( 4 Vr — VLr), where we 
have replaced K -+ e by M or, since there exists a pure quaternion N satisfying 
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Lr = rN, replacing Vr by U we can write the solutions as 2X = MU + UN, 
2Y = MU — UN, where N is pure. 

In the case Q = eVz, where N (r) = 4, P will have a divisor of norm 2, 
and proceeding as above we get 4X = MU 4+ UN, 4Y = MU — UN, where 
N is pure and we have replaced K + 2e, Vr by M, U respectively. 

The solutions (16) are equivalent to those given by E. T. Bell [1, p. 95] 
in terms of rational integral parameters. For, if we put 


U == a, + tz + jäs + hau, 
ZM = 2a — i (bz + Ore) + 7 (013 — baa) — k (bas + bia), 
2N = t( b34 — bia) — j (ba; -- Dis) =- k (bas — bia), 


the solutions (16) take the form 


4-1 4-4 
(17) ft = -2 jb; 4 + ati + > lisjDi isj» 
=z zi 
i-1 d-i . 
(18) fyi = — È a;b; 5 + at — 2 Bin gDi isis 
j=l = 


where it suffices to take b,. == b3,(mod 2), biz = baa (mod 2), bia == bos (mod 2). 
We now show that it suffices to take f = 2, but we must then give up the 
congruence conditions on bj. When f == 4 we have a even and also U = Vr, 
where N(x) = 4 and F odd and primitive. Hence all the a; are odd and 
it follows that bi» bız, b14 are all even or two of them are odd. In the 
former case replace a by 2a, bi; by 2b; in (17) and (18) and divide by 2; 
the result is (17) and (18) with f = 2. In the second case let, for example, 
bie, bis, hence bas, Bos, be odd and let bia, hence bzs, be even; then make the 
replacements a = 2a, bia = 2D jy. + tgs, Dis = 2013 — lola, bay = 2D0, + Gy Gs, 
baa == 2054 — Aide, big == Rbias, Dos = 2b05. If we divide by 2, we obtain (17), 
(18) with f = 2. 

For the complete solution of XX == YY, X odd, it remains to specify 
the range of the parameters a;, by having the property that the expressions 
on the right hand side of (17) (hence, of (18)) become even and their 
sum ==2(mod4). The necessary and sufficient congruence relations for these 
conditions to hold can be stated as follows: 














Let p, q, 7, s be some permutation of 1, 2, 3, 4, and let bi; = — Dj. 
(i) The a; are not all odd; 


(ii) if ap even, and dg, a,, ds odd then bpa + bpr + bps is even, 
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bar = brs == bsg (mod 2) and if ag = ar == + a, (mod 4) then the remaining 
parameter æ is given by aq == 2 + bpa + 2bpr = bps (mod 4) ; 


(ili) if ap, dq even, ür, a odd, a,==-+ a, (mod 4), then bpr- bps 
Dor F bpe, a -+ brs are even and if ap- ag==0 (mod 4) then 2a == 2 + bpr 
+ bar $ bps 2 bgs (mod 4), but if ap +- ag ==2 (mod 4) then 2bpg = 2 + Dpr 
bar + bps Œ bgs (mod 4) ; 


(iv) if ap odd and' ag, ar, Gs even then bpa, bpr, bps are even and if 
aq = ar == Qs (mod 4) then a=? + bpa + bpr + bps (mod 4), but if ag=a, 
gaa; (mod 4) then a == bpa + bpr + bps F- 2 (bas + brs) (mod 4). 


To obtain (i), note that if a; == z; 1 (mod 4), then 
2 (2) = + (@ — bi — bis — bia) st (bia + a — bag — Bog) , 
SL (bis + Das + A Baa) oO (bia -+ Do, + bas -+ d) (mod 4), 


and also that the expressions in each bracket are even, being respectively 
congruent to 221, 2@2, 223, ZT, (mod2); hence it suffices to take only the 
positive signs. Therefore > a; == 2a(mod 2), and so all the a; cannot be odd. 

For (ii), (iii) and (iv) it suffices to obtain the condition for a definite 
selection of p, q, r, s, since (17) and (18) remain unaltered when any two 
subscripts are interchanged. It suffices to take all the a; not even, since it 
suffices to have U == Vr, V odd and primitive. ~ 


6. As an application of Theorem 2 we can obtain the complete integral 
solution of the multiplicative equation «XX =yYY im integral formulas. 
Put XY¥=—wW, Y==2Z where W and Z are primitive: then this equation 
becomes sw? (WW) = yz2(ZZ) and hence we can write « = ars?c, w = glmn, 
y = aeln®, z == grst, WW = dert?, ZZ = dlm*c. From the last two equations, 
‘by Theorem 2, W = AGFE, e= HE, t= FF, °= GG, and Z= 0KHJ, 
l= HË, c =J], m == KE where d= AA = C. Hence the complete solu- 
tion can þe written as 


(19) X¥=AGLĒHF, Y—CKHFFM, x«=aFMMF, y=aLĒ HL, 
where we have replaced the products nE, sJ, gA, gC, mG, tK by L, M, A, 


C, G, K respectively. If now we put DH =P, HF = Q, FM = R, AG = 9, 
CK = T then all the numbers (19) are included in 


(20) X=S8SPQ, Y=TQR, «~=aRŘ, y—aPP, where S8S—TT. 


By direct substitution we see that all the numbers (20) are solutions of the 
given equation. Hence (20) is the complete solution of eXX¥ = yYY-. 


® 
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We conclude with a discussion of the equation X? = ZW. The complete 
solution of this equation would be given by (10), where the parameters are 
subject to the condition obtained by equating the expressions for ¥ and Y. 
This leads to an equation which cannot be handled with facility, but’ some 
progress can be made if in addition we require that X? be primitive. For if 
A? == ZW, we can write N(X) —klm, N(Z) =kP?, N(W) = km?, where 
(l,m) ==1. Since X? is primitive, the left divisors of norm ki of X and Z 
are the same, and the right divisors of norm km of X and W are the same; 
hence we can put {X = AP, Z = AQ, X = RB, W = UB, where N(A) = kl, 
N(B) = km, N(P) =N(U) =m, N(R) = N(Q) =l. Therefore PR = QU, 
and by Theorem 1, R= PS +- TU, Q=SU+ PT where PP=UU. Also 
AP == RB, and R must be a left divisor of norm 2 of A; hence A == RY, 
B= VP. Hence all the solutions of X? == ZW, X>? odd and primitive, are 
contained in the set 


(21) X=(PS+LTU)VP, Z=—(PS+TU)V(SU+PT), W=UVP, 
where PP = UU, and all parameters are odd except that § and T are of 
opposite parity. 

The set (21), however, is not the complete primitive solution since the 


precise range of the parameters necessary and sufficient to isolate these 
solutions is not available. 


THE INSTITUTE FoR ADVANCED STUDY. 
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DIVISOR ALGEBRAS.* 1 


By ISRAEL NATHAN HERSTEIN. 


Introduction. The object of this paper is to characterize the divisor 
algebras of algebraic function fields of degree of transcendence one over 
algebraically-closed constant fields by a “natural” system of axioms. 

To any algebraic function field of degree of transcendence one over a 
constant field there has been associated a set of objects called the divisors of 
the function field. [1, chapters 2 & 3].2 For these divisors multiplication, 
equivalence and dependence have been introduced so that under this multi- 
plication the divisors form a free Abelian group, and equivalence classes of 
divisors form projective geometries under the dependence. 

We will consider a free Abelian group—the group of divisors—equivalence 
and dependence of these divisors as primitive concepts. These notions will be 
related to each other by a set of simple axioms which, in the standard treat- 
ment of algebraic function fields of degree of transcendence one over alge- 
braically-closed constant fields, are early theorems. We will show that these 
axioms characterize the divisor algebras of such. fields. 


1. Before beginning the study of our axiom system we should like to 
study briefly and state some of the results in a concrete case. We suppose 
that we are given an algebraic function field, K, in one variable, over an 
algebraically-closed constant field k. | 

A place P is a mapping of K into (k, œ) such that: 


1) P(f) =0 if and only if P(1/f) = œ. 


2) If P(f) œ and P(g) + c then P(f+ g) —P(f) + P(g) and 
P(fg) = P(f)P(g). 


3) For every a in k, P(a) =a. 


We will write P(f) as f(P). Let Gx be the free Abelian group generated 


* Received July 6, 1948. 

1 The material of this paper comes from a thesis, written under the direction of 
Professor Max A. Zorn, and submitted to the Graduate School of Indiana University for 
the degree of Doctor of Philosophy. The author wishes to take this opportunity to 
thank Professor Zorn for his guidance and encouragement. 

2 The numbers in square brackets refer to bibliography. 
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by the places. To every place P we can associate a valuation (logarithmic) 

Vp of K. We say a place P is a zero of f if Vp(f) > 0 and a pole of f if 

Ve(f) <0. For only a finite number of places P is Vp(f) #0. The 

divisor of a function f is defined to be II PVe(), and we say that f —> [{ Pr (P. 
° P a 


p n 
For any divisor D = [[ P;”: we define the order of D to be X m; if each 


{=l 4=1 

m; = 0, then D is said to be integral. We say that A |B (read as A divides 
B) if B= AC where Ọ is an integral divisor. Two divisors A and B are 
defined to be equivalent if there exists an fe K with f —> A/B. It follows that 
this equivalence is reflexive, symmetric and transitive. We define © to be the 
set of divisors equivalent to Z, the unit element of Gx. § is called the 
principal subgroup and its elements are called principal divisors. The 
equivalent divisors A,,:- `, An are defined to be dependent if and only if 
the functions f: + Ai/A» are linearly dependent over k. By direct checking 
it can be ascertained that the divisors so constructed have the following 
properties : 


L S41. 


2. If A and B are equivalent, then they are of the same order. 


3. The equivalence classes of divisors are projective geometries (in the 
sense of [2 pp. 208-209]) under the dependence. 


4. IfA, -,A» are dependent, then for all divisors X, A,X,---, AnX 
are dependent. 


5. A divisor dependent on integral divisors is itself integral. 


6. If A and B are independent integral divisors and if P is any place, 
then there exists a divisor Dp, dependent on A and B, such that P | Dp. 


7. Pappus’ theorem is true in every plane of our geometries. — 
8. The transform of a projectivity by a divisor is again a projectivity. 


If A, B, C are three independent points, we shall denote the plane 
generated by them as [A, B, C], and the line generated by any two of them, 
say 4 and B, by [A,B]. By a marked line we shall mean a line from which 
three, distinct points have been selected. If the three points selected are 
A, B,C then the marked line will be denoted by <A, B, C>. 

Following Hodge and Pedoe [2, chapter VI], on a marked line <4, B, CY 
we construct a field 420 plus an infinity. In lieu of property 7. above, these 


& 
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fields are all commutative. The elements of 4go will be the quadruples 
(4, B,C; R) where Re<4A;B,C>; and where (A,B,C;A) is the zero 
element of inc, (A, B, C; B) is the unit element of 4go and (A, B,C; C) 
is the infinity. 

Let fı fe, fo € K be linearly independent over k and suppose that fı > 4, 
f2-—> C and fs—> D. Thus A, C, D are independent divisors and so generate 
a plane [4, C, D]. Suppose further that fı + fə —> B. Consider the marked 
line <A, B, Cò in the plane [4, C, D]. To every point X in <4, B, C> we 
can assign coordinates in the following two ways: 


1) (A, B,C; X) €®aro. 


2) If Afi + pfz— ZX then the coordinates of X are (u, 0, A) where à, p- 
are in k. Thus, since for every non-zero p€ k 


p(Afi + efo) > X, p (m, 0, à) = (a, 0, À). 


We define cage as follows: for À £ 0, sago(p/à) = (A, B,C; X). From 
Hodge-Pedoe [2, p. 270, paragraph 3] cage is an isomorphism of k onto ®asgo. 
Thus we have 


THEOREM 1.1. If K 1s an algebraic function field over an algebraically 
closed field of constants k, and if Bage is the field associated with the marked 
line <A, B, C> in a class of divisors of Gx, then oanc(k) = Paseo where cage 
is an isomorphism which can be given explicitly. 


Definition. If f-> A/C and f—1— B/C then feo <A, B, Oy. 


A natural question would be: given two functions in K and the marked 
lines associated with them, what marked lines are associated with the sum 
and the product of these functions? The answer to these two questions is 
given by the following two theorems. 


THEOREM 1.2. If f, geK are such that f, g, 1 are linearly independent 
over k, and if foo <A, B, O> and g<<D, E, F> then f+ g< <R,8S,CF> 
where R and S are determined in the following manner (Diagram 1). 


Proof. Since f, g, 1 are linearly independent over k, CF, OD and AF 
are independent divisors. Since Se [CE, AF] N [CD, BF], S/OF e [E/F, ` 
A/O| N [D/F, B/C]. Now f— 4/0, f—1i— B/C, g—> D/F and g—1 
— E/F ; thus if h —> S/CF then since S/CF e [A/C, E/F], h = A(g —1) + pf 
where A, p are in k. But since S/CF is in [ D/F, B/C], h= ag + B(f — 1) 
where «, Bek. Since f, g, 1 are linearly independent over k, «== 8 == À = m, 
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and hence f+g-—1-S8/CF. Using the same argument for R/CF we obtain 
that f + g —> R/CF. Combining the two we have that f + g © <R, 8,CF). 

` If f, g, 1 are dependent linearly over k, and fs&— g +u, then if 
g =AÀf + p it follows from Theorem 1.1 that care(—p/dr) = (A, B,C; R) 


oD 





DIAGRAM 1. 


and that cazo(—— u/A-+ 1) = (A, B,C; S) implies that g <> <R, 8, 0>. We 
then find that f+ g <> <M, N, Oò where oase(—p/(A +1) = (A,B,C; M) 
and oapo(— p/(A +1)+1)= (A, B,C; N). 

Using the same method of proof as in Theorem 1.2 we readily obtain 


GD 





DIAGRAM 2. 


THEOREM 1.3. If f,geK and fggk and if feo ¢A,B,C> and 
9<><D,E,F> then fg<<AD,M,CF) where M is determined in the 
following manner (Diagram 2). ` 


We shall return to these considerations again at the end of this paper. 
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2. The primitive concepts and axioms, In this section the primitive 
concepts are to be introduced and an axiom system set up to relate these 
fundamental concepts and the objects defined from them. : 


I. The first primitive concept to be considered is that of. prime divisor. 
We assume that we are given a set of objects which we will call prime divisors 
and will denote by P, Pi, Q, Qi etc. The set of prime divisors will be called 
the Riemann surface, 9%. 

Let & be the free Abelian group generated by the prime divisors. We 
identify P with Pt. Thus RC @. By a divisor D we mean an element of ©. 
Thus the unit divisor I. of G, is At Fe. 


n 
Definition. A divisor D = J { P:* is said to be an integral divisor if 
į=1 
for each i = 1,2, >c, nm, a Z0 
Since @ is Abelian there will be no confusion in writing AB as A/B. 
It is clear that every divisor D can be written as A/B where A and B are 


integral divisors. 


Definition. If A and B are divisors then A|B (read as A divides B) 
if and only if B = AC where C is an integral divisor. 

Two integral divisors A and B will be said to be relatively prime if for 
all prime divisors P the statement P|A and P|B is false. 


a 
Definition. If D = TI P” then the order of D, denoted by n(D), is > @%. 
4 4=1 


z1 
Thus n(Z) = 0 where J is the unit divisor. 
From the definitions of the order of a divisor and the product of two 
divisors we immediately have 


Lemma 1. For all A, Be®, n(AB) =—n(A)+n(B) and n(A/B) 
=n(4) —n(B). 


It is clear that if n(D) <0 then D is not integral, and if n(D) =0 
then D is integral if and only if D =T. 


II. The next primitive concept that we introduce is that of the principal 
subgroup § of ©. A divisor which is in § will be termed a principal divisor. 


Definition. Tf A and B are divisors then A ~ B if and only if A/B 
is in §. 


It is trivial that if A ~ B then for all divisors X, AX ~ BX. We will 
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denote the equivalence class of a divisor A by (A). The set of integral 
divisors of (A) will be denoted by {A}. | 


III. The third and last primitive concept that will concern us is that 
of dependence relations defined only for equivalent divisors. We suppose that, 
given A,,: ` -,A, as equivalent divisors we can say whether or not they are 
dependent. If the A; are not dependent they will be said to be independent. 
If the A, are not equivalent, neither dependence nor independence will be 
defined for them. If A,,---,An, B are dependent and if for some s, 
0<sn, A,’ `t, As B are dependent, while Ai,- - -,As are independent, 
then B is said to depend on A, © <, Ár 


Now that our primitive concepts have been laid out and some definitions 
derived from them, we introduce a system of axioms to intertwine these 
concepts and definitions. 


The axioms are as follows: 


l GAL 

2. If A~ B then n(A) = n(B). 

3. Axioms of dependence: 

a) If A depends on By: +--+, Bu- Bn but not on Bi + <, Ba- then 
B, depends on B,,- - +, Bai, A. 

b) If A depends on B,,---, Bn and each B; depends on Cy, - -, Cm, 
then A depends on Ci,’ - -, Cn. 


c) If A,‘ <, An» are independent and B,,:--, Bm are independent, 
but A ©, Án Bac ©, Bm are dependent, then there exists a divisor D 
which depends on A, > * *, An and on By: - +, Bm. 


d) A and B arè dependent if and only if A = B. 


4. IfA,- -, An are dependent, then for all divisors X, A,X,- - +, AnX 
are dependent. i 


5. If B depends on A;,- : *,A, which are all integral divisors, then B 


is integral. 


6. If A and B are two independent integral divisors, and if P is any 
prime divisor, then there exists a divisor Dp dependent on A and B and such 
that P | Dp. 

The following axiom contains a concept which as yet is not defined. 


$ 
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It will be applied only after the concept of multiprojectivity has been. formally 
defined. 


7. The identity multiprojectivity is the only multiprojectivity leaving | 
three distinct, dependent points fixed.® 

3. Linear families. In this section we will study some of the prop- 
erties of the dependence relation and some of the immediate consequences 
of the axioms in regard to these relations. 


If An’ + -,An is a sequence of equivalent divisors, then by the linear 
family [A,,-:-,An] we mean the set of divisors B which depend on 
A;,'°°,An. If s is the maximum number of independent Ai,+=1,- - °, 1, 


then s will be called the dimension of [A,,--:+,An] and denoted by 
dim [4;,; > >, An]. From the abstract theory of linear dependence [3, vol. 1, 
p. 95] the dimension of a linear family is invariant and any subfamily of a 
finite dimensional family is itself finite dimensional. By the multiples of a 
divisor D in a linear family F we mean the set of divisors X in F such 
that D | Z. 


THEOREM 3.1. If A1,:-+,An are equivalent divisors and for each 
i = 1,2,- -n D| Ad, then D|X for all X in. [Ay,: <, An]. 


Proof. X depends on Ar- °°, An; hence by axiom 4 X/D depends on 
A/D, + `, Ån/D. But since D |4; for i=1,---,n, the A;/D are integral 
and thus by axiom 5 X/D is integral. Thus D|X. 


COROLLARY 1. The multiples of D in [ån © ©, An] form a linear 
family. : 


COROLLARY 2. If A and B are relatwely prime, independent integral 
divisors, then for each prime divisor P there exists exactly one divisor Dp 
in [4, B] such that P|Dp. 


Proof. By axiom 6 there exists at least one such Dp. Suppose that- 
there is another one D’ps4Dp. Then by axioms 3a. and 3b. [A,B] 
== [Dp, D’p|]. Thus by Theorem 3.1 P/A and P| B which contradicts that 
A is relatively prime to B. 


3 This axiom could be replaced by the following two axioms which are more easily 
verified in the case of a concrete function field: 
a. Pappus’ Theorem. 
b. The transform of a projectivity by a divisor is again a projectivity. 
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THEOREM 3.2. If Ay,-++,An are equivalent integral divisors and 
dim [A1,- + -,An] =s, then for every prime divisor P the multiples of P 
in [A1 > +,An] form a linear family of dimension at least s— 1. 


Proof. If P| A, for i= 1,---, then the multiples of P in [Aj,---, An] 
by Theorem 3.1 are exactly [4,,---,An]. Suppose then that Pf A,. Let 
X be any divisor in [4 : > -, An] such that X s4 A, and P{X. By axiom 6 
there exists an Xp in [X,A,] such that P|Xp. Since Xp depends on Y 
and A, and is different from both of them, X depends on A, and Xp. Thus 
the multiples of P in the family [A1,--.,An] together with A, generate 
all of [A,,---,An]; hence they form an s— 1 dimensional family. 


THEOREM 3.3. For every divisor A, dim {A} is finite. 
Proof. By axiom 5, {A} is closed under dependence. 


By induction over n(A) we have: 
1) If n(A) <0 then {A} is the null set and so the theorem is true. 


2) Suppose the theorem is true for all divisors of order less than r. 
Let n(4) =r. If P is any prime divisor then n(A/P) —r—1 and so by 
our induction hypothesis dim {4 /P} =$, say, where s is finite. Thus 
{A/P} =[B,,:-+,Bs|. Suppose that a C and a D could be found in {A} 
such that ByP,- + -,B,aP,C,D are independent. Then by Theorem 3.2 the 
multiples of P in [B,P,- - -,B,P,C,D] form a linear family of dimension 
at least s-+1. But this implies that dim {A/P} =s = s + 1, which is false. 
Thus dim {4} =s-+1. This concludes the induction. 


THEOREM 3.4. If A|B then n(A) —dim {A} S n(B) — dim {B}. 


Proof. In the course of the proof of Theorem 3.3 we showed that for 
all prime divisors P, dim {AP} = dim {4} + 1. Thus if B= AO where C 
is an integral divisor, then applying the result quoted n(C) times we obtain 
the theorem. . š 


THEOREM 3.5. There exists an A such that dim {A} = 2. 


Proof. By axiom 1, § ÆI. Hence there exists an Re S, RI. Now 
R == A/B where A and B are distinct integral divisors; since Re §, A ~B. 
Thus dim {A} = 2 from axiom 3d. 


THEOREM 3.6. If A and B are independent integral divisors then for 
all positive integers n, A”, A™1B,: + +, AB”, BY are independent divisors. 


Lal 


a ® 
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Proof. Without loss of generality A and B can be taken as relatively 
prime. For if A = CX and B= DX where C and D are relatively prime, 
then to check the independence of A”, A""B,---, AB, B», that is of 
CrXn, CXD, © +, CD" +X*, D"X™ it is sufficient, by axiom 4, to check the 
independence of C”, O*-4D,- « -, CD", D», ) 


By induction over n we have: 
1) If n= 1, then by hypothesis A’, Bt are independent. 
2) Suppose the theorem is true for n==7 = 1. 


Consider At, A7B,- - +, AB", Br. By the induction hypothesis, A’, 
At*B,- > +, AB", B" are independent, hence by axiom 4, A’, A"B,- - -, AB" 
are independent. So if A"*, ATB,- --, AB’, B are dependent, then B% 
depends on A’, A™B,---,ABr. Therefore from Theorem 3.1, A|B, 
which is impossible since A and B are relatively prime and A s£ J. 


Definition. If A and B are independent divisors, then [A, B]"—[A?, 
AiB, EEF ABr, B]. 


COROLLARY. Dim [A, B]*=n+1. 


THEOREM 3.7. For every integer n there exists a divisor An such that 
dim {An} >n. 


Proof. By Theorem 3.5 there exists an A such that dim {A} = 2. Let 
A and B be two independent divisors in {A}. Then [A, B]*C {A}. But 
dim [A, B]” =n + 1, hence dim {A"} =n+1. Let An =A”. 


4. Linear families as projective geometries. We are now going to 
consider the integral divisors of a class, (any finite dimensional linear family 
will do) and show that by the proper definition of points, lines, etc. the 
integral divisors of a class form a finite dimensional, Desarguian projective 
space. As axioms for projective geometry we are using those of Hodge and 
Pedoe [2, pp. 208-209]. It should be noted here that the, dimension of a 
linear family that we use here is always one larger than that of Hodge-Pedoe. 


THEOREM 4.1. The integral divisors of a class form a finite dimen- 
sional, Desarguian projective space. 


Proof. We take the integral divisors of the class to be points of our 
space, and for the Hodge-Pedoe linear spaces Sa we take the linear families 
[A +>, Anr] where the A; are independent integral divisors of the class. 
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By direct, checking it is easily seen that these satisfy the Hodge-Pedoe axioms 
for projective geometries. Theorem 3.3 gives us the finite dimensionality. 
There remains but to show the Desargues theorem. | 

If dim {A} > 3 the space is Desarguian. If dim {A}==3 then by 
multiplying by an appropriate X we can, by Theorem 3.7, obtain a divisor 
AX such that dim {AX} > 8. Since multiplication by X preserves ‘depen- 
dence, it preserves collinearity in the projective space; thus the Desargues 
theorem for {AX} implies the Desargues theorem for {A}. _ 

By a marked line we shall mean a linear family [X,Y] from which 
three distinct points A, B, C have been selected. We shall denote the line 
marked by A, B, C by <A, B, Cd. 

Following Hodge-Pedoe [2, chapter VI], on a marked line <A, B, CD 
we construct a field 4go plus an infinity. The elements of Sarg will be 
quadruples (A, B,C; R) where R is in <A, B,C; and where (A,B,C; A)' 
is the zero element of aso, (A, B,C; B) is the unit element of ®azc and 
(A, B,C;C) is the infinity. 

Given a sequence of divisors which are independent, then we can use 
the hyperplanes q; == [Ai,- > +, Ags, Ais,’ © +, An] (where n is the dimen- 
sion of the space) as coordinate planes, as is done in Hodge-Pedoe [2, p. 262]. 
Thus we introduce an analytic projective geometry where the equation of any 
hyperplane is linear. Whenever the need arises we shall feel free to use 
analytic projective geometry. 

By a perspectivity o of one line « onto another line 8 from a point R £ a, 
R £ B, we shall mean the mapping defined for every X by o(X) = [X, R] N B 
where [X, R] N £ is the point of intersection of [X, R] and B, A projec- 
tivity is the product of a finite number of perspectivities. We will denote 
projectivities by 7. | 

ox is defined for all A by ox(A) =XA. Very often we will be con- 
sidering the resulting image of a line under a ox and in this case we will 
consider oy as a line-to-line mapping and will not use a different notation 
for it. . 


Definition. A multiprojectivity is a mapping which maps a line in a 
space A onto a line in a second space B, which can he written as the product 
of a finite number of rs and ox’s. 


Lemma 2. If m, and m, are mulliprojectives of <A, B, O> onto <D, E, F> 
then my = To. 
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Proof. row, is a multiprojectivity and it leaves A, B, C respectively, 
fixed. Hence from axiom 7. it is the identity mapping; hence the lemma. 

As a special case of this lemma if r is a projectivity taking three collinear 
points into three other specified collinear points, then it is unique. This 
implies Pappus’ theorem in every plane of dur geometries, which in turn 
implies the commutativity of the fields S4z¢ for any <A, B, OS. 


For completeness we will now state a well-known projective theorem. 


THEOREM 4.2. If ris a projectiwity of <A, B, © onto <R, S, Tò which 
takes A into R, B into X and G into T, then the mapping r* defined by 
7“ (A,B,C; D) = R, 8, T;r(D)) ts an isomorphism of Dago onto rsr. 


We are naturally concerned with the relationship between arc and 
®ax,ex,ox for any given X. Using an argument which is of the same nature 
as that used in proving Theorem 4.2 we have 


THEOREM 4.3. If ox: <A, B, O> > <AX, BX, CXD such that ox(R) = XR 
then the mapping o*x defined by o*x(A, B,C; R) = (AX, BX, CX; RX) is an 
isomorphism of Pago onto Pay py,ox. 


Combining Theorems 4.2 and 4.3 we immediately have 


THEOREM 4.4. If wanc®S? is a multiprojectwity of <A,B,C> onto 
<R. S, Ty which takes A into R, B into S and C into T, then the mapping 
w*apo®ST defined by n*ano®ST(A, B,C; D) = (R, S, T ;mancPST(D)) is an 
isomorphism of Parc onto Prev. 


Given two marked lines <A, B, Cò and <R,S,7T> then’ the mapping 
o( X) = XR/A brings the first line into the plane of the second. Then from 
projective geometry we can find a projectivity that will take BR/A into 8, 
CR/A into T and R into itself. Thus we can find a multiprojectivity which 
will take one marked line onto any other. Thus, from Theorem 4.4 we have 
that the fields constructed on any two marked lines are isomorphic, and that 
an isomorphism can be explicitly exhibited. 


5. The function field. 


THEOREM 5.1. If A and B are independent integral divisors, then for 
every prime divisor P there exists an integer n>0 and a divisor Dp in 
[A, B] such that P| Dp and if P"|X in [A,B], then X = Dp. 


Proof. Let A == A'S and B = B’S where § is an integral divisor and A’ 
and B’ are relatively prime integral divisors. Thus [A,B] = [A’S, B'S] 


» 
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== SLA’, B’|. Applying Corollary 2, Theorem 3.1 to [A’, B’] we obtain a 
unique D’p in [A’, B’], such that P|D’p. Let Dp = D’pS. 

Thus to every line of integral divisors, [A,B], and to every prime 
divisor P we can associate a unique Dp in [A,B]. This gives us a function 
mapping the Riemann surface # onto any line [A,B] of integral divisors. 
As will be indicated, the mapping can easily be extended to dny line [C, D]. 


We define our mapping precisely and study the nature of the functions so 
obtained. 


Defmtion. If A and B are independent integral divisors, then 
Far: %t— [A,B] where for every PeR, Pan(P) = Dpr e (A, B] and Dp is as 
defined in Theorem 5. 1. i 

If A and B are independent, but not integral, divisors, then we multiply 
them by S so that AS and BS are integral. We define Fas by Fag(P) 
== §*Fas,gs(F). From Theorem 3.1 it follows that this definition is inde- 
pendent of 8. 

If we are given two marked lines we have pointed out that the fields 
constructed on them are isomorphic and that an isomorphism can be explicitly 
given. We pick a particular marked line <X, Y, Z> and the field Dyyz = © 
and consider them as fixed henceforth. Given <A, B, O>, by the multipro- 
jectivity mago we mean that multiprojectivity of <4, B, C> onto <X, Y, 2> 
which takes A into X, B into Y and C into Z. To a marked line <A, B, C> 
we now associate a function fago as follows: 


| Definition. faso: R—>P where for every PeR, fanc(P) = (X, Y, Z; 
_ wapolan(P)). 


We define two such functions fago and frer to be equal if for all P such 
that faso(P) A(X, ¥,2;4) Afrsr(P), faso(P) = frer(P). 


THEOREM 5.2. For all divisors R, fanc = far,pr,or- 


Proof. From the definition of Parser and Theorem 3.1 we have that for 
all P, Parer(P) = RPan(P). Let op(D) = RD for all divisors D. Thus 
TAR,BR,CROR. 1S a Multiprojectivity and it takes A into XY, B into Y and C 
. into Z Thus by Lemma 2, it follows that masc == mar gr oron. Thus for 
every P, 

farpror(P) = (X, Y, Z ; war,prorFar,pr(P)) 
= (X, I. VA raros ‘RiP ag P) ) 


= (X, Y, Z; ranclan(P)) = fago( P). 


+ 
è 
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We note here that because of the isomorphism of ®azc outo ® by r*4nc 
it is sufficient to carry out any calculation in ®4z¢ and derive the result for ® 
using this isomorphism. 
aa -Now that a function has been assigned to every marked line, we attempt 
te define compositions for these functions so that under these compositions 
l ‘they fuer: ae We begin with the sum of two functions. 


To mia y al (X,¥,4;4) we will say that fasc(P) = 
sts E of ASA sa s 
3 A I£ fasc and fpar are two functions such that CF, CD and 


e AF. are independent divisors, then fasc +- foer = fr,s,or where R and § are 
- determined as in Diagram 1. 

From its definition, the addition of functions is commutative. We now 
proceed to show that fr,s,or is equal to the sum of the two functions in our 
sense. 


THEOREM 5.3. If fasc and fonr satisfy the conditions of the preceding 
definition, then for all P such that fanc(P)~« and forr(P) ~~, 


(fago + for) (P) = faso (P) + foer (P). 


Proof. Consider Diagram 1. As was pointed out before, we can assign 
coordinates, coming from the field ®op,r,ap, to the plane and use analytic 
projective geometry. Lower case Greek letters will indicate elements of 
Pop,r,ar- We assign coordinates axes as follows: 


[CF, AF] as the a-axis, [CF,CD] as the y-axis and [CD, AF] as the z 
axis. We assign, as coordinates, to CF, (0,0,1); to CH, (1,0,1); to CD, 
(1,0,0); to BF, (0,1,1); to AF, (0,1,0) and to #, (1,1,0). We map 
<CF, CH, CD> onto <CD, R, AF) by the perspectivity e- defined by o2(A, 0, p) 
== (à, m, 0). Evidently CD goes into CD, OF into R and CF into AF. We 
map <AF,BF,CF> onto <CD,R,AF> by the projectivity o,, defined by 
o1(0,%, 8) = (a,8,0). Evidently c, takes AF into CD, BF into R and CF 
into AF. Since the equation of [CF, R] is xy, the coordinates of a point 
on it are of the form (y, y, 8). We map <CF, S, R> onto <CD, R, AF) by the 
projectivity o, defined by os(y, y, 8) = (y,8,0). Evidently CF is taken into 
AF, S into R and R into CD by aos. 

If (A, 0,), (0,%, 8) and (y,y,8) are collinear, then 





yy é 
A 0 p| =— y(ap + BA) + Dae = 0. 
0a«gB i 


Thus if a0 and A£ 0, 8/y = B/a + p/d. 
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By Theorem 5.2, given fasc and fpeur, we may always assume that A 
and C are relatively prime integral divisors; and we may also make thise 
assumption in regards to D and F. Thus fianc(P) = œ 
similarly fpze (P) = œ if and only if P |F. From Theor 
of any prime divisor P in the family [CF, CD, AF] are « 
sional family. If the multiples of P are all of the plane,” 
and P|AF. Hence by the relative primeness of A an 
P|C and P|F. Hence if fazo(P) ~ œ and fpur(P) + 
P in the plane form a line. Thus Frs(P), Faror(P) E l 
collinear. Hence if their coordinates are (y, y, 8), (0,4, 8) and (A, 0, 2), 
respectively, then a540 and A s£ 0 and 8/y = B/a-+ p/A. C o2, o3, are the 
multiprojectivities used for defining fao, fper and fr,s,cr relative to Pon,r,ar 
and fasc(P) == 8/2, foor(P) =pw/drA and fresor(P) =—8/y. Hence the 
theorem. 


Definition. If As=Oe@ then Afago = faro where à> = (X,Y,Z; 
` mago(B’). 


THEOREM 5.4. For every prime divisor P, (Afaso) (P) = A(fasc(P)). 


Proof. Let Afanc = faro. Since B’ s£ A, maol B’) == # oe xX. We 
define o as follows: . 


(X,Y,2;0(2))-(X,Y,2;8) = (X,¥,2;T). Thus ø is a projec- 
tivity, and orago is a multiprojectivity. Since (Y,Y,2;X)-(X,Y,2; R) 
= (X, Y, Z; Xx), omanc(A) == o(X) = Xd. Similarly arapo, C) == Z. Since 
(X,Y, Z;0(R)) (X,Y,Z; R) = (X,Y,Z; R), o(R)}=Y. Thus orasc(B’) 
= Y, from the definition-of R. But rago is also a multiprojectivity taking 
A into X, B’ into Y and C into Z. Thus from Lemma 2, erage == rane. 
Thus we have, 


(Afaze)(P) = fasol P) = (X, Y, Z ; 7spcFac(P)) = (X, Y, Z ; oragol sc(P)) 
= (X, Y, Z ;ragoFao(P)) (X, Y, Z; R)” from the definition of o, 
= fago (P )AÀ since A== (X, VA ByN | 


Hence we have the theorem. 


Definition. If rXe@ then faso + à= fawo where —A= (X, Y, Z; 
awapc(A’)), and — À po | = (X, Y, 43;manc(B’)). 

Using the exact type of argument as in the proof of Theorem 5. 4, with 
the obvious modifications we obtain 
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THEOREM 5. 5 Lor every prime divisor P, 
j (faze +A) (P) = faso( P) TA 


s, essentially the converses of Theorems 5.4 and 
ig these lines. : 


sery prime divisor P, fawol P) = A` fage P) where 
= 0. | 


. LIUEN UL i. Lf £, A’, and C are dependent divisors, then faze 
| =Afapo +p where dA, peð. : 


We now return to the case of the sum of faso and fopap where, CF, AF 
and OD are dependent. Since we may assume that A and C, and D and F 
are relatively prime integral divisors (Theorem 5.2), from A and C prime to 
each other it follows by Theorem 3.1 that C|F. Similarly we can obtain 
that F|C. Hence FC. Thus A, D, C are dependent; and so from Theorem 
5.7 we have that fasc —Afper-+ p where Aċ peg. If AS—1, we define 
faze + foer = frso where frso = (A -+1)fozr +p. Applying Theorems 5.5 
' and 5.6 we have that in this case also that for those prime divisors P for 
which neither function is infinite, (fago + fonr) (P) =fase(P) + foer(P). 
If à == —- 1, we define fase + fonr = p and again for those prime divisors P 
for which neither function is infinite, (fase + fozr)(P) =fanc(P) + fonr(P). 
Now that addition has been defined and shown to have some desirable 
properties, we turn to multiplication. We proceed as follows. 


Definition. If faso and fper are such that AD, CD, and CF are inde- 
pendent divisors, then fascfpar = fap m,or where M is determined as in 
Diagram 2. 

Using analytic projective geometry, and proceeding as in the proof of 
Theorem 5.3 we obtain 


THEOREM 5.8. If faro and fonr satisfy the conditions of the preceding 
definition, then for all P such that fano(P) == œ, and foar(P) Æ œ, 


(fancfonr) (P) = fasc(P)fonr(P). 


We now return to the definition of multiplication. Suppose that fago 
and fper are two functions. Without loss of generality we may assume that 
A and C, and also D and F are relatively prime integral divisors. If AD, 
CD, and CF are independent, then by definition farcfpar = fanar.cr; and if 
AD, AF and CF are independent, forrfasc =fan,v,or (see Diagram 3). 


DIVISOR ALGEBRAS. ` : AT gig 5 

Pick a P so that P{CF and PTAD. Then there is ¢ 
that P |Dp. Since fago(P) z6 0 and fonr (P) sage ©., 
(fanofpnr)(P) = fago (P) fonr (P) = foar (P) farol 


Thus wap,v,crDp = tap, or Dp. Since the two mult: 
on the distinct points AD, CF and Dp, the multiproje: 
so M = N, and the multiplication is commutative, in ° 
Ii AD, CD, and CF are dependent, then C|.D a 
If in addition AF, AD, and CF are also dependent, tl 
this case fper = foma. Combining the „following theorem and Theorem g 
5.6, then fpr = Afagg™ and for all P for which fpzr is not infinite, 
faso(P)forr (P) =A. We define fagofpnre = À. 


cD 


J 


BF 


AF 


DIAGRAM 3. 


‘If AF, AD, and. CF are independent then fparfaso can be constructed. 
In this case we define fascfppr —fonrfasc. Thus for all P such that 
fano(P) Ao and forr(P) 4 œ we have 


fanofpnr)(P) = (fonrfanc)(P) = forr(P)fano(P) = fasc(P)four(P). 


. Hence in all cases (fazcfper) (P) = fasc(P)foar(P) ; moreover the multi- 
plication is commutative. 


THEOREM 5.9. For all P such that fasc(P) A œ, fano(P) = (fora(P))*. 
Proof. ‘We define o as follows: 

(1) o(X) =Z; 

(2) o(Z) =X; 
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id RÆ Z, (X, Y, Z;o(R)) = (X, Y, Z; R). 
g is a projectivity, orago is a multiprojectivity ; 
{ of Theorem 5.4 we obtain this theorem. 


‘an the marked line <RG, SG, TG). 
fano == frsr then for some divisor G, <A, B, Cd 


and CR are independent, then fancfrsr is not a 

vse = 1 from Theorem 5.9, CT, AT, and CR are 
ucpeuucuse trauuvus svoo of generality we can assume that A and CO and also 
T and È are relatively prime integral divisors. Then C —T since O IT and 
T|C. Thus C, A and R are dependent. Since A and C are relatively prime 
and since Re [A,C], R54 A would imply that there exists a P with P| A 
and PIR. Thus faso(P) = (X,Y,Z; X) and fesr(P) Æ (X,Y,Z; X), con- 
tradicting the hypothesis. Thus A = R. Similarly B = S. If A and C are 
not relatively prime, then writing A = A’U and C = CU, where A’ and © 
are relatively prime and integral, the result comes immediately. Combining 
Theorems 5.2 and 5.10 we have 


COROLLARY. faso =frsr tf and only tf <A, B, O> = GCE, 8, T> for 
some G. 


Lemma 3. If faso(P) = fprer(P) for all but a finite number of P’s, 
then fago = fpor. 


Proof. ‘Without loss of generality, 4 and C, and also D and F, are 
relatively prime integral divisors. Since, for all but a finite number of P 
(fanofrep) (P) = fazo(P)frnn(P) = fasc(P) (fosr(P))* = 1, (hypothesis 
and Theorem 5.9), fanofrup takes on only a finite number of values. But 
this can only happen when AF == CD. From the relative primeness of the 
factors involved, A = D and F == C. From the uniqueness of a multiprojec- 
tivity taking three collinear point into three others, it follows that B = E. 
Thus the lemma. 

Using the results of Theorems 5. 3-5.10 and the above lemma, we easily 
obtain 


THEOREM 5.11. For all functions faso, four, faux, we have 
1. (faso + four) + faur = fago + (four + four) 5 


2. (fancfoer)foux = fano(fourfenx) 3 
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3. faso(fper + faux) = fancfonr + fanofenx. 


Let Kg be the set of all functions fago (that is, 
marked line) with the field æ adjoined. Thus we ci 
operations which are commutative, associative, distril 
Theorem 5.6) we have a multiplicative unit, and 
additive unit element. Theorem 5.9 gives us the mu 
if we define — f = (—-1)f we obtain 


THEOREM. 5.12. Keats a field under the compos......- 


wo tprteree 


+ 


6. Linear dependence in Ke. In this section we will study the relation 
between the dependence of a finite sequence of principal divisors, (that is 
divisors which are in the principal subgroup) A;/Ci,:--,4n/Gn and the ` 
linear dependence of the functions f4.a,c,,° ° *,f4,B,c, Over the field , for 
all relevant choices of the By. | 


THEOREM 6.1. If the principal divisors A,/C,,- + +,An/Cn are depen- 
dent, then the functions fanpop’ > * s fAgBy Cy for atl relevant choices of the Bi, 
are linearly dependent over ®. 


Proof. By induction over n. 


1) Ifn=2, then since A,/C, and A/C: are dependent, they are equal. 
Hence A,C, = A,C;. From Theorem 5.2, combined with Theorem 5. 6, 


f áB, 0, = f A; C2, BiGo, OC: T f AoC, B102, 0:0 = Af Az, B201,620, = Af AgBrCay AE, 
Thus the theorem is true for n = 2. 
2) n= 8. 


Since A,/C,,° - -,As/C3 ave dependent, 4,C2C3, A20,C3, A3C,C. are depen- 
dent. If any two of them are equal, the result will follow front the case 
n==2. Suppose the three are distinct. Without loss of generality each pair 
Ai, Cy are relatively prime integral divisors. Thus if A,C2Cz, A,C,C2 and 
0,020 are dependent, then C, == (3; and then A,, A; and C, are dependent. 
Thus by Theorem 5. 7, fano, = Afaspscs + u where A, ue. Their dependence 
would also force the dependence of A.0,03, ACC and C,C.C,. Thus 
C = C; and As, Az, and O, are dependent. Thus f4,2,0, = %4,8,¢, + B where 
a, Be. Combining the two expressions obtained, the linear dependence of 
the furictions over ® follows. 

So let us assume that A,C.03, A3003, and C C-C, are independent. Thus 
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sram 4 all lie in the plane determined by these three 
v BICC, and B’,C,C, as obtained in the diagram, 
5.6, that famo, =Afapic, ANd faye, = Mf AsBsCs 
m the definition of the sum of two functions, 
=Afaiz.c, + afac and hence the theorem for 


rem is true for all n <r (r > 83). 


A, CoCs 





DIAGRAM 4. 


Consider A,/C,,---,Ar/Cr, a sequence of dependent principal divisors. 
If any r— 1 of them or less are dependent, then we are done. Hence we 
suppose any r-—1 of them or less are independent. Since r > 3, A,/C,, 
A./Cz are independent and A;/Cs,- --,A,/C;, are independent. But since 
the Ai/Ci, t= 1,: + +,r are dependent, by axiom 3c. there is a divisor R/T 
which depends on both A,/C,, 42/0: and on A3/Cs,---,Ar/Cr. Hence by 
the induction hypothesis frgr is linearly dependent (over P) on fi.p,0,, TAB 
and faspsty" °°» f4,B,0,. Thus the faisoo t= 1, >+, r, are linearly depen- 
dent over ®; completing the induction. 


THEOREM 6.2. If fabo’ © *>fAnBot, are linearly dependent over ®, 
then Ai/Ci,: © +,An/Cn are dependent divisors. 


Proof. By induction over n: 


1) If n= 2, fago = ÀAfAsBa0a = fapc, by Theorem 5.6, and so by 
Theorem 5.10, Ai/C, = As/C2. 
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3 
2) If n==3 then by hypothesis X Afai, =C 
1 


the result follows from the case n == 2. Let us assw 
Then by Theorem 5.6 Asha BC, == f4,B3',0; and — fa, 
+ fasp’90, Constructing the stim f4.n.c, + f4,p’,0, We O 
(not a constant since it must be equal to faso, WI 
where, in all cases of addition, R/C.Cs, 42/Co, A3/C. 
FABIO, = FR, 8,0203 by Theorem. 5. 10 A/C, = B/C; 
divisors A/C, A/C and A/C; are dependent. 


3) Suppose the theorem is true for n =r — 1 = 3. 


Suppose that Sulina, == 0, and not all the A; = 0. If any à; = 0 then the 
1 
result follows from the induction hypothesis. So we may assume that no 
TD 
ài =0. Let fesr = $ Aifain,c, If fesr is not a constant, then by the 
1 


induction hypothesis, and since no A; = 0, R/T depends on A,/Ci,:--, 
Ayo/C;. Since fror + AvifapsBraCr, + Arfa,B,c, = 0, from the case n = 3, 
R/T depends on A,y.1/Cr.. and A,/C,. Thus A,/C, depends on A,./C,.. and 
R/T and so on Apy/Oy-1, A1/Ci,: © +, Apeo/Cre Thus in this case the 
theorem would be true. So suppose that frsr is a constant. Thus, from 
Theorems 5.5 and 5.7 we may assume that O, = Om: and Are [Ar 0] 


y-1 
since fs.p.c, = %f4,,B.,0-, 8 where g, Be. Now if freer => Afamc 
a- 


and if frg is not a constant the result will follow as above. So suppose 
that Aifa.n.c, + Ar4,B.0, == % in ® Hence again we may assume that C, == C, 
and A,e[A,,C,]. Thus Ái, Ári; A, are dependent, and since the three C’s 
are equal, A,/C,, Ar1/Cr1, 4r/Cr are dependent. Thus we have proved the 
theorem. | 

Combining Theorems 6.1 and 6.2 we have 


THEOREM 6.3. The functions faos’ ` `, fAnBuQn are nearly dependent 
over ® if and only if the divisors A,/C1,- ` -,An/Cn are dependent. 


7. Algebraic properties of Kg. We will now consider some of the 
algebraic properties of Ke; in fact we will show that Ke is an algebraic 
function field in one variable over the algebraically closed field @. Moreover 
we show that if K is an algebraic function field in one variable over an 
algebraically closed constant field k, and @ is the divisor algebra of K, then 
K is isomorphic to Ka. 
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lowing lemma: 
, integral divisor then —1< n(A) — dim {A}. 


3.4, if A|B then n(A) —dim {A} = n(B) 
al then Z |A and so the result follows immediately. 


we Ke then faze is transcendental over ®. 


by the corollary to Theorem 3.6, for all n> 0 

independent divisors. Hence by Theorem 6.3 the 
functions f4"z,0",' ' *, fago are linearly independent over 9, for all n. From 
the definition of multiplication fats,ci = Mf’ago. Thus we have shown that 
the positive integral powers of fago are linearly independent over ®. 


THEOREM 7.2. If A and B, and also C and D are independent integral 
divisors, then there exist integers m and n such that the divisors At01/B D3, 
t= 0, 1,- m, j7==0,1,---,2 are dependent. In fact n==n(A) and 
m = (n(C)—1)n(A) +1 will do. 


Proof. We multiply the sequence {A*/B*-Ci/Di} by B™D™. We then 
obtain a sequence {A*B”-‘CID"-J} of integral divisors. If for some 15 % or 
GA jo ABOI D? == AbWBr-oChDrs, then (A/B) = (C/D)i-%, Thus 
they would be dependent and the theorem would be true. If they are all 
distinct then we would have mn + m -+ n -+ 1 distinct integral divisors. If 
we could force dim {A"C"} < mn + m + n+ 1 for some m and n, then the 
divisors AtB»-iQI Dr- would be dependent. By Lemma 4 dim {A™("} 
<= n(A™C*) +1. Thus if for some m and n, n(A”"C") < mn -+ m -+ n, we 
are finished. Hence we try to satisfy m-n(A) + -n(C) << mn+m-+n, 
We see that n= (A) and m = (n(C) —1)(n(A)) +1 will do. 


THEOREM 7.3. If X, Y £ Ka then there exist a finite number of tij €Ẹ, 
not all 0; such that ©, ayXtYi = 0. 


Proof. If either Æ% or Y is in ® the theorem is trivial. Thus we may 
assume that X = faro and Y = fprr where 4,B,---,¥F are all integral 
divisors. From Theorem 7.2 there exist integers m and n such that the 
divisors (A*/C*)(Di/F/) with 1=0,1,---,m and j=—0,1,:--,n, are 
dependent. Thus the functions faini, vip ctr: are linearly dependent over ®. 
Thus from the definition of the product of two functions, the functions 
fianofipnr are linearly dependent over ®. 


COROLLARY 1. Ke is of degree of transcendence one over ®. 
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Definition. An extension field K of a field k will be sai 
and of bounded degree over & if there exists an integer N > 
every te K there exists a polynomial p, of degree at mos 
in k and such that p(x) = 0. 


COROLLARY 2. Kg is algebraic and of bounded deg 


Proof. From Theorem 7.3 Kg is algebraic over ®©(f™ 
are relatively prime integral divisors, as we may assume, then 
N = n(A) will satisfy the requirements of the above definit: 


THEOREM 7.4. © is algebraically closed. 


Proof. To show the algebraic closvfre it is sufficient to show the reduci- 
bility of all non-linear polynomials in [7] for æ any element transcendental 
over $. Pick v = farc, and let $ axe! be any polynomial in [z]. Construct 

i50 
the sum $ a:ftaso = frs”; by Theorem 7.1 R40”. Without loss of 
generality Æ and C” are relatively prime, for otherwise we could take out the 
common factor. Thus we can find a P’ such that P|R, PTO". Thus 
frs,o"(P) = 0, and so fr s,o” has as a linear factor, fago —fanc(P). Hence 
the theorem. 


THEOREM 7.5.4 If K is transcendental over the perfect field k and K is 
algebraic and of bounded degree over k(x), then K is a finite extension of k(x). 


Proof. If k is of characteristic zero then K is separable over k(x) and 
the result is immediate. 


Suppose k is of characteristic p540. Then since & is perfect it contains 
the p-th roots of all its elements. Let S be the set of all f in K which are’ 
separable over k(x). Then, by Van der Waerden [3, p. 129] S is a field. 
Since § is separable, algebraic and of bounded degree over k(x), it is a finite, 
and hence simple, extension of k(x). Let S=k(a,y). Since K is algebraic 
and of bounded, degree over k(x) and k is perfect, for sufficiently large r, 
S(x,y) K where t=-1/p". But the degree of S(at,y*) over S is at 
most ¢? and hence, because 9 is a finite extension of k(2), S(t, y!) is a finite 
extension of k(x). Since K C S(st, yt), K is also finite over k(x). 

Since in our case Kg is algebraic and of bounded degree over ®(fazc) 
and ® is algebraically closed, and hence perfect, we immediately have 


4The author is indebted to Professor George Whaples for this simple proof of the 
theorem. 
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€ Ke then Kg is a finite extension of ® (faso). 


ition [1, chapter 1] Kg is an algebraic function 


2 concrete case of an algebraic function field K 

lgebraically closed field k. Suppose that © is 

ietrized as in Section 1. Thus we know that k 

yz (Theorem 1.1) and we pick a definite one ®. 

section 1) we define o*(f) = farc. If o is the 
isomorphism of k onto @, we define o*(a) —o(a) for a in k. Thus from 
Theorems 1.2 and 1.3 we have 


THEOREM 7.7. K is isomorphic to Kg under the isomorphism o*. 


Before closing we would like to point out that in the definitions of sums 
and products of our functions the concept of prime divisor was not used. 
Thus if we consider a projective space whose elements: form a group and 
where group multiplication preserves collinearity, such sums and products 
(of marked lines) could be defined. The prime divisors were used to justity 
that these definitions of sum and product lead to a field. 
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PRIME IDEALS IN GENERAL RINGS. 
By Neat H. McCoy. 





1, Introduction. The concept of prime ideal has pia 
. role in the theory of commutative rings, but has not been u 
in the study of noncommutative rings. Some properties o 
general rings have been discussed by Krull [9} and by Fitting vj. ssuweves, 
except in these papers, prime ideals seem to have been used only incidentally 
and not made the subject of special study. It is the purpose of the present 
paper to extend to general, that is, not necessarily commutative, rings several 
results which are well known in the commutative case. 

Unless otherwise stated, the word ideal shall mean two-sided ideal. In 
a commutative ring R an ideal p is a prime ideal if and only if ab == 0 (p) 
implies that a==0(p) or b==:0(p). Naturally, this definition could also be 
used in noncommutative rings, as has been pointed out by Fitting [3], who 
says that a prime ideal according to this definition is completely prime. 
However, it turns out that this concept is not particularly useful, since a 
noncommutative ring seldom contains very many completely prime ideals. 
In other words, the defining condition is too strong to be of much interest. 

In an arbitrary ring R, it is customary to call an ideal p a prime ideal 
if and only if ab==0(p) implies that a==0(p) or b==0(p), it being under- 
stood that a and b are ideals in R. An ideal which is completely ‘prime is 
prime, but the converse is not generally true. However, these concepts 
coincide in the case of commutative rings. | 

` Our first theorem gives a number of properties of an ideal, each of which 

is equivalent to that just used to define a prime ideal. In particular, it 
follows that an ideal p in the arbitrary ring R is a prime ideal in Æ if and 
only if aRb ==0(p) implies that a==0(p) or b= 0(p). This suggests the 
desirability of defining an m-system (generalizing the familiar concept of 
multiplicative system) M of elements of R as a system with the property 
that ce M, de M imply the existence of an element x of R such that cade M. 
Thus an ideal p in R is a prime ideal if and only if the complement of p 
in R is an m-system. This characterization of the prime ideals plays an 
important role in the sequel. 


* Received July 20, 1948; presented to the American Mathematical Society, April 
17, 1948. 
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_ £, the radical of the ideal a is defined to be the set 
rith the property that every m-system which contains * 
a.* It is shown in 3 that the radical of a is the inter- 
e ideals which contain a. The methods are based on 
1 the results reduce to those of Krull if R happens to be 
he material of 3 is a simple adaptation of the exposition 
found in Chapter V of [14]. 


nber of different definitions of the radical of a general 
ring nave peen proposed. We shall add to this list by giving still another ` 
definition as follows. The radical N of the ring E is the radical of the zero 
ideal in Æ. We shal! show that N is a nil ideal which contains every nil- 
potent ideal of R, and that N is a radical ideal in the sense of Baer [1]. The 
relation of NV to the radicals of Kothe [8] and Levitzki [11] and [12] is still 
an unsolved problem. In common with all the other definitions of the 
radical of a general ring, N becomes the classical radical in the presence of 
the descending chain condition for right ideals. Furthermore, W has all 
the usual properties expected of a radical. 


A primitive ideal as defined by Jacobson [7] is a prime ideal, and hence 
N is contained in the Jacobson radical of R. We may also point out that 
the method used by Jacobson [7] to introduce a topology in the set of 
primitive ideals in a ring can be used without modification to introduce a 
topology in the set of prime ideals in a ring. In fact, several of the results 
of [7] can be easily carried over to results about the space of prime ideals 
in a ring. 

The radical recently defined by Brown and McCoy [2] is also the 
intersection of a certain class of prime ideals, namely, those maximal ideals 
m such that #/m has a unit element. 

‘A ring in which (0) is a prime ideal may be called a prime ving. Thus 
the primitive rings of Jacobson [6] are prime rings. In 5 we shall prove 
that a prime ring which contains minimal right ideals 1s a primitive ring. 
However, these concepts do not coincide in general, for any integral domain 
is a prime ring and an integral domain is primitive if and only if it is a 
field. 

We shall point out in Theorem 6 that a ring is isomorphic to a sub- 
direct sum of prime rings if and only if it has zero radical. This is an 





t Fitting [3] defined the radical of a to be the set of elements which generate nil 
ideals modulo a. The radical of a as defined above is contained in Fitting’s radical, 
but the exact relation between these concepts is an unsolved problem. 
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. analogue of one of the Wedderburn-Artin structure ~ 
this result it would seem desirable to make a further st 


2. Definition and fundamental properties. Wi 
following result: . 


THrorem 1. If p is an ideal in the arbitrary 
conditions are equivalent: i 


(i) If a, D are ideals in R such that ab =Q (pj, vvow wae vyj, vi 
b= 0 (p). 


(ii) If (a), (b) are principal ideals in R such that (a) (b) = 0 (p), 
then a= 0 (p) or b == 0 (p). 


(üi) If aRb = 0 (p), then a= 0 (p) or b = 0 (p). 


(iv) If L, I, are right ideals in R such that II = 0(p), then 
I, = 0 (p) or I, == 0 (p). 


(v) If Ji, J2 are left ideals in R such that JıJa = 0 (p), then Jı = 0 (p) 
OF J = 0 (p). 


Before giving the proof we make one observation which will be useful. 
Clearly (i), although stated for the product of two ideals, implies that if a 
product of any finite number of ideals is in p, at least one of the ideals is 
in p. A similar result holds for (ii), but is not quite so obvious. However, 
suppose that (ii) holds and that (a) (b)(c) =0(p) with as£0(p). Then 
for every b, in (b), ¢, in (c), we have (a) (bıcı) =0(p), which then implies 
that bıcı ==0(p). This shows that (b)(c) =0(p), and hence b==0(p) or 
c==0(p). In like manner, the result can be established for the product 
of any finite number of principal ideals. 


We are now ready to prove the theorem. Clearly (i) implies (ii). 
We now assume (ii) and prove (iii). Suppose that ahb = 0 (p), from which 
it follows that RakbR==0(p), and thus (a)*?(b)*C RakbR =0 (p). By 
the observation made above, (ii) implies that a=0(p) or b==0(p), and 
this establishes (iii). 

Now let us assume (iii) and suppose that J,, I> are right ideals such 
that Z: = 0 (p) with J,;520(p). Let a, be an element of I, not in p. Then 
for every element a, of I, we have a,fa.C LI, = 0 (p). Hence, by (iii), 
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“rr 


hus f,==0(p), and we have therefore shown that 
milar argument will show that also (iii) implies (v). 
sted by observing that (i) is implied by either (iv) 


ideal p with any one (and therefore all) of the 
orem 1 is a prime ideal. 


a prime ideal in R, and a an element of R such that: 
RaR = 0 (p), then a= 0 (p). . 


To prove this, we observe that kak = 0 (p) implies that «Rak = 0 (p), 
and (iv) shows that aR == 0 (p). It then follows that aRa = o(p), and we 
must have a = 0 (p) by (iii). 


We next prove the following result: 


Lemma 2. If b is an ideal in R, and p a prime ideal in R, then b [) p 
is a prime ideal in the ring b. 


Let bı, b2 be elements of 6 such that bbb: = 0 (p ) b). Then b:Eb Rb; 
C bbb: = 0 (p), and hence b Rb, Rb R = O(p). From this, (iv) implies that 
bik == 0 (p) or b.8—0(p). If bE =0(p), then 6,2), =0(p) and (iii) 
implies that bı = 0 (p). Similarly, if bR= O(p), we have b: = 0 (p). 
Thus either bı =0(p f) b) or ba = 0 (p () b), and p i b is a prime ideal in 
the ring b by (iii). 


Definition 2. A set M of elements of R is an m-system if and only if 
ceM, deM imply that there exists an element v of R that crde M. The 
void set is to be considered as an m-system. 


The importance of this concept lies in the fact that, by (iil), an ideal p 
in È is a prime ideal if and only if its complement Ọ (p) in R is an m-system. 
The agreement to consider the void set as an m-system is to take care of the 
special case in which p = È, for clearly R is a prime ideal in £R. 


It will be observed that the concept of an m-system is a generalization 
of that of multiplicative system. For if M is a multiplicative system with 
ceM, deM, then there is an element x (either c or d may be used) such 
that cede M, and hence M is an m-system according to the definition given 
above. 





ane 
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3. The radical of an ideal. This section is basec 
of Chapter V of [14] which, in turn, is largely an exp 
to Krull [10]. 


Definition 3. The radical rt of an ideal a in R cons 
r of R with the property that every m-system which cc 
element of a. | 


It will presently appear that r is an ideal in R. mouwever, we urse 
observe that aC r. Furthermore, a and,r are contained in precisely the 
same prime ideals. For suppose that a Œ p, where p is a prime ideal, and 
that rer. If r were not in p, that is, if reC(p), then C(p) would have to 
contain an element of a since ((p) is an m-system. But clearly C(b) 
contains no element of a, and therefore r is not in C (p). Thus rep, and 
hence r C p as required. 


Definition 4. A prime ideal p is a minimal prime ideal belonging to 
the ideal a if and only if aC p and there exists no prime ideal p’ such that 
aC pC p? 

We are now ready to state the principal theorem of this section as 
follows: 


THEOREM 2. The radical r of an ideal a is the intersection of all the 
minimal prime ideals belonging to a. 


We shall establish several lemmas and then show how they lead to an 
- immediate proof of the theorem. 

If two sets of elements of R have no elements in common, we may say. 
that either of these sets does not méet the other. 


Lemma 8. Let a be an ideal in R, and M an m-system which, does not 
meet a. Then M is contained in an m-system M’ which is maximal in the 
class of m-systems which do not meet a. . 


This is, of course, an immediate consequence of Zorn’s Maximum 
Principle and is merely stated in the form of a lemma for convenience of 
reference. : 


LEMMA 4. Let M be an m-system in R, and a an ideal which does not 


2 By »’ C P we mean that P’ is properly contained in P. 
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in an ideal p* which is maximal in the class 
{. The ideal p* is necessarily a prime ideal. 


vs at once from the Maximum Principle. We 
leal. Suppose that a z£ 0(p*) and b=£0(p*). 
f p* implies that (p*,a) contains an element 
) contains an element m» of M. Thus there 
xf (b) such that m,==a,(p*), m, = b, (p*). 
is an element æ of R such that m,em. e M, and 
* does not meet M. But azb, = mrm: (p*) 
and therefore azb, £ 0 (p*). However, (a)(b) contains the element azb, 
andsthus (a) (b) 5£0(p*). By property (ii) of Theorem 1, this shows that 
p* is a prime ideal. 


We now prove 


Lemma 5. A set p of elements of the ring R is a minimal prime ideal 
belonging to a tf and only tf C(p) is maximal in the class of m-systems 
which do not meet a. 


First, let p be a set of elements of Æ with the property that M = C (p) 
is a maximal m-system which does not meet a. If p* is the prime ideal 
whose existence is asserted in Lemma 4, then C(p*) is an m-system which 
contains M and does not meet a. The maximal property of M implies that 
C(p*) = M = C (p), and hence p= p*. Thus p is a prime ideal containing 
a. Clearly, there can exist no prime ideal p, such that aC p, C p, since 
this would imply that C(p,) is an m-system which does not meet a and 
properly contains M. ‘This is impossible because of the maximal property 
of M; hence p is a minimal prime ideal belonging to a. 


Conversely, if p is a minimal prime ideal belonging to a, M = Q (p) 
is an m-system which dpes not meet a, and Lemma 3 shows the existence of a 
maximal m-system M’ which contains M and does not meet a. By the part 
of the theorem just proved, C(M’) = p’ is a minimal prime ideal belonging 
to a. Since M’ M, it follows that pC p. Thus aC yp’ Cb, from which 
it follows that p= p’, and thus M = W’. This shows that C(p) = M is a 
maximal m-system which does not meet a, and completes the proof of the 
lemma. 


We are now ready to prove the theorem. If r is the radical of a, we 
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have pointed out above that r is contained in the same 
This shows that r is contained in the intersection of all 
ideals belonging to a. Now let a be an element of R n 
the definition of r, there exists an m-system M which 
not meet a. By Lemma 3, M,is contained in a maxim 
= does not meet a. By Lemma 5, C(M’) is a minimal p 
to a, and clearly C( M’) does not contain a. Hence a can 
section of all the minimal prime ideals belonging to a, 
therefore established. | 

The following result is an immediate consequence of the theorem just 
proved: ' 


COROLLARY. The radical of an ideal is an ideal. 


If p is any prime ideal containing a, then M—C(p) is an m-system 
which does not meet a. If M’ is the m-system defined in Lemma 3, Lemma 5 
shows that O (M’) is a minimal prime ideal belonging toa. Since C(p) G W’, 


it follows that aC C(M’) Cp. This proves that any prime ideal which’ 


contains a contains a minimal prime ideal belonging to a. 


4, The radical of a ring. We now make the following definition: 


Definition 5. The radical of the ring R is the radical of the zero ideal 
in R. 

We shall henceforth denote the radical of the ring & by N. It is clear 
that N is a nil ideal, for if ae N, the m-system {a, a°, a$, > -} must contain 
0, and a is therefore nilpotent. Furthermore, every element b which generates 
a nilpotent ideal (right, left, or two-sided) is in N. For if I is an ideal 
such that I” == 0, then J"s=0(p) for every prime ideal p in R, and this 
implies that J==0(p). Hence J==0(N), since N is the intersection of all 
the prime ideals in R. | 

If ae N, then clearly aR CN. Conversely, if wk CN, Rak CN, and 
Lemma 1 shows that ae N. We see therefore that aR C N if and only tfaeN. 


THEOREM 3. In the presence of the descending chain condition for right 
ideals, N coincides with the classical radical of R. 


If ae Ñ, (a) is a nil ideal, and it is known that the descending chain - 


condition implies that (a) is then a nilpotent ideal. On the other hand, 
it was pointed out above that N contains all elements which generate nil- 


se 
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sts precisely of the elements which generate 
x, is one of the familiar characterizations of 
oof is completed. 


leal in R, the radical of the ring b is bN N. 


the ring 6, Lemma 2 shows that N’ C61 N. 

very m-system in Æ which contains b contains 
0. Thus, in particular, every m-system in b which contains b contains 0. 
This means that be N’, and thus BONG, completing the proof. 


THEOREM 5. If N is the radical of R, then R/N has zero radical. 


To prove this, let @ be an element of the radical of R/N, and thus å is 
contained in all prime ideals in R/N. If 440, as€0(N), and hence 
a@ is not contained in some prime ideal p in R. Sincé pD N, we have 
R/p = (R/N)/(p/N), from which it follows that p/N is a prime ideal in 


'R/N. Furthermore, p/N does not contain & since a340(p). This contra- 


diction shows that we must have @=0, which completes the proof of the 
theorem. 


It follows from this theorem that R/N contains no nonzero nilpotent 
ideals (right, left, or two-sided), for every nilpotent ideal in R/N must be 
in the radical of R/N. In particular, this shows that N is a radical ideal 
in the sense of Baer [1]. 


5. ‘Prime rings. We shall now make the following 


Dofinition 6. A ring Risa prime ring if and only if (0) is a prime 
ideal in R. 


Theorem 1 yields a number of equivalent characterizations of the prime 
rings, one of the most interesting being that a ring R is a prime ring if and 
only if afb = 0 implies that a == 0 or b =Q. 

It is easy to see that a commutative prime ring is just an integral domain. 
Any simple: ring S (with S?5<0) is a prime ring, and a primitive ring is 
also prime, as was shown by Jacobson [6]. From Lemma 2 we also observe 


, that an ideal in a prime ring is a prime ring. 


Now a prime ring has zero radical and hence in the presence of the 
descending chain condition for right ideals is isomorphic to a direct sum of 
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a finite number of simple rings. “However, the í 
simple rings is certainly not prime, and hence if 
dition holds for right ideals, the concepts of pr 
(with nonzero square) coincide. 

If p is a prime ideal in the arbitrary ring È 
conversely. Since N is the. intersection of all the p 
argument * yields the following analogue of one 
theorems : 


THEOREM 6. A necessary and suffictent conamton that a ring ve 480- 
morphic to a subdirect sum of prime rings is that it have zero radical. 


This theorem indicates the importance of .prime rings in the general 
structure theory. We shall now prove a few other results about prime rings. 


THEOREM 7. A prime ring that contains minimal right ideals is a 
primitive ring. 

The following simple proof is due to Bailey Brown. If J is a minimal 
right ideal of the prime ring R, then J is a simple #-module whose annihilator 
I* in R is a right (in fact, two-sided) ideal such that II* — 0. Since R 
is prime this implies that J* —0 and thus J is a simple #-module with zero 
annihilator, that is, R is isomorphic to an irreducible ring of endomorphisms. 
This implies * that R is primitive, and the proof is completed. 

Now let T be a ring with unit element, and denote by T, the ring of 
all matrices of order n with elements in T. We shall prove 


THEOREM 8. I f T is a ring with unit element, then Tn 18 a pane ring 
uf and only if T is a prime ring. 


As usual, let e; denote the matrix with the unit element in the i-th row 
and j-th column, and zeros elsewhere. If T is not prime, then T, is not 
prime. For if T is not a prime ring, there exist nonzero elements a, b of T 
such that aTb = 0. This clearly implies that (a¢,.)T,(be1) = 0 with ae 

and be nonzero elements of Th, and this shows that T, is not a prime ring. 
| Conversely, suppose that T, is not a prime ring, and hence that there 
exist nonzero matrices (ay), (by) in Ta such that (aj)T,(bi;) == 0. Let us 
assume that dpg5£0, brs 5&0. Now, for every z in T we must have 


3 See § 3 of [13] for references. 
4 Jacobson [6], p. 312. 
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ant of eps must be zero, that is, dpgtbys = 0. Since 
n T, this means that apol brs = 0, and T is not a 
s therefore completed? 

t we shall prove the following theorem about the 


THEOREM 9. If N ts the radical of the arbitrary ring R, the radical 
of the coriplete matriz ring Ry iè Nn. | 


We first give the proof under the assumption that R has a unit element, 
and then remove this restriction. Since R is assumed to have a unit element, 
there is a one-to-one correspondence M <> M, between ideals in # and ideals 
in fy. Furthermore, it is easily verified that (R/M), = En/Mn and thus, 
by Theorem 8, Mn is a prime ideal in E» if and only if M is a prime ideal 
in R. Thus if N is the radical of R, and p; are the prime ideals in R, we 
see that 

radical of Ra == [) (Pi)n == (M Pi)n = Nn. 


If R does not have a unit element, it is well known that we can imbed 
R in a ring § with unit element in such a way that R is an ideal in 8. If 
the radical of R is N, and the radical of § is N’, then Theorem 4 shows that 
N=R{)N’. By the result just proved, the radical of S, is Ns, and, since 
Ff, is an ideal in S,, Theorem 4 shows that 


radical of By = N'n N Rn = (N N E)n = Nn, 
thus completing the proof. 


SMITH COLLEGE. 
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WITHOUT NILPOTENT IDEALS.* 
By A. H. CLIFFORD. 


; esent paper is to extend the results of a previous 

\ iaving a zero element. It was shown there that 
he at least one left and at least one right minimal 
ideal} tnea tt contains a unique minimal two-sided ideal N (the “ Susch- 
kewitsch kernel,” which we formerly denoted by K), and that Ñ is a com- 
pletely simple semigroup without zero, in the sense of Rees [2]. If § has a 
zero element 0, then Jt = (0), and this result becomes trivial. We alter our 
definition of minimal ideal to mean minimal but 4 (0), and prove (Theorem 
8.1 below) that if M is a minimal two-sided ideal of S containing minimal 
left and right ideals of S, and if S contains no nilpotent ideal 54 (0), then 
M is a completely simple semigroup (with zero) [3]. 

A simple but basic lemma in ring theory is that if L is a minimal left 
ideal, then either L? = (0) or E has an idempotent generator: L = Se (e? = e). 
This is not so for semigroups. An example is given by Baer and Levi [4] 
of a semigroup © which is left simple, hence is itself a minimal left ideal of 
S, but contains no idempotent element. But it is true for semigroups S 
having no nilpotent ideals +4 (0), and in which every two-sided ideal contains 
minimal left and right ideals (Theorem 4.1). 

In the concluding section we discuss the connection between these results 
and S. Schwarz’s theory [5] of semigroups having a kernel N and radical #. 
Schwarz calls an ideal A of S “9t-potent ” if some power A” of A is contained 
in N, and defines the radical N of S to be the sum of all the 9-potent two-sided 
ideals of S. If R is itself Jt-potent, then the difference semigroup S— R as 
defined by Rees (loc. cit., p. 389) has no non-zero nilpotent ideals, and hence 
the foregoing results may be applied thereto (Theorems 5. 2 and 5.3). These 
are compared with similar results found by Schwarz. Finally it is remarked 
that, under the assumptions made, R contains all nil-ideals of S. 


1. Simplicity of minimal two-sided ideals. As customary in the caleu- 
lus of complexes, the product A, A2: > +A, of a finite number of subsets A; 
of a semigroup S shall mean the set of all products a, d2: - +a, with a; in 
A, (t==1,2,:-+,n). In particular, A” shall mean the set of all products 
lı M2.° * ‘Gy of n elements a, of A. 
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A left [right] ideal of S is a non-vacuous subset A o 
SACA [AS C.A]. A set A which is both a left and ; 


a two-sided ideal. The class sum of any number of le N 


ideals is a left [right, two-sided] ideal, and the s 
intersection. J | 7 

Assume now that § contains a zero, i.e. an elem 
=0:s=0 for al s in S. Clearly § can contain on, - F 
The single-element set (0) is a two-sided ideal of S contained avr 
right ideal of S. A left or right ideal A of S will be called nilpotent if 
A” == (0) for some positive integer n. We shall say that S is without nil- 
potent ideals if S contains a zero element but no nilpotent left or right ideal 
(0). (From Lemma 5.2 below, this condition is satisfied if S contains a 
zero element but no nilpotent two-sided ideal =~ (0).). 

A left [right, two-sided] ideal of S will be called a minimal left [right, 
two-sided] ideal of S if it is'54(0) and contains no proper subset = (0) 
which is also a left [right, two-sided] ideal of S. If A and B are two distinct 
minimal left [right, two-sided] ideals of S, their intersection A f) B == (0). 
If A is a minimal two-sided ideal and B a minimal left or right ideal, either 
Af{|)B=(0) or BCA. 


THEOREM 1.1. Let S be a semigroup without nilpotent ideals. Then 
any muumal two-sided ideal of S is a simple semigroup. 


Proof. -Let M be a minimal two-sided ideal of S, and suppose (by way 
of contradiction) that B is a proper ideal +4 (0) of M. MBM is a two-sided 


ideal of S5 contained in B, hence properly contained in M, hence = (0) by. 


the minimality of M. Then (MB)? MBMB = (0), so that the left ideal 
MB of S is nilpotent. By hypothesis this requires MB = (0). Similarly, 
(BM)* == (0) and hence BM = (0). . 

Now SBS is a two-sided ideal of § contained in .M, so that either 
SBS = (0) or M. In either event, since MB == (0), we conclude that (SB)? 
= SBS: B = (0). Thus the left ideal SB of S is nilpotent, and hence 
SB = (0). Similarly, BS — (0). But then SBC B, BS CB, so that B is 
a two-sided ideal of S, contrary to the minimality of M. . 


2. Two-sided ideals containing minimal left ideals. 


LEMMA 2.1. Let S be a semigroup with zero 0. If L is a minimal left 


ideal of S, and c is any element of S, then either Le is also a minimal left 
ideal. of 8 or Le == (0). 


Proof. Lc is clearly a left ideal of S. Assume Le =4 (0), and suppose 
that B is a left ideal = (0) of § contained in Le. Let L, be the set of all 
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€ B. L,54(0) since otherwise B = (0). For 
t €L. Hence L, is a left ideal 34 (0) of § 
ideal L. This requires L, = L, B D Lyc = Le, 


i 


c a semigroup with zero 0. Let A be a two- 
l least one minimal left ideal of S. Then the 
bn il left ideals of S contained in A is a two-sided 
ideal oje 21 pw vvuvwwi, y A is minimal, it is a sum of minimal left ideals 


of &. 


Proof. As a sum of left ideals, B is a left ideal. To show that it is 
also a right ideal, we must show that if be B and ce S, then bee B. By 
definition of B, b must belong to some minimal left ideal L of S contained 
in A. beeLe, and, by Lemma 2.1, Lc is a minimal left ideal, evidently 
contained in A, or else Lc — (0). In either event Lc C B, and hence bce B. 
Clearly, if A is minimal, then A = B. 


THEOREM 2.2. Let © be a semigroup without nilpotent ideals. Let M 
be a minimal two-sided ideal of S containing at least one minimal left ideal 
of S. Then every left ideal of M is a left ideal of 8. 


Proof. We show first that any minimal left ideal L of S contained in 
M is also minimal regarded as a left ideal of M. Suppose that B is a left 
ideal s4 (0) of M contained in L. MB is a left ideal of S contained in 
MLC L, whence MB == L or MB == (0). But MBC B, so that the first 
alternative would imply LG B, B= L, as desired. We may therefore 
assume MB = (0). Now SB is a left ideal of S contained in SLC L, whence 
SB == L, or SB==(0). The second alternative implies that B is itself a 
left ideal of S, whence B = L from the minimality of L. We may therefore 
assume SB= L. Then L?=SBSBCSMSB C MB == (0), contrary to the 
assumption that S contains no nilpotent left ideal + (0). 

Now let A be any left ideal of M. If A = (0), A is clearly a left ideal 
of S, so we may assume A =Æ (0). By Theorem 2.1, M is the sum of all the 
minimal left ideals of § contained in it. Hence each element a=<0 of A 
belongs to some minimal left ideal L'of S contained in M. Lf) A is a left 
ideal =4 (0) of M contained in L. Since, as we have just proved, E is also 
minimal regarded as a left ideal of M, we conclude L f) A == L, i.e. DCA. 
Hence A is the class sum of all those minimal left ideals L of SCM for 
which LE {| A (0). Being a sum of left ideals of S, A is itself a left ideal 
of S. | 
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3. Complete simiplicity of minimal two-sided ide: 
left and right minimal ideals. 


LEMMA 3.1. Let S be a semigroup without ni 
be a minimal two-sided ideal of -S containing at le 
one right mummal ideal of S* Then to each minim 
tained in M there corresponds at least one minin 
contained in M such that LR = M and RL = (0). 


Proof. MI is a left ideal of S contained in 
ML = (0). The second alternative would imply 2? C ML = (0), contrary 
to the assumption that S contains ‘no nilpotent ideal 4 (0). Hence ME = L. 

LM is a two-sided ideal of 9 contained in M; hence LM =M or 
LM == (0). The second alternative is ruled out as above, so that LM = M. 

Now, by the left-right dual of Theorem 2.1, M is the class sum of all 
the minimal right ideals R of S contained in M. Were LRE = (0) for every 
such R, we would conclude LM = (0), contrary to LM = M. Hence 
LR Æ (0) for some minimal right ideal R of S contained in M. But DOR 
is a two-sided ideal of SC M and ~ (0), whence LE = M. Were RL = (0) 
we would have L= ML = LRL = (0). 

The proof of the next sequence of lemmas, culminating in Theorem 3. 1, 
is the third edition of one due to R. H. Bruck and used by the writer in two 
previous papers [6]. To avoid repetition, let us state here the hypotheses 
we assume for them all. 


(1) S is a semigroup without nilpotent ideals. 


. (2) M is a mmnimal two-sided ideal of S containing at least one left 
and at least one right minimal ideal of §. 


(3) L and R are minimal left and right ideals of S contained in M, 
such that LE == M and RL Æ (0). 


Lemma 3.2. If a is any element =40 of R[{) L, and b is any element 
of RL, then the equations ax = b and ya =b have solutions x, y in RL. 


Proof. Ma is a left ideal of S contained in L, since ae L, whence Ma = L 
or Ma= (0). The latter would imply that the two-element set. (0,a) would 
be a nilpotent left ideal of M, hence of S by Theorem 2.2. Hence Ma = L. 
ak is a right ideal of S contained in R, since ae R, and hence aR = R or 
ak = (0). The latter would imply, using Ma == L and (3), that M = LE 
== Mak = (0). Hence aR = R. Consequently «RL == RL, so that ax = b is 
solvable for v in RE. 

Dually, aM is a right ideal of S contained in R. The case aM = (0) 
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=f. La is a left ideal of SCL. Were 
= LaM = (0). Hence La = L, Ria = RL, 


with zero. 


L, whence RL is closed. Since RDC E 
| RL is a semigroup with zero in which the 
equ =0) are solvable for v and y. Hence, to 
show thuv“#L is a group with zero, we need only show that if a5£0 and 
b0 then ab=0. By (8) there exists an element c+40 of RL. Solve 
au==c for u, then bz =u for z Then abr == au = c. Were ab—0 we 
would conclude that c = 0. 


Lemma 3.4. Let e be the identity element of the group-with-zero RL. 
Then R = eS, L == Se, and RN L= Se 


Proof. Since ee R, eS is a right ideal of S contained in'R. eS = (0) 
since it contains ee = e Æ (0). Hence e5 = R. Similarly Se= L. Then 
ege = eS [| Se= R Q L. 

Lemma 3.5. R (L= RL. 

Proof. Clearly we need only show that RQ LEC RL. Let ae Rf) L, 
and let e be the identity element of RL. If a=0 then ace RL. If as0 
then by Lemma 3. 2 we can solve aw = e for z in RL. Let æ> be the inverse of 
cin RL. By Lemma 3.4,aeeSe. Hence a = ae = arr = eo = we RL. 

Lemma 3.6. The identity element e of RL is a primitive idempotent. 

Proof. We are to show that the only idempotent elements f of S for 
which ef = fe = f are f =e and f—0. By Lemma 3.4 such an f belongs 
to R{) L, hence to RL by Lemma 3. 5. RL is a group with zero (Lemma 3. 3), 
and so contains only the idempotents e and 0. 


THEOREM 3.1. Let S be a semigroup without nilpotent ideals. Let M 
be a minimal two-sided ideal of S containing at least one left and at least one 
right miuumal ideal of 8S. Then M is a completely simple semigroup. 


Proof. That M is simple follows from Theorem 1.1. By Rees’ definition 
of complete simplicity (loc. cit., p. 393), we must show: 


(1) | Corresponding to each a in M there exist idempotents e and f in 
M such that ea == af = a. 


(2) Every idempotent element 340 of M is primitive. 
To show (1), let a be any element +40 of M (the case a = 0 is trivial)- 
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By Theorem 2.1, a belongs ‘to some minimal left ideal L « 
By Lemma 3.1, there exists a minimal right ideal R c 
LE =M and EL (0). By Lemma 3.3, RL is a gror 
be the identity element thereof. By Lemma 3. 4, L = Sf. | 
The dual ea = a is proved similarly. | 

To show (2), let e be an idempotent element = 0 of 
and its dual, e must belong to a minimal left ideal L ¢ 
minimal right ideal R of SCM. Then e= ees LR, so thanx). 
Since LR is a two-sided ideal C M and = (0), LR = M. Likewise RL = (0) 
since it contains ee == es. Hence all three hypotheses prior to Lemma 3. 2 
are satisfied. By Lemma 3.3, RL is a group with zero. e must be the identity 
element of EL, and (2) follows from Lémma 3. 6. 


THEOREM 3.2. A simple seniigroup is completely simple if and only if 
at contains at least one minimal left and at least one mimimaal right ideal. 


Proof. A simple semigroup g is a minimal two-sided ideal of itself, by 
definition of simplicity. Hence if it has the property stated, it is completely 
simple by Theorem 3.1. 

Conversely, let S be completely simple, and let e be a primitive idem- 
potent 4 0 of S. The theorem will follow when we show that Se and eS are 
minimal left and right ideals of 8, respectively. 

Suppose L is a left ideal 4 (0) contained in Se, and let a be an element 
~0 of L. Since S is simple, SaS — S, and we can solve say = e for x and 
y in & Since ae Se, ae==a. Since ex-a- eye eee = e, we can assume 
ez = 2, ey == ye =y. Let f= ysa. Then F = yrayra = yeza = yra == f, 
and ef = fe = f. f0 since y = ye = yray = fy. Since e is primitive, f = e. 
‘Hence e = yza £ Sa C L, Se C L, Se = L, and Se is minimal. The proof that 
eS is a minimal right ideal is similar. 

The reader will observe that the only assumptions actually used in the 
second part of the proof were: (1) 9 is simple, (2) S contains a primitive 
idempotent e. From these assumptions, then, it follows that © contains 
minimal left and right ideals, and hence that g is completely simple by 
Theorem 8. Thus we have an independent proof of a theorem due to Rees 
that (1) and (2) imply complete simplicity [7]. 


4, Semigroups in which every two-sided ideal contains minimal left 
and right ideals. For the three lemmas of this section we assume the 
following hypotheses: 


(1) 8 is a semigroup without nilpotent ideals. 


7 j í 


840 A. E. CLIFFORD. 


d ideal =& (0) of S contains at least one left and at 


Pon Pm deal of 8 
i Be 5 two-sided, ideal & (0) of X contains a minimal two- 


ny two-sided ideal s4 (0) of S. Let B[C] be the 


V eft [right] ideals of SCA. By hypothesis (2), B 


Blan. Theorem 2.1 and its dual, B and C are two-sided 
“ideals of 8. Applying (2) again to B, we see that B contains at least one 
minimal right ideal of S, and hence D = B f) C= (0). Clearly D is a two- 
sided ideal which is the sum of all the minimal left [right] ideals of SCD. 
By (2), D contains a minimal left ideal L of S. DL is a left ideal of 
SCL. DL = (0) would entail L? = (0), contrary to (1), whence DL = L. 
LD is a two-sided ideal of SCD. LDA (0) since otherwise L? = LDL 
== (0), contrary to (1). Since D is the sum of its minimal right ideals, it 
must contain a minimal right ideal R of S such that LE s£ (0). 
Since LR is a two-sided ideal 54 (0) of S contained in D, and hence in 
A, the lemma will follow when we show that LR is minimal. Let H be a 
two-sided ideal +4 (0) of SCC LER. Let Ir be an element 340 of H(le L,re E). 
Now Si-=L. For SI is a left ideal of S C L, and were Sl = (0), the two- 
element set (0,1) would be a nilpotent left ideal of S. Similarly rS = È. 
Hence LR = Sl- rS C SHS C H, whence H = DR. 


LemMa 4,2. Every minimal left ideal of S is contained in some minimal 
two-sided ideal of S. 


Proof. Let L be a minimal left ideal of S. L (J LS is a two-sided ideal 
of § containing L, and we contend that it is minimal. Let B be a two-sided 
ideal 4 (0) of g contained in it. BL is a left ideal of SCL. BL= (0) 
would imply B? C B(L LU LS) = BL |]J BLS = (0), contrary to (1). Hence 
BL = L, and LC B. But then LU LS CB, whence equality follows. 


Lemma 4.3. Every left ideal 4 (0) of S contains a minimal left ideal. 


Proof. Let A be a left ideal s4 (0) of S. By Lemma 4. 1, the two-sided 
ideal AS (evidently +4 (0) since 4? 40) contains a minimal two-sided ideal 
: of S. Let m — as be an element 0 of M(aeA;seS). The left ideal 

== (a, Şa) consisting of Sa and the single element a, is contained in A, 
at Bs == (as, Sas) == (m, Sm) CM. Let C be the set of all c in S such 
that Bec M. C is clearly a right ideal of S containing the element s5<0. 
of S. BC is a two-sided ideal of SCM and = (0) since it contains 
m == as =£ 0. Hence BO == M. Now MB is a left ideal of S§ contained in 
M A B, and > (0) since otherwise M? — MBC == (0). By Theorem 2.1, 
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M is the sum of minimal left ideals of S, and hence 
least one minimal left ideal L of S. The desired res 
A.D BDMBDLI. 


THEOREM 4.1. Let S be a semigroup without ni 
which every two-sided ideal contains at least one left ¢ 
minimal ideal of 8. Then every left ideal Ls (0) 0j 
potent element e==0. If Lis minimal, L = Se. | “he 


Proof. By Lemma 4.3, the given left ideal contains a minimal left 
ideal L of S. By Lemma 4.2, L is contained in a minimal two-sided ideal 
M of S. By Lemma 3.1, M contains a minimal right ideal & of § such that 
LR =M and RE (0). Hence the three hypotheses prior to Lemma 3.2 
are satisfied. By Lemma 3.3, RL is a group with zero, and the identity 
element e thereof is a non-zero idempotent belonging to L. By Lemma 3. 4, 
L= Se. 

An ideal A (left or right) of g is called a nilideal if every element a 
of A is nilpotent, i.e. a” == 0 for some positive integer n. 


COROLLARY 4.1. Under the hypotheses of Theorem 4.1, S contains no 
nilideal sA (0). 


Proof. Suppose A were a left nilideal =Æ (0). Then by Theorem 4. 1, 
A would contain an idempotent e£ 0. No power of e is 0, contrary to the 
eens that A is a nilideal. 


5. Senivroupe with kernel Jt and maximal §t-potent ideal R. Let 8 
be a semigroup in which the intersection Jt of all the two-sided ideals of 8 
is not vacuous. Yt is the “ Suschkewitsch kernel” (Rees, loc. ctt., p. 392). 
If S has a zero, Nt == (0). Otherwise Jt is a simple semigroup without zero. 

Following Schwarz (loc. cit., p. 39) a left or right ideal A of § is called. 
N-potent if some power A” of A is CM. 


Lemma 5.1. The sum of two N-potent left (or right) ideals is also 
X-potent. (Schwarz, Theorem 38, p. 39). 


Proof. Let A and B be 9-potent left ideals, and let A” C N, Be CR. 
Let C= AUB. Then Or C N. For any product of m + n elements of 
Č must contain at least m factors from A or at least n from B; in the first 
case it belongs to A”, in the second to B”. 


Lemma 5.2. Every N-potent left (or right) ideal is contained in an- 
M-potent two-sided ideal. (Schwarz, Theorem 45, p. 51). 


Proof. Let ZL be an Yt-potent left ideal, and let LC RN. Then 
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J LS is N-potent by Lemma 5.1, and is a two- 


the radical R of S to be the sum of all the 

3. is evidently a two-sided ideal of S, and 

N-potent left (dr right) ideal of S. It need 

1all, however, impose the condition that R be 

ralent to requiring that § contain a maximal 
N-poteue-sevM@sided ideal, which must of course be Ñ. As an immediate con- 
sequence of Lemma 5. 2 we have: 


Lemma 5.3. Let S be a semigroup having a kernel N and a maximal 
N-potent two-sided ideal R. Then RN contains every N-potent left (or right) 
ideal of &. 


Let A be a two-sided ideal of a semigroup S. Rees (loc. cit., p. 889) 
defines the difference semigroup S== S — A to be that obtained from § by 
collapsing A into a single zero element 0, while the remaining elements of 8 
retain their identity. Thus there is a one-to-one correspondence s<>§ 
between the elements s of S not in A and the non-zero elements § of Š, 
such that st <> si if st £ A, and such that 5 —0 if and only if ste A. This 
induces a one-to-one correspondence between the class of all left [right, 
two-sided] ideals B of S containing A and the class of all left [right, two- 
sided] ideals B of 8. 


THEOREM 5.1. Let S be a semigroup having a kernel N and a maavmal 
Mt-potent ideal R. Then the difference semigroup S== S — R is a semigroup 
without nilpotent ideals. 


Proof. Suppose A is a nilpotent left ideal of §, and let A” — (0). Let 
A be the left ideal of S containing Ñ corresponding to A. Then A "C R. 
But R” C N for some m, by hypothesis, whence A™” C. N. Thus A is Jt-potent 
and so A C® by Lemma 5.3. But this entails A =—= (0) in the difference 
semigroup S. 


THEOREM 5.2. Let S be a semigroup having a kernel N and a maximal 
N-potent ideal N. Assume furthermore that every non-Jt-potent two-sided 
ideal of S contains at least one left and at least one right minimal non-N- 
potent ideal of S. Then every left (or right) non-Jt-potent ideal of X con- 
tains an idempotent element not in R. 


Proof. By Theorem 5.1, S==S-——-t is a semigroup without nilpotent 
ideals. The translation to & of the stated minimality condition on § is simply 
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that occurring in the hypothesis of Theorem 4.1. Let 
left ideal of S. Then the corresponding left ideal A « 
by Theorem 4. 1, A contains an idempotent ¢<0. The 
e in A is then an idempotent not in KR. . 

We shall say that § satisfies the “descending cl 
[right, two-sided] ideals” if S does not contain an i 
[right, two-sided] ideals A; (i == 1,2,- ++) such that g 
This is equivalent to the “minimál condition for left [right eetided] 
ideals,” that every non-empty set of left [right, two-sided] ideals contain a 
minimal memher. The “ascending chain condition” and the equivalent 
“maximal condition ” are defined in an analogous way. 


THEOREM 5.3. Let § be a semigroup satisfying the descending chain 
condition both for left and for right ideals, and the ascending chain condition 
for two-sided ideals. Then S has a kernel N, which is “a completely simple 
semigroup without zero, and a maximal N-potent ideal R. Every left ideal 
- of S not contained in R contains an wdempotent element not in R. 


‘Proof. From the descending chain conditions it is clear that S contains 
a single minimal two-sided ideal, i.e. that it has a kernel R, and that Jt is 
completely simple without zero (Theorem 3.2, p. 525 of Ref. 1, or Theorem 
3.1 above with the appropriate change in’ the meaning of “minimal ”). 
From the ascending chain condition it is clear that S contains a maximal 
Yt-potent two-sided ideal N. Again from the descending chain conditions, 
the remaining hypothesis of Theorem 5.2 is satisfied, and the conclusion 
follows. 


COROLLARY 5.3. Let K satisfy the conditions of Theorem 5.3. Then, 
if S contains no idempotent element outside of R, S ts itself M-potent. In 
particular, if 8 contains at most one idempotent, some power of K is a group. 


Proof. The first part is immediate from Theorem 5.38, which requires 
S =. The second part follows from the fact that a completely simple 
semigroup without zero is a sum of groups, and reduces to a group if and only 
if it contains exactly one idempotent. 

This corollary is very much like Schwarz’s Theorem 42 (p. 46). Schwarz 
assumes that every element of § has finite order, but requires the descending 
chain condition only for left ideals. He notes that the finite order require- 
ment can be dropped if S is commutative, in which case there is of course 
no difference between left and right ideals. 

The ascending chain condition was used only to insure that R be N- 


844. A. H. CLIFFORD. 


tar mondition may replace the former in the hypotheses 
corollary. The new corollary then bears the same 
Theorem 46 (p. 52) that the old one did to his 


remark on a second spossible definition (and there 
the radical of a semigroup. Call a left [right] 
ias pleit |right] nilideal if every element a of A is N-potent, 
i.e. d'ez? for some n. The sum §t* of all two-sided nil-ideals is a two-sided 
nilideal containing all left and all right nilideals. Evidently R* D R. But 
if © satisfies the hypotheses of Theorem 5.2 (or 5.3) then M*—M. For 


clearly no nilideal can contain an idempotent outside of K. 
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THE RADIUS OF UNIVALENCE OF AN ANALYTIC FUNCTION 


By ZEEV NEHARI. 


A family of analytic functions f(z) which is no 
domain D and satisfies | f/(é)| =C > 0 at a point ; 
univalence about é, i.e. there exists a positive number r sucn tnat ail runc- 
tions of the family are schlicht in the imterior of the circle |z—é]| <r. 
While the existence of a circle of univalence follows easily from the theory 
of normal families, the determination ‘of the “exact” radius of univalence 
of a given family of functions may be a very- difficult task. In the case of 
the family of bounded functions in the unit circle, the @xact radius of uni- 
valence was found by Landau [3]. 

In the present paper, we shall determine the exact radii of univalence 
of two families of functions which are defined in an arbitrary bounded 
domain D of finite connectivity. 

Let § denote the family of functions f(z) for which the function 
log [f(z) — f(é)]/[z—€] is regular and single-valued in D, where ée D is 
a given fixed point of D. For the sake of convenience we shall further 
assume that é==0. f(z) being in 8S, this implies that also f(0) == 0. 
Obviously, this assumption is no restriction on the generality of our 
considerations. 

We begin with the following theorem: 


THEOREM I. Let f(z) be in S and let M =1. u. b. | log [f (2)/2] | ; then 
f(z) is schlicht in the largest circle about the origin all of whose points satisfy 
(1) |z| K(z, 2) S 2r/M. 


Here, K(z,&) denotes the Szegé kernel function [2,4] of D. This value of 
the radius of univalence is the best possible. 


Proof. By hypothesis, log [f(z)/z] is regular and single-valued in D. 
We therefore have, by the residue theorem, 


(2) P/F) —Wa— er S _ log (f(2)/2)g (2) de, 


* Received August 18, 1948. 
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‘where g(z)-is an arbitrary ‘single-valued function in D which is regular in 
; ©==% where it has the principal part («—z)~. 
mm. be permissible, we assume further that the boun- 
ooth curves and that f(x) is continuous on I’; once 
h assumptions can easily be disposed of. Indeed, 
inded, we may approximate D by a sequence of 
Da C D; Da GC Dae, = D, = D, and whose boun- 


we replace D by D,, the additional assumptions 
under which we prove Theorem I are satisfied. The general result then 
follows by letting n— œ and observing that l.u.b.| log z*f(z)| =. for 
z€Dn, and that the Szegé kernel function K(z,z) is a continuous domain 
function. 

The particular function g(x) in T we shall choose is connected with 
the function F(s) =F(x,z), introduced by Ahlfors [1], which solves the 
following extremal problem: Among all functions g(s) which are regular 
and single-valued in D and satisfy there | g(x)| S1, g(z) = 0, to find the 
function which maximizes | g’(z)|. If n is the connectivity of D, it was 
shown by Ahlfors that F(x) maps D onto the n-times covered unit circle. 
More recently, it was shown by Garabedian [2] that there exists a function 
q(x) which is regular in D +T except at the point æ == z, where its principal 
part is (x — z), and which has the property 


(3) (1/i)F(x)q()da>0, ser. 


We now identify g(x) in (2) with this particular function. By (2), 
we have 


T= | P/f —1/2| Saul f | azo |. 


Since, on Lr, | F(x) | = 1, this may also be written 


Is imf | F(x) q(#) de | == ;M fF (@)q(#)de, 





the last identity following from (3). Using the residue theorem, we Feeciovs 
obtain |f (2)/f (£) —1/z | = MF’(z) or 


(4) | 2f’(2)/f(z) —1| S M |z| F (2). 

A sufficient condition for f(z) to be schlicht in a circle @ about the 
origin is : 
(5) Re{zf'(z)/f(z)} = 0 


WALT ak, te 
à a ER 
i + s 


A wr 
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in @; (5) even assures that C be mapped by f(z) onto a star-like domain. 

(5) is obviously satisfied if | 2f’(z)/f(z)-—1|1. In view of (4), a circle 
about the origin all of whose points satisfy 

(6) M|2z| FP’ (2) 1 


will therefore be mapped by f(z) onto a schlicht sta 


It was shown by Garabedian [2] that 2rF’(z) = 
denotes the kernel 





K (2, €) = È pv (2) (E 


of a complete system of regular functions in D which is ortho-normalized by 
the conditions ° | 


EZOO = Spy, f ds == | dz |. 


(6) may therefore also be written |z| K(z,z) S 2r/M, which is identical 
with (1). This shows that the circle defined in the statement of Theorem I 
is indeed mapped by f(z) onto a schlicht domain. 

In order to show that this is the best possible lower bound for the radius 
of univalence, we consider the function 


fo(2) =z exp {— MeF (z, re”) }, 
where z == retY is the point nearest to the origin among those points z for 
which equality holds in (1). Obviously, 
liu. b. | log fo(z)/# | = M. 
zeD 


Setting fo(z) =f(z) in (2), we obtain 
Folre) /fo(re’?) — 1/ (retr) = — ŻE (re%, ret”) Mety, 
Since for z= reiv we have equality in (1), we have therefore 
Pe Tote) — 1/ (re) =—— 1y (re'r). 


whence f’o(re‘7) = 0. This shows that fy(z) cannot be schlicht in a circle 
about the origin with a radius greater than r. 

As an example we consider the case where D is the unit circle | z | S1., 
In this case, K (z, 2) == 2r (1 — | z|?) > [4]. By Theorem.I, the radius of 
univalence of the family of functions for which |log [f(z)/z]| SM in 
|2| <1 is therefore r = 4{(M? + 4)3—-M}. The exact value of this radius 
of univalence is attained by the function 
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fo = z exp {— M ( [z —r]/[1 — rz])}. 


Mha awk th--=-— ='—=-3 the circle of univalence of a function f(z) in 
S, tive number N satisfying 
(3 N < | F(z) /2]| <6 
js: heorem I can be used as an WN but not vice versa, 
th esult. 


-— pans 


THEOREM II. Let f(z) bein S and let N be defined by (7); then f(z) 
is schlicht in the largest circle about the origin all of whose points satisfy 


(8) |2|K(z,2) S7/(2N), 
where K(2,f) is again the Szegé kernel. This lower bound for the radius 
of univalence is the best possible. 


Proof. We start again with the identity (2), but we now identify g(s) 
with a different function. If F(x) = F(a, z) denotes again the same function 
as above, we find, in view of | F(x)|=1, weT, that 


OF (22) /{1 + F? (2)} (19|=1) 
is real on T. In view of (3), the differential 
(9) (1/1) q (2) da = (1/10) q(x) [1 + F° (x) Jde 


will also be real on T. The principal part of q(x) at æ == z is 0" (s -— z)”. 
We may therefore use g,(z) instead of g(x) in (2). This yields 





OF E/F) — 1/2) = miat f Tog (F(2)/2) [1 + #F*(2)]q(2) de. 
r 
Taking real parts, we obtain, in view of the reality of the differential (9}, 


Re{1/0(F (2)/f (2) — 1/2) } = 6 J ee | f(x) /e | [1 + PF? (x) ]q(2) de, 
whence. . 


(10) | Re(O*((2)/F(2) —1/2)} |5 BN (| (1+ O(a) ]q(x) de |. 


_We cannot drop now the absolute value signs at the right-hand side and use 
the residue theorem, since the differential (9), while real, is not of constant 
sign. This difficulty can, however, be overcome in the following way. Writing 


q: (2)de/i = (F(x) q(x) de/ [1 + #F*(2)]/[6F (2), 
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we. see that g,(%)da/t is positive for — 1/2 < arg OF (x) < r/2 and negative 
for «/2 < arg OF (x) < 3/2. Since, if 


Gy(x) = [1 + i0F (x) ]/[1 — i0F (a 


2m arg Ga(x) is equal to 1 for —a/2 < arg OF(x) < 
for 7/2 arg OF (x) < 37/2, we have 


| qi(%) da/t | = (4018) q (x) [1 + PRF? (x) | arg up ww) uw 
== (47if) q(x) [1 + PF? (x) | Im log G(x) dx 
== Im{ (4710) q (x) P1 + 6°? (x) | log Gy (x) dz}. 


Using (10), we thus obtain 
| Re off (2)/f(2) — 1/2} |< 27N, Im {164 f g(a) [1 + #F*(a)] log Go (2) de. 


While the integrand has singularities on T, it is continuous there. We may 
therefore evaluate the integral on the right-hand side by the residue theorem. 
This yields 


| Re 0-2 (P'(2)/f(2)) — 12| S 2N, — Tm{2iF"(2)} = 4NF" (2), 
or, because of the arbitrariness of the argument of @, 
| (2) /f(2) —1 | = (4 | 2 | N/m) F(z) = (2N/7°) | 2 | E (2,2). 
For values z which satisfy (8) we shall therefore have 
| ef (2)/f(2) —1| <1. 


Since such values satisfy a fortiori the inequality (5), a circle about the 
origin all of whose points z are subject to (8) will be mapped by f(z) onto 
a schlicht star-like domain. l l 

In order to show that this lower bound for the radius of univalence is 
the best possible, we denote by ret” the point nearest to the origin for which 
equality holds in (8) and consider the function 


fo (2) = a ([1 — iek (2) ]/[1 + tet (2) 1), F(z) = F (z, rey). 


Clearly, 
eN S |fo(z)/e| Se, ze D. 
We have 
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1/r — ref", (retY) /f.(retv) 


=) 1 — ie F(a)]/[1 + te F(@)])(1 + °F (2) q(a) de 
= == (2/n*) NK (retY, re) = 1/1, 

s from the fact that, for z = retY, equality holds in (8). 

5 vhich shows that f,(z) cannot be schlicht in a. circle 

tl us larger than r. This completes the proof of Theorem 


\s an illustration, we again consider the case where D is the unit circle. 

, in this case, K(z,z) = 2r(1—|z|*)-4, we have the result: If 
zif (z) 40 in |z| <1 and e%<|2|+| f(z)| Se, then f(z) is schlicht 
in the circle |z] <r with 


r = m [ (4N? + nt)? 20], 
The exact value ofthis bound is attained by the function 
folz) == 2(({1 + ir —iz(1 — ir) |/[1 — ir + z(1 + tr) J), 


It is worthy of note that, as shown by a trivial modification of the 
proof, the lower bound for the radius of univalence given by Theorem II 
remains also valid if the condition | Re {log z*f(z)} | SN is replaced by 


| Re {e* log [f(z) /z]} | SN, 


where 8 (0 = 8 < 2r) is arbitrary. In particular, the constant N in Theorem 
IT may be so chosen as to satisfy 


| arg f(z) —argz | S N, ze D. 


By a slight modification of the methods of proof used above it is possible 
to obtain two sharp estimates for the radius of convexity of the family T of 
functions for which log f (2) is regular and single-valued in D. Here, the 
radius of convexity of a function f(z) about z = 0 is defined as the radius 
of the laregst circle about the origin which is mapped by f(z) onto a convex 
schlicht domain. We have the following two results. 


Tazsorem III. Let f(z) be in T and let 
[log f’(2)| SM, | ze D; 


let further r denote the radius of the largest circle about the origin all of 
whose points satisfy 
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| e | E (2,2) S 2r/M; 


then the circle |z| <r is mapped by f(z) onto a convex schlicht domain. 
This lower bound for the radius of convexity is the best 


THrorEM IV. Let f(z) be in T and N such that . 





(11) oN =| f(z)| Se% 
or “ 
(12) [arg P(e) EN 


is satisfied. If r denotes the radius of he largest circle about the origin all 


of whose points satisfy 
| z | K (2,2) S 40°/N, 


then the circle |z| <r is mapped by f(z) onto a convex schlicht domain. 
This bound 1s again the best possible, irrespective of whet yer N is defined by 
(11) or (12). 


We have 
(18) POFO = 2, f oero ale) ae, 


where g(x) has the same meaning as in (2). Hear’ 
(14) [POFO [SAM fil a(a)de| — 2M [| F(@)a(aae| 
=> M Í. F(x)q(x)dz = MF (z) = 3 =MK (2,2), 


where F'(s) again denotes the Ahlfors extremal function. 
A necessary and sufficient condition for a circle about the origin to be 
mapped onto a convex schlicht domain is 


1 + Re {2f (2) /f'(z)} = 0. 
This condition is certainly satisfied if 
| of" (2)/f'(2) |S 1. 
In view of (14), any circle about the origin all of whose points satisfy 
(15) |2] E (2,2) £ 2n/M 


will therefore be a circle of convexity of f(z). 
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In order to show that this bound is the best possible, we denote by re?” 
the nearest point to the origin for which equality is attained in (15), and 
consider the function 


(2) == f “exp {—~ Me-*YF (z, rev’) } dz. 


Substituts Mz) for f(z) in (18), it is readily found that 
P(r) /F (rer) = — 2 Me (re, rer) = — e*V/r, 


the last step following from the fact that, for z = retY, equality holds in (14). 
Hence, 3 


1 + reiv” (re) /f (ret) — 0, 


and this shows that a circle of radius larger than r cannot be mapped by f(z) 
onto a convex domain, since in the vicinity of retY there must be points 2 
for which 


1 + Re {2f (2)/F (2)} < 0. 


The proof of Theorem IV and the construction of the extremal functions 
follow in a similar way by making the necessary modifications in the proof 
of Theorem IV. We omit them here, since they present no new features. 
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ON LINEAR ASYMPTOTIC EQUILIBRIA.* 


By AUREL WINTNER. 


For large positive ¢, say for 
(1) 0OSt< a, z 


lot (aw), where 1SiS n, 1S kS n and tir = ailt), be a matrix of n? 
continuous functions. Conditions will be considered under which this matrix 
has the following property: All n components, 2,(¢),---,@n(#), of every 
solution of the linear differential system 


(2) vi = I ain(t) ar 
k=1 
tend, as ¢—> oo, to finite limits and, if ¢,: * -,¢, are arbitrary constants, 


(2) has a solution corresponding to which the n limits z;(0) become the 
respective given values c4. 

If this is the case, let (2) be called of type (*). The simplest example 
of a system of type (*) is the trivial system z; = 0, with z,(t) = Cu, * * - , 2n(#) 
== C» aS Its general solution. To say that (2) is of type (*) means that the 
solutions of (2) are in asymptotic one-to-one correspondence with the solutions 
of the trivial system, where (ai) = (0). 


(I) Let each of the n? continuous functions aix(t) satisfy the following 
three conditions: The integral 


c9 + o 


(3) f aix(t) dt is convergent in the sense f = lim 


Tim» 00 


and, when considered as a function of the lower limit of integration, behaves 
so as to satisfy 


(4) fi f din(t)dt | ds < œ; 
finally, Ao 
(5) lim sup | aæ(t)| < o. 


Then (2) is of type (*). 


* Received October 18, 1948. 
853 


854. AUREL WINTNER. 


Easy examples show that (3), (4), (5) together fail to imply 


(6) f | dint) | dt < œ, 
On nlf vhile (6) implies (3), neither (4) nor (5) follows from 
(5). Hence, (1) neither contains, nor is contained in, the following criterion: 


(II) Let cach of the n? continuous functions aiz,(t) be such as to satisfy 
(6). Then (2). is of type (*). 


‘Still another criterion runs as follows: 


(III) Let each of the nè continuous functions ain(t) satisfy the 
following three conditions: (3), 


(4 bis) f if diz (t) dt |? ds < 0 
and ° 
(5 bis) f | aie(t)| ¢dt < o, 


where p > 1 is a fixed index and q = p/(p—1). Then (2) is of type (*). 


Clearly, (I) and (II) can be interpreted as limiting cases, p—1 and 
p = œ, of (III). 


(II) is known.t The proof of (I) will be more elaborate. It will be 
given in a form which will make it clear that the proof of (III) is exactly 
the same as that of (I), except that the applications of the “ first mean-value 
theorem,” to be based on (4) and (5), must be replaced by corresponding 


applications of Hélder’s inequality. 
The proof of (I) proceeds as follows: 


If A denotes the matrix (aix), and x the column vector in which the 1-th 
component is a, then (2) can be written as 


(7) r == A (t)z. 


* The result goes back to Bôcher; cf. O. Dunkel, “Regular singular points of a 
system of homogeneous linear differential equations of the first order,” Proceedings of 
the American Academy of Arts and Sciences, vol. 38 (1902), pp. 341-370, where the 
independent variable corresponds to e-t, if t is the independent variable used above. 
For a direct proof, cf. A. Wintner, “Small perturbations,” American Journal of Mathe- 
matics, vol. 67 (1945), pp. 417-430 (more particularly p. 428). 
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Conditions (3), (4), (5) respectively mean that, on the half-line (1), 


o` . @ T 
(8) B(t) = f A(s)ds, where f =lm ^ 
l : ; l | A T>% 
defines a matrix function, B(t); that 
(9) b(t) = f | B(s)|ds > 
f 


defines there a scalar function, b(t) =< 00 and that there exists a constant, 
` B, satisfying ; 
(10) KOET 

In (9) and (10), the sign of absolute value is meant in the following sense : 
If C is a matrix, | C | denotes the maximum of | Cv | when |v | = 1, where 
| Cv | denotes the length of the vector Cv into which C transforms a vector v of 


length | v | = 1. Thus | C, + C2 | S | ©, | + | Co | and | 0:02 | S| Ci | | Ce}. 
Let y(t) be any vector function which is continuous on (1) and satisfies 


(11) lim sup | y(t) | < 0. 


Then it is seen from the convergence of the integral (8) that (11) remains 
true if y(t) is replaced by B(t)y(t). Similarly, (11), (10) and the conver- 
gence of (9) imply that the integral 


f BAC) y(s) as 


is (absolutely) convergent and, when denoted by z(t), is such that (11) 
remains true if y(t) is replaced by z(t). 

In view of these two facts, itis possible to define on (1) a sequence of 
continuous vector functions 2°(t),v(¢),- > - by the recursion formula 


(12) amt(t) == ¢— B (t)ar (t) — f B(s)A(s)v™(s)ds, 


where c is an arbitrarily chosen constant vector and 


(13) w(t) =c. 
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If m in (12) is replaced by m—1J1 and the resulting relation is sub- 
tracted from (12), it is seen that 


tines (4) E | BC) p(t) + f | B(s)| | ACs) | pm(s) ds, 
l £ i 
where um(t) == | ™ (t) — a" (t)|. In particular, since the function 


(14) , (t) = fin sup | om (s) — am (s) | 


ig a non-Increasing majorant of pm(t), 


uma (t) S| BE) w(t) HAn(t) | | B(s)| | ACs) | ds. 
Hence, by (10) and (9), i 
msi (£) S (| BC) | + 5(¢)B) an (t). 


Since 8 is a constant, the convergence of (8) and (9) implies that, from 
a certain ¢ onward, | B(t)| + 6(¢t)B <4. It follows therefore from the last 
formula line that, if.ż is large enough and 


(15) bb St< a, 


then Amii(t) < dAm(t), hence Amsi(t) < A(t) /2™. Consequently, if it is 
ascertained that à, (t) — 0 as t— oo, it will follow that, on the half-line (15), 
the inequality 


(16) Am(t) < «(#)/2™ 


holds for a function e(t) which does not depend on m and tends to 0 as t —> œ. 
But (18), the case m =— 0 of (12) and the case m = 1 of (14) show that 
Ai(t) — 0 is equivalent to 


—B(i)e— f B(s)A(s)c ds — 0, (t= œ), 
` t 
and the truth of the latter limit relation, in which c is a constant, is clear 
from (10) and from the convergence of both integrals (8), (9). This proves 
that e(t) > 0 in (16). . 
It follows from (14) and (16) that, on the half-line (15), a vector 
function x(t) can be defined by placing 


a(t) a(t) +3 {a (t) —2"(1)}. 
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The convergence of this series is uniform on (15); so that, since every æ™ (t) 
. is continuous, æ(żt) is. Furthermore, by (13), l 


(17) s(t) —c as t> œ, 


since 3 e(t)/2™" = e(t) +0. Finally, since g(t) == lims \.,, 
mazi m> v 


(18) z(t) = ¢— B(t)2(t) — f B(s)A(s)2(sYds. 


In fact, (10) and the convergence of (9) imply that the limit process, m —> œ, 
can be carried out beneath the integral sign of (12), since, jin view of (14) 
and (16), the functions s” (t) are uniformly bounded on the half-line (15). 

It will be shown: that, if ¢ is large enough, the integral equation (18) 
implies the differential equation (7). If this is granted, it will follow that 
(7) has a solution satisfying (17), where c is any given constant vector. 
This will complete the proof of (I). | 

In fact, let ĉe be the column vector corresponding to which the matrix 
(7e,- - -,e) becomes the unit matrix, and let ‘¢(¢) denote the solution s(t) 
which the above construction supplies when c= te. Then det (tx, - -, x) 
tends to 1 as £—> œ. Hence, the n solution vectors ‘a(¢) are linearly inde- 
pendent. Consequently, if s(t) is any solution of (7), there exists a unique 
set of n scalar constants y; satisfying 


x(t) =3te(t)yu 


It follows therefore from lim ‘x(t) = te: that lima(?) exists for every 
solution z(t), the vector c in (17) being 


n 
C= & tey:. 
4=1 


Accordingly, (7) is of type (*), as claimed in (I). 
In order to prove that (18) is just a transcription of (7), put ` 


(19) | C(t) =E + Bi) 


where F is the unit matrix. Then the convergence of the integral (8) implies 
that C(t) > E as t-» œ. Hence, det C(t) 40 on the half-line (15), if to 
is large enough. Thus O(t) exists on (15). 
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According to (18) and (19), 


(20) C(t)a(t) =—c—f B(s)A(s)a(s)ds. 
t 
Si (8) are continuous functions, the vector on the right 


of (ZU) has a nrst derivative. It follows therefore from (20) that the same 
is true of the vector C(¢t)a(¢). Consequently, the same is true of the vector 
a(t) if it is true of the matrix C(t). But C-+(¢) has a derivative if C(t) 
does; in fact, 

(CO)? = — OC C~ if det C £0, 0 = 0 (t). 


Since (19) and (8), where A(¢) is continuous, imply the existence of C(t), 
the existence of x(t) follows. l 
Consequently, (18) can be differentiated. This gives 


a! (E) =— B' (i)a (t) —B (H2 (t) + B(A (elt). 


But B’(t) = — A(t), by (8). Hence, if the first term on the left of the last 
formula line is moved to the right, it is seen that w(t) = — B(t)w(t), where 
w(t) is an abbreviation for z’ (t) —A(t)a(t). Accordingly, C(t)w(t) = 0, 
by (19). It follows therefore from det C(¢) 40 that w(t) =0. In view . 
of the definition of w(t), this proves that s(t) is a solution of (7). — 
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ON THE CLASSICAL EXISTENCE THEOREM OF LINEAR 
DIFFERENTIAL EQUATIONS.* 


By PHILIP HARTMAN and AUREL WINTNA 


1. In the classical existence theorem of systems of linear differential 
equations 


dw:/dz = = Gin (2) Wis s (i Shr n), 
k=l 


the coefficient functions are supposed to be regular power series, convergent 
in a circle about z = 0. If z= es, the system appears in the form 


(1) dw;,/ds = 3 gix(S) Wr, (i=l an) 
k=l 


where the coefficient functions are convergent series in positive powers of e~¢, 
power series a,e-* + aoe? +> - - having no constant terms (and convergent 
for large Rs). It was shown in [2] that, due to this circumstance, the 
classical existence theorem can be extended to the case in which the coefficient 
functions of (1) are absolutely convergent Laplace-Stieltjes integrals with a 
positwe lower limit of integration, 


(2) f aa), do > 0, 
Ao 
where s = g + it and o > const. 
The present note deals with another extension, namely, with the case in 


which the coefficient functions are uniformly almost-periodic (regular) func- 
tions on a half-plane o > const., with Fourier expansions of the form 


(3) S amens, l Kee 0: 
ot 


which need not have a half-plane of convergence (and still less, as in (2), 
a half-plane of absolute convergence). While both extensions contain the 
classical theorem, neither can be deduced from the other and it seems to be 
hard to formulate one theorem containing beth extensions. 


* Received November 5, 1948. 
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It may be mentioned that the analogue of existence theorems in question 
is not likely to be true in case of integrals (2) having half-planes of conver- 
gence but no half-planes of absolute convergence. 


on f(s) be called uniformly almost-periodic in the closed 
half- mm. the one hand, f(s) is regular and (in the usual sense) 
uniforsusy assuvor-peclodic on the open half-plane e œ> 0, and, on the other 
hand, f(s) goes over on the line o= 0 into a continuous boundary function, 
f(it), which is uniformly almost-periodic (for — œ <t< œ), while the 
uniform almost-periodicity of the functions f(e -+ it) of the real variable ¢ 
is uniform ine (aso>+0). ° 

In this terminology, the theorem in question can be formulated as 
follows : 


THEOREM. In the half-plane o = 0, let the n? coefficient functions of 
(1) be uniformly almost-periodic, with Fourier expansions, 


(4) fix(s) ~~ 3S Amten, 


in which the exponents, Àm, have a positive lower bound. Then every com- 
ponent, wi(s), of every solution, (W1, * `, Wn), of (1) is uniformly almost- 
periodic in the half-plane o=0. Furthermore, the n integration constants, 
ci, specifying a solution of. (1) can be chosen to be the constant terms of the 
Fourier expansions of wi(s), and any set of n assigned mean-values, Ci, 
determines a solution (W1,°°*+,#n) uniquely. Finally, the non-vanishing 
exponents occurring in the Fourier expansions of any of the n components 
of any solution are linear combinations, with positive integral coefficients, of 
a finite number of the exponents Am occurring in (4). 


Let the coefficient matrix, (fix), of (1), be denoted by F (and, corre- 
spondingly, the matrix of the Fourier expansions (4) by 


(5) F(s) ~ 3 Ame>8, 


where (am) = Am). Then (1) can be written in the form 
(6) dW/ds = F(s) W, 


if W denotes a matrix, W == (wi), in which each of the n columns represents 
a solution vector of (1). 

If W(s) is a fundamental matrix of (1), i.e., a matrix formed by 2 
linearly independent solution vectors, the most general fundamental matrix 
of (1) is W(s)C, where C is any constant matrix of non-vanishing deter- 
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minants. Hence, all but the last of the assertions of the Theorem will be 
proved if it is shown that (6) has a solution W(s) which is uniformly almost- 
periodic in the half-plane o = 0 and is such that the Fourier expansion of 


(7) W(s)—E (E=t 


contains no constant term. (The truth of the last assertion os wie sucvicM, 
i. e., of the assertion that every exponent of the Fourier expansion of (7) is 
a linear combination, with positive integral coefficients, of the exponents 
occurring in (5), will be clear from the proof below.) | 

It can be assumed that 
(8) àn Z1 


in (5). For, on the one hand, it is assumed that Àm = p holds for every m 
and for some p > 0, and, on the other hand, the assumptions and the asser- 
tions of the Theorem remain unaltered if s is replaced by s/p, where p is any 
positive constant. 


3. The comments made after (3) imply that the proof of the Theorem 
must involve deep function-theoretical properties of the uniformly almost- 
periodic functions of a complex variable. The properties in question will 
enter via. the following Lemma: 


Lemma. On the half-plane o È 0, let f(s) be a wmformly almost- 
periodic function, with a Fourier expansion 


(9) | f (8) ~Z Ameen’, 
m 
satisfying 
(10) um =v for some vy > 0. 


Then f(s) ts bounded, say 
(11) | |f(s)| Se for o Z 0, 


and there exists on the half-plane o = 0 a umformly almost-pertodic function, 
f*(s), having the Fourier ezpansion 


(12) f* (s) ~ — 3 ümum e hne 


and satisfying the inequality 


(13) | f*(s)| S eree if o 20; 
furthermore, 
(14) df*(s)/ds = f(s) if o >0. 


t 
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First, the boundedness of (9) in the half-plane o = 0, i. e., the existence 
ofa c< œ satisfying (11), follows from the assumption that f(s) is almost- 
periodic on the closed half-plane o=0 and from (9) and (10). In fact, 
this is contained in a theorem of Bobr (cf. [1], pp. 150-151). Next, (11), 


(10) Bay’ that , 


(15) | Fls) S cee if c=0 


(cf. [1], p. 152; although the wording is slightly different there, it follows 
from the ~Phragmén-Lindeléf principle that (15) is equivalent to what is 
deduced loc. cit.). : . 

Since f(s) is continuous for o 20 and regular for o > 0, it follows 
from (15) that it is possible to define for e 2 0 a function, f* (s), which is 
continuous for o = 0 and regular for e >0, by placing 


(16) f(s) =— | HO 


If the integration path is chosen to be parallel to the real axis, then (13) 
follows from (15) and (16). 

Since (f4) is clear from (16), all that remains to be ascertained is that 
the function f*(s), defined by (16), is uniformly almost-periodic for o = 9, 
with (12) as its Fourier expansion, if (9) is uniformly almost-periodic for 
c = 0 and satisfies (10). But this can be concluded from the Bohl-Bohr 
theorem (cf. [1], p. 7 and p. 152). In fact, it follows from (15) and 
Cauchy’s theorem, that the integration path in (16) can-be chosen to he 
J -+ L, where J denotes the segment joining £—s with €=o, where 
s =o -} it, and L denotes the real half-line cof < œ; ef. [1], p. 153. 


4, Due to the function-theoretical facts contained in the Lemma, the 
proof of the Theorem can be carried out so as to become formally about the 
same as the proof given in [2] for the case in which (2) takes the place of 
(3). In fact, the proof can now be based, as in [2], on successive approxi- 


mations, as follows: 
Under the assumption that the matrix (5) is uniformly almost-periodic 


for o = 0 and satisfies (8), put 
‘ (17) Vols) = E, 


where / is the unit matrix, and let the matrices V,(s), Ve(s),- - - be defined. 
save for additive constants, by the recursion formula 


(18) . dV mii (s) /ds == F’(s)Vm(s). 
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It will be shown that the additive constants can be determined in such a way 
that V,(s), V2(s),- © + satisfy the “initial conditions ” 


(19) Vimn{ oo) == 0, where Vm( œ) = lim Vn(s) (m =1, 2,- >) 


- (the 0 in (19) denotes the zero matrix), and that Vin(s) Om: uni- 


formly almost-periodic in the half-plane o = 0. 


For any matrix C == (c), where i==1,:--,n and k=1,---,n, let 
| C | denote the greatest of the n? non-negative numbers | ci, |. Then 
(20) [AB] Sn [Al [Bl 


holds for any pair of n-rowed matrices A, B. 


Since F(s) is supposed to be uniformly almost-periodic for o = 0, with 
a Fourier expansion (5) satisfying (8), it follows from the first assertion, 
(11), of the Lemma that | F(s)| = nc holds for e = 0 and for some c = const. 
But (11) and (10) imply (15). Consequently, from (8), 


(21) | F(s)| £ ene” if o Z 0. 


It follows therefore from (17) and from the Lemma that the case m == 0 
of (18) is satisfied by the function V,(s) — F*(s), which is uniformly 
almost-periodic for o = 0 (and differentiable, i. e., regular, for o > 0); that 
this V,(s) satisfies the inequality | 


(22) | Vi(s)| S ene? if o 20; 


finally, that all exponents occurring in the Fourier expansion of V,(s), being 
the same as those occurring in (5), are subject to the inequality (8). 

Suppose that, for a fixed m = 1, the function Vm(s) has been defined 
in such a way that it is uniformly almost-periodic for e = 0, and has a 
Fourier expansion which does not contain any exponent less than m. It is 
then clear from (5) and (8) that F(s)Vm(s) is uniformly almost-periodic 
for o = 0, with a Fourier expansion in which no exponent is less than m -+ 1. 
Hence, if it is assumed that the given Vm(s) satisfies. the inequality 


(23) | Vin (s)| SS (nc)™ e/m! if o = 0, . 
then, since (23), (21) and (20) imply that 
| F(s)Vn(s)| S n(n) msm! if o= 0, 


the Lemma supplies the existence of a Vmı(s) having the following 
properties: Vma(s) is uniformly almost-periodic for e = 0, satisfies (18) 
if e > 0, and 
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| Vinex (8) | S n(n) (m + 1)-e mem]! if 6 0. 


Since the inequality | F (s)| S ne, where o = 0, was the only restriction 
on the choice of c, it can be assumed that c = 1. Then the last formula line 


implies (23) gremains true if m is replaced by m+ 1. - On the other 
hand, hat (23) is true for m == 1 if c= 1. This completes the 
induction (in particular (19) holds, by (23), for every m Z= 1). 
5. Put 
(24) W(s) =E + 3 {Vma(s)—Vm(s)} (Vo). 
m= ° 
In view of (23), the series (24) is uniformly convergent in the half-plane 


o=0. Its sum, W(s), is uniformly: almost-periodic for o 2 0, since every 
term of (24) is. Furthermore, (23) and (18) show that the derived series, 


Z (Vm (8) — Vin (s) }; 


is uniformly convergent for o == 0. Hence, the function (24) is differentiable 
on the closed half-plane o = 0 and, in view of (18), satisfies (6). Finally, 
since the Fourier expansion of V.»(s) contains no exponent less than m, (24) 
shows that the. Fourier expansion of the difference (7) has no constant term. 
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SEPARATION THEOREMS FOR BOUNDED HERMITIAN FORMS.* 


By Parure HARTMAN and AUREL WINTN 


1. Tf 2a, S 2a, S++ - SS 2an are the lengths of the axes of an n-dimen- 
sional ellipsoid, and 2b, S 2b.- + -S Rba- those of its projection on a 
hyperplane through the center, then a, <b, SaS + +S ana S bain San 
A corresponding theorem holds for the (n —-1)-dimensional projections of a 
quadric belonging to a quadratic form, say On(21, 23° * * 2n), which is 
indefinite or semi-definite. This is just a restatement of a separation theorem 
of Sturm, according to which the characteristic numbers, say M S&A S> 


SS An and pa S pe SS + SS na, Of Qn (Tay Tos * + +, En) and Qn (0, Tos * >, Ln) 
satisfy the inequalities 
(1) Ay SS es SS SS SS S pna Sn 


(cf, e. g., [1], pp. 210-217 or [4], pp. 36-40). In fact, there is no loss of 
generality in assuming that the coordinate system (21,- - -,%n) is so chosen 
as to make the equations of the n-dimensional quadric and of the hyperplane 
Qn(%1, V2, © >, Ln) = const. and z, = 0, respectively (even though Qn then 
is not the given Qn). | 

The classical proofs of (1) depend on the consideration of Sturmian 
chains, constructed in terms of polynomials attached. to the secular determi- 
nants. This apparatus is not available if Qn == Qn(%,° * *, €n) is replaced by 
a quadratic form in an infinity of variables, Q = Q(21,a@,° +); not even 
if the latter is assumed to be completely continuous (in Hilbert’s sense) but 
is otherwise arbitrary. On the other hand, it is known that, if Q (21, €a,- + -) 
is completely continuous, then its spectrum consists of 0 and of an infinite 
sequence of eigenvalues which tend to 0; that 0 may or may not be an eigen- 
value (though it is always in the spectrum) ; finally, that every non-vanishing 
eigenvalue is of finite multiplicity (cf. [3], p. 148). In addition, Hilbert 
has proved that, if Qn = Qn(%,%2,°°*,%n) denotes the n-th section, 
Q (Trs + *,%n,0,0,:--), of a completely continuous Q = Q (£, £a: °); 
then, as n— œ, the spectrum of Qn tends to the spectrum of Q (even if the 
multiplicity of the eigenvalues of Q are counted); cf. [3], pp. 156-174. 
Finally, it is clear that the complete continuity of Q(2%,%.,° > ') assures 
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that of Q(0, Ta, ta © +). These facts imply that, if A, A”, A* and p’, u”, p” 
denote points in the spectrum of Q(z, ta`) and @Q(0,22,%,° °°); 
respectively, then there belong to every pair X, A” satisfying AX = A” some p” 
satisfying A’ S p* S A”, and to every pair w, p” satisfying w S p”, some A* 
satisfy; Mes’. In fact, this extensiof of (1) to completely con- 
tinuous forms results from (1) itself, if (1) is applied to the n-th section of 
Q (21, 2," - *), the m-th section of Q(0, £2, %3,- - +), and then n —> œ, m > œ. 

For a direct verification of this extension of (1), cf. a deduction given 
by Weyl [6], p. 167. His procedure fails if Q, instead of being completely 
continuous, is just bounded in Hilbert’s sense. The failure is due not 
merely to the possibility of a continuous spectrum, since the method can 
fail when Q is orthogonally equivalent-to a diagonal form. Actually, Weyl’s — 
method is readily seen to fail whenever the spectrum of Q has at least two 
cluster points (in the completely continuous case, 0 is the only such cluster 
point). 

Although the above procedure, consisting of (1) and of a limit process, — 
applies in certain cases in which Weyl’s method fails, it does not apply to 
every bounded Q. ‘The trouble is that the spectra of the sections Q, of a 
bounded Q are capable of clustering at a value A which is not in the spectrum 
of Q. This is shown by the example 


(2) RL -+ Revs + RTs Tg -- $ e 


(Toeplitz). In fact, the matrix of the bounded quadratic form (2) is an 
orthogonal matrix, and so the spectrum of (2), being situated both on the 
real axis and on the unit circle, cannot contain points distinct from à == + 1 
(incidentally, both of these points are eigenvalues of infinite multiplicity). 
On the other hand, the discriminant of the n-th section of (2) vanishes when 
n= 1,3;5,---. Hence, A=0 is a cluster value of the spectra of the 
sections of (2), although A == 0 is not in the spectrum of (2). 

Accordingly, an extension of (1) to arbitrary bounded forms cannot 
be obtained from (1) itself. It will, however, be shown that such an exten- 
sion exists. Needless to say, the method to be applied will have to be distinct 
from the determinantal approach, based on Sturmian chains, as well as from 
Weyl’s approach, referred to above. 


2. Let H be a bounded Hermitian matrix, 2 a point of the complex 
Hilbert space, and e an x of length 1. Project the Hermitian form 2*Hz 
on the hyperplane z*e—0 and denote by °H ==°H(e) the matrix of an 
Hermitian form which thus results on gře == 0. For instance, if H = (Rum), 
where n, m==1,2,---, and if, without loss of generality, the hyperplane 
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“*e == 0 is chosen to be a coordinate hyperplane, x, = 0, then °H == (hns ms), 
where n,m = 1, 2, + -. 
The theorem announced can now be formulated as follows: 


(*) Let °H ==°H (e) denote any of the above-defingd projegkions of a 
bounded Hermitian matric H. Let X and x”, where i ae of 
points contained in the spectrum of one of the two matrices H, °H. Then 
the spectrum of the other matrix has at least one point on the closed interval 
ASA 

Both of these assertions remain true in the limiting case, X == X”, (where 
the interval [X, X"] becomes the point NY if N is either a cluster point of the 
spectrum, or a multiple point of the point spectrum, of H, °H, respectively. 


The (bounded, Hermitian) matrix °H = °H (e), operating on the given 
linear subspace, . 


(3) etc == 0, d e| =1), 
of Hilbert’s space, can explicitly be represented as 
(4) "H om (I — HB) U —#), 


where I is the unit matrix and E = E (e) denotes the matrix defined by the 
linear substitution 


(5) Ex = (e*2z)e, (|e | =1). 


In fact, the latter represents the operation of projecting the s-space on the 
normal of the hyperplane (3). 

Since every bounded linear form is completely continuous, it is seen 
from (5) that the matrix Æ is completely continuous and so, in particular, 
bounded. It is also seen from (5) that the matrix # is Hermitian, #* = Ẹ. 
This was used in (4), where H* = H, I* =I. Finally, since repeated 
application of (5) gives E[Ha] = (e*[e*x]e)e, which, in view of e*e = 1, 
is equivalent to [Er] = [e*a]e, it follows that H°s =— Exs is an identity. 
This merely verifies the fact that the Hermitian matrix F, representing a 

projection, must be idempotent, E? = Æ. 


3. The formal basis of the proof of (*) will be the fact that 
(6) g* (°H)*a == g* H’s — | o* He |? 


is an identity on the hyperplane (3). This identity can be verified as 
follows: 
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If x is on the hyperplane (3), it is seen from (5) that Es= 0. In 
view of (4), this implies that "Ha = (I ——- E)He. It follows therefore from 
(4) that °“H(°H2r) = (I—#)H(I—F)*Hz. But two applications of 
E? == E readnee this relation to °H (°Hr) = (H — EH). Since H* =H 
and 4 dws that the Hermitian form‘on the left of (6) is identical 
with s, This, in turn, is identical with 2*(H? —HEH)2, 
since Hx==0. Accordingly, (6) is equivalent to s*HEHz = | «*He | °. 
But E == E? and (HH)* = HE, hence s*HEHe = | EHe |?. On the other 
hand, the definition, (5), of # shows that | EHe | = | e*Hz|. Consequently, 
(6) is equivalent to | 2*He| = | ẹ"He |.. 

This completes the proof of (6), since, H being Hermitian, x*He 
| = (e*Ha)*, : 


4, In the proof of (*), it can be assumed that the mid-point of the 
interval V SASA (or, if X =A”, the point Ad’) is A~0, ie, that 
A” == — dA’ = 0. In fact, this normalization, being just a shift of the origin 
of the A-axis, can be effected by adding to H a scalar multiple of the unit 
matrix; a modification which, on the subspace (3), is paralleled by the 
adding to °H of the same scalar multiple of the respective unit matrix. 

It follows that, according as [A’, A] is a point or an interval, it can be 
assumed that A’ = 0 = A” or X =-——1, A” = 1. In fact, the latter normaliza- 
tion results, if x” == — X > 0, by a change of the unit of length on the A-axis. 


Proof of (*) for a gwen H; N s&X"'. In this case, the assumption 
is that A==— 1 and A = 1 are in the spectrum of H. The claim is that the 
interval — 1 S A S 1 cannot be free of the spectrum of °H. 

Suppose, for a moment, that the points A== +1 of the spectrum of H 
are in the point spectrum of H. Then ‘there exist two perpendicular unit 
vectors, say zı and 2, satisfying Hz, = — z, and Hz, == z} These relations 
clearly imply that, if z is any unit vector which is a linear combination of 
a, and vs, then z)*H?a,)==1. Since the hyperplane (3) and the hyperplane 
spanned out by z, and zz intersect along a linear manifold (of dimensionality 
I or 2), it is possible to choose the above x == zo so as to satisfy (3). Then, 
since (3) implies (6), 


(7) to* (9H) 2a = 1 — | ao*He | ? (| £o | == 1). 


The existence of such an z, was obtained under the assumption that 
à= — 1 and A= 1 are in the point spectrum of H. If they are just cluster 
values of the point spectrum of H, it is clear from the proof of (7) that 
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the assertion of (7) becomes true if it is modified as follows: Corresponding 
to every e > 0, there exists a unit vector Tọ == zf satisfying 


(8) zo (CH) 29 < 1— | ao*He |? -+e (| e- | a= Pn NEN, 


On the other hand, if A ape 1 and à = 1 are in the con L of 
H, then, instead of the (weak) clustering of eigensolutions proper, au appiica- 
tion of Hellinger’s eigendifferentials (cf. [2], pp. 240-242) leads to the 
existence of an %==2,° satisfying (8), where e œ> 0 is arbitrary. Finally, 
it is clear that the same holds if A==—-1 and à = 1 are not in one and the 
same of the three possible components (wiz., point spectrum, cluster set of 
the point spectrum, continuous spectrum) of the spectrum of H. 

Since — | a*He|*0, it follows, by letting «>0 in (8), that the 
greatest lower bound of the Hermitian form 2*(°H)*a on the sphere | s | = 1 
cannot exceed 1. On the other hand, this greatest lower bound cannot be 
negative, since the form is identical with |°Ha|*. But this greatest lower 
bound always is in the spectrum of the form (cf. [7], p. 147). Consequently, 
some point of the interval OSAS 1 must be in the spectrum of (°H)?. 
In view of Toeplitz’s criterion for the existence or non-existence of a bounded 
reeiprocal (cf. [7], p. 138), this implies that some point of the interval 
—1=AS1 must be in the spectrum of °H. 


This proves the first assertion of (*). 


Proof of (*) for a gwen °H; XN sA”. The assumption now is that 
à = — 1 and à = 1 are in the spectrum of °H. The corresponding assertion 
of (*) will be proved it if is shown that, on the sphere | æ | = 1, the greatest 
lower bound of the non-negative definite form x*H*a cannot be greater than 1. 
For, if this is proved, it follows, as above, that some point of the interval 
0 =AZ1 is in the spectrum of H°, which, in view of Toeplitz’s criterion, 
implies that some point of the interval — 1 A= 1 is in the spectrum of H. 

Accordingly, it is sufficient to prove that, if A——-1 and A==1 are in 
the spectrum of °H, then, corresponding to every*e > 0, some unit vector 
To = Tf must satisfy the inequality 7*H?x% <1-+.«. Actually, it will be 
sufficient to show that, if àA = — 1 and à= 1 are in the point spectrum of 
°H, then some unit vector x must satisfy the equality v*H’z,=1. For, 
if this is proved, it will be clear that the transition to the general case, in 
which both points à == + 1 are in the spectrum (but not necessarily in the 
point spectrum) of H, requires exactly the same steps as the transition 
from (7) to (8) above. 
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Let A==—1 and A= 1 be in the point spectrum of °H. Then there 
exists a pair of perpendicular unit vectors, say a, and a, satisfying 


Hr, = — g. and Hz == g, Clearly, 
To” (1H) T = 1 ; _ (|o |= 1) 
holds stor, To, contained in the linear manifold spanned out by 


x, and s} Such an z, can be found in any given hyperplane of the «x-space. 
Let this hyperplane be given as 


where e is the unit vector to which °H = °H(e) belongs. 

Since vı and z, are eigenvectors of °H, and since °H, being the result 
of projecting H, operates only on vectors contained in the hyperplane (3), it 
is understood that any linear combination of 2, and æ, and therefore the 
above 2, must satisfy (3). But (3) implies (6). Hence, (6) is satisfied 
by w==2%. It follows therefore from the last two formula lines that 
1 = £o” H?x*, where | zo | = 1. This is what had to be proved (for some a). 


Proof of (*) in the case N = X”. Let K denote either of the matrices 
H, °H, and L the other matrix. Then both assertions made by (*) for the 
limiting case, ’ = A”, can be formulated as follows: The point à == 0 must 
be in the spectrum of K if it is either a cluster point of the spectrum of L 
or a multiple eigenvalue of L. In view of what has been proved above for 
the case of an arbitrary closed interval [A A], where X < A”, only the second 
of the contingencies, that of a multiple eigenvalue, need be considered ; simply 
because an [X’, AX” ], with either X = 0, A” > 0 or A’ < 0, A” = 0, can always 
be found if A—0 is a cluster point. 

Accordingly, it is sufficient to show that Ka == 0 must have a solution 
z= To where | 2p | —1, if Le—0 has at least two linearly independent 
solutions, say z == x, and x==%. The latter can be assumed to be perpen- 
dicular unit vectors. But if they are used in the same way as the two eigen- 
vectors Tı, va were used in the above pair of proofs in the case A’ 54 A”, it is 
clear that (6) leads, via (3), to a unit vector 2 satisfying x)*(H°)*x, == 0 
or To* H’ z, = 0, according as L == H or L = °H. In other words, there exists, 
in either case, a unit vector a satisfying 2"K°2,=0. Since a)*K*2 
== | Kz, | °, this proves that Kx, = 0. i 


5. Sturm’s separation theorem, (1), can be restated as follows: If 
Ay” SS A Eo o S An” are the roots of the secular equation of the n-th 
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section, H — {(hi); Si k&n}, of an infinite Hermitian matrix, 
H = { (h); 1&4, k < æ}, then 


(9) AS Yt SY SA Stee ese Ay 


(n == 2,3, < `). Since Arm is the minimum, and dA,” ihe the 
Hermitian form of H™) on the unit sphere, it is clear from Hilbert’s definition 
of the boundedness of H that H is bounded if and only if the values occurring 
in the infinite triangular matrix {(An";1S mn < œ} are contained in 
a bounded interval. It follows therefore from (9), and from the convergence 


of every bounded monotone sequence, that if m—1,2,---, then 
(10) pee oa lim Am” 

and ý 

(10 bis) l A i == lim An-m+1” 


exist. Furthermore, by (9), (10) and (10 bis), 
(11) MENSAS SN SINGS. 


Finally, (11) shows that 


(12) THD oe: 
n—> oo 
‘and 
(12 bis) lim A” m 


exist, and that the value of (12) does not exceed that of (12 bis). 


If s is the spectrum, c the continuous spectrum, and p the point spectrum, 
of a bounded H, let sọ denote the set of those points of s which are contained 
in one, at least, of the following three sets: c, the derivative of p,-and those 
points of p corresponding to which H has an infinity of linearly independent 
characteristic vectors. In other words, the set sọ the so-called essential 
spectrum of H, is the derivative of s, with the proviso that every proper 
eigenvalue of infinite multiplicity is counted as a cluster point of s. Clearly, 
the essential spectrum of H is bounded and not vacuous. It is also clear 
that H is completely continuous if and only if its essential spectrum consists 
of the single point A == 0. 

The sectional spectra (Ai",: © *, Àn”) are not of course unitary invariants 
of H. It is this circumstance which makes possible a situation of the type 


9 


t 
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described after (2). Situations of that type are, however, strongly limited 
by the following theorem: 


(**) Let X denote the least, and X” the greatest, value occurring in the 
essen" 7 “a bounded Hermitian matrix H, and let (Ax, A2", "+ * , An”) 
be tl e n-th section, H™ , of H. Then the limit (12), defined 
by (10), ws wdenticat with XN. 


Furthermore, if no eigenvalue of H ts less than X, then each of the limits 
Nm equals X. If H has an infimte sequence of (possibly multiple) eigenvalues 
which are less than X, then this sequence is identical with the sequence 
Ny SSN. S++. Finally, of H has a finite number, say 1, of (not necessarily 
distinct) eigenvalues which are less than X, then these eigenvalues are repre- 
sented by the l values Xi S++ SSN 1, whilst Nia, Nie, © © become equal to N. 


Corresponding statements hold for (10 bis), (12 bis) and A”. 


For the case of a completely continuous H, the assertions of (**) were 
proved by Schur [5], p. 297. He has also shown (loc. cit., p. 291) that, 
if H is Just bounded, then (10), (10 bis), hence (12), (12 bis), are unitary 
invariants of H. The assertions of (**) determine the spectral meaning of 
these unitary invariants. Needless to say, (**) contains the unitary invariance 
of (10), (12). 

In the proof of (**), use will be made of the set, say s*, of the cluster 
values of the sectional spectra, (Ai",°°*,An"). In other words, s* will 
denote the set of those A-values corresponding to which there exist two 
sequences, SAY Ni, %2,° °° and Mi, Ma +, satisfying 


(13) Àm” —> À as k— œ, where n = ny —> 0.3 M = My. 


Clearly, s* is a closed set. It is known that the spectrum of H is in s* 
(cf. [7], p. 218), and that the least and the greatest values of s* are con- 
tained in the spectrum of H (ibid., p. 147). On the other hand, the example 
(2) shows that not every point of s* need be in the spectrum of H. 


6. Consider first the case in which, on the one hand, the least value, A, 
contained in the essential spectrum, so, is the least value contained in the 
spectrum, s, and, on the other hand, A” is not in the point spectrum. The 
first of these assumptions means that |] — 0; cf. the wording of (**). In view 
of the second asumption, this implies that the interval X < A < X + e con- 
tains points of s whenever e > 0. Furthermore, A’ is the least value contained 
in s*. Hence it is clear from (10) that Xi = X. 
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It will be shown that A'm ==.’ holds for every m. In view of (11), this 
will prove the assertions of (**) under the present pair of assumptions. 
Suppose, if possible, that »A°s4Am, hence A’, < A’m, holds for some m. 


Then s* has at most m— 2 points, hence just a finite nm is, on 
the interval Xi <A < Xm. Consequently, this interval í n an 
infinity of points of s. Hence, X = à’, is not a cluster po ace it 


is assumed that A’ is not in p, it follows that A” is not in sọ But this contra- 
dicts the definition of X. 


7. Without the particular assumptions made at the beginning of $ 6, 
the proof of (**) proceeds as follows: ° 

Let MSS e AN denote the finite or infinite (possibly vacuous) 
sequence of those eigenvalues of H which are not greater than A’, the least 
value contained in S$. Then À, is the least value contained in s*, and so 
AN. 

Suppose, therefore, that Ay —=A’x,- ` -,Am = A’m has been proved for a 
fixed m.. Suppose further that, in the sequence A, As,- > +, there occurs an 
(m +-1)-st eigenvalue, Am: It will be shown that 


(14) w Amey == X mi 
If u= (t, rite ‘-) is a point in Hilbert’s space, let "u denote either 
the point (Ur, °° *,Un,0,0,-- +) of the same space or the point (Ui, us, 
', Un) of the n-dimensional space. This two-fold meaning of *w will not 
lead to a confusion below. For the sake of convenience, let linear forms, 
“written above as matrix products, be now written as scalar products, (u, v). 


8. Under the assumptions made before (14), let e, @2,° ° °, Gm, @mas 
denote maney perpendicular unit vectors which are eigenvectors belonging 
to Àr Ao," © *, Am; Amar, respectively. For every fixed n > m, consider the prob- 
lem of minimizing the n-th section, "7* Hr = (H "x, "x), of së Hs = == (Hz, s) 
under the 1 + m conditions 


| "a | = 1 and (*e;,"r) = 0, where j ==1,: +-,m; n> m. 


According to the so-called Rayleigh principle, which simply follows by a 
repeated application of (9), this minimum is not greater than Amı”. On the 
other hand, since (H "z,"x) = (Hz, s) and (e;,"x) = 0, where j==1,--:,n, 
the definition of Am,, shows that the minimum in question is not less than 
Ama. Consequently, Ams SS Ans”. 

Since the last inequality and (10) imply that Ams: SS Am, the proof of 
(14) will be complete if it is shown that Amu = N m- 
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9. To this end, let f,",- +--+, fx" be a (complete) orthonormal set of 
os of the n-th section, H™, of H (i.e., let 


i rk sa $i : 
rt. A f ri Arfi", i i, 8, n; (f:”, fi”) = (ean), 


é 
where n-rowed unit matrix), and let n be greater than the m 
OCCUFiiuy iu wue giyen Am+1- If Cis? * °, my1 are defined as at the beginning 
of § 8, choose m -j- 1 scalars a1",: * +, Am4” in such a way that the vector 


© MAL 
Qn = È Op" €y, 
k=l 


satisfies the 1 -++ m conditions «+ 
| Ja | =1, (gn, fi?) = 0, t=], +m. 


It is readily seen from this definition of the points C= nsis: mazs ` 
of Hilberts space that they must strongly cluster at some: per nt, say at 
a == d (in fact, only a finite number, m + 1, of dimensions need bey J 'psidered). 
In other words, if a suitable subsequence of gma Jmn © ` is*deno'; “d simply 
DY Jmiss miz °°, then | gn—d|—>0 as n—> œ. On the other ‘hand, by 


ae 


the definition of the frontal superscript, | "d — d| —> 0. Since" a 7 
(”d, fi”) ag ("d — d, fi") + (d — gn, fi”) a ey ae 
it follows that 


4 


(*d, fer) —> Q0 as ñn — œ, where i=] um. 


Since Amu” is the (m -+ 1)-st eigenvalue of H™, and since (H "e, "s) 
—> (Hr, s) as n—> œ whenever |x| < œ, it B that 


(Hd, d) Z lim inf (Amn” | *d | ?). 


But lim|*d|==|d]. Furthermore, |dđ]|=1, since |gn|=1 and 
lim | ga— d | = 0, It follows therefore from (10), and from the last 
formula line, that (Hd, d) Z Nmn. 

Finally, it is cleår from the definitions of Ams, gn and d that 
(Hd, d) S àm. It follows therefore from the preceding inequality that 
Nma SS Am- Since Ama Z Am was proved in §8, the proof of (14) is 
now complete. 

Consequently, if the sequence A, = ux S=--+(=’) of eigenvalues not 
exceeding A’ is infinite, the assertions (**) follow. On the other hand, if this 
sequence contains only a finite number, l, of eigenvalues, the proof of (**) 
can be concluded by an application of ‘the arguments used in § 6. 
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APPENDIX. 


t s be the spectrum of a bounded Hermitiai 
a": * t Àn”) the spectrum of the n-th section, H < 
defined near the end èf § 5. The fact that s is c 
igthened as follows: 


à is in s, then there exists in every Sn a point Am", where m == Mn, 
atisfies : | 


o, where 1 =m =M™,=7N; 


it formulation is as follows : 


0 and a sequence of integers m < ng <*> 
al (A—«,A-+ e) contains no points of sn, 
, then A is not in s. 


d out in § 5, it is not true in general that, 
ntegers Mai, Mo,’ © * and Ny, nat © -, Where 
-, and a corresponding point Àm” of Sn 
as. This is illustrated by the H of the 
3 case, Am” = 0 when m= M,=k+1 and 
= 2k +1, but à == lim àm” = 0 is not in the spectrum of (2). 
e idea leading to the example (2) can be refined as follows: 


) In the case of a bounded Hermitian matric, a point à need not be 
en if it is in every Sn; in particular, it is possible that à is not in s 
there exists in every Sn @ Àm” satisfying (15). 


is possibility can be further refined: 


bis) In the case of a bounded Hermitian matrix, a point À need 
in s even if there exist k= ln points Ana” < Amot <-> + < Anan” 
hich satisfy 


Anew” >A and An" > À as N—> o, 


S hS hnr = n—k and k= kr > o. 


iere arises the question whether the possibility admitted in (i), (ibis) 
ruled out for certain types of bounded Hermitian matrices. It is 
that these possibilities cannot occur for diagonal matrices. It is 
| to inquire whether or not they can occur in the case of Jacobi 
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matrices, which, according to Hellinger and Toeplitz, are the normal 
under unitary transformations, of matrices with simple spectra. 


matr’ 2 the conditions 
(18) ms lis vam 0; ham T 0 if | Nn — m | > 1 
wher. p.a shady . Actually, the matrix of (2), which is not of 


type, can be adjusted to the case of a Jacobi matrix. 


(ii) In the case of a bounded Jacobi matris, a pomt à need 
in s if there exists a subsequence of the sets s,,8o,- - such that th 
element of the subsequence contaths a point Am” which satisfies (13), 
M = My and N = Ny. l 


° 


On the other hand, the possibility claimed by (i 
the case of a Jacobi matrix. More than this exclusic 
following theorem: 


(iii) In the case of a bounded Jacobi matris, a 1 
tf every Sn contains two points Am”, Amu”, where m = 
as n —> ©. 


What is more, the interval Ay” SS AS àma” contar 
of s for any n and for any pair of successive points Am”, Am” of Sn 


It remains undecided whether or not the possibility in the secon 
of (i) can occur for a bounded Jacobi matrix; that is, whether or n 
remains true if “subsequence of the sets s,, s2,: - -” is replaced by “ se 
of the sets si, $a °°.” 


Proof of (i). Let the sequence of integers 1, 2,- -> be divide 
two mutually exclusive subsequences, ii < ta <’ and a Lh Lo 
H be the matrix defined by placing Am, equal to 0 or 1 according as t. 
(m,n) of integers does not or does have either of the forms (t, jx), 
for some & =1,2,---.+ It is clear that H is bounded and Hermiti 
that each row (column) of H contains one and only one element í 
from 0, while the non-vanishing element is always 1. Consequently, 2 
orthogonal matrix, and so its spectrum consists of the eigenvalues À 
(of infinite multiplicity). On the other hand, if % is chosen to be 
k—=1,2,---, then H™ has at most 2[n/3] elements different f 
Thus }\=0 is in s,, with a multiplicity not less than n— 2[n/3]. 
It follows that the possibilities mentioned in (1) are realized by H. 
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tÅ 
at 


roof of (ibis). This H realizes, with k = k, -=n——2fn/3], the 


lity mentioned in (ibis) if the assertion (ibis) na 
sense, which allows An,” ==> © © = Amz” = 0 when with 
iplicity &. It is clear, however, that there exist ree ices 
h that, when H is thè matrix constructed above, the 
ment of (ibis). In fact, it is seen from Toeg for 


ded reciprocal (cf. [7], p. 238) that, if «, is the n-th diagonal element 
and 4 > |er|— 0, as n— œ, then A= 0 is not in the spectrum of 
), On the other hand, if n is fixed and h is an index of one of the 
ist) nm—2[n/3] columns of H“™ containing only zeros, then À = en 
sigenvalue of the n-th section of H + D. 


natrix of the'form (2) fails to be a Jacobi matrix 


=( for n=1,2,--:-. But let this matrix be 
0, Rina ed 0 for | m— Nn | > l; and hon-1,2n T lon oni 
lly Ronana == honir on = €n for m= 1, 2,-°- -, where 


[he resulting matrix is a bounded Jacobi matrix. © 
mbers e, are suitably chosen, then the possibility 
L. ! 


clear that it is sufficient to prove the last part of 
ae, the replacement of H by H ——M merely trans- 
r — AÀ. If à is chosen to be $(Am*™—+ Amu”), the 
— A", A*, where A* == $ (Am+1” — Am”) > 0. Conse- 
show that if —A* and A*(> 0) are in s, (for a 
; at least one number A satisfying | A | SA* or, ` 
‘ists a vector £ == (Tı, %2,° - +) such that 


| Ha | ga" (jz |—=1). 


represents either a point of the type (ty -sZ 0,0, =) in the 
t space or the corresponding point (@%,: <, 8a) of the n-dimensional 
then, since H is a Jacobi matrix, it follows Tom (18) that He = y 
, Yat * *), where 


Yis’ *y Yn) =H "g and Yny == lings, n@a; Ynez == Yng ==" = OL 
quently, | Ha | ? = | HM g |? | Rasntn |? Hence, 
| Hz | =| Hz | if z, = Q. 


n the other hand, the finite matrix H™ has two eigenvalues —A*, 
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A* and corresponding eigenvectors st, a? satisfying H™ g = 
Ha ~ nee, the orthogonality of zt, æ? implies 


| He | =A* |z], 


if g is nation of st and 2. Since 2, x? are linearly inde 
the pi holds for such an s (with | | = 1). The last 
line a r (19). This completes the proof of (iji). 
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AFFINE INVARIANTS OF A PAIR OF HYPERSURFACES* . 


By CHUAN-CHIH Hsruna. 


P 
4 
1. Introduction. In previous papers [1; 2; 3, p thor 
has derived a projective invariant, together with ..-.. ~~-  _-~,-ctive 


characterizations, for two surfaces having a common tangent plane at two 
nonsingular points in ordinary space, and has extended, the result to two 


hyrovresfannn Fe m=otantiea bynerspace. Santaló [4, pp. 564-569] has obtained 
aff ith metric antl affine characterizations, for simi- 
lar es in ordinary space. The purpose of this note 
is Santaló for two hypersurfaces Vn 5, V*n- in n- 
di) having a common tangent hyperplane at two 
no We shall confine our attention to the case in 
wk asymptotic tangent of either of the hypersurfaces 
y, 
riants. Let Va V*n- be two hypersurfaces in 
as msions having a common tangent hyperplane tn-ı 
at 0* the line 00* not being an asymptotic tangent 
of es Vn, V*n- First, we choose an orthogonal 


cartesian coorainate system with the point 0 as the origin, the line 00* as 
the 2,-axis, and the common tangent hyperplane tn-ı as the coordinate hyper- 
plane £n = 0. Then the power series expansions of the hypersurfaces Vy_1, 
V*,-. in the neighborhoods of the points 0, 0* may be written in the form 


n1 


(1) Vaa: En = È liti t, 
i 


k=l 


n-i n-i 
(2) Vii t ln == M41 (2, = h) 2 -t 2 = M4404 (24 “me h) hs Mani +. ee; 
=2 4,X= ; 


Po) 


where h is the distance between the points 0, 0* and lumu 540. 


In order to find the affine invariants determined by the neighborhoods 
of the second order of the hypersurfaces Va, V*n-1 at the points 0, 0*, 
we consider the most general affine transformation which leaves the point 0, 
the z-axis and the hyperplane x, — 0 unchanged: 


n * 
(3) Ti == X Mik ny Ln = Onnd' n (4 == 1,° : -,n—1), 
k=1 ś 


* Received February 28, 1949. 
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where #21 ` * = An,1 = 0, the remaining coefficients being arbitrary, 
but 
Bee Qas ` 7 * Banat 
Age G33" na 
(4) em t = 0. 
Gn-i,2 Gn-1,3 ° ° ° G&n-1,n-1 
The effect of this transformation on equations (1 two 
other equations of the same form whose coefficie ents, 
are given by the formulas 
: , n-t 
9 
Annt 1 = Ailis Annt ik = > Oy sAsxlrs 2 ; 
(5) 77851 a 
Quah = h, Onn’, = 074111, Ann ix = 
t 
Jo 
where Mi = Mu (t= 2,- + °,n—'1). 
From equations (4), (5) it is easily seen the 
bis big Pg as lin-i m n-i“ 
la E m '2,n-1 
L 2 Š 5 M — 
bua 4 bn1,2 om + PEE E m n-i, h-t 


and their transformed ones L’, M’ are connected by the relations 
(6) aL ooo a*,, DL, a”, = aa DM. 


Further elimination of a; from equations (5), (6) shows ‘that the two 
quantities 

(7) ‘ { == Lis/M14, J mn L/M 

are two affine invariants determined by the neighborhoods of the second order 
of the hypersurfaces Vn, Vn. at the points 0, 0*. 


8. Metric and affine characterizations of the invariants. Let K, K* 
be the curvatures of the hypersurfaces Fn- V“n. at the points 0, 0*; and 
let R, R* be the curvatures at the points 0, 0* of the plane curves C, C* 
of section of the hypersurfaces Vn- V*n_, by the plane n of the line 00* and 
the normal to the common tangent hyperplane ¢,., at'any point on the line 
00*. Then from equations (1), (2) and a well known formula [Cf. 5, pp. 
313-314] for the curvature of a hypersurface at a nonsingular point, it is easy 
to obtain the following metric characterizations for the two invariants I, J: 
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~ 


(8) | I=R/R*, J=K/K*. R 

In order to find an affine characterization of the et us 
consider any affine transformation, which transforms the Vat 
V*,n-1 into two other hypersurfaces Va, V*n1 having the typer- 
plane fn-ı of ¢,. as a common tangent hyperplane at thi points 
Ö, 0* of the points 0, 0*, and which transforms the com ane n 


through the line 00* of the hypersurfaces Vn, V*n-ı into another plane m 
which passes through the line 00* and makes an angle 0 with the common 
normal plane # through the line 00* of the hypersurfaces V1, V*n- If 


oe oe 2 points 0, 0* of the plane curves 6, O* of 
sectio a> V*n-1 by the plane m, then R/R* = R/R%*, 
Santa ig shown that the ratio of the curvatures at 
two I of two plane curves with 0,0, as a common 
tange Furthermore, if r, r* be the curvatures at 
the p curves of section of the hypersurfaces Fa- 
Vn plane ñ, then by the well known theorem of 
Meus mal space determined by the two planes m, ñ, 
we ol *cos#. Thus B/R* = r/r* and making use 
of a: 360-561] we therefore arrive at the following 
affine variant J. 
l ane n, let f be the area bounded by a line l 
parali hy the curve O in the neighborhood of the 
- point bounded by the line L (or its symmetric line 


with respect to the line 00*) and the curve C* in the neighborhood of the 
point 0*, then I == lim (f*/f)* as the line l approaches the line 00*. 


To characterize affinely the other invariant J we consider the pencil of 
hyperquadrics in the hyperplane £a == 0 determined by the two asymptotic 
hypercones of the hypersurfaces Vn, V“n-ı at the points 0, 0*. It is easily 
seen that in this pencil there exist n— 1 hyperparaboloids which’ are given 
by the equations 


n-i l ni i 
(9) tn = X, (lie + AMin) Hit, — 2Ajh 2 Maiti F Aj Mah? = 0, 
4yk=1 zi 
(;=1,: G -,n—1), 





where A; (j= 1,’ < -,n— 1) are the roots of the equation in À 
by F AM lia -F AM12 ooe lima F AMan- 
qo) N ime | mo. 


| bn1,1 + AMn-1,1 bn-t2+AMnae° °° En-1,n~1 + AMa-1,n-1 | 
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The line ^^* ‘mtereocts each of the hyperparaboloids (9) in a pair of points. 


Let P; be ‘each pair of these points, then. 
(11) i O* == -t [— (Mrs/ly) A]? (j==1,- E ‘;n—1). 
Thus 7 can be expressed in terms of the invariant I and the 
n— i1 ru ‘++; Du- of distances between points as follows: 
(12) J = (— 1ye {D De: - + Dra)? 

4, Discussion. Finally, it should be noted th: ‘iants 
I, J are not projective invariants, but the affine in is a 
projective invariant [3, p. 578]. F 

Moreover, if the line 00* is an asymptotic th of 
the hypersurfaces Vy, V“n-1, then either h, = 0 — 
In each of these special cases we can only det: nt J 
given by the second of equations (7) with one or vue n lii 
Mı. The metric characterization of this invariant J 1 can 


be used, but the affine one no longer has a meaning. 


=. r 
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COMPLETELY SIMPLE IDEALS OF A SEN 
By R. P. RICH. 


This note is concerned with the following question : _. & semi- 
group S contain a completely simple ideal M—that is, an ideal which is itself 
a completely simple semigroun? . 

on in terms of minimal ideals was given by 


A. ] IS RO nilpotent ideals and the minimal two- 
side: nimal. left ideal Z and a minimal right ideal 
Rk, t ple semigroup. 

serve (Theorem A below) that the condition 
that ' is unnecessarily restrictive and that we need 
only imption that M. itself be non-nilpotent. 

ase complementary, answer to the question 
(Th f § contains a minimal left ideal L and a 
min: at LR (0) and RL + (0), then M = LR 
is a tp (and in particular a non-nilpotent minimal 
two- noticed that in (A) we start with a minimal 
two- itions that it be completely simple, while in 
(B) . ; and right ideals and produce a minimal two- 


sided ideal which is completely simple. 


THEOREM A. If M is a minimal two-sided ideal of the semigroup S, 
if M contains a minimal left ideal L and a minimal right ideal R, and if 
M? -Æ (0), then M is completely simple. 


The only ideals whose non-nilpotence is relevant to the proof given by 
Clifford? are in fact contained in M, so to establish Theorem A we need 
only prove 


Lemma 1. If M is a minimal ideal of the semigroup S (with zero) and 
M? = (0), then M contains no proper. nilpotent left or right ideal of S. 


Proof. Suppose’ L is a proper nilpotent left ideal of 8 contained in M. 


* Received February 14, 1949. 

1A. H. Clifford, “ Semigroups without nilpotent ideals,” American Journal of Mathe- 
matics, vol. T1 (1949), pp. 834-844, Theorem 3.1. The reader is also referred to this 
paper for. the definition of terms used here. Here, as there, § is an arbitrary semigroup 
with zero. 
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Then L U LS is a nilpotent two-sided ideal of 8 contained in M and = (0), 


hence since. M is minimdl,. and. M. is nilpotent, contrary to. 
hypoth l i i i 

i r and R are minimal left and right ideals, i le 
of the with zero) and LE Æ. (0); then: 


a) By keep got S a 07er e R anes lr s4 0; 
b) LR is a minimal two-sided ideal of. 8. 


‘Proof. Evidently DR is a EE of S. Let 04VeL and 
0 1 £ R, with l'r eT, an ideal of S contained *- TP T~ D hatha ~-+ of 


elements r of R such that Vre T., For any r in ve 
Vrs eT since T is an ideal, so rse R’ and R isa n- 
tained in the minimal right ideal R ; hence RK = al 
argument, Lr C T for every 7540 in R, so LRC [n 
particular, if V7 == 0 let T — (0) ‘and then the at 
LR = (0), contrary to hypothesis. 

Lumma 3. If L and R are minimal left a Y, 
of 5, and LR Æ (0), RL 4 (0), then LRL = L 

Proof. Let OAleL and 0Arlyel re 


li: Tele Æ 0 by Lemma 2a. Hence LRL 6 (0). sau amevaa an w suau are ve D 
contained in the minimal left ideal L, so DRL = L. 


THEOREM B. If L and R are minimal léft and right ideals, respectively, 
of the semigroup S (with zero) and LR=4.(0), RL s (0), then LR is a 
completely sumple semigroup. l 


Proof. Let M = LR. Then M is a minimal two-sided ideal of S by 
Lemma 2b. By Lemma 3, M? = LRL- R == LR (0). Since RLC R we 
have L= LRL C LR = M, and, dually, ROM. Thus Theorem A. applies 
and M = LR is completely simple. R 

A converse of Theorem B may be stated: 


Turorem C. If the semigroup © (with zero) contains a completely 
simple ideal M, then M == LR, wheré L and R are mimmal left and right 
ideals, respectively, of S and RL = (0). 


Proof. Let M be a completely ample ideal of S and let e be one of its 
primitive idempotents. Then L == Me is a minimal? left ideal of M and a 


? Ibid., proof of Theorem 3. 2. 
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left ideal of S, hencé a minimal left ideal of S. Dually, R= eM is a minimal 


right ideal of S. . Since M is s Appie, LE = Me’ = ly, BL 
contains gt 0.. 

~ The reasoning of ‘Theorem: € shows that both | (0), 
RL (0) are necessary conditions for Theorem Be. T amples 
show that they are independent, ’ and hence must both sumed. 


Example 1. Let S= (0,1, r, b) with. ly = b and all other products = 0. 
Let LD == (0,1), R= (0,r). Then'LE contains b A0 but RL= (0). 


Ea g 7,8), with the table: 


om R O CO Si! eL[ 
@ 
~~ RQ  & Sl 
a BOC Oo BI 2 
“ma ~~ R RR oj 


Let L: Then RE contains a £0, but LR = (0). 
J imal left, R a minimal right ideal. 


ON ¢ ASSICAL EXISTENCE THEOREM OF ANALYTIC 
DIFFERENTIAL EQUATIONS.* 


d PEARL A. CODDINGTON and AUREL WINTNER. 
1. Let fi,- --,fn, where fi==fi(s;W1,° °°, Wn), be n power series in 
Wi,’ * +s Wn, SAY 
[ea] 0 
(1) fi= 3. . - Irq” 
kz=0 i= 


where the coefficients a==a(s) are 


(2) a Gh ( 8) =Í 


1 


of (complex-valued) functions a(s) -line 
1S2< ©. Suppose that the tota 


(3) [= f 
1 
of the functions a(s) satisfy the n conditions 
(4) ' 5-5 [atem yht tm < œ (i= 1; EET n) 
k=0 m=0 


for some, sufficiently small, positive r. In particular, the functions (1) are 
regular in the domain 


(5) : Rs>0, jwil<r,-+-,[w| <r 
of the n 4- 1 complex variables s, w. 
The following theorem will be proved: 


In a domain (5), let fis: - + fn be regular functions representable, in 
terms of functions (2) satisfying (4), in the form (1). Then there exists 
a half-plane Rs >l (= 0) on which the system 


(6) dwi/ds = fi (S; Wr, ` : Wn) | (t=1,- ý n) 


e 


* Received November 8, 1948. 
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has a unique solution representable in the form 


hs 


(7) wi(s)—= J esdgi(z) 


1 4 


In addition, the n integrals (Y) are absolutely conv 
Rs >l, if lis large enough. ° 


In particular, the solution (7) of (6) belongs to the “ initial condition ” 


(8)  wi( co) =0,- + `, Wa( ©) = 0, where wi( œ) = lim wi(s) as Rs — oo. 
s. $ 5 dat -= Maiu k a Wr”, 
:0 m=0 
wh al existence theorem of analytic systems 
of be formulated as follows: If each of 
the formula line is (absolutely) convergent 
in <1,-**+,|Wn| <r, then there exists 
a c dw:;/dz = F; has a (unique, regular) 
sol initial conditions w:(0) = 0. This 
the particular case of the theorem to be 
prc icient to put z = e~s in (1), (2), (6), 


and assume that each of the coefficient functions, a(s), in (1) is a power 
series in e~s, i.e., that each of the functions a(x) occurring in (2) is a step 
function the jumps of which are restricted to z = 1, 2, + >. 

For the case in which (6) is a linear system, the above theorem was 
recently proved, along with a refinement generalizing the fact that, in case 
of linear systems, the existence theorem need not be “ localized” by the choice 
of a “sufficiently large” 7. The treatment of the non-linear case will depend 
on an adaptation of the procedure used loc. cit. 


2. In order to simplify the formulae, the proof will be given for the 
case, n = 1, of a single differential equation. It will be clear that the case 
of an arbitrary n can be treated in just the same manner. As a matter of 
fact, 2 > 1 can always be reduced to n= 1, if the process involved is based 
on the method of majorants, which will be the case below. 

If n = 1, then (6) reduces, by (1) and (2), to the differential equation 


+A. Wintner, “On the classical existence theorem of linear differential equations,” 
American Journal of Mathematics, vol. 71 (1949), pp. 331-338. i 
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a 


(9) dw/ds = S wm f e-®*dam(Z), 
m= : 
whe: t), there exists an r > 0 satisfying 
(10  & [om |r < a, 
m=O 


The assertion is that (10) implies for (9) the existence of a unique solution 

representable, on some half-plane fs > J, as an absolutely convergent Laplace- 

Stieltjes integral, 

(11) w(s) =f. 
It can of course be assumed that 

In (9), are normalized by 


(12) ` a(1) 
and 
(13) a(z) = d(x — 0) 


All the functions £, Br, to be defined below, wiuI™B® understood to have been 
normalized by the cases a=, Bx of (12) amd (13). 

If (11) is substituted into (9), a “comparison of the coefficients” 
supplies the following characteristic condition for the unknown function B(z): 


(14) — ap (z) =3d{B"(2) * an(2)}, 


where.the asterisk denotes the operation of convolution and 8” is an abbre- 
viation for 


(15) i Mmk- o k Bam pgmn, 
It is understood that, ife m == 0, 
(16) B°(£) * ao(£) = a(x) 


(and that 6* = £). 
It is clear from the definition of the symbols [ ], * that 
(17) [A*a] S [Le]. 


The integral definition of a convolution also shows that, if either of the 


-= = E m RN OAA oraait aene sa ae 
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by (17). Furthermore, from (20) and’ (17), 


~) | [myx] =3 LBx-3] Ly; ] ? 


\ 
_ where or "o by (19). Since every [ | is non-negative, these recur- 
negu 


sive inegúaltes (in which the members could, for the present, be a 0 ) 


imply that the inequalities =. 


(23) [Bx] < dy (k == 1, ay?" ‘) 
hold for the sequence bı, b2,: - - defined by the following rule of recursion: 
(24) te 3 Lom)" CE i b, = [a], 
where J acm 

4 k-1 eer” yn \ 

25 mrLon wee S by 5 Cz; is == Dy. 
(25) k eug j TE ( k 
But the latter system of recursion formulae has aD ace. of 

a f 
4. In order to see this, put Pa : 

(26) F(w) => [om ] 0m “ 

5 m=0 - 
and l i , ue 
kot 


substitute both (26) and (27) into the equation 


(28) w = zF (w) 

for w==w(z), and compare the coefficients of 2, 2°, 2°,--- in the power 
series which thus result on the left and on the right of (28). This supplies 
for the coefficients, b1, be,: >t, of (27) a recursion formula. But the latter 


is readily seen to be identical with (24) by virtue of (25). 

Hence, the values on the right of the inequalities (23) can be charac- 
terized as the coefficients of the solution (27) of (28), provided that (28) 
has a solution (27). But it does. In fact, since (10), where [am] = 0, 
is supposed to hold for some r > 0, the power series (26) is the Maclaurin 
expansion of a function F(w) which is regular at w= 0. On the other hand, 
if G (z, w) == w — zF (w), the partial derivative Gw(z,w) at (z, w) = (0,0) 
is We = 150, and so the equation G(z,w) ==0 has a (unique) solution 
w—w(z) which is regular, ‘and vanishes, at z—0. This means that the 
equation (28) is satisfied by a (unique) power series (27) which converges 
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functions A(s), a(g), where 1= z < œ, vanishes identically for l= 27 < c, 
where c > 1, then the same is true of the function A(z) * a(x). These obvious 
facts will be essential in what follows. w 


- aremt m ei HR 


8. In order to find the’ unknown functi = oe ra Cgi S, 
e nknown function 8(2), try Se Oe 
(18) B(t) = 3% Be(2). | 
k=l 
Then (16) and (15) show that what (14) requires is 


— 2d & Bi( 2 tenth ck ba {3 Bex) *- + #3 Bu(w)} * am (a), 
Kok m=i k=i , k=1 


m nm are e e e aama i aa aa —— = a 
3 


1 This particular disposition is made because (22),-(20) and (19) together 
obviously have the structure of a set of recursion formulae (which commence 
with (21), the data being the functions &m). The existence proof can be 
based on these recursion formulae, as follows: 


Oo F 
wh p ma ON times. Since thi that th 
j ere a y om f” y m times ince this means that the 
= m-th { a where 
(19) cr yet) = pela) 
and { a <i 
| k-1 
(20) \ Nene) = 2 "y (2) * fey (2), 
y a 
a, : 
it follows that what™..,~requires of (18) is formally equivalent to the 
condition | 
3 — 2d By (2) = day(a) + X d $ "ye(2) * am(c). 
k=1 m= k=1 
| 
Clearly, the latter condition is satisfied if (though not only if) 
' (21) — cap, (x) — Ato (x) i 
and 
(22) — edßrn (2) = dS "ye(2) *.an (2). | 
m= | 
| 
| 
| 


Since 1& x< œ, it is clear from (3) and (21) that [8:1] S [eo]. 
Similarly, from (22), 


[Ben] £ 3 [am] [ye], 


n 


t > 
aan IE e T E 
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near z= 0. Incidentally, since the coefficients, (3), of the power series (26) 


| are real and non-negative, it follows, by successive differentiations of (28) 
at z= 0, that d*w/dez' = 0 holds at z= 0 for every k, i eta that 
by = 0 in (27). 


Since (27) has a non-vanishing radius of convergenct, ON hverges 
at z= el if 1 > 0 is large enough. For such an L, 


(29) 5 [Bxle* < ow, 
i k=1 


by (23). This proves, in particular, that 


| (30) S < ©, 


i. e., that G 8) is of bounded variation on the half- 
mg o lime 1S¢ A PRE = 
S In o, “he proof of the ‘italicized theorem, recourse must 
` pe had ig í ; after (17). This remark, when applied to the 
recursic . 722) which define 8, Ba- *, is readily seen to 
imply t i 


aN 


(31) l Ay m0 it TE 
(12) being satisfied “tv,.. __aption) for every a == By. 
9. According to (30) and (3), each of the integrals 


oo 


(32) tu(s) = f edpu(<), 


i ł 


where k —= 1, 2,- - -, is absolutely convergent on the half-plane Rs =I. But 
(31) shows that (32) can be written in the form 


-= —— Lr mp EEE m A me maaa 
+ 


kw(s) = f &**dB,(x). 
i k . 


Hence it is clear from (29) and (3) that the series 
(33) w(s) = 3 *w (s) 
k=l 
is absolutely-uniformly convergent on the half-plane Ms > i, and that the 


same is true if d®,(x) is replaced by | GBx(a)| in (32), (33). 
Accordingly, i 
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This implit \the series (18) is convergent for 1S 2 < ©, since (12) is 
satisfiel_y~»__ pv. It also follows that, if B(x) is defined by (18), and if 
(32) is substituted into (33), the term-by-term integration leading from (33) 
to (11) is legitimate on the half-plane Rs = 1. 

Since the recursion formulae defining the terms of (18) were chosen 
so as to lead to an integral (11) satisfying (9), the proof of the italicized 
theorem is now complete, except for the assertion claiming the uniqueness 


of such a solution. But the uniqueness of 7” — “~easy to see. In 
fact, every function representable, for larg” ‘s majorized 
by a constant multiple of exp (— Sts) ,” Ce \ holds for 
the derivative of (11). Hence, the unig nes oad follows ` 3, > 


by an obvious adaptation of the standard unigueni! l 
Lipschitz constant. 7 
l \ 


6. Let the derivative of w; in the differential s7 placed 
by w; itself. What results, the implicit system. s” 
(34) w= fils Wa w) $ a 


PE pa 


N 
can be treated in the same way as the differential system (6): 


The italicized theorem remains true if, in its wording, (34) is read 
instead of (6). 


In fact, if (6) is replaced by (34), then what corresponds to (19)-(22) 
is identical with the recursion formulae which result if the factor — s is 
suppressed on the left of (21) and of (22). But this factor (which, since 
| —s| = 1, could have been used as divisor promoting convergence) was 
not used at all. Hence, the above proof contains the proof of the last 
italicized theorem. 
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ON COMPACT COMPLEX ANALYTIC Ne 


By Wrt-Liana CHOW. 





l. Introduction. Let S, be the projective space of n dimensions over 
the field & of all complex numbers. For any given choice of the inhomogeneous 
coordinates #1,- * *, 8n im Sp, let An(x) be the n-dimensional complex affine 
space consisting of all the points of ‘Sn which are finite with respect to this 
coordinate system, A— AY in n is said to be analytic in the neighbor- 


hood of a por” ‘inhomogeneous coordinates so that (a) is a 
| point in Ay arhood R of (a) in A(z) such that the 
-~-rintersectid s oints of R which are common solutions 

f : i p N PE: a 
“of a finite ed 
bom ae, i i 
1 ] l Pere” TE V) t= l,; - +,8), 

l ( / | pA l i 
where È \), i= 1,- - -,s, are holomorphie functions in the 
region A AR is called an analytic variety if it is analytic 
in the neis, he of its points. An analytic variety is called 


compact if iP WS comp dt set. A point set in S, is called an algebraic 
variety if it consists of all the points whose homogeneous coordinates 
To, Ti’ ` +, n Satisfy a finite set of equations 


bi (Loy Tas i `, En) == 0, (i= 1,- j aor 


where the ¢:(%, @1,° © *, En), 1 = 1, : +, t, are homogeneous polynomials in 
the Zo, i **, Zn. It is easily seen that an algebraic variety is a compact 
analytic variety. There is a classical conjecture that conversely any compact 
analytic variety in S, is also an algebraic variety. So far as we are aware, 
no proof of this conjecture has ever been offered. It is the purpose of this 
paper to present a proof of this conjecture. 
' We begin by recalling some well known properties of an analytic variety? | 
Let R be a neighborhood of the origin of An(x) defined by the conditions | 
| 
3 


|z| <e, i= 1, >, Let k{a.,---,a,} be the ring of all power series 
in the variables 7,,- --,2, which are convergent in the region |-a,; |< e, 
i = 1,---+,r. Consider a set of equations of the following type 


* Received April 9, 1949. 
1 For the results of the theory of functions of several complex variables used in 
.this paper, we refer here once for all to Osgood [7], Bochner and Martin [1]. 
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E (2) Erat F Birat t + ee By a®ras + Bu = 0 
A Haj == Gy (Zr), (j= 7r-+2,°°°,0), 
where the\ z B, and JI are elements of, the ring k{a,,---,a,} and 
the Gi» /r-+-2,° + +,7, are polynomials in z,,, with coefficients in . 
k{v,,- ++, 2r}; and the left hand side of the first equation is an irreducible 
distinguished polynomial in ®r over k{a,,- - -,2,} and H is its discriminant. 


Let D be the set of all common solutions of the equations (2) in the region R 
for which H =< 0, as well as those which are limiting points of such solutions. 
Such a point set D, or any point set in Sa which can be represented as such a 
set by a suitable choice of the affiné space A,(¢>-~~**~~coordinates, is called 
an analytic element in Sn. The eer sion of .the 


ja amo AO everiemeceWiite iinitan = 


analytic element D, and we shall write.’ \ number u . 
depends in general upon the choice/ a ts coordi- 
nates; the smallest possible“ value as T nm Dr is ; 
called its order. An analytic element is of \ has thi- 7 
order one, otherwise it is called singular. The poh i center 

of D,. It is well known from the theory of funct) jomplex 
variables that every point of an analytic variety Wi L R such 

that Rf) W consists of a finite number of anak der words, 

an analytical variety is a topological sub-spact,_ __ stich gas a system of 


neighborhoods ‘consisting of analytic elements. An analytic variety is called 
irreducible if any two analytic elements of it can be obtained from each other 
by analytic continuations. It is easily seen that all the analytic elements of 
an irreducible analytic variety W must have the same dimension 7; we shall 
call this number 7 the dimension of W and we shall write W, to indicate this. 
Following a recent practice in algebraic geometry, we shall. from now on use 
the expression “analytic variety ” to denote exclusively an irreducible analytic 
variety ; the reducible ones being taken care of later by the more precise con- 
cept of an analytic cycle. A point of an analytic variety W, is called regular 
if it has a neighborhood consisting of a single regular analytic element; those 
points of W, which are not regular are called singular. The set W, of all 
singular points of W, constitutes a finite or enumerably infinite number of 
analytic varieties of dimensions less than r; we shall call this set W, the 
singular part of W,. The set W,— W, of all the regular points of W, is a 
connected set. . 

For our present purpose the most important properties of an analytic 
variety W, are the following: 


(A) W, is a topological complex. This is the triangulation theorem for | 
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analytic loci, for the proof of which we shall refer to the literature? In’ 


particular, if W, is compact, it is a finite complex and can be taken as a sub- 
complex of a simplicial subdivision of the projective sp! OYn and the 
singular part W, can in turn be taken as a a o% 


(B) W,-can be cover ba Gi an enumerable aggr egate 0)\_.gtil.—dnalytic . 


elements of dimensions =r. This can be easily proved by induction, starting 
with the facts that W,— W, can be covered by an enumerable aggregate of 
analytic elements of dimension r and that W consists of an enumerable aggre- 
gate of analytic varieties of dimensions < r. 

In the following sections we shail show that the main theorem can be 
proved by usino eties (A) and (B) alone, without referring 


directly to | of-W, has a neighborhood consisting of a 
finite nun 3 - \dimension r. For this reason, we shall 

“ give a nf <efinition of an analytic variety in 2, 

ss \sscentiall “two 7 properties (A) and (B) only. In 2 and 8 
We shall" i properties of analytic varieties and derive from 
them t : woich expresses a special property of a regular analytic 
element / ‘a compact analytic variety of r dimensions. In 4 we 

then Pro, ~ IV(“hat this property is really a characteristic 


property Da leet D, which is contained in an algebraic 
variety of r dimension8>~—~.1¢ main theorem (Theorem V) then follows imme- 
diately from these two results. In the last section (5) we shall indicate some 
applications of our main theorem. i 

Finally, we add a few worgs about the terminology and notations. A 
topological complex K is a homeomorphic image of an Euclidean complex, and 
we shall say 27-complex if it consists only of simplexes of topological dimension 
27 and their sides. The boundary of an unoriented complex K (i. e. considered 
as a chain modulo 2) will be denoted by K. If the complex K is oriented to 
become a chain with integral coeflicients, then its chain boundary will also be 
denoted by K. There is no danger of confusion in this, as the meaning will 
be clear from the context in each case. The word “dimension” without any 
further qualification will mean the complex dimerision, which is twice the 
topological dimension; subscripts will be used to denote the former, super- 
scripts the latter. 


2, Analytic varieties. An analytic simplex #, of r dimensions in S, is 
a topological 2r-simplex in Sa, which is a one-to-one analytic image of a 
topological 27-simplex in a complex affine space A,(z) of r dimensions. More 


2 See Koopman and Brown [4], Lefschetz and Whitehead [6]. 
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specifically this means that, for a suitable choice of the inhomogeneous 
coordinates 2,---, 2%, in Sa, the points of E, can be represented parametrically 
by a set of tions 


(3) Ti = fj(21,° * +, Zr), D gol + -,n, 

where the n functions f;(%,° © *, 2r), 7—=1,-- „n, are all holomorphic in 
a region FR of the affine space A,(z) of r complex’ parameters z,,° - -,%r, and 
the matrix || 0f;/0z, ||, 7 = 1, © ©, n, k—=1,:--+,7, has the maximum rank r 


at every point of the region R; and that this representation induces a homeo- 
morphism between Æ, and a topological 2r-simplex O°" in the region R. 
Without loss of generality, we can assume ie rigin (z) = (0) 


of A+(z) is contained in the interior of 0”; (z) = (a) 
in E, is then called the center of Er (w7 \ Ziyi 5 
zr). It is obvious that if the analytic s” ‘complex, C~ 
then each simplex of this complex istals man UT ce in al we 
our arguments we can always replacé uny compl n which 

_ the simplexes are arbitrarily small? We can therei. “ut any 
essential restriction to the sue da dtc + “analytic siny suitable 
choice of the coordinates Zio 8. 24 py pee Jz) , the 
equations (3) have the form ares x = | 

by = Zi, * ty Er = Zp " b 

(4) Try = fraa (21, Ee gt ey, tn = fa (41, mts Zr) ; 
and that the region R has been chosen so small that the functions fr,’ * * fr 


can be represented as power series which are convergent in R. Since the 


equayions (4) map the region R into a regular analytic element D, in S,, 
ith follows that an analytic simplex Æ, is simply a topological 2r-simplex 
bedded in a regular analytic element D,. On the other hand, the set of 


- interior points Z,— E, of an analytic simplex is itself a regular analytic 


element. Hence it is rather indifferent whether a point set is covered by an 
aggregate of analytic simplexes or an aggregate of regular analytic elements; 
the use of either one instead of the other is only a matter of convenience. 
The concept of an analytic complex in S, is defined by induction as 
follows. Any topological 0-complex in S, is an analytic complex Ky of zero 
dimension. A topological 2r-complex (finite or infinite) in S, is called an 
analytic complex K, of r dimensions, if it contains a subcomplex K, which- 
consists of an enumerable aggregate of analytic complexes of dimensions less 
than r, such that any point of K,— (Ér + K,) has a neighborhood which is 
a regular analytic element D,. The points of K,— (K,-+-K,) are called 
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regular points of K. The topological complex K; is also called the boundary 
of Kr. The aggregate of analytic complexes K, is called the singular part of 


K,, though not every point (or even any point) of it ne a singular 
point in either the topological or analytic sense. An ani implex E, 
is of course also an analytic complex of r dimensions, the bt jug the 


boundary #, and the singular part being the empty set. An analytic variety 
W; of r dimensions in S, is a connected analytic complex with the properties 
that it has no boundary and its singular part W, consists of an enumerable 
aggregate of analytic varieties of dimensions less than r. This definition by 
induction can be completed by the stipulation that an analytic variety W, of 
Zero amr a point iñ S,. An analytic variety is called 


compact if it Sa is, if it is a finite topological complex. 
l It is 4 of all the regular points of W, can be 
L—overed by £ analytic simplexes of r dimensions. 
Arom thi an enumerable aggregate of analytic 

- -farieties |, “induction that the analytic variety 

W, can h ite of analytic simplexes of dimen- 

sions Ss . k that this covering of W, by an 
enumerai (Aes is not a simplicial subdivision 

of Wasa f nse, nor is it a covering by neighbor- 


hoods of W, asa topono ~~ „space of S,. It is simply a representation of 
W, as the set-theoretic sum of an enumerable aggregate of analytic simplexes 
of various dimensions, and this aggregate will be in general infinite even in 
case of a compact analytic variety W,. 

Let E, and F, be two analytic simplexes in Sn contained in T regular 
analytic elements D, and D, respectively. The intersection D, {] D, of the 
two analytic elements D, and D,, if it is not empty, consists of an enumef eee 
aggregate of connected components, each of which is an analytic variety” “Of 


dimension not less than r-+s—n. In ease such a component has exactly 





_the dimension .-++ s—n, it is called a proper component of the intersection. 


It is easily seen that if the join of the tangent spaces of D, and D, at some one 
regular point of such a component has the dimension n, then the component 
has the dimension r + s — n and is therefore proper. In such a case we shall 
call the component regular. We shall say that two analytic simplexes E, 
and E, are regular with respect to each other if either (1) the intersection 
E,{\ E; is empty, or (2) each point of E, {| Es is contained in a regular 
component of D, Q Ds- f 

It is clear that for r-+s<n the first possibility alone can occur, so that 
in this case two analytic simplexes F, and F, are regular with respect to each 
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other if and only if they. are disjoint. In case r -+ s= n, the intersection of i 
two analytic simplexes Æ, and Enr, regular with respect to each other, is 
either emp}~ consists of a finite number of points at each of which the 
tangent spi \D, and D,_, are transversal to each other. We are mainly’ 
interes case r-+s—n, though the following results hold also for 
the general case. 

Let P be the group of all projective beinafornn tions in Sn; it is an 
analytic manifold of (n-+-1)*—-1 dimensions. It is easily seen that if Fp 
is an analytic simplex in §, and T is a projective transformation in Sp, then 
the transformed set TE, of E, is also an analytic simplex. of r dimensions. 


It follows then that if K, is an analytic pi po of 
analytic simplexes {#}, then TK, is also f oren by the 


aggregate of the transformed simplexes vA N following | 
theorems, we shall make use of the F dense set: Pee 
which is true for every regular sep” orsa t on. m 
of a finite or enumerable infinite: an sets iS 
also an everywhere dense set. $ | ‘se if its 
complement is everywhere dense, it cenumer- 

ably infinite number of nowhere iplement 

of which is everywhere dense ; N m then it is 

also nowhere dense. a ae Re ia 


Turorem I. Let E, and E, (r-+s& n) be two analytic simplexes in 


Bn and let Q be the set of all elements T of P such that E, and TE, are 


regular with respect to each other, then Q 18 an everywhere dense open set in P. 


ai 
Proof. We shall choose the inhomogeneous coordinates £i, ' * `, &n in 


Sa in such a way that both #, and #, are in the affine space A, (x), which is 


always possible if these simplexes are sufficiently small. Let F, be given by 
the one-to-one analytic mapping 


(5) i Ti = filz ° " *,2r), t= 1, " ty Ny 


of a region R’ in A,(z) into An(a), so that F, is the image of a topological | 
2r-simplex C? in R’. Similarly, let #, be given by the one-to-one analytic 
mapping | 
(6) Ti = Ji (Wa, * Pe ADE), t=1,'-°,n, 


of a region pR” in A,(w) into ia so that H,,is me image of a topological 
2s-simplex C** in R”. 
We first prove that the set © is everywhere dense in P; it is evidently 
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enough to show this for the neighborhood of the identity transformation Z. 
Let Tce; be the affine transformation of An»(2), Ss 


> Ki = 1 + ei 4° 15 A; 
r 


i 


it is of course also a projective transformation in S, and i. y near 


to the identity transformation J for points (e) sufficiently near to (0). The 
transformed analytic simplex 7'e)#, is then given by the one-to-one analytic 
mapping 

Ti = Ji(W1,° °°, Ws) F 6i, t== l, * +, n, 


of the topological gim»lax Ks in the region R”. Consider the analytic 
mapping — | i 


(7) Ui = = gil, : "y Ws), t== l, >, n 

TA i . l 

- of the reg Nk space Arss(%,W) == A,(2) X As(w) 
m~ .. ato the $ \(7 + s)-simplex C?" X C?* in the 
| region R jolution of the equations (7) for 
| (uj= (8 ` spond to an intersection point of 
| E, and 7 I n, the image of Crs in An(u) 
under the, l re a nowhere dense set; hence there 
j exist points tes ÅN sy fear to the origin such that the equations 


(7) have no common solution in C2728 for (u) = (e). Then the analytic 


simplexes F, and T¢)Hs will be disjoint and hence regular with respect to 
each other. Thus the assertion is proved for this case, For r+ s==n, we 
can assume that for all points (e) in a sufficiently small neighborhood of (0) 
the two analytic simplexes E, and T¢)#, have an intersection, for otherwise 


the assertion is obviously true already. This means that for all points. (uy. 


in a sufficiently small neighborhood of the origin in A» (u) the equations -(7} 
will have a common solution in G+, It is well known ? that in this case 
the Jacobian determinant 


J (4, w) == | OF, /02;, OF ,/Owy, | == | Of ;/02;, — 09;/0wW;, 3 


does not vanish identically in the region R. ‘Then the set of all the solutions 
of the equation J(z,w) = 0 in R, if it is not empty, constitutes an enumerable 
aggregate of analytic varieties of dimension n—-1 in R. Let H, i= 1,2, 
- ++, be a sequence of analytic simplexes covering this set J, and let HM", 
i==1,2,---, be the corresponding images in A,({u) under the analytic 
transformation (7). Then the image J* of J under the analytic transforma- 


3 See Knopp and Schmidt [3], p. 379. 
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tion (7) is evidently the sum of all the sets E0)", i == 1,2, -. Since each 
H®" is a nowhere dense set in A,(w), it follows that the complement of J* 


in A,(w) i everywhere dense set. This means that there exists in every 
neighborh \he origin of An(w) at least a-point (e) which is not in J*. 
Then | t (u) = (e) the equations (7) will have no common solution 


in the set J; or, in other words, we have J (z, w) 540 at every common solution’ 


in R of the equations (7) for (u) = (e). This implies that every inter- 
section point of E, and 72H, corresponds to a point in Cs at which 
J(z,w) 340; hence E, and T eH, are regular with respect to each other. 
Thus our assertion is also proved for the case r -++ s = n. 


It remains to show that the sét Q is pe ee have to show 
that if E, and E, are regular with a ee TE, are | 
also regular with respect to each other fo” Y neighbor- l 
hood of the identity Z. For r+s ff Y, and Poo 
are disjoint closed subsets in Sm f h T: 7 
prove the assertion for r -}- s = a 7 be givelt— | 
by the equations \ l 

Z= (a+ Ža) A l-n 
X 

If the matrix (as) is sufficiently neam , the___aytic simplex 


TH, will still he in the affine space A,(v) uid s given by the one-to-one 
analytic mapping 


an GW, t3 Ws) a [dio + Š ang(wn TT Ws) \/[oo -+ $ lojgi(W, moe ey Ws) ls 


t= l, shy 


of the topological simplex C?s in the region R”. Consider the Jacobian 
determinant l i 7 

: JT (2, w) = | Of ;,/02;, 09'4/0wWx | 3 
and the n functions 


FP (2, w) = fi (21 ' ` 2r) — gawn j `W), t= l, + +, Mn, 


which are all defined in the region R. It is clear that these functions are 
also continuous functions of the transformation T in a neighborhood of the 
identity I. Now, it is easily seen that the two analytic simplexes F, and 
TH, are regular with respect to each other if and only if the following 
equations 

JT(z,w) = 0, 
(8) (2, w) 


FT (z, w) = 0, tol, n, 
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have no common solution in the topological simplex C?"+?* in the region R. 
Let AT be the set of all the common solutions of the equations (8) in R; 


then A? is closed in R and varies continuously with T. j H, and E; 
are assumed to be regular, with respect to each other” intersection 
Crs f) Al is empty. Now, if C?r#°() AT is not emph nN in a 


sufficiently small neighborhood of J, then there is a sequence of T®, 
4==1,2,- +--+, converging toward J such that C?r?*() AT is not empty. 
Since O?r+s ig a compact set, the sequence of sets O?rt?*  AT® has at least 
one limit point in O0?r#8; and it is easily seen that this limit point is a 
point of C?"s () A’, which is a contradiction. Therefore, the intersection 


Coe | AP is emoi mon in a suiliciently small neighborhood of the 


: identity I; Nand TE, are regular with respect, to each 
other for j \g the proof of Theorem I. 
am Fron similar theorem for analytic varieties. 
We shalli “tersection of two analytic complexes 
| ~~, and Å h K, and K,., and if the tangent 
| spaces of ansversal to each other. 
j l 
THY | two analytic varieties in Sn, and 
let Q be > - ús T in P such that W, and TWo+ 


have only Teya Vi OS Then the set Q is everywhere dense 


in P. A 


Proof. Let {E} and {F} be two enumerable sets of analytic simplexes 
which cover the analytic varieties W, and Wn-r respectively. Then the set 
{G} = {(E, F)} of all the pairs of analytic simplexes, one from each of the 
two sets {Ey and {F}, is also enumerable and hence can be arranged in a 
sequence G — (HM), FM), 4=21,2,---. For each +==1,2,---, let 
Q be the set of all transformations T in P such that E™ and TF™ are 
regular with respect to each other. It is easily seen that the intersection of 
all the sets QO, +—1,2,- ++, consists of exactly those transformations T 
such that W, and TW,., have only regular intersection points. Since, 
according to Theorem I, each set Q* is an everywhere dense open set in P, 
it follows that Q is also an everywhere dense set in P. 


3. Intersection of analytic varieties. There is a “natural” orientation 
for an analytic simplex E, which can be extended to any analytic complex K,. 
Let E, be an analytic simplex in S, defined by the one-to-one analytic 
mapping (3) of the topological 2r-simplex ©% in-A,(z). Let 2; =z; + iz”; 
j=1,:'-++,7; then the ordered set of 2r real coordinates 21, 271,- © +, Zr 


ee w a Mirti a 
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g”, of the space A,(z) determines a definite orientation of this space and 
consequently also an orientation of the simplex C?". This orientation, of-C?* 
determines uentation of E, which we shall call its natural orientation. 
It can be shown that the natural orientation is independent of the 
choice Aytic parameters and is thus an intrinsic property of an 
analytic simplex. The set of all regular points K,— (É, + K,) of an analytic 
complex K, can be covered by a set of analytic simplexes of r dimensions. It 
can be shown that if each analytic simplex of the set is given its natural 
orientation, then all these orientations are coherent; and if we orient each 
topological 2r-simplex of K, in concordance with the natural orientation of 
any one analytic simplex E, contained in it, 7—~—--tgpological 2r-chain 
on K, with boundary in the sub-complex xd K, Thus 
an analytic complex K, is an orientable 4 s a natural 
orientation ‘determined by its analytice particula ~~ 
also to the pfojective space Sn, its” complex 
Furthermore, if K, is a finite com’ l make it à~ 
topological 2r-chain in Sn with bd ; compact 
analytic variety W,, if‘oriented w, »pological 
27-cycle in Sn. We shall from no omplexes, 
including the space S, itself, are ot, n __ station, so 


that a finite analytic complex K, correspo -ine a uniquély determined 
topological 2r-chain in S». The significance of the natural orientation is given 
by the following well-known result: 


Lemma 1. The topological intersection multiplicity of a regular inter- 
section point of two finite analytic complexes K, and Kn-r ws + 1. 


For the proof of this lemma, which is very simple, we refer to the 
hterature.* 

As to the topological properties of Sa, it is well known that the 2r-th 
homology group of Sn is cyclic and the class determined by a linear analytic 
variety L, of r dimensions is a generator of this group. From this we can 
derive at once the following consequences: (1) To each 2r-cycle in S, there 
is associated an integer g called its degree; it is the total topological inter- 
section number of this 27-cycle with a linear variety Lnr; (2) two 2r-cycles 
are homologous if and only if they -have the same degree; (3) the total 
topological intersection number of a 2r-cycle of degree g and a 2(n —1)-cycle 
of degree fh is equal to gh. In view of Lemma 1 we can conclude that the 


——— ee: 


‘For the topological properties of analytic varieties, we refer once for all to 
Lefschetz [5], Ch. VIII, § 3 and van der Waerden [9]. 


fa 
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degree of a compact analytic variety W, is always positive; for it is equal 
to the mumber of intersection’ points of W, with a linear variety Ln-r which has 
only regular intersections with. W,. ~ 

We shall need the following lemma concerning the 3 ‘city of an 
intersection point. Let Be and B2"-s be two topological cha: nd let 
(p) be an isolated point of B: {] B*"-* which does not lie in either Be or 
Bs, Then this point. (p) has a uniquely determined multiplicity as an 
intersection of the two chains B! and B*"-s, For the determination of this 
multiplicity we have the following criterion: 


Lemma 2. Let R bea neighborhood of (p) such that the closure of R 
does not interg D other component of the intersection 


Be pey wG chains which are d-homologous to the 
| _—Khains Beg \d is a sufficiently small positive number 
spending “ach component of the intersection 
Tn a y and the intersection multiplicity 
of (p) ise multiplicities of those components 

of A®[) 4 i 
In th | mology is defined as follows: Let 3 
be a d-neip. Bo tes, -closed d-neighborhood of Bs, then a 


chain 4s is said to be a-noniv... sus to B°! if it is contained in ¥ and is homol- 
ogous to B: mod 3’ on X. This includes in particular the case when A® is a 


`d- -deformation of Bs, The proof of Lemma 2 follows easily from the well 


known results about intersection of chains,® so that we can omit it here. 

Let W, and W,., be two compact analytic varieties of degrees g 
and A respectively, and let (p) be an isolated intersection point of them, 
Let E be a neighborhood of the point (p) in Sy, and let d be the 
number such that the Lemma 2 holds for all d-deformations of W, and Wn-r. 
According to Theorem II, there exists a projective transformation such that 
TWn-r is a d-deformation of W,_, and the two analytic varieties W, and TWn-r 
have only regular intersection points. Since according to Lemma 1 each of 
these intersection points has exactly the multiplicity + 1, it follows that 
the intersection W, {| T'W,., consists of exactly gh points. If p “Of these gh 
points lie in the neighborhood R, then p is the multiplicity of (p) as an inter- 
section of W, and W,.,. Applying this in particular to a regular point of 
W,, we obtain the following result: Let F, be an analytic simplex in S, and 
(p) be an interior point of H, If F, is an element of a compact analytic 
variety W,, then there exists a positive number N such that if Wn, Is a 


5 See Lefschetz [5], Ch. IV, § 3. 
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compact analytic variety of degree h. and if (p) is an isolated intersection 
point of E, with Wa-r, then the multiplicity of this intersection is not greater 


than ae v we can take NV to be any number not less than the degree 
of W,. ee settion we shall see that this fact is characteristic of an 
Ae my T is an element of an algebraic variety of r dimensions. 


However, in oa to state this result in the definitive form which we shall use 
in the next section, we introduce the concept of an analytic cycle. An analytic 
cycle Z, of r dimensions in S, is a topological 2r-cycle in Sa which can be 
expressed as a sum of multiples of compact analytic varieties. Thus. an 
analytic cycle Z, is a finite set of compact analytic varieties W,,- - -, W,), 


to each of which is assigned an Integer P P negative) e called i 


~» == emm an tn 


multiplicity. If g; is the degree of W,@ Nger 3 > nig: iS 
; į=1 

evidently the degree of the gare \. is calle?’ 
positive if the multiplicities of its tive it; 
called algebraic if all of its comp’ is a nien 
matter to show that what we havi le varieties 
can be generalized to positive ar \ following 
theorem: | sik ( 

THEOREM III. Let E, be an Trin Sig. eel “(p) be an 3 


anterior point of E, If E, is an element ONE Compact analytic variety Wp, 
then there exists a positwe number N such that if Zn- is a positive analytic 
cycle of degree h and if (p) is an isolated intersection point of E, with Za+, 
then the multiplicity of this intersection is not greater than hN. 


. We have stated the above theorem only for a regular analytic element, 
as this is the only case we shall need for our purpose. It is however clear 
that the theorem holds in general for any analytic element, whether regular 
or not. Incidentally we should like to remark that it is well known € that 
an isolated intersection of two analytic varieties, in the usual sense as defined 
in section 1, has always a positive multiplicity. This property is fundamental 
for many applications of topological methods to algebraic geometry, but we 
have no direct use for.it in the present paper. In fact, we do not know whether 
this property is true at all for the analytic varieties as we have defined here in 
the previous section ; for the proof of it depends on the fact that the neighbor- 
hood of each point of an analytic variety consists of a finite number of analytic 
elements. What is essential for our present purposes is not to rule out the 
possibility of a zero multiplicity for an isolated intersection point, but to 


6 See van der Waerden [9], or Lefschetz [5], Ch. VII, § 4. 
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rule out the possibility of a negative multiplicity for any connected com- 
ponent (of any dimensién) of the intersection. That the latter is true for 
intersections of positive analytic cycles in S, can beeasily g’ & from our * 
results, but it is not generally, true for intersections ò` Zosi 1 

in an arbitrary analytic or algebraic manifold. 3 A 


ytic cycles 


4. Proof of the main theorem. We begin with two lemmas. 


Lemma 38. Let f(z >, £r) be a power series in r variables 11,° `, Xp. 
Given any positiwe integer N, we can always find an integer M with the 
following property: For every integer m> M, there exists a polynomial 


Plts g n Lı,” * ` Lr Of degree m such that the 


i power series 5» &-)) contains no terms of degree mN. 
i N 


| 
E oa Proof/ ‘he general polynomial of degree m in = 
[t 1 va denotes the binomial coefficient 
Pah = ‘rms and hence that many indeter- 
minate eç ies P(ty,° + +52, f (215° ° -,2r)) 
contains a) “mN, the coefficients of which are 
lmear for, jr linear equations I)(c) = 0 will 
have a no! a "| Atm 8... DTN G, This will be the 


case if we take-im eres. a . = (N +1)"(1-++1); for we have then 
(m1) > (1-4 r)mr(W + 1)"/m" 
> (r+1)[(mN +r) +: (mN + 1)1/E(m+r+1)-- + (m+2y], 


f 


hence [(m +r +1): (m +1)]/Lr +1] > (mN +r): -- (mN +1), 
hence “ti+m Bra > rimN Br : 

Before proceeding to thé next lemma we shall recall here some well- 
known facts about the intersection of two algebraic cycles Z, and Z, in Sp. 
While in general any two arbitrary cycles C” and O” in S, have a “ topological 
intersection ” consisting of a homologous family of cycles about their geometric 
intersection O (| O”, it is possible in case of the algebraic cycles Z, and Zą 
to define an intersection cycle Z,-Z, provided alt the components of the 
geometric intersection Z, [) Z, are proper (i.e. have the dimension r + s — n). 
Let U™,--+-,0™ be the components of Z, [) Zs; they are all algebraic 
varieties of dimension r-+s—n. Then we can assign in a unique manner 
to each component U) a positive integer n; such that the algebraic cycle 


A 
S nU is a member of the homologous family of cycles constituting the 
=t i 


A 
“topological intersection” of Z, and Z;. This cycle $, mU ® is called the 
i=l 
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intersection cycle Z,-Z, of Z, and Z, and the numbers nı - -, n are called 
the intersection Pera i of U@,-+-,U™ respectively. The degree of 
Zr Zs is t oduct“ the degrees of Z, and Z,. Corresponding to the 
Lemmas oft / preceding section, we have here the following result 
about (7. stion cycle Zp- Ze: (1) If V, and V, are component varieties 
of multiplicity one of Z, and Z, respectively, and if U is a regular component 
of V,{) V: and is not contained in any other component of Z, or Z,, then 
the multiplicity of U in the cycle Z,-Z, is equal to + 1. We shall say the 


U is a regular component of V,[{] Vs if it contains a point which is regular ` 


' for both V, and V, and if the join of the tangent spaces of V, and V, at 


this point has the dimension n. ` (2) Giv Se d there 
is a positive number e (depending of cov \ such that if 


the algebraic cycles 2’, and 2’, are e- ‘yespectively, 

then the cycle Z’,:Z’, is d-homologe’ \these ho” ~~ 

in fact (with slight modificatior’ f analyt 

cycles ‘and complexes, but. we sha]. sae 
Lemma 4. Let E, be an an i (p) and 

let Ini be a linear variety con, ithe inter- 

section of E, with Ini. 18 an anat, 2, Ap). Ifa 

positive algebraic cycle Zn- of degree m~ vu. .2@ inte, ution with By 


at the center (p) with a multiplicity p, thë” the intersection cycle of Za 
and Ln 18 @ positive algebraic cycle Zn», of degree m which has an isolated 
intersection of multiplicity p at the point (p) with Ep 


Proof. The linear variety Ln-r does not lie in any component hyper- 
surface of Z,.,; for otherwise the entire analytic simplex Æ, would lie in 
Zn-1, in contradiction to our assumption that Z,., has an isolated intersection 
with F, at the point (p). Therefore every component of the intersection 
Ln-ra1 (} Zn- is an algebraic variety of dimension n—-r and hence is proper. 
Therefore. the intersection cycle of Ly... and Zn is a positive algebraic 
cycle Z,., of degree m, and it remains only to show that this cycle Z,_, inter- 
sects E, at the point (p} with the multiplicity w. It is obviously enough to 
prove the assertion for the case when Z,_, is an irreducible hypersurface, for 
otherwise we can apply the same argument to each irreducible component of 
Zna. The assumption that Z,_, intersects Æ, at the center (p) with the 
multiplicity » implies that there is a projective transformation arbitrarily 
near to the identity and such that TZ,., has exactly » regular intersections 
with Æ, which lie in any given sufficiently small neighborhood R of (p). For 


‘such a T the components of TZa-ı () Ln- are all proper and hence there 
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is an intersection cycle Z?,_, == T Zn: Da-r+13 and since each of the p regular 
intersection points of 7'Z,. with W, is containe “7 exact one regular 
component of TZn.() Ln- it is contained in À or ponent of 
multiplicity one of the cycle: Z",_,. Let the positin i be chosen 
with respect to the chains Z,., and E, and the neighborbou. ~ D point 
(p) as in Lemma 2, and let the positive number e be chosen with respect 
to the number d and the intersection cycle ŽZn-r = Zn1' Lnr as in the 


remark (2) immediately preceding this Lemma. Since for T sufficiently 


oan 


Sree, 


near to the identity the cycle TZ,_, is an e-deformation of Zp, it follows 
that for such a T the intersection cycle Z7,., is d-homologous to 4,,. It is 


clear that the pa — ZTa-r [) Er which lies in R consists of 
the same u iv nı and FE. Since each of these points 


X 
` 


is containe?’ ‘t variety of multiplicity one of 27,_,, 
1d. since d ~ of this component variety with Er 
lerefore | Nlicity one of ZT, and En It 

“follows the vlicity of the intersection (p) of 

Zanr and E; 

With : - Can prove the following theorem: 
2 f 
THEO}. | Oy _-gyie simples in’ En Suppose there 


exists a otte iger WX -ont if any positive algebraic cycle Zar of 
degree m in Sn has an isolated intersection with E, at its center, then the 
multiplicity of this intersection is at most equal to mN. Then E, is an 
element of an algebraic variety V, wm Sp. 


Proof. The theorem is evidently equivalent to the following statement: 
If E, is not an element of an algebraic variety V, in Sn, then given any 
positive integer N there exists a positive algebraic cycle Z,_, of degree m such 
that Z,.. has an isolated intersection with Æ, of multiplicity greater than 
mN at the center of Ep. 

Let D, be the analytic element containing E, Let the afine space 
An(z) be so chosen that the analytic element D, is given by the set of 
equations Ag 


Tri = fry (Li ray t); 2S S i fali tta Lr), 
where the f,(%,°°-,%,-), t=r-+1,:-+,n, are convergent power series in 
a region in the affine space A,(x) of the r complex variables z,,---,2,. We 


can assume without any loss of generality that F, is the image of a simplicial 
2r-simplex OC?" in A,(a) and that the center of E, is the origin of A,(2). 


Since the analytic simplex H,, hence also the analytic element D, is not 
Pai 


w 


~ a e n: 


4 | 
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— at least one oe n — Tr power Series Lra == fr (Brt © Erh G | 
== fn (Zi, ° Paty Tr); S e power series Zra = fra (Tu * +, Zr), is not an 
a ele ey / field k(a1,- © >, r). According to Lemma 3, there 
exists to ay dive integer N a polynomial P(x) =F (2 + +, Seat) | 
of deg martin the r -+ 1 variables 21,° - -, mı, such that the power 
series P(a,,- ` -,%-) = F (21, © +, Lry fraa (%1,° °°, 2-)) contains no terms | 
of degree = mN. Since the element f,.1(¢1,: + -,2,) is not algebraic over 
k(t, © *,2r), the power series P(21,---,2,) is not identically zero. 
Hence, after a. suitably chosen linear transformation in SA if necessary, 
we can assume that the power series P(2,) == P(2,0,---,0) is'not iden- il 
tically zero. It is clear that'this`power se po tains no terms of | 
degree = mN. Let Poe be the ing by the r— i1 
linear equations £z A t= 0, 7 \ a with, D, 
is a regular anaytifelinent D, giv i Ne, Cp =f ~ 
Gres = fra (21 0, © 30), °°, One 2 \tersectio 
Of Lnr with #, is an matyti ; which B~ 
the image of the topologic(i-s: cntersection 
with the subspace £ = t ==" ' '£ ° 2-simplex 


4 
y 


in the z,-plane.) : ( 
Consider now the RE Se eit Tag a 
~, Ma aot? Peay 


G (Xo, Tis? * Tea Va = 5)" F (4, /2 7 T3 Lrs1/ Lo) ra 0; 





a 


it defines a positive algebraic cycle Z,.. in S, consisting of as many hyper- 

. surfaces as the distinct irreducible factors on the left side of this equation, 
each taken with its multiplicity. The fact that P(a,) == F (a4,0,---,0, 
frar(%,0,-- +, 0)) vanishes for s, == 0 but not identically shows that the 
point a == s0) is an isolated intersection of Z,., and E. It only remains 
to prove that the multiplicity of this intersection is greater than mN, for 
then our theorem will follow from Lemma 4. Here again we can assume 
that the algebraic cycle Z,, 1s an irreducible hypersurface, which means that 
the form G@(2,%1,° * *, r1) and hence also the polynomial F'(2,,- © - , Zr) 
is irreducible; for otherWise we can apply the same argument to each com- 
ponent hypersurface of Z,.,. According to Lemma 2, it is sufficient to show 
that given any neighborhood R of the point (s) = (0) in A,(x) there exists 
a linear transformation Tre), 


ao, = Ti + e; t= 1l,- --,n 


arbitrarily near to the identity, such that Tre)Zna-ı has more than mN regular 
intersections with E, in BR. 


„~ where Q(3 


ao n 


m 


` 
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Consider the power series in s, with coefficients in klu) = (tt, © +, Ura) 
B (ay, (u)) = F(T, + Un Uz’ +) Ur Urs H 0, ars 0)), 


which is convergent for all sufficiently small z, AU (u). The 
intersection of T(e)Zn-1 and E, is then given by the zèr Paj series 
(zı, (—e)) in C?, and it is-well known that a simple Zeto £ =Ü, corre- 


sponds to a point (b) ao (6,, 0,-°-,0, frai (bas Uses 0), “ “s fabis g ",0)) l 


on Æ, which is a regular intersection of T(e)4,. and H, Now we have the 
fact that ®(2,, (0)) == P (zı) has a zero of order p > mN at the point x, = 0. 
Hence, by the Weierstrass Preparation Theorem, there is a neighborhood R’ 


of 2 = 0 i (6) (0) such that 
| NU; (u))Q(%, Cane 


7 


7; 


\lynomial of ade pw in 2, with center 


t ty = 0! q power series which does not vanish 

“~~. irg in ‘shed polynomial Q(z, (u)) might 
be reduciks. ie field of all quotients of power 
series in /— a ° ctor * In fact, if any power series 
g(a, (u), . j is a multiple factor of Q (z, (u)), 

then the $ ENO, _48 a multiple factor of Q (0, (u)) and’ 
henceWalso à nultiple fad .-mé polynomial (0, (u)) =F (u). One 


observes that the power series y(u) is not a constant, for q (u) is not identically . 


zero and we have q(0) =-0. Hence the equation g({w) —0 defines a finite 
number of analytic elements of r dimensions in Arlu) with center at 
(w) == (0). If one of the variables (u), say u,, is actually involved in the 
polynomial F(u), then ôF (u)/ðu, is also a polynomial in (u). It follows 
then that both polynomials F(u) and F (u)/ðu, are divisible by the power 
series g(u). This means that the two positive algebraic cycles of r dimensions 
in Anı(u) defined by the two equations F(u) = 0 and ĝF (u) /du, = 0 have 
at least an analytic element of r dimensions in common and consequently 
also at least one component variety in, common. Since F(u) is an irreducible 
polynomial, the algebraic cycle F(u) =-0 is an irreducible algebraic variety 
and hence must be a component variety of the algebraic cycle @F'(u) /Ou, = 0. 
This means.that the polynomial F(u) is a factor of the polynomial dF’ (u) /du,, 
both being now considered as elements of the polynomial ring &[w]. But 
this is impossible, for the polynomial @F(u)/du, has a lower degree than 
F(u). Thus we have shown that the distinguished polynomial Q(a, (w)) 
has no multiple factors.’ 


7 The last part of the argument consists essentially in showing that an irreducible 


a 
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Since Q(z (u)) has no multiple factors, its discriminant H (u) is not 
identically zero in R”, Inve for any point (e) in R” such that H(e) = 0, 
the polynom” y {has exactly a simple zeros and consequently also 
the power s’ j) has exactly » simple, zeros in R’. For all points . 
(e) sufp- tee point (u) = (0) with H(e) 0, the p simple 
zeros will lie míny given neighborhood of the point s, — 0 and hence the 
corresponding p» intersection points on F, will lie in any given neighborhood 
of the point (x) == (0). This completes the proof of the theorem. 

Combining Theorem III and Theorem IV, we obtain immediately the 
main theorem A 


~ 


Riga E i ora i . 
THEOREM V. A compact analytic yale Lgebraac variety. 


O Proof. Let E, be an analytic simpl et algebraic ' 
| variety W,. According to Theorem II y algebraie=~ 
| variety V, which also contains the inciple o, 
| analytic continuation, any two (ir eties of m- 
| dimensions which have an analyi -ó coincide, 
| Hence we have W, = V,, and the at 
It is perhaps not without inte between 
| ‘Theorem IV and the well known erin „0ra „by means 

, ; ses a a Bee E ; 
of diophantine approximation: A numbers... prale if and only if there 
f ee 
exists a positive integer N such that no form >) 2é* has a proper approxi- 
450 
| mation +Y with respect to the variables 2, 21, * *,Zn In other words, if 
Z = max (|2|,|%)5°°°,|%.|), then the number £ is. algebraic if and 
only if for each nthe diophantine inequality 
=i | Skt | < ZN 
4=0 
' has only a finite number of solutions for which the left hand siđe is not zero. 
Hence, for each n there exists a positive number T, such that the diophantine 
| inequality ! 
n 

| |S at] <n) 
| i=0 
| e 
has no solution for which the left hand side is not zero. Taking the negative 
! of the logarithm of both sides, we can write the inequality as follows: 

| polynomial F(u,,---+,%,,,) cannot haye multiple factors in the ring of power series 
k{u,,- . Upay This is a special case of a theorem proved by Chevalley, see [2], 
i p. 11, Theorem 1, which asserts that any prime ideal in &(u,,-.- -,u,,,) is the inter- 
section of prime ideals in {u> < -,U,,,4. 
| A ee 
| x 
r 


aaa a 
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— log | $ zéi | > N (log Z + i 

4=0 x ; 
In the analogy between algebraic number field an nction field 
of one variable we can regard the number é as an “ds, ” and the 


- 2% . » cc * eg pe ae 
equation > zy? = 0, for a given (z), as an “algebraic curv...” The number 
i=0 


and partly topological, as Ib sary for our present purpose, the theorem 
itself can be expressed in purely algebraic terms, using only formal power 
series. In fact, one could probably obtain a purely algebraic proof of this 
result by means of the intersection theory for algebroid varieties as developed 
by Chevalley.® 


log Z + log T„ can then be regarded as representing the “degree” of the ý 
“ algebraic curve” and the left hand side of the above inequality as the 
“intersection multiplicity” of the “analytic branch” with the “algebraic | 
curve.” Carrying this over to the algebraic function field of one variable, | 
we obtain the statement , Ainalytic“pranch E, in S, is algebraic if and 
only if there \ that no algebraic curve of degree m can Bs 
have an isọ “\ with a multiplicity greater than mN. s 
l~ hus our f “ed as the extension of this criterion | 
ae ) analytie ensions. | 
eee Finally \t though Theorem IV. is stated S 
and proved s ent, it is not difficult to see that 
it holds ` hether regular or-singular. Thus 
this theore "plies ' 8 both necessary and sufficient for | 
any analyt nent to-D _~ Though our proof is partly algebraic | 
| 


: 

5. Meromorphic transformations. We begin with an almost obvious 
generalization of Theorem V to a multiply projective space. For the sake 
of convenience wë shall restrict ourselves to the case of a doubly projective 
space Sm X Sn, though the results‘hold obviously for the general. case. We 
can define an analytic variety W, in Sm X Sa in exactly the same way as we 
have done in 2 for Sa. Now the space Sm X Sn can be mapped by a bi-regular 
birational transformation onto a non-singular algebraic variety Vien in a 
suitably chosen projective space S+. Under this transformation any analytic 
or algebraic variety in Sm X Sn is carried into an analytic or algebraic variety 
in Vmin respectively, and conversely. Therefore, if W, is a compact analytic 
variety in Sm Sa, then its image W,* is also a compact analytic variety in 


am SRN AEE SERENE SAREE RENE annnm un CuO ie 





s Chevalley [2]. 


m 


li ge ee gig ee E rr 


> 
erent errr fe ne aen areren vet at ~~ ee 





i) 


912 WEI-LIANG CHOW. 


Vmin and hence also in Sy. By Theorem V, W,* is an algebraic variety, hence 
W, is also an algebra” jer 


THEOR M analytic variety in a multiply projective space 


‘is an alae x 


In fa ee extend this theorem to all the so-called “ extended ‘spaces ” 
of Osgood, but we shall not go into details here. Instead we shall derive 
from Theorem VI an important result concerning meromorphic transformation 
of an analytic variety. A mapping of an analytic variety W, in S, into the 
space Sm is called a meromorphic transformation if in a sufficiently small 
neighborhood R of any point (a) of, and f *titable choice of the affine 
spaces A,(v) and Am(y) in Sn and Sm 7 ae di is defined 
by a set of equations 


(9) g(s) = fip ° mf O 
where the functions g(s), f(z), / ` and g(x) f 
does not vanish for all points of; ito be under- 

stood with the following stipulat “W, AN R 

such that g(p) 0, the image ind, = p)/9(P); 
t==1,-+-,m, in Sm. We shall call‘»— pares. point of the 


mapping. For a point (x) = (p) such that. i= 9, the image under the 
mapping is to be the set of all points in Syp which are limits of the images 
of a sequence of regular points approaching (p). Thus a meromorphic 
transformation, just like the rational transformation in case of an algebraic 
variety, is not a mapping in the strict sense of the word; it assigns only to a 
sufficiently “ general” point of W, a unique image, while to the others (which 
correspond to the fundamental points of a rational tenatoning viol) it assigns 
certain subsets as images. 


THEOREM VII. A meromorphic transformation of a compact analytic 
(hence algebraic) variety W, in 8, into a projective space Sm is a rational 
transformation of Wr, and the image is an algebraic variety in Sm. 


Proof. The graph of the meromorphic transformation in the product 
space Sna X S» is a point set G, the projection of which in Sẹ, is the variety 
W,. Let-((a), (b)) be any point of G, and let R be a sufficiently small 
neighborhood of ((a), (b)) with R and R” as its projections in S, and Sx, 
respectively. The variety W, being algebraic, it is defined in the neighborhood 





? Seé Osgood [7], Ch. HI, § 32. 
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E of the point (a) by a set of algebraic equationy” x, — = 0, i= 1, 
Then the set Gf) R will be defined by the set of 


ao) Ihe), a ae “sm, 


$;(2) = 0, "$; 


ae 


with the stipulation that any component variety lying entirely in the 
hypersurface g(s) —0, if it is an isolated one, should be deleted from 
the set. It is well known” from the theory of power series ideals that 
this can be achieved by the adjunction of a finite number of suitably chosen 
analytic equations to the equations (10), if the neighborhood R is. chosen 
sufficiently small, Thus Sasot | G3 J Consists of all the common solutions 


| of a set of a “2 Since ( (a), (6)) is any point of G, this 

, means that” in Sn X Sm 

oT Teren “pact set. Let ((a), (b)), i= 1, 

rH ? bs werging to a point ((a),(b)) in 
Sn X Sm; W ) is a point of G. Since W, is 
compact and int of the sequence (a), i= 1, 
3o 4 l In a sufficiently small neighbor- 
hood of U <e asformation will be represented by 
a set of egun ans" (9), w ' sponding stipulations. We can assume 
without loss of generality’ for all large + the points (a‘)) are regular, 


ie. g(a) <0. For, since each point ((a), (0)), with g(a) = 0 is 
by our stipulation the limit of a sequence of regular points, we can always 
replace each point ((a"), (b), for sufficiently large i, by a regular point 
sufficiently near to it so that the resulting sequence will have the same limit 
point ((a),(b)). Now, if g(a) 0, then we have 


bj = lim Bj — lim f(a) /g(a) = f,(a)/g(a), f= 1+ + +, m; 
4—> 00 i> 


and hence ((a), (0)) is a point of G. On the other hand, if g(a) = 0, then 
the point (b) is by our stipulation a point of G. Therefore G is a compact 
point set. 

Thus we have shown that @ is a compact analytic variety in Sn X Sm; 
hence, by Theorem VI, G is an algebraic variety. It follows then that the 
projection of G in S,, is also an algebraic variety W* and the given mero- 
morphic transformation is really an (irreducible) algebraic correspondence 
between W, and W*. Since this algebraic correspondence assigns to a generic 
point of W, a unique image point in W* (and since our ground field has 


10 See Rückert [$], or Bochner and Martin [1], Ch. X. 
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the characteristic 0), wv fore it is a rational transformation of W, onto W*. 
Thus the proof is co’ 

The co romorphic transformation evidently includes that 
of a mero «on as the special case ‘m==1. Hence we have the 


coro a 


Pa 
` COROLLARY; An everywhere meromorphic function on a compact analytic 
variety is a rational function. 


So far as we know, even this corollary has been proved up to now only 
for a few special cases such as the projective space and the space of analysis 
(the product of projective lines). ~~) 
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By PHILIP HARTMAN. . | 





A TRA o e - 


1. Let a positive p(t) and a real-valued q(t), where Ot < œ, be 


continuous functions with the property that the differential equation 


(1) ( pa’)? + (a) == () 


is in the Gre ens i: ([4], p. 238) that, for some (and then 
for every) X q which is not of class L?(0, œ). Thus 


en aaa , 

/ 1) and a | 

re | \ 

L O NA) t ‘== 0 (OSa<zn) 
determine-~> Tilbert space L7(0, 0). Let S(a) 
denote\ plem (1), (2). i 

Let a TR a f tution of (1), (2) and let N (T,X) 
denote the í uniber of it VS t< T. Finally, for X < X”, let 
n = n(A, A”) S œ denote Jimit inferior, as T —> œ, of the difference 

TN 
(3) l N(T, A) —N(T, NX). 


The following theorem will be proved: 


(I) There are exactly n points à of S(a) satisfying V<rA<A” or’ 


VA <r” according as (1) is oscitiatory or non-oscillatory for à =À”; in 
particular, n = œ if and only if an infinite set of points à of S(a) satisfies 
NAY’, 


What is essential and new in (I) is the fact that no restriction is placed 
on (1), except that it be in the Grenzpunktfall. In particular, it is not 
assumed that (1) is non-oscillatory for A on X << A” as in earlier theorems, 
or even that (1) is non-oscillatory for some A. Actually, the oscillatory case 
of (1) has always been the more complicated in view of the comparatively 
simple structure of the solutions of (1) in the non-oscillatory case; cf., e. g., 


- [1], pp. 701-703. For this reason, the proofs for the non-oscillatory cases 
cannot be adapted to (I). Oscillation theorems of the type (I) go back to 


* Received May 5, 1949. 
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Weyl [4], pp. 251- of “here it is assumed that (1) is non-oscillatory for 
SAS)" and th = const. The author has shown [1] that Weyl’s 
method can as to apply to the general non-oscillatory case with- | 
out any as e (t), except that (1) bein the Grenzpunktfall. ! 
TE a „3 is similar to those recently used in [3] in connection | 
with separatio " neorems for the spectra of Hermitian matrices and their sec- | 
tions; in particular, see the last part of (iii) in the Appendix and the proof 
- of theorem (*) in [8]. The assertion (I) and its proof will show and will | 
depend on the fact that the spectrum S(a) can be obtained as the “limit” 
of the spectra Sr(a) of Sturm-Liouville boundary value problems on 0 S tS T, i 
as T — oc. This answers a aE by Wintner regarding the defini- 


tion and validity of the limit proces Sr(a) fa 
~ Let po(T) < p(T) <- - - denote ! “glues of the 
Sturm-Liouville boundary value prop’ ned by € ~= 
the boundary conditions (2) at ż a i 
: E Naur 
(4) | o 
: ls a TE 
at t=T. \ st 
' A^ Pa 
(II) A number à belongs io pi pa d(n y~ ,, as T—> 0, 


where d(T) =min|A—p,(T)| for j= 072, 


, 
+ 


The point in (II) is that in order that i hema S (a), it is not sufficient 
that d(T) — 0 be true merely on a sequence of T-values, which tend to œ. ‘ 
The statement of (IT) gives an “elementary ” characterization of points of 
the spectrum S(a@) of (1), (2). 
. Let e > 0 and T == Te be so large that, for some value of A, d(T}=d(T,A) 
S satisfies | a( T)| <S« whenever T > Te Then there is at least one eigenvalue 
of Sr(a), say p(T), in [A— «6 A+ e] for T>T,. Actually, for some arbi- 
trarily large values of T, there are at least two points ua(T), pau(t) in 
[A—eA—e] in the oscillatory case. For consider a T-value T = T > T, 
for which «(7’,A—ce) = 0, so that }X—-e==p,(7") for some h. Then 
pral T) EA e, for n for some values of T near but greater than T, 
it follows that d(T) > «, since pa(T) < A—e and pan(T) >A+e This 
fact (involving pa, pn) shows that assertion (II), above, is an analogue of 
the theorem (ili) in the Appendix of [3]. ! 
The boundary condition (4) in (1I) can be replaced by any fixed homo- l 
geneous boundary condition 


| 
| | 
(4 bis) o(T) cos 8 +% (T) sin B = 0, (<p <n), | 


m e ee 
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at t= T. In fact, (1) can be modified as follows A Ne < A”, let m denote 
the limit inferior, as T —> oo, of the number of eigą val hT 
belonging to the boundary value problem (1), (2 ON i interval 
X SASN, then (I) remains true if “m” is read 7 
It may be remarked that the difference between. the “snd. non- | 

oscillatory cases of (I) is partially explained by the fa... $4 in ‘the lattes? 
case n== n(A, A”) is not only a “limit inferior,’ but ach ariy a “ limit.” 

Thus if (1) is non-oscillatory for A = A”, then n(A’, A) + n(A, A) = n, AY 

holds for A’ < à < A”, as a consequence, of {N (T, X”) —N (T, A} + {N(T, 2) 

—N (T, N)} =N (T,X) —N(T, X); in particular, if à = A” is an isolated 

‘point of S(a), then n(A” — «e A”) and n(A”, A” + «) = 1, while 

n(A — e w+ W gl “Ll ¢ > 02° On the other hand, if (1) is oscilla- 
| tory for A = 447 <isCated point of S(a), then (I) implies O 
aN — 6, NGE i but n(A” — eA” -+ e) ==1 for 





~ ç male EA 0, à n = n(A, A”) is not additive. 


\theorem, k th hen 
D i eorem, known for the case when 

(1), ‘s ’ 
Cae Á FOr N LALA’. Then (i) N(A) 
is a non-decfà y “ina ép function; (ii) N(A) is continuous 
from the left; (iii) ever of any) of N(A) has the value 1; finally, 


(iv) the discontinuity pote. FN (A) on X <LA< AA” are in the point spec- 
irum and no other \-values satisfying N < à < X” are in. the spectrum S(a) 
of (1), (2). UE 


2. Proof of (I). Associated with (1), (2) is a self-adjoint operator 
L(z) = (pz Y +- qz defined on the set of functions z(¢) for which z, pz’ are 
of class CY on Ot < œ; and z, L(z)are of class L7(0, ©); finally, s == z2 
satisfies (2) at ¿== 0. The set S(a) of A-values is the spectrum of this self- 
adjoint operator. | 

In order to avoid the consideration of different cases and duplication of 
known theorems, the proof of (1) will be given in the case that (1) is oscilla- 
tory for à = A. For the case that (1) is non-oscillatory for A= X”, see [1]; 
for the case that (1) is non-oscillatory for A=’ but oscillatory for A =X”, 
see [2]. (Actually, the arguments below with slight modifications give 
simpler proofs for these cases also.) 

It will first be shown that S(«) contains at least n points of X <A < A”. 
If n < œ, it is possible to choose T so large that (3) has the value n and that 
%==2(t,r’) satisfies (4), since (3) is not increasing at T when (4) holds 
for s= z(t, X). If n= œ, a number T can be chosen so large that the value 
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TTNA l 
of (3), which will br” `I n for the moment, exceeds any given number and 


that a == g(t, X) s (4). It may also be supposed that z= z(t, A”) 
satisfies (4) joan be replaced by a smaller value of A, say A = à”, 
for esd È= T(t A”) and (3) has the value n. 

syed Leg X ‘T) <->- + denote the eigenvalues of the Sturm-Liouville 

‘* boundary valy? fem on 0S tS T determined by (1), (2), (4), and let 
z= 2;(t), a os 0, 1,- > >, denote a corresponding set of eigenfunctions 


on 0S:¢S7. Since g—-2(t,’) and c-=<«x(t,r”) satisfy (2), (4), and 
since (3) has the value n, it follows that X == pn and A” = pain for some h. 
Put 


4 o iors j 
(5) (8) = Roan, i) ZN | 
: a l 
according as 0S tS Tor T<t< œw i xe arbitrary con- 
stants. An appropriate choice of the helow. Dae 
Suppose, if possible, that ae e contained i | — 
S(a), and thatk<n. Let à ¢ Vk ves (iP 
k > 0). These A-values are in t hecegics bns 
geo ` a 
(6) flexed Saa 
for J = 1,2," > -, k, and the equation \ pea 
(7) A , z’(T —0) =0 , 
represent at most k + 1 homogeneous linear equations for the n + 1 constants 
Co; C1," © *, Cy. Since k+1<n-+1, these equations possess a non-trivial 
solution. In (5), let Co, Ci,* - -,¢, denote such a solution of (6), (7), so 


that z(t) £0. 

Since æ ==g;(t) satisfies (4), it follows from (1), for à= p; that 
(pz; y =0 at t=T. Hence (5) and (7) show that z = 2 = (pz Y = 0 at 
i—T and that z and pz’ are of class O’ for Ot < œ. Also, the second of 
the conditions (5) shows that z, L(z) are of class L? (0, œ). Finally, z =z 
satisfies (2) at t == 0, since æ = æ; does. Hence, z == z(t) is in the domain of 
definition of the self-adjoint operator L(z). From (1) and (5), it is seen that 


L(2) + (8 X42 È GEGN N’) — pds 
j= 
for OS¢tST and that (2) +40’ +A%z2=—0 for T.-<t< œ. Since 


L(A +”) ~ unag | SEC’) for j= 0,1,- ++, 2, it follows from (5) 
that 


NNEC A EES See ee m eam 
a te a mack ma Ma 
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ON 


(8) f {L (2) HIN HA Pl < Ae ee) dt, 


: l 
in view of the orthogonality of the eigenfunctions _ Gage = y 
OS1(S7. / ao ‘ 
However, since (6) means that z (t) is orthogonal \w, \ fits set of 
eigenfunctions belonging to eigenvalues of L (z) within a distunce 3 (A”—2’) 
of the point 4(\’ + 2”), that is, from within X’ <A< A”, it follows from the 
Parseval identity belonging to the spectral resolution of L (z) that the sign 
of inequality cannot hold in (8) For the same reason, the sign of equality 
can hold if and only if at least one of t) ,numbers A’, A” is an eigenvalue and 
z(t) is a linear combina?’ {6 COT: sponding functions x(t, X), a(t, X”). 
But this is imp ~ at of (5). Thus the assumption that 
‘<A <A” cor _ S(a@) leads to a contradiction. This 
‘oves that at, X LALA" 
Se en xy. 
f° ees t most n {pints of S(a) are in 
Ya e > (3) has the value n when (4) 
holds i “Je exists an h= h(T) such that - 
X =al) <, l EN < pumalT). Hence, if (45` 
holds for æ == z(t} 4’), thé ~ ASS AX” contains exactly n eigenvalues 
Phet,* °°, hon OÊ the Stu: aville boundary value problem (1), (2), (4). 
Choose a sequence of : dues, 7, T2,* < +, which tend to œ in such a 


p 


way that, as t-> œ, lim Pej ( Ti) = p? exist for j = 1,2,- ya Tt will be 
shown that the points of S(a) in X< AÀ < A” are contained`ïn the set 
of (at most n)-points at, - +, u”. Leta bea point in A < A < A” distinct 
from ut, + +, p”. Let d ‘> 0 be so small that 


min (A”— à, A— N, |à- un (T)) > dS 0 


holds for all large T = T; and for j= 1,:-+,n. Finally, let g = g(t), where 
0S ¿< o, be an arbitrary continuous function of class L? (0, œ): i 
The last set of inequalities implies that if T = T; is sufficiently large, then 


(9) (p2 y + (q+A)a—=y 
has a solution = p(t) satisfying (2), (4); furthermore, 


T T % | 
f rrtdt Sd f pat s d f grdt, ! 
0 0 j 


0 


since the distance from à to the nearest of the eigenvalues po( T), p(T) °° 


12 ai ; ~ 
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| $ A 

exceeds d. Clearl pence yes i aes - contains a subsequence Ry, Re, 

such that, wr Ert) = a(t), where R= Ri, exists (uniformly on 

sors finit IST ). Hence w(t)" isa Folukon of ) "satisfying 
foe A and SEn | 
fe ~ Pes ; et 
l p> 4 E z 
~ = 


as ` $ ay 
ki £ n ki pdt < f e < c 00. a 


maey ' y 


: Since gis an arbitrary continuous eo of class L? (0, 0), it follows that 






‘) 


à does notsbelong to S(«).; [4], p: 251ga, completes’ the proof of (I). 
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THE EIGENVALUE PROBLEM FOR ORDIN ZEERENTIAL 
EQUATIONS OF THE. SECOND ORDER 4 IBERG Sanan 
8 THEORY OF S-MATRICES>. 
j a = “By Kunmarsg Konan 7 s 
a ee an 





Recently E. C... Titchmarsh y has treated the theory of a of 
arbitrary functions in terms ofthe “digenfimnetions of a differential operator 
of the second order by a new method end obtained results of importance for 
applications.t The meth” YEE Titchm” 5h is based solely on the calculus of > | 
residues. In th~ oN S aall, fir st give another proof of Titch- 





a arshiseresults’ inOrys Ò ee oflinear operators in Hilbert 
~ lace a and, -secc fereritial equations of Schrödinger 
a Syne OF the, i concern) the S-matrix can be 
fol HA i ; 
t ee ai ai A i 
1. Spectis sider the differential expression: * 
L[w), fd) (p(w) d/dx}u + g(a) -4, | 

| i 
k aes (a<s<b, — o Sa <A S +H o) 
š { f 


defined in a (finite or infinite) open intryg, a,b), where p(x), q(x) are 
real-valued functions defined in (a,b), p(x)’ has continuous first derivative, 
q(x) is continuous, and p(z) > 0 fora <ù € b; for aor £ — b, p(s), 
g(x) may behave arbitrarily, e.g. increase mantiy oscillate infinitely 


many times, etc. 


Classification. Consider the differential equation 
(1.1) L{u] =l: u, 


where / means a complex parameter. 


* Received May 12, 1949. 

1 Titchmarsh [13]. The results of the present paper were obtained by the author 
in August, 1948 independently of Titchmarsh’s work and other recent literature which 
was inaccessible in Japan. The paper was revised following the suggestion of Professor 
H. Weyl, who kindly informed the author of the literature. The author wishes to i 
express here his best thanks to Professor Weyl. 
* Heisenberg [7]. See also Ma [9], Jost [8]. 
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‘THEOREM Las $ ea fixed point c, a < c < b, arbitrarily. If every 


solution u of iis square summable in (a,c] (or [c,b)) for some 
gosathen, $ ; every solution u of L[u]==l-u is also square 
Sabl _/16,5))§ E 


“Sine thy Na a square summable in (a,¢] (or [¢,6)) or not 


` £ 
tt 


independent? EA ux Sof c, we can classify, by virtue of Theorem 1. 1, 
the e ae in two types with respect to a (or b): if every 
solution u of Shu} = 1 -u is square summable in (a, c] (or [c,b)), L is said 
to be of the 7. c. type (limit circle type) at a (or b}; otherwise L is said to 
be of the l. p. type (limit point type) at á (or b). Thus there exist the 


following four cases: fie ai 
i ja 
; I. Lis ofthe l. p. type at botia p a aN 


In case u and v satisfy one and the same equation L[u] ==}: u, we write 
[uv] for [uv] (a), since, in this case, [uv] (x) does not depend on g. 


Fundamental solutions. By a system of fundamental solutions we shall 
mean the system of two solutions s,(2, 1), s2(x, 1) of the equation L[u] =}: u 
having the following properties: 


(i) [ sos; | a 1, 
(1.2) 2 i) s(2,!)=s(2,1), . (k = 1, 2),° 
ity as functions of l, s(x, l) and (d/dx)s;,(z, l) 


(k — 1,2) are regular analytic in the whole l-plane. 


Po 


3 Weyl [14], Theorem 5, p. 238. 
t Weyl [14], [15]. 
5 The bar means the conjugate complex number. 


| ie 


os 


ei ere ai ee YO 


er te ee d o a 


IJ. L is of the l.c. type at a rail K (~ 
Il’. L is of the-Xp. type at“ a 
\ 3 ” P i ». 
Ill. L is of the. type at WKS 
: / 
-In what follows the case IT’ will bl, aun. [duced 
to the case II by the transformation :s. os 
Bracket. For arbitrary functions u, v, ‘duce the bracket: 
A Luo) (8) = ple) Lu) (2) Nar Ge’) | 
N a (u = du/dz, v = dv/ds). 
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equation L[u] ==l:u under the boundary conditi 


Such a system of solutions sı, s2 is obtained, ‘<< the 


8,(¢) = s'2(¢) = 0, - S2(¢) = p(c)s A 


where c is an arbitrary fixed point in (a,b). SX 
The differential operator. Denote by § tue artnet — 
all square summable functions defined in (a, b) ) ie 1m Yad of: the 
_ functions u, v in § will be denoted by (u,v), antu-—the > N | u by ul. 


In order to consider L as a linear operator on §, we harvio make explicit 
the domain of L. For that purpose, we introduce the subspace D of § 
consisting of all functions u having the following properties: 


A 


, 4 
i) we, penu Bee oe (CO 


ii) uisg Shen on (a,b), 
iii) du/ di : ‘In every closed subinterval 
o> Tay 7, b) 
p ONG ee 
eo 3 
and consider D- jae ® as its domain. - Then L becomes 
a closed operator}. Moted by T; i.e. we put | 
a A 
ys E Llu], for ue D. 


\ Pi No- 
In the case 1, T is setj.gsuvint; while, in the cases II and Hir 3 not self- 
adjoint." a 


Boundary conditions. Suppose L to be of the l.c. type at a. Then, if 


. we D, the limit: 


[wu] (a) = lim [wu] (z) i 


exists for an arbitrary function w(x) defined in (a,c] (a< c< b) having 
continuous second derivatives such that ` 


(1.3) J |wltao< +o, fÍ tiul? de< + o. E 
a a 
Fixing such a function w, we take therefore 


(1. 4) [wu] (a) = 0 


€ Stone [11], Theorem 10. 11. 
7 Weyl [14], Chap. III and Chap. II, respectively. Thee statements can be found 
in Stone [11], Theorem 10.12 in the terminology employed here. 
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fers, 


as the boundary ra a. The condition (1.4) will be called trivial, 





if every ue D g l). From the identity: 
Poa ee ! js Ho) [szu] (a) — [wsa] (a) [su] (a) 
P, dary condition (1.4) is not trivial if and only if . 
RS , 
pice aa) Ma) Eze 
Ce i 
| for fixed 1,W | 1) 6 }_ += 1,2) mean the fundamental solutions mentioned 
above. ` PS ee 
: Now,.in the case I, we put 
} (i, Yr) ; H om se awe 
e since T is self-adjoint. In the case n,ag ~ d function wa(z 
l satisfying (153) and (1.6), and restr’ \T by imposin 
the non-trivial boundary condition | > get from T' 
self-adjoint operator,’ ‘nich will bi \ put oo 
J p N 3 au PNY 
(1. 727) Hu=L{uJ, for- 
| Finally, in the case III, we take, beside.. entioned above, 
; á Bo : Ane 
the real valued function w,(x) in [¢,6) | ‘ conditions at b 
| corresponding to (1.8) and (1.6), and res jmain D of T by 
: imposing the-boundary conditions: : an 
\ aV pase! ù 
NO [wau] (a) = [wu] (b) = 0 
| 


Then we obtain from T a self-adjoint operator,® which will be denoted by H; 
i.e. we put 


(1.7m)  Hu==L[ul, for ue D, [wu] (a) = lna (b) = 0. 


Our purpose is to determine the spectra of the self-adjoint operator H thus 
| defined. - ` 


: 
i Characteristic functions. Let a self-adjoint operator. H defined as above 
i be given. Then we put 


(1. 8») fa (1) a a S 


if L is of the l. p. type at b, and 


pah 


8 Weyl [14], Chap. II. Cf. also Stone [11], Theorem 10.13. 
° Weyl [15], pp. 241-242. Cf. also Stone [11], Theorem 10. 14. 


o 





ee 
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(1.95) 7 fo) = — { [wesa (1) ] (6)3/{ [wos 
it L is of the l.c. type at b; similarly we put 
(1. 8a) fa(l) = — lim s,(z, 1) /s: (2, 5 
Ba sA N 


if L is of the l. p. type at a, and | yon ti we 


| 


(1. 9a) fa(t) =— {[wase2(1) ] (a) }/f lm. 


if L is of the le. type at a. The functions fə (ty a p defined 
will be called the characteristic functions? of the operator H. In case L 
is of the l.p. type at b (or a), the function f,(1) (or fa(l)) is ea 
determined by the condition» 


| 
1m) fj Sani rusa (aloes) 
) 0" X s 
: i 
i : 4 {i f 
(1/ a a yl 7 dæ < 4 (ax<c<b). 


From co TS 
(1. 11) 5 z b=). 


Again we have 
(1. 12) VHD, (fi 40), 


since H is self-adjoint. 


THEOREM 1.2. The characteristic functions fa(l) and fo(l) are analytic 
functions of | which are meromorphic in XL 0. Especially, if L is of the 
l.c. type at a (or b), then fall) (or fa(l)) is meromorphic also on the real 
axis. 


Spectral theorem. Let H be a self-adjoint differential operator defined 
as above and ; 
` H= È MEO) : 


10 Titchmarsh, Chap. III. Our theory is parallel to that of Jacobi matrices. See, 
e. g., Stone [11], Chap. X, § 4. The characteristic functions correspond to the function 
#(l) in Stone [11], p. 560. 

n Weyl [14], pp. 227. Cf. also Stone [11], Theorems 10. 12, 10. 14, 10. 20. 

12 For the proof of this theorem, see Weyl [16]. 
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on of H. Introduce the “characteristic matris a 
P 
À = fa(l): oy [fa(l) — fo(t) 17, 


A Max (1) = 4° Fh FAOI fe) — PT", 
CF. Gall) = [fa(?) — pT, 


where fa(!), / . aracteristic functions of H. It follows from 
(1.11), (14, Rl ; m 1.2 that Mel!) is an analytic function of / 
which is rep 27 0 and 
(1. 14) Mat) = Mp (l). 
THEOREM 1.13. (SPECTRAL THEOREM). or every real number À 
there exists the limit a 
| m ban - 
(1. 15) pjr (À) = lim lim ijr i 
Ö->+0 €—>+0 ' ) 
As a function of à, t] “matrix fur {conti N on 
the right and monoto.— non-decred. i jha 
symmetric matris P(A) —P (a) ts A se en 
finite interval A= (yu, àJ, " ee 
W G 
E(A) = F(A) a 
Then, E(A)u(az) can be repré lows: 
en ika every ue &, E(Aju(s) pre ~ A 


(1.16) \w(A)u(2) = f uma f, Zs S dom (A) 


where 


fea Í, 2 i A) Sx (¥, d) dpa (A)|? < + 0 


: . 
and the integral f dy in (1.16) converges absolutely. u(x) itself is repr 


sented as follows: 
(it) (2) im Lf w(yrdy f Zeas N dom (a), 
paas 
where the limit converges in the mean; especially if u belongs to the’ doma 
of H, we have 
b 
(1.18) Hu(z) = lim f u(y) dy f > s; (2, dA) sn (Y, pron): 
-t oar a E J: - 


y> © 





18 Of. Titchmarsh [13], Chap. III. 
ie 
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2. Proof of the Spectral theore 


-heorem in the special case that the - 
onditions 


& Ld 
2.1) sı (c) = 8',(c) =0, Saf. 


Yor every } with noe ah 0, we introdr 
lefined by 


(2, y, 1) = G (y, £, 1) = galz, Dg 


rhere 


or 
z, A). Hor every we S, u(A) belongs to the domain 


»(A) = (H—TD)u(a) = Í. (àA—1I)dE(A)u, 


have therefore, by (2.2), u(A) = G(I)v(A). Hence we have. 


ulz, A) = f Gle y, oly, A)dy = (o(a), FED) 


= J ODEA) = u f ADETE 


2? 


is we obtain the formulae 





Cf. Weyl [14], pp. 238-251. 
Cf. also Stone {11], Theorem 10. 19, 10.20 and 10. 21. 


*7 We follow the method of H., Weyl. 
1 Weyl [14], pp. 224-231, 
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E(w f ADENT 5D), 
i, f ADEA D), (Ge dG/ae). 


PAA a that the functions w(a, A), (d/dz)u(2, A) are 
ontinuous w t and of bounded variation with respect to A in 


every finite Considering u(A) as an element of 9, we have 
the relation 


L[u(A)] = Hu(A) = f Adi (a) uA), 


showing that the function u(r, A) ‘satisfies the iptegro-differential equation: 


(2. 5) | L[u(z, r)] = Sow ae fie 
f : 


mel i 
u(x, à) satisfies furthermore the boun \ 


D 0) = (d/ i WY) ~ 


} ; 
Under these circumstances, the solutiò, won. A) is 
given ‘by NL a 7 
`A l i 
(0) gea) = f, e0) 4 Vh 


where { ae 2 


\ ~ a 
(2.7) N alà) = peju (c, A),  Us(rA) = Woren (w = du/da).” 


In what follows we assume that the additive functions iy(A), & (A), 
pix(A), etc. of the interval A are always combined with the corresponding 
functions uz(A), £(A), pse(A), ete. by the relations as follows : 


U(r) — ux ( (9, AJ) >" Ux(A) == (AÀ) — Ux (u); (A == (p, Al). 


Now, putting y:ı(1) = p(c) Gale, l), y2(l) =G (c1) and 


(2.8) “b= f NOOO] (k= 1,2), 


we get from (2.3), (2.4) and (2.7) | 
(2. 9) ux (A) = (u, é.(A)), (¢ = 1, 2). 


For fixed A, u,(A) can be considered as linear functionals of u, not depending 





29 Weyl [14], Hilfssatz 1 and its proof, pp. 240-241. 


a 
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on l. Hence we infer, by (2.9), that the functions 
‘Insert now u = (A), (A= (0, AJ) in (2.6). 4h 


eee 


(2.10) > &(a, A) = f ALA E SA 


` 


where j an E nae 
(2. 11) pala) = (6 (A), é = | 


' Inserting (2.8) in (2.11), we get MAS a 
pe = G AAE, v0), 

whence we conclude N 
i Poi 12) wel NY Pdpa (A) = (7:0, ve(2)), 
m. __ here the intég: i qately. From (2.11) follows that the 
mat > A) =} je semi- -definite/ \d independent on I. 
| Us. a Eo n 'y, 1), we can t dily calculate the right 
han. ace we obtain $ 
í a a Mec A 5 

\ vhs yell) ) = MaC), 
and therefore the ao 
l A poa \ 
(2. 13) ` „ATLI dpr (d) = IMi (1), 


‘S 
VENN ‘= 


— m e — 


which yields pn the EPRA formula a. 15). To prove (1.16), 
we choose real numbers Ao, Ai," * ts Àn 80 that ` 


be=Ay LL: < M=, 


- re ee 
+ 


put § = max “| Am — Am-1 | , and consider the sum 


” Sey) — 2 X 54(2, Am) £j(Y Am); (Am == (Am-1) Am). 
Then we have, a virtue of (2.10), 7 | 
lim S(y) = Si 812, AJS (YA) dp (A), 


while, since = | &;(Am) || 7 == | (A) | 2, there exists lim Ss in the sense of 
| || and TA lim Sse §. Thys proves the inequality 


i", Saf 5 CEASCA AOLE < E 0. 
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~ —m e m et ene e 


ra a P 

ji (2, Am) (2; Am) i i 
f ` | | 
aim Ss) = (w -f 8j(2,A)sx( A) dpi (A) ), l 
f §—>6 -A fk Lo at ei l 
"proving | (i. Y and (1.18) follow immediately from (1.16). 

Again, (1./ J (2.18).s-Dhus the spectral theorem has been 

proved for { . í mentioned-aboye. 


. 
ee ee ee 


y To prove. _-s¢tral theorem in gerieral cases, we denote the special 
fundamental solutions si, s, and the corresponding Mjr, pix mentioned above 


by 81°, 82°, Mikl, pix’, respectively. - Then general Sı, $2 are related to s,°, S2° 


by a unimodular transformation: i 
(21 3a) = Lx (ale D 4 ) act (Bn) ba 
where By(J) are holomorphic functions” L Bal). By ho 
transformation (2. if \ttte characteris} formed’ ‘ding 
to the rule: oe | 

= My.(1) = 2 Bi (Ua Fi ~ A | 


~ 


This shows, combined with the relation: 


+ + 0% 
{ J= f {A — 1) — A— lo H- const., 
he a -%9 ` Z š 
that COR ` ef 

ee, 


(2.15) > M(t) — f. 20 — 1) Bing (A) Bar ( 


A) doma (A) 


are regular except for real } such that LS—vor L= v; hence the functions. .” 
pu(A) defined by (1.15) are given by . 


A 
(2.16) mA) —= f, EEO) BA denn (A). 


Inserting this in (2.15), we see immediately that R” (1) are regular except 
for real I such that 1<—v or 1=yv. Again, from (2.14) and (2.16) -a 
follows that the relations (1.16), (1.17) and (1.18) are preserved by the = 
transformation sp? —> Sey p? > pix Thus the spectral theorem is completely 


` proved. = 


3. Hills équation. As an example, we consider . z 


= dyd + gle), (gle +1) =le) o <E H a), 


= mye oam m manaman ONE 
La ’ ed 
« - 
¢ 


$,(0) = sa (0) == 9, s.(0) =s (0) == 1. Then w 
. D : 


o 
_ 34 (z +4, Ll) = > hj (1) S(T, l)» z s `, 


where k(l) are holomorphic functions of J an \. Let 2. (7) 
be the roots of the secular equation” '’ 


| 2 Bye — O | ee Br (1) 2 + =O (Qr(1) Sha (t) +h) 


such that | al Zi | et) | <1, and f.(l) be the corresponding solutions 
of the linear equations: a. 28 
Yea \ 


a a SE hal) f+ he) =e 
inp ting z \ B 
C 1) +0 (e7), 
we obtain the sc 7 uta == l- u having the following properties: 
(3.2) -1, 1) = 24(1) 9e (®1)- N 
Since, in general, |«. se Ls | z(1)| <4, we infer, by (3. « a (3.1); 


that our L belongs to the case I and fza(t) = f=(?). Hence we-get 
Iha (1) hal) = h(l) ) 
ha) — hal) — (l) 


XM (A + 4° 9) is therefore 0 if and only if (A) -—1< 0, since hi (A) 
and r(A) are real for real à. Now, it is known? that the equation 
Te(Aa) — 1 =0 has infinitely many roots Ao; Ay Àg © © © Such that» 


3.3) M0) = — a 


Xo < An Sn SA SS Som L Ama E ` -Àm > + # (m—> 0) 


and that 


TOIT AA 


2° Many examples of applications to the spectral theorem are to be found in Titch- 
marsh [13]. Here we shall consider Hill’s equation, which has been treated by Wintner 
(201, [18]. Wintner has determined the spectrum of this equation; above, the matrix 
P(A) determining the spectral resolution and, therefore, the spectrum, will be obtained. 
1 Of, Strutt [12]. 





0, for À < Ap and Ama < À < Aom, 
0, . for Aom < ÀA < Agme 


f; 


dula (1.15), we get therefore, from (3.3) 


iii 7a)}3 a Qhes(A), haa lA) — ae dd, 


| 
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| 

| 


hal A) — heo(r), Shiz (À) 
(for Aom = À = demas) > 


(otherwise) : 






ee 
- Thus we obtain, by (1.23), 


3. 1 Nome ae 
u(a) =È f “C1421 FO) 


X S U hasla 2) 80697 Do 
e m : \ . or 
— ha (A) E, x) Y A) + [Asi(A) za (y, 2) a i 
4 P i 
< The operator H= — d?/ da? -+- q(x) has tu. _yectrtin. «nd the | 
continuous spectrum of H consists of infinite irvals [Azm Amad 


' i 


4. ` ‘case that fa(l) is a meromorphic? _-u. As` one readily 
verifies, fa(1) is a meromorphic function or not, independently of the choice 
of the system of fundamental solutions Sı, S and, in case L is of the l.c. ' 
type at a, of the boundary condition. In case fa (l) is a meromorphic function, | 
the system of fundamental solutions sı, S2 can be chosen so that fa(l) = œ | 
identically in l. Such a system of fundamental solutions will be called normal. | 
In case L is of the l.c. type at a, we have fy() = œ if and only if sı (l) 
satisfies [wes, (1) ] (a) 9; in case L is of the l.p. type at a, fa(l) = © | 
if and only if . i 

i 
{ 
| 
} 


D in ie l)|?da< o, = (a<c<b). 
Now, in case fa(1) == œ identically in l, the characteristic matrix M (1) 
has the form | . a 
M(1) = (7 = 4 ; consequently, P(A) = (? X o) . s 
Thus, in this case, the spectral theorem becomes as follows | | 
ce 
| 


` 
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THEOREM 4.1.‘ (SPECIAL FORM OF THE SPEC) 
that fa(l) == œ identically in l. Then f,(1) is re} 
For every real number à there exists the limit: 


p(A) is a monotone non-decreasing function of “a ‘ous on the 
+o ` ~ 

righi. Let H == f AdE(A) be the spectral representùron—uf H, and put 

H(A) =E(à)— E(u) for every finite interval A = (màl. Then, for 

arbitrary we, we have {> 


(4. r) p(A) = tim hm fn fs maro a eee 
+0 €->+0 a tall | 


AA) Bp Sends f s(2,2)81(y, Addp (a), 


sêre 


: wee, me , 
ye “SS tie < 7 0 
ey per 


< 
sented as follows 3 i 


(43) ue u(y)dy S (e, aso A) 
4 | 3 l 


“7, 


| = A ; 
and tn „eĝřu ber ges absolutely. u(x) itself is repre- 


~ 


7 S a l } Pa 
where the limit converges in the mean. If, especially, u be. ýs to the 
domain of H, we have ~ 
b A 
(4. 4) Hu(z) = ao f u(y) dy f Sı (a, A)Sı (Y, A)Adp(A). 
—>+ 00 a u 


pon 


p{Ar) is represented also in the following form: 


(4. 5) p(A) =— lim lim (2ri)77 fa) dl, 
C (us) 


HOAtO E->+0 


where C(u, œ, €) means the contour consisting of two oriented polygonal lines 
whose vertices, in order, are w+ ie, p -+ ia, ia, ie, and — ie —ia, p—ia, 
pp —te, respectively, the real number a being subject to the inequality a >. 
For every v > 0, the residual term 


r) = fol) — f "(A174 (a) 


13 


Pi 
\ 


= man an a 
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] 


rcept for real | such that lS—vorlZyv. Thus 
in the finite l-plane are completely determined by 
pies singular point of f,(t) is a pole of the order 1. 


hatin (1.24), (1. 25), “ete. „ and Theorem 1.4 are 
Na Aas follows: ee A-measurable functions (A), 


Sug Ne) 





Alt J Tel? ao, 


5 and introduce the Hilbert space G* = {| || ġ || < + ©}. Then we have 


THEOREM 4.2. The transformation 


jo. I ia | 
(4. 6) u(z) > (A) = a nw, 
| > 


is a unitary transfor ion mapping © i arse is i “hy 
(47) $0) > ue) — fi me j 
on S — wf = ý 
where the integral in (4.6) or (4.7) conver mse of || || m§ 
or S*, respe gly. | i 
By Æ of (4.6) and (4.7), the DR _ can be rewritten as 
follows: Nu.” | 


(48) T ufa) = fara) J saua. 


Again, (4.4) shows that the transformation u —> ẹ transforms H into the 
“ diagonal form” A X. 

In the case that f,(1) and f,(1) are both ERTA functions, the 
structure of H is a very simple one. To see this, we choose Sı, S2 SO that 
fa(1) = œ identically. The corresponding f,(b) is then a meromorphic 


function which is regular in Sl 0. Denote the poles of f(t) by Am 
(m= 1, 2,3,-- +) and put 


pm == — (Bri) $ fr(t) dl. 
x E 
= Then we have, by (4. 5), 


D 


4.9 . g0 = f 
(4.9) = pA) — elu) ween 





sy 


Ree Se ee ee ee 
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while, since the poles Am are áll of the order 1, pm 
becomes therefore as follows: l 


\ 
(4. 10) ufr) = 2 Sı (23 Am) pm f A (Y, Am) ts, 


“æ 


Thus, in this’ case, H- has no continuous spectrum an rm 
of H is a discrete set consisting Of Ax, Àz Aat * 2 Gt H has no 
/ 


continuous spectrum and the point spectrum of 4._ 
fo(t) are both meromorphic functions, since, by \ 


morphic functions. We conclude: 7 i. 


THEOREM 4.3.22 H has only the discrete point spectrum if and only 
af fa(t) and fo(l) are Beer ercin cape functions. 


s, fa(2) and 
j are mero- 


What is the conditio” N fa(l) to be a meromorphic function? In case 


‘4s of the l.c. t EA is always a meromorphic function, as was 
„ready mentioned ' ~; while, in casé L is of the l. p. type at a, 
the e Lis ea 46, for simplicity; ke, that L 18 analytic . 
in? i - and g(z) are’ «alytic functions in a 

neg. AE of example, 

THEOREM 4.! that a>—o and a is the regular singular 
point of the diffe’ on Llu] = 0. Then, fa(l) isa meromorphic 
function, if | f -A 

= )?/p(z) 0 `a >a). 
bee í 


Combined with Theorem 4. 3, this yields immediately the forfowing 
on 


THEOREM 4.5. Assume that L is analytic, — œ <a, b < -+ œ and 
a, b are both regular singular. points of the differential equation D[u] =Q. 
Then H has only the discrete point spectrum, if 


(c—a)*/p(t)>0 (aa), (c—b)?/p(t)->0 (e->b). 


5. Schrödinger equation. Let us consider the differential operator of 
Schrédinger type: . i a 


L= — d?/da? + v(v + 1)/2 + V (2), (0<%< o), 


where y is a real number = — $ and V(z) is a real continuous function 
such that | 


2? Cf. Titchmarsh [13], Chap. II. 


Q 


Q 


pi 


rr reer 


en ee 


ann e nl ST 
t 





),  V(a) = [a«- O(s") ]/z, for s —> œ, (e> 0). 


7. 


‘damental solutions Sı, $a of L[u] = lw (satisfying 
80 that, as s— 0, i | 


Aas =, s4(0,1) ~(20 + 1)7/P, v > — $; 


~ — v log 2, vy == — $. 


| 

l | 
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| 

I 

l 

| 


We conclude, _aat, at 0, L is of the l.p. type, if v È $, and of the 
l.c. type, if vzg: In case v= 4, the system of fundamental solutions sı 
So defined above is normal (i.e. fa(t) = ©), since i 


fi 8 (2, 2) | * da < Y 
a } ee 
i j le 
5.1 0) = 0, ; l F ~i 
(61) Feo v AN | 


then the system Sı, S2 is also normal. Th 


In case v < 4, we take, as the boundary con’ 


” 4.2 
can be applied here. Nae, Z : me, 
In order to investigate the asymptotic / the solution of 
Liu r i: , we put | \ 
Ce = MP 2 
x d ee 
Then we havé 
on 


Tunorem 5.1. If 3620, k40, the equation Lu] = ku has one 
and only one solution u(x, k) such that 


(5. 2) u(x, k) ~ exp[ika — }ia/k log z], for z= æ. 


As functions of two variables z, k, u(x, k) and w(x, k) are continuous in | 
Oca 0, Sk Z0, k0; as functions of k, u(a,k) and w(x, k) are | 
regular analytic in Sk > D. Furthermore we have 


(5.3) w (x, k) ~ (d/da) explike — (tia/k)log z], for s —> ©. 


Proof. Put u = v: explike — (ġia/k)log g]. Then the equation L[u] 
== k?u is reduced to 


(A) p(z, k) -vY — pla, k)V*(a,k) v= 0, | 





| readily done by transforming the differential ec N the integral 
| equation ks 
$ Q bee 
| @) v(2) = 9(z,k) — f Kay, bel 
H ` a 
| ) where g(x, k) = (1—a/2h*x)> and K 
l f 
ew os | ) (Py, k) /p (9, &))}, (£y). 
| X l 
-_ __/urthermore, in tt way, solving the integral equation (B) by 
the” OL of ity \ readily that the/ ution v(z, k) of (B) 
| wit’ 3 derivative vu’(2;#) are continuous in 
0< l PLNE pat, as functions of k, v(x, k) and v’(2, k) 
are holomorphic ( < Thus Theorem 5.1 is proved.?? 
- From (5. 2) i 
| f t 
(5. 4) , a lx + œ according as Xk =a } 
LS P y fis 
Er Eo 
whence we conclude that £ ‘is of the 1. p. type at œ. We need-cherefore no 
| boundary condition at oo. a 
| Put now 
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where l 
pia D aD e aa jS 
V* (æ, k) = [a/Bik + 0/46] + [V (a). 


l € %, 
thus we have first to show that the differential equatiò 
only one solution v == v(#,k) satisfying v(x, k) > cM a 





u(x, k) = A(k)s2(a, 2) —B(k)s, (2,1), (e — 1, 3k = 0). 


Then we have, by (1.10,) and (5.4), 


(5. 5) fo(l) =— B(k)/A (k), (k? = 1, $k = 0). 
A(k) and B(k) are given by l l s 
(5. 6) A(k) = [u(k)s,(k?)],  B(k) = [u(k)sa(k)]. 


Hence, by Theorem 5.1, A (k), B(k) are regular in Xk > 0 and continuous 


23 After the variation of constants employed in the proof above, the theorem 5.1 is 
contained in a result of Bôcher [2]; ef. also Wintner [17], [19], [21]. 
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{since u(a, k) is not identically 0, A(k) and B(k) 

Joint. We conclude therefore, by virtue of (5.5), 

p phic except for /= 0 and every pole of fe(}) which 

ids one-to-one to the zero point of A(k), since, by the 

KAn- “h 3% > 0 corresponds one-to-one to t which is not = 0. 

On the other”. ~em 4.1, every pole of fe(}) lies on the real axis 
and is of uf <ê, In 3k > 0, all zero points of A(k) le on the 
imaginary +t „0f the order 1. Denote these zero points by 
Heyy = i | Kem | wal, 2,8,°° +); then the poles of fo(l) which are not 
== 0 are given by Am = k?’m =— | km | °, (m=1, 2, 3,- + +). Now, for real 
O k= 0, we conclude from (5.2) and (5.3) the formulae ji 


Q 


(5.7) u(z,—k)=u(z, k), (k >0); [u(/ wil == Zik, (k >0); 


which yields ye i ee, 


(5.8) A(— 2@ nu B(—k Se Rg 


(5.9) Pa =A ZON a 


Hence A (k) and B(k) do not vanish for real 4 ia 


A - 
me these results, we can readily 2 function p(A). 


at 
wt 


First, nh J, we have 
. a 


ply f Ifa (A + 10) dA = — 4 Í, ninan 
while, by (5.8) and (5.9), 
S{B(k)/A(k)} =—k/| A (k)| ?, (k > 0). 
Hence we obtain 


‘dp(A) = (2/7) (K/| A(k)|*)dk, © ` ` (k= 0B > 0). 


2 


Secondly, for à < 0, p(—0) —p(A) is, by virtue of (4.5), equal to the 
sum of the residues pm of —f.~(l) at the poles Am, À < Am < Q, i. e., 


(5.10) p(— 0) — plà) = S ee pm, Where pm == + A | Jom | B(km) $. dke/A (Kk). 


Obviously pm is positive. Finally, putting po == p(0) == 0), we have 


p 


-r rr AAA RE 





tf 


Te cee ice ieee n a _ 
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po = — (1/277) as XS A 
oT \ 


(5. 11) po lim 3 T (B (ee) /A (ee) Je? Pe 
po 18 > 0. Thus, in this case, the formala (4. X 
ua) = È si (2, dn)om S SAna DN A 

+ (2/n) J EEA) 2 ab f(y, ulod, 


where Ay = 0. We song ea 


sent spectrum of the eb i operator 


A = da? +f H (xz) consists ofall points Am = kn 
ee im ‘ad, eventually, of, 3 Pott ào = 0. The 
cont caterval: [0, co), if 0 does not belong to the 
point ee ty rie other case. The corresponding “ normalized 
eigenfunctions” ¢ U \ | 

| | 
/ i ; ~ 
Um T) == pm? = 0, 1, 2,° SS 
QQ EN J 
uy, (2) me. ZO | 81(@,A), k =X > 0, = 


aes 
where pm are the wan defined by (5.10), (5.11), and, pm > 0 
(m==1,2,-- +), po=0. By means of these eigenfunctions, every square 
summable function u(x) can be expanded. in the following form: 


ula) =Z imle) | timlydu(yay + f lojit fi ZOKO 
For k > 0, we conclude, using (5. 7), 
(5.12) 8:(a, k?) =k k)u(2, k) AG ue, —k)}, (k>0). 
Putting J 


Alky 


(5. 18) A(—k) =A (E) = | A (k) | e80, (i > 0), 


24 Cf. Titchmarsh [12], Chap. V. The location of the continuous spectrum ean be 
read off from more general theorems; see Wintner [18]; Hartman ana Wintner [4], [5], 
{6]; Hartman [3]. 


/) 


DO AAN AE ea m E a e g e ey o a minoa . 





i) 


ad with (5.2), the asymptotic formula: 
t714) u, 4 [ka — a/2k log x + 8(k) ], 
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APA u(r, bY — tu(s —k)}. 
; 


~ 


(t-—> œ). 


” 


f 
6. Hei - «function. In this section we shall investigate the 
Schrödinger operator treated in 5 under the following assumption: 


Assumption I. The .functions u(x, k) ras u(x, k) introduced in 


Theorem 5.1 can be extended analytically ar. a lower half k-plane 
across the negative part of the real aris. {> 
' Under this assumption, the functions a” “) are also, axtende_ 
analytically over the es lower half plan’ TE f the 
real axis, and the réewclons (5.8); (5. a are 
extended for Sk > 0, i. e., we have a ae 
‘S, Š - 
T 


(6.1) A(—k) =A), B(—}) — BY (3k > 0), 


(6.2) Oy) AmB) aik (3k > 0), 


ki 


(6.8) A b) — (HA bula E) Arnt E) (S> 0). 
Now we make furthermore 


ASSUMPTION II. u(x, k) and w(x, k) are regular in the whole k-plane 
except for k Z0. 


Then the functions A (k) and B(k) are also regular in the whole k-plane 
except for'k = 0. Furthermore, using (6.1), (6.2) and (6.3), we can 
eliminate the function B(k) from the formula (5.10). In fact, inserting 
k— km in (6.2), we get A(—km)B(km) =2|km|, which shows that 
A(—km) is real, since B(km) =B (km) by (6.1). Putting 


(6. 4) S(k) = A (— k) /A (k), . (3k Z 0, k 0), 


we obtain therefore 


pm — (2/2) E len) | * $ S(b)dk 


on 
ae 4 


-æ niian a e m n E et 








t Sga PPTA (~~ 


(~~ 
i 
t 
t 
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”“ 


Again, from (6.3) follows 


84 ( Am) = $4 (— Fm) /| in | U(r 


Hence the normalized eigenfunction Um(2) is represent) oN, 
| eae 7 ot 


Um( £) = — Cm (2r) u(r, km), when th. 


S(k) will be called the Hetsenberg’s -funci As a diagonal 
element of the Heisenberg S-matrix.2> By virtue of (5.13), we have 
S (k) = e746), (& >0). Hence (k) is obtained, under the Assumption I, 
from 67%) by analytic *™tinuation, if one knows the “phase shift” 8(%) 
from the asymptotic beh¢ of the “ normalized eigenfunction ” w(x). Under 

\s (k} is meromorphic in Yk > 0, has poles 


im =| km | (m= of the order 1, and except for these poles, 
_g (k) bp “e A(k) and A(— are regular in Xk > 0 
and “as one sees from (¢__). Thus the following 
thet, -strictly founded : 
a ; 
ya nie Gone). ` Let u(x), k > 0, be the solution of 
the Schrödinger , i EN 
dujdz? - A ~1)/a? — V (x) ]u = 0, A < æ) 
Fi 
satisfying the * Ouni candition” . < 
Uy,(£) ~ const. s+, ay, — 0) 


and having the asymptotic form 
ur(s) ~ (2/r)? sin [ha — 4a/k log + 8(k) ], (z —> œ). 


Then, under the Assumptions I and II, the function S(k) = e2% can be 
extended analytically over the whole upper half k-plane. .The extended S(k) 
has, on the imaginary axis, the poles km ==1|Kne| (m=1,2,---) of the 
order 1, and, except for these poles, S(k) is regular in Sk. > 0. The negative 
eigenvalues of the Schrödinger equation are given by Am == km? = — | km | ?, 
(m= 1,2, - -) and the corresponding normalized eigenfunctions Un(x) have 
the asymptotic expressions : 


25 Heisenberg [7]; see also Pauli [10], Ma [9], Bargman [1]. 
#6 Heisenberg [7], Part III and IV. Cf. also Ma [9], Pauli [10]. 
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p [— | km | £ — 4/2 | lem | log z], (Z—> 0), 


| 
| | 
f | 

Pais os s 
* are gwen bY Cy? = d,s) dk. | 

Kem 

~ at s an Sai whether the Assumption I is valid for every | 
Schrédinger If Assumption I were not valid, it would | 
be impossibli y tor ask > 0. In case the Assumption II is not 
fulfilled (whi. _umption I is valid), S(&) has, in general, singular 


points in 8k > VOother than km (m==1,2,-- -), arising from the numerator 
A(— k) of S(k). Thus, in this case, tt might be impossible to determine | 
the negative eigenvalues of the Schrodinger equatiy. from the singular points | 


of S(k).?" The necessary and sufficient conditioy + V(x) in order that the 
Assumptions I and IT are valid is not known. raion be proved Taa 


the assumptions I and II are valid if the poi / 1s analytic in | 
neighborhood of œ. This asserts the. vali Gisenberg ~~ pore i 
for Schrödinger equat appearing usually + ' 
~ m~ | 
AS Š 
; 


Di p 
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.ODS FOR THE ISOPERIMETRIC PROBLEM OF 
ZA IN NON-PARAMETRIC FORM.* 


alk, Ne WILLIAM T. REID. 


i 
$ 
amt 


a 
1. Intn, “te a previous paper [15]! the author derived an 
effective Lindeberg theorem for isoperimetric problems of Bolza type in non- 
parametric form, and with the aid of this theezem established suflicient 
conditions for a strong relative midimum. The a! . br has felt, however, that 
the sufficiency theorem of [15] should be deri $ by an extension of the 


Section 6... tains a brief discussion of an “ Osggòa «neorem ” for the problem 
under consideration. 

Theorem 2. 1 is equivalent to the sufficiency theorems proved by Hestenes 
[5] and Reid [15]. It is to be pointed out, however, that for a problem 
equivalent to the one herein treated, Hestenes ([7], [8]; see, in particular, 
the statement on page 510 of [8]) has shown that conditions weaker than 
those of Theorem 2.1 suffice to insure a strong relative minimum. In 
contrast to the method of the present paper, that of Hestenes is indirect, 
and uses results which are in the nature of a Lindeberg condition in terms 
of the Weierstrass €-function as derived by the author [15]. It is to be 
remarked that for the ordinary problem of Bolza the method of the present 
paper provides simplification of details in the expansion proofs previously 


given by the author in [12] and [13]. 


* Received February 26, 1949; presented to the American Mathematical Society, 
September 4, 1947. 


t Numbers in square brackets refer to the bibliography at the end of this paper. 
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expansion method of proof that he had used . ordinary ee 
of Bolza in non-parametric form ([12], [13] aout the aid of : 
auxiliary “Lindeberg-theorem.” ‘In Part F resent pa such at ae 
proof is presented. io g Xe | 
Section 2 is concerned with the fory e ag while 

certain preliminary results for the expansion -~ ‘A p.vof aré “given in 
Section 3. In Section 4 the increment of the, ` be minimized is | 

E expanded in terms of arbitrary “ slope-functit nultipliers” satis- 
fying ce itinuity properties. Section 5! i the proof of the 
sufficien sitions for a strong relative minim „<å in Theorem 2. 1. 
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The proof of Theorem 3.3, which is funda 
proof of Section 5, is the goal of Part IT of the PRU 
has been written in such a manner, however, that to a'i 
read independently of Part T.+ In addition, other results, 
which are of importance in themselves. For example, TP Cre Xs 
earlier results of Radon ([9], [10]) and the, past SA the relation 
between the positiveness of the second ne ‘tem and the 
existence of certain types of solutions of the ase adre matrix 
differential equation of Riccati type. The indicated pa Theorem 8. 1 
shows that with the aid of a preliminary alteration it is possible to eliminate 
the condition of non-ta” yey used by Hestenes [3] and Bliss [2] in the 
proof of a corresponding ‘alt. Theorems 11.1 and 12.1 are useful in the 
treatment of = Ti oint boundary problems. 


~ 


art I. ~Sufficient\, “ for a Strong Relative Minimum. 
/ . ee ‘yblem. The ee be considered is that 
oa aA a a 
CANI. \), 25 9(m)) + f Fey y)de 
in a class of arci i O Niii 


t o | 
Ane “a f 


(2.2) \ i (id nn Št), 


satisfying auxiliary first order differential equations 
(2. 3) bala, yy’) = 0, («= 1,--+,m<n), 
the end-conditions 
(2.4) Wo, Y (T1), Xe, Y (T2)) = 0, 
and the isoperimetric conditions 
(25) I= g(2s y (2) ta 9(t)) + S “f(y )de—0, 

(s =1,: q). 


For brevity, this minimum problem will be referred to as “ problem B.” 
It is supposed that there is given an open region œ of points (2, y,7) 
== (DZ, Yu * `, Yn Ti © *> 7) in which the functions? f(2,y,7), ¢a(%,y,1), 


(v=1,-'+,pS2n-+2), 


2 For the analysis of this paper it actually suffices to assume that the functions 
f, ¢,, f, are of class OP in 92. Under this weaker assumption, however, the accessory 


Ti 
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P, and the m X n matrix of partial derivatives 

& m. We suppose also that there is an open region 

amnensional (21, Yi, Zo, Yi2)-Space in which the functions 
09, and, moreover, the matrix of partial derivatives 









| yva Wn dye Pral 


r 


has rank’ p. { (X15 Yer, Loy Yio), Will be said to be “ admissible ” 


if it lies in \ _ectively. Corresponding to the terminology of Bliss 
[2; p. 194], a.____-v#. 2) whose defining functions are continuous and have 
piecewise continuous derivatives will be termed admissible if its elements 
(x,y (£), y (£)),% ET E £a and (a1, yi (a1), tf ~»)) are admissible. 


If we set l p ( 
ie kana 
F(a, Y, T, A, À) = Aof (2, Y, r) T daha (z N (2, Y> r), 
where repetition of a subscript in a term denor Aion witherespect | 
this index on its spe œd range, an extremal fined as p \issible 
are of class O2, and‘.-set of multipliers Ao‘ tt). 
As == constant, such that along E, , N a i SR 
ak’, ,/dx giii By, = 0, > ‘ 
An extre?” —\y4 (a), Xo, Aa(Z), As is said to s utiplier rule with 
constan\ «the relation , i pri 


te, i Doi ; 
Ly YEr) dæ F F, dys] 3 T Aodg -{* AsdYs fe evdy = 0 


holds for every choice of the differentials dz, dyi1,.d%2, dys. An extremal 
is termed non-singular if the matrix 


Fr ifj l PBr, 
har j Oag 


is non-singular along this extremal. 














>- (4,7 =1,---,n;%,8=1,°--+,m), 


Throughout this paper we shall be concerned with an extremal having 
the leading multiplier ào different from zero, and, hence, without loss of 
generality, taken equal to unity. Such an extremal Ẹ is said to satisfy the 
Weierstrass condition Jy if N is a (2n + m + q-+1)-dimensional neighbor- 
hood of the elements (2, yi(z), Yal); alz) As) of E such that 


differential equations may not be expressed as linear equations of the second order, but 
may be written in canonical form. 


o 


"m wesine — w device nh TT Ue Se ae eerste a TE Maran ear 


h 
RD ron nos aiei = 
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(2.6) €E(a,y,7,d,437) =F (a, y,7,A, i) — E (zh 
— (Fi — 11) F,, (2, y, 7, hy oy 


for arbitrary (s, y, T, à, À) of: N and all F= (#) at 
(z, Y, ř) are distinct admissible sets which satisfy a(z TY 
TA See 


(a==1,--+-,m). As usual, the condition obtaine4 “deleting 
the penne sign in (2.6) is referred to as S Ny N ‘and non- 
singularity imply the strengthened Clebsch condity. tach element 
(x, y(x), y (£), A(z), À) of Ẹ the quadratic form Don es Aisa than | 
zero for arbitrary sets (xs) = (0;) satisfying ar; = 0, (a =1,- m) 
Moreover, if # is non-s* “ar and satisfies ZIy, then it also satisfies II’y if 


N is properly restricted Y4: 
In the terminology Bliss [2; p.195], a pair of constants é, &, 
“gether with an == (y:(%)) of functions which are continuous 


ad haye; ~arish A derivatives on z, S £ S mm, will be called an 
-admisf lation. “a „nations of variations Ba 3), (2.4), (2.5) 
a Jdr “are, respectively, = 
(2. Tract Gp. fF Tua = 0, 
(2.8) Wr(&, KA à 
/ fa) + éy (21), ča (22) + Éy” oy 
(2. 9) Xs ($, TANN T lés n (21), bo, (2) ) 
; a” Cy’ P | ma p 
T f (ferigi + feuni) dz = 0, 
a 


where in (2. 9), 


(2.10)  Ge(£:, (21), 2, 9(#2) ) 
| | = gs (Ex, (a1) + Éy (21), Éo 9 (22) + Eoy (22) ) + faé ee . 


in each of the expressions (2.7), (2.8), (2.9), (2.10) the arguments of the 
partial derivative functions are those given by the elements (2, y(x), y’(z)) 
of O. As in Bliss [2], corresponding numerical subscripts denote the 

coefficients of the respective variables é, y:(21),&,4i(@2) in Wy and Gs; 
specifically, | 


(2.11) W(é, n (21); £2, q (T2) ) == Wy Er + Eyjan (21) F Er, 262 + Wo, jan (@2), 





0) 


with a similar notation for the coefficients of Gs, (s==1,:--,q). 


| 
For an extremal E: yle), Ao=1,Ac(@), As, (41 ST g), which | 
satisfies the multiplier rule with constants ev, the second variation is written 
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Fér (21) 5 €25 (2) ) + J ola, i 7) dæ. 
f ay 


l 


eE ‘bare + 2B ry ring + F — ) 
ay & 5 ey ‘e) ) = 2H (én (21) + éy (21), &, 9 (22) + Ey’ (1) ), 
A 


where, a$ a { tbe dX.2, dYi2); 


\ 3 oe 
BH (das ee whiz) = [ (Fe — y'iF y) da? + 2Fy,dyide]? + 26, 





A and 2@ is the ‘quadratic form in (day, dyin, dta is) whose coefficients are 
the ‘respective second order derivatives of g = y . "v -+ AsGs,- While in all 
: terms the partial derivatives of F and of g are’ fated along E. 
© An extremal satisfying the multiplier rule gdid: to satisfy con- 
dition IV also if along this extremal J2(&, y rbitreys 7 non-nu 
admissible variations (é, n) == (é, £z ņi (2) ) why Sd ne “ond 
equations of variatioy \%.7),. (2.8) and (2, p \s usual, } 'Lition 
obtained from the stacement of IV upon’ at ) by 
“Ja(é 4) =~ 0” will be referred to as condi QAP comm, 
non-singularity and IV imply condition IIT’. ; ~ ' 


an access, ‘extremal is defined as a set of functions m(x) of class C (2), 
and a set o of multipliers pa(z) of class C™, Ås = constant, such that 


(2. 14)  (d/de) On, (a, M by A) — On, (2, " Ws ps B) = 0,. Dalt, m7 = 0. 


Along a non-singular extremal equations (2.14) may be written in terms of 


If we set 
\ 
(2. 13) a T, Hs it) ts a(z, KE n) + pada (25, br yy -H feui) 
! 
| 
the canonical variables (2, ns, éi == Qr; (2, 7, 7’, #, 8) ) as 


(2. 15) . l y'i — Se, Pi = — Én 7° 
where § is the corresponding Hamiltonian function involving the parameters 


fs (s=1,- i aN 
The sufficiency theorem to be proved in this paper is as follows. 


Eo 


THEOREM 2.1. Suppose that E: y(x), Mo = 1, Ma (2) As, (21 S T S 12), 


is a non-singular extremal satisfying (2.4) and (2.5), and that E satisfies 
with constants ey the multiplier rule and conditions ‘Il’y and IV’, Then 
there exists a neighborhood % of E in zy-space and a neighborhood D of the 


Ee aa a er 


. 
ra of ~m 
— mea =m m nerve amm m e eam am 


ra 


| 
i 
i 
f 





wa ~ 


* zay 


of generality that Æ satisfies the following Ce. pong E the 
quadratic form Frıryrinj is positive definite. More hy | 2 
‘a8 ett 
f* (2; aa tae 590) + Alba(t, ys 7) bal ys 7), 
ana B* denotes the m “problem in which (2.3), (2.4), (2.5) are as 
in problem B, but (2. ` altered by substituting f* for f, then for a 
suitable thoice of th-— l the corresponding quadratic form F*,,ryrem; ° 
r BY ie wd \n are (2.2) clearly affords a minimum for B 
Amn imum for B*; also, H: yi (x), Ao, Aa(£), Às is an 
extre bo €y the mult“ jer rule for B if and 
only, satisfying the corresponding multiplier rule 
with “tue-waliiie teste” coda addition, for an extremal with A, = 1 each of 
the following con’ i for problem B if and only if the condition 
holds for problem Y Iy, non-singularity, II, ITI’, IV, TV’. 
The followin Sn the behavior of the Weiert <function 
h Š $ 
involves the non Lye onotone non-decreasing convex i, J 
Ga). R(t) == #2/(t +1), #20. ba 
As noted in Reid [15 ; pp. 681, 683], this function has the following properties: 
(i) R(t) < Min (t, #) < R(t), (t= 0); 


(8. a (ii) a Min (1, a) R(t) = R(at) = a Max(1, a) R(t), (a= 0, t20); 


A 
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end-points of E in G Yir, Lo, Yio) -space such thar >, 
h 


- admissible arc C satisfying (2.3), (2.4), (2.5) w 


points in D, and is not identical with E. 
3. Preliminary results. As shown by Reid [ Abs \ Er Bunn ~ 
extremal for the problem B satisfying ITI’ theg ~e SQ cout loss . 


(iii) R(t, + ta) SB (R(t) + R(H)), (t, = 0, te = 0). 


From the Corollary to Theorem 8.2 and Theorem 3.3 of Reid [15] ‘one 
obtains the following result.’ 


THEOREM 3.1. Jf E: y(x), `o = 1, a(z), Às is an extremal for a 





Since for admissible sets (æ, y, 7), (w,y,#) satisfying ġ (#,y,7) = 0 = p (2, Y, F) 


| the Weierstrass function for B is equal to the Weierstrass function for B*, while non- 


singularity and JZ, imply MII as pointed out above, we have that inequalities (3.3), 
(3.4) contain a proof of the previously stated result that non-singularity and Iy 
imply H’ yif N is properly restricted. 


14 i ~ 


whee Oe £ 


ec 
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\ ae 
18 conditions III* and Ily, then there exists. neigh- 
jents of E in (x,y, T, A, X)-space, and positive constants 
[ÈT 9,7, A, À) is in N then (z, y,%) is admissible, and if 
jt such that (a,y,*) is admissible and a(x, y,*) =0, 


then * p 
5 . l 3 
(3.8) Ss = Alfr |), 
(3. 4) f, ASE (0, Y, T, A A F), (s=1,:--, q), 
where Es (1, YT; rj = fs (2, Y F) —fe (x, Y, r) — (fe — i) feri (2, Y, r), the 
ordinary Weierstrass function for f.(@,y,r).  *r- Ne 
Using the above inequalities (3.2), one. e iablish the following 
integral inequality which will be em. 3, ;; iv proof of the sufficiency 
theorem. The prodas be obtained by -u: 2 sal Ness argument as giv 
for Theorem 5.1 of Reid [12], (see alsc Lèm tai AION 5 
l l ~, | 
THEOREM 3.2. h,(z), (r =1,; -,n} A 


functions on X, =u \ Ea and | h(s) = 8 


2 l é a a o a 
BD JAMOLI at Fp Net RI 
l 


Xı 
Xa Xz PERRE. ; Pr 
(3.6) Jha) as al f AURE), AN, 
k 1 i { 


where à, Max(1, 28) Max(1, X2 — 2X1), de anak) (X: — Xi). 

The i._ Swing result for the second variation, which is fundamental for 
the expansion proof of Theorem 2. 1, is a direct consequence of Theorem 12. 2. 
Hor an indication of the relation of this theorem to previous results of 
Hestenes and Bliss the reader is referred to Section 7 and the remark 
following the statement of Theorem 8. 1. 


 Tuerorem 3.3. If E: ys(x), `o = 1, Ma (T), As, (41 S£ T3), is a non- 
singular extremal for problem B which satisfies with constants ey the multi- 
pher rule and condition IV’, then there are constants 8 > 0, ¢ 0, m > 0 
such that on 2,—8S2Xa+ there exists a non-singular matrix 


4Tf for an arbitrary integer k we have defined a k-tuple of real numbers 


u == (U,,- + +,%,) the symbol || «|| is used to denote the non-negative square root of 
u? +--+ uy In particular, this notation is extended to functionals (2.7), (2.8), 
(2.9); for example, in (3.9), || F |] is the non-negative square root of ¥?, +. - -+ ae 


5 Tt is to be remarked that the statement of Lemma 4.1 of Reid [15] contains two 


errors: one in the omission of brackets in formulas (4.1) and (4.2); the other in the 
stated.value of the constant dy» 
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(3.7) 


ia: = | Ue, (å) b (o,7=1,- 
continuous . funetions War(2), Ge Tys 
fying the differential equations — EN 


Unir = 0, Daar oe, eB "in + fey U or 


, and with the oe that oy the components “Of T 


continuous on X p= ets 


h(x) == (h,(x)) is def 
A 
Uir (2)hr\. 


ar 7 
` Uenee,r(2) el? 


er 
wy (E15 
(a. 


ae ered 


where ; 


ETI 


(3. 8) 








(3.10) m% 
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` 2n + q), with als 
SM, T= Dr 


T a Ea 
4 a 


re absolutely 
Xo, where | X, — T | < bop 155- | < do and 
Y 
SAO OE 

~ : 


[+ fsm) da, 


(4 of vey, 


- 


ye (T Ses), s=- 


* 


Fo (43 Xa, Xe) ` n 


pl MEDI? + 1E) 
(ay (Xi), taa) ) | j Fa | X (é, E2, UE Xa, Xs) l *); 


A 
pr(e)hic(t), a= palta) = (a) he(2), 


(3.11) J*2(7; Xe + 


== ĝ f (aCe, m T, JA, 0) SS (7: 


4, Expansion of the increment of J (C). Suppose that E: yi(£), Ao = 1, 
£ T2), is a non-singular extremal for problem B satisfying 
(2.4), (2.5), as well as the multiplier rule with constants ev. 
non-singular, by'the existence theorem for differential equations there exists a 


àa (T), Às, (T: = 


n, w, 0)} dx. 





Since # is 


& >0 such that an extension of Ẹ is defined and. non-singular on the S 


interval gy — 8 <axXa, +. If0<8< %, we shall denote by -%s the 
neighborhood of Æ in (2, y¥)-space consisting of -all sets (s, y) satisfying 
ly—y(2) | <8, tı — 8 <s < ma. 
Tı — < T < Tı -+8 or to —ò <T <T -+ ô defines a neighborhood of the 
end-points of E in (21, Yiz Lo Yiz)-space which will be denoted by ®5. For 
the neighborhoods % and Ds used in the following, it is understood that 
they are defined as above, with 0 < 8 < v: 

For the set of continuous arcs O: F(x), (X,; Se X), where 


The portion of ə in which either 
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ae 
wre 
cr 
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( 2 
-+ &, the symbol | C — E | will denote the “distance 
fined by 


/ 
F| X1— a, | + | X2—2 | + Maxxsesx, || Ye) — yla). 
~sippoeg (EH at fo ~ah arcs C there are defined two functionals fa (x; C) and 


f(z; O}, & ey “We write f,(e;C) = of{fe(2;C)} if for each 

e > 0 thére ¢ eae that | f,(2;C)|< e| fe(%5C)|, X, StS ZX, 

for all curves,  . _-), X, <r X, with | C—AI <8. Correspondingly, 

the condition that there exist positive constam“ ¥%§ such that | f.(#;C)| 

=M|f.(¢;C)|, X S2 S Xa for allar ’ e Ag E | < 8 is written 

f(s; C) = Offe(z;C)}. The above «+ particular functional 

f.(a;C)==1 are indicated - oy iv l gad f(s; 0) = 0{1}, 

respectively. n a} : , : 
For the general expansion of z DEN Pi it ms 

supposed that for each admissible are C: Ya N vi 

tı — 8 < X1,X2 < af \ &’, there exist “ slope“ \o Ji 

(i= 1,- -,n), and~“ multipliers” A == (agy m), 

which as functions of z are contintous on X,= uF e reaute oY: 42) and. 

Aa(z), respectively, if C== E, and as functiona’ e continuous with 


respect to the metric (4.1) in the sense that i Ca 


2) —y (a= ot}, PACs 6, ae) = of). 


In the prov. of the sufficiency theorem as completed in the following section 
explicit r~ues of pi (x; C) and Ag(#;C@) will be specified. For otal the 
notation 


Ag = g (Za, ¥(X1), Xo, ¥(X2)) — 9 (21, Y (21), Ta, Y (T2) ) 


is introduced, with the similar meanings for Ags and Ag where, as in 


Section 2, g = g + evly + Asgs, and ev, A» belong to the set with which # 
satisfies the multiplier rule. 


Now if C: F(z), y — y <X,Sae=X,<2,4+8, is an admissible 
are satisfying (2.3), (2.4), (2.5), 


i Xs T3 
AT A „Y, Y’) — f y, y’)d 
u AT = a9 + fi@Vvrde— | Hayy de 
= Ag -+ J°— J*— J’, 


where 


Xe 
(4.3) Jom Í. F(a, Y, Y’, A,X) — P(e, y, Y’, à À) Jda, 


rå tee M ioei oM = 


—~+_ m 


A ae 


i 
i 
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| G9 Tm (1) [Peny 3) ae, 


| Writing (2) =(03C) = Yi(2) —ys(2), pa(2) = pa 

| —a(t), (Xi = s S X,), and using the expansion metho: 
i Reid [12], it follows that wae 
: f= 


po fé E(x, Y,p, A, À; Pde Soom 





i’ 


ee tee rated 
(4.5) + frie (of hp 0) + Ppa BI m0) 





Ng . C3 
i E “tb (2; C) }da, 
| where for a given C} y) and b:(x; CY are continuous in qz = 
y i A = i i a. l 
a GA n 
e a POE P(e) —y' O EO 
/ ON +19) — Si + ale). 
\ l . | 
It is tobe underst at the arguments of the partial derivatives of F 
| occurring in the sé ani integrals of (4.5) are the elements of the 
extremal H.-S} 
| In view of thes bannas equations the second iz : (4. 5) | 
is equal to F (Xo) nj CE) — Fr,(X1)9i(X1). Moreover, by. _dpansion | 
process of Section 6 of Reid ee , it follows that l a 
X2 oo 
| (4. 7) ag— JJe Fey | | j 
i xX 
| =y (Xs — a, (X), X2— 22, 4(X2)) + y*(C), 
where for each « > 0 there is a 8, > 0 such that if the end-points of C are 
in the Ds, neighborhood of the ends of E, then | y*(C)| S«{(X, — t)? 
Lo p (Za— za)? + Aala) + (Xe) |] 2}. In particular, ` 


(48) *(0) = 0f(Xi—a)* + (Za — mH) + AXD EDD o 


Combining (4.5) and (4.7), it results that if O0: Y;(x),2,—8 < X, ' 
SeS X< T+, is an admissible are satisfying (2.3), (2.4), (2.5), 
then 


fl (4. 9) aT = {Ea Y, p, A, À; ¥")da + iA, 
<i f faces C) + (Y’,— pi) bi (2; C) ]dx + y*(C), | 
| 


. 
Th Tr Ny St ee, 








A ft a REID: 


E and y*(C) are “ remainder ” expressions possessing 
(A 6) and (4.8), respectively, and 


zi 
f . 


Ee a tiaa), Xz — Da, (X2) ) 


a 


“ake, a, 0) + (X'i — pi) Qr, (2, h, P — Y's po 0) Jda. 
at 





As A hes aai proofs of +) Je author ([12], [13]), it will be 
proved that i. ale choices. of piet 3 aP*\Aa(@;C) the first two 


terms of (4.9) are the dominant saes’ ay a ton. 


as “+ ¥ 


| ‘ + , | 
= 5. - Proof of Theorem oi a ats at the beginning | 
A of Section 3 we may assume ; TA i A {S pea ITHI* in 
addition to the stated hypothe’ - “3 i , Neh as sumption A 
be made in this and the followi: a Lott À Ei al 
not greater than either the 8) sf “4 heorem: a > I= 
_ first paragraph of S( ton -4, and consider pt (e), 
(X S< X), for přoblem B which satisfies N fand 
has end-points in the Ds neighborhood of the © sms ot Let ; 
| m(@) = Yi (2) — y (£), X SaS X, and c e functions h(s) . 
| == (h,(x)), (r2=1,--°-,2n-+4 q), defined by \ (3. 8) of, Theorem 
(3.38, Fox nissible are C these functions are „ous and have piece- 
wise co as derivatives; indeed, if the functions Ý; (x) defining C are 


merely abi itely continuous then the functions h,(z) are absolutely con- 
tinuous on XS sS X. Clearly | y(2) | =='Q{|| kh(x)}||; moreover, the 
(2n + q)-dimensional vector 


Xo 
n(2) = (ne (2)) = (ne), m (X2), f ors + feum) de) 


— — ON NN TERT 
MAn Mie a ee ae a 


satisfies the folowing relations: || h(z)|| = Of] a(r)i}, and | n(z) | 
== O{| h(x) ||}. Also, since 1o integratión by parts, 


E E and e K E (d/dt) fer,) ng at, 
: æ £ 
it follows that 


(5.1) | a(x) || = O(Maxx,<e<x, | (7) 3; 


‘in particular, as functionals of C, || (z)|| =o{1}, and | h(x) || = o{1}. 
Now define functions p;(7;C) and Ag(#;C) as 
pi (2; 0) = yi (£) + U'sr(2) hr (2) = y'i (2) + m2; 9), 


(5.2) 
dalt; C) = a (T) + War (x) h, (T) = Ag (T) ES Waltin) 


> 
a tte e Soe ee S ie 
Neg en AE eT - 
se oe 
4 
™ 


+ 


EXPANSION `M. n~o "FOR 


l | ery : 

in the notation of (3.10). These functions su _ yth 
in Section 4, since for each admissible arc C with end-p 
continuous on XY, S rS x 25 sh as =e “of C, 


(5.38) | p(2;0).—y (€) | = Of h (2) |}, 





l A (23 a) | = Q 
From the defini) ~~ yy, and Wiewen equations of 
(3. 8), it follows that hence 
A Co, l 
oN a T? a, 
(5. 4) L yk (e)l. 
Moreover, in view ọ ic, = 0, “= 1,: °°, 2), ge 


k Woa R and consequentl 
y mer TECI iga 2 g y 


(A= 01l Pe — pe; C) 


l / He (2.4), upon expandiné the fimetions of these 
con dea as fired’ op kr rms it follows that 


| Y(X — t15 hy n(X2)) II : 
cy i 


Bi. a Pecan Te a ACE). 


me "s 


In view of (5.1), it follows immediately that LoS 
| K(X — 21, Lo — 2a, 1; Xi, Xa) | = 0{1}. Ea 


} 
Moreover, since both C and E satisfy (2.5), upon expanding AJ, ==Ja(C) | 
— J,( FE) in the manner analogous to the expansion of AJ in Section 4, and | 
using the above stated order relations for lyi, | p—y' | and | Y’—p], | 
it results that 


Xa i 
X, (X: — Ti X> — T21; X1, Xs) Ea -f Es (z, Y, p; Y’) dz a X*.(C), 
with i : | a 


X*. (0) = Of (X; — 41)? + (X2— 22)? + | R(X) 2+ I R(X)? 


Xe ; 
LOEAN LIONO] 


Consequently, by Theorem 3.3 the functional J,.of (4.9) satisfies up 
inequality Fe 





te tne. 





Am, gts ane + A(X) e+ l h (X) JE Sa 
Sfi Es(a, Y, p; ¥’)| de} he 
Ne Ppa (EZ. n)? F (Xa — T2)? + i h(X,) || 24 l KE) | 2) 


ASB agen aay, 

Now for |v M Catticie “i (x, Y (s); a C), i 
A(x; C), À) of the integran/ ù (4.9) ‘lie in the | 
neighborhood 9 of Theorem f \warem 3. 1, together 3 
with (5.5) and (3. 2ii), th! . 578 such that if 
0: ¥i(2), (X152 £ XH), i aich |C—B| < 8", 


then n 


A | ag 
w 4 

(5. 7) Se E(a, Y, P, A,. an EN oe L 

“st: -i JX. N M 
From the Ha (4.9) for AJ, toget 56), 
(5.7), the order relations derived above, mequalid 4) Yue 8.1, 


and Theorem 3.2, it follows that if 0< xK” <k fa < x,/2, then there i 
is a 8>0 ues that if C: F(z), CATES ‘an admissible arc 
satisfying (2, (2.4), (2.5), and for which N <6, then 


= 4 sr Xs t 
(5.8) AD’ x o fa W (t) |) at | 
ji + al (Xi — a1)? + (E — t)? + | h(X,) |? -+ | h(x.) | 7]. 


Consequently, for such an admissible arc C we have J(C) =J(#), and the 

equality holds if and only if X} = a, || h(Xz)||/—0, (k—1,2), and the 

integral in (5.8) is equal to zero, in which case he(v) ==0 and C =E. In 
particular, the conclusion of Theorem 2.1 holds for } = ffs and D = Ds, ! 
with 8 suitably small. It is to be remarked that this result remains valid 4 
for ares C: F(s), (X, S S X,), lying in § and having end-points in D | 
which satisfy (2.4), while-Y,(z), (t =1,: - +, n), are absolutely continuous ` 
functions which satisfy ¢.(#, Y, Y’) = 0 almost everywhere on X, S t S X, 

are such that the integrals in (2.1) and (2.5) exist in the Lebesgue sense, | 
and which satisfy (2.5). | 


6. An Osgood theorem. In view of the preceding . expansion proof of 7 
Theorem 2.1, the following Osgood theorem for problem B may be estab- 





lished directly, and without ‘recourse to sn 
-< Bolza, as was done in Section 6 of Reid [15]. ~~ ; 


EXPANSIO} aa 


- ‘m 


eA 


THEOREM 6.1, Suppose that E is an extremal for 
satisfies the hypotheses of Theorem 2.1. Then there exists 


-of E in xy-space an ng, J ~ “aphood DAN the sal ponts of E in 
(T, Yiz To, Yiz)-space w sen ‘corresponding 
to each neighborhoo Cdr. nood XY of the 
end-points of E inte constant k SO such that for 
every admissible wey 7 (2.5) which lies in % and 
has end-points i” i’ and have end-points in D, 


the inequality J(C) 


Let $=", ea $ inequality (5.8) holds for 
a ee me 54), (2.5), and which lie in 
| $8 4, y Do: For “Ee. . 7 and 9 interior to and 9, 
resp/ Sp c3< ô, such that; 2 is interior to % and 
Di ` pee Sequently, if C is in § with end-points in ©, but 
does öt lie in g \ have end-points in 9’, then either (X, —m,)? 
+ (X_— a)? =i ‘re is an a on ¥, <e S'Y, such that || n(x) | 
=| Y (aa) — y(i ’ In the first case, it follows from (5.8) that 


J(C) —J (E) = xi ~~ Since | (x) = Of{|| h(z) ]}}, the, ~~», constant 
Me > 0 such that || y(2)]| = Mol h(z)||, (XS 2< X), te arbitrary 
admissible are C: ¥i(x), (X <2 < X,), lying in %s;-in! urticular, if 
| (ao) || = 5. then | h(a) l| = 8/My. Now, as shown in Section_¢ of Reid 
[15], from (3. Rii), (8. 2iii), and Jensen’s inequality, it follows that for an 
arbitrary point tọ on £X, =a X, we have 


Xo 
(AZ) J RUKO at= aR h(a) N), 


where də is a positive constant such that Min (1, 1/ (X: — X1)) = 2d» when 
| Xr — ay, | <8, (k ==1,2). In particular, if there is an z, on £, S£ S X, 
such that || (x) | = 8, from (5.8) it results that 


J(C) —J (E) = dy Min (K”, x's) R(5/Mp). 


Consequently, if C is an admissible arc satisfying (2.3), (2.4), (2.5) 
which lies in % and has end-points in ©, but which does not lie in 3 and 
have end-points in 9’, then J(C) —J(H#) =k, where k is the smaller of the 
constants «’,8? and dy Min («”, «’:)#(38/M,). 


—— ee 





— 


(81) San) = 2y (é nla) ale)) + f Rolan ade, i 





/Ory i Problem. , 
, wu r” t 


~~ 


remarks, In this part we shall consider a minimum 
ssentially the accessory problem associated with an ordinary 
oven? weiza or an isoperimetric problem. € of Bolza. In particular, we 


shall establish in *seorem/..2 a res alies Theorem 3.3, which 
was fundamen ae 


Another stabi sult; thay 
of boundary value problems. 7 
separated end-conditions and | 
more general problem are obt; 
type initially considered, usii 
below is equivalent to one ir’ 


D: given in Section 5. 
S in the consideration 
“a problem involving > ` 
\ the results for the 
“sn to one of the E 
fion. Theorem 8.1 
[3]; the method of 
ai 


proof here given parallels the | “ef —aliminal 
; . q~ A i 
modification that enables one., „fhe an 7 
non-tangency made by^im. D a 
Theorem 8. 2 geng, llizes the results of Stu. ~]. 


As pointed out by the author [17], priority is 4 Oy. Ritson.’ the 


presentation of the Legendre equation for proble vagrange type as a 


matrix differential equation of Riccati type, and: damental theorems 
on the integrau of such equations. In particulal, -esults of Sections 3 
and 4 ofi <6] are contained in the papers [9] and [10] of Radon. 


Throw, iut this part matrix notation is used extensively. The transpose 


of a matrix M is denoted by M; in particular, vectors y, r, etc. are treated 
as one-coi...on matrices. 


8. Formulation of the problem not involving isoperimetric conditions. 
Let (£, n) = (ép, p (2) ), (e =1,: ::,k; t= 1, +n; t ST S t), and 
consider the quadratic functional 


in which 2y(é, m, n2) == 2y€é, (mi1), (i2) ) is a quadratic form in the 2n + k 


variables ép, 7i1, Jin and 2w(2,7,2) is a quadratic form in the 2n variables 

mi, mi With coefficients which are functions of v. The symbol B; will be used 

to designate the variational problem involving (8.1) subject to auxiliary | 
first order linear homogeneous differential equations a 


(8.2) Ba(2, n, q) = haj(&) 9/5 F bai (E)n = 0, («= 1,: >c m <n), 


{ + Š bg 





{ - 0 { 
i. 3 
oe "4 : 
EXPANS, oe A 
and a set of linear homoge. ; .US end-eo i ka 


x 


(8: 3) (é nar), n(ate)) = wy psp + m „jai (a) +, aN 


(v=1,- 
(mag 


It is to be understood th’ a) Nta. 7) e formsey, in a Lay are real 


constants; correspop#* =a a rivatives of 
y with respect to`. l Teac J YP Yir Yiz 
respectively. We wi i i 
Be My + AP (x) 9, 
where k(x), Q(2),) i K(x) and P(x) symmetric. 
It is supposed shat) s R(2), Q(z), P(2), ¢(2) 
‘tl Pas! (7 ! continuous functions of x 
eon ell FST, verval z, = 7S a, while (2) 
- is d tval. d Pa Á 
ory (ae tSt); wr ve termed admissible if 
‘the R aonig \ye(E), =le, n), are continuous and have piecewise 
- continuous derivatiy” l TSTS t If y(x) is admissible and é= (£p), 
(p==1,---,4&), & kary constants, the set (é, „(£)) will be called 
admissib&}; such a“ _ ~l be termed null if é= 0, (p — ,&), and 
m(t)=0, (4, Se < Ta; t= 1,::-,n). The accessory . for an 


ordinary problem of Bolza is a ar case of B in which És Ss Eo). 


If O(a, ym, p) = 0(2, 7,7) + Haalt, 7,7), the Euler-Lagrange equa- . 


tions of B; are yo 
(8 4) (d/dz) Qn, (z, n(x), y (a), u(a)) — On, (2, n(@), q (x), p(2)) oe 0, 
| q(x, (x), y (2)) = 0, (i= 1,-- +, n;a—1,---,m). 


Tf B, is non-singular, that is, if the (n + m)-order square matrix 
R(t) — ¢{#) 
p(x) 0 


is non-singular on z, S22, then in terms of the canonical variables 
mi(z), (0) = Qr, (x, n(x), n (2), u(£)}) the system (8.4) may be written 


(8. 5) 














(8. 6) q = A(z) + Be) = C(x)n—A(a)Ee. 


For the explicit forms of A(x), B(x), C(x), see, for example, p. 245 of [16]; 
in particular, the elements of these matrices are continuous and B(#) and 


TEN 


t 


<_) 
ee 


ae 


() 


i ee elt ert Ahh Lente oe pO 


tt rf LP NAA tee 


a 


4 
oe ee ee, Rep non 





Q 


J 
a i 4. f j 
ae ; 1 
? : 4 a 
ZEF are, ..Alutions of (8.6), then 3 
Í; wo tin sal EN etant is 2^. these solutions are said 
feach other. As shown in Radou [10], or Reid [16], for ; 
ablar _B, there exists a seb of n solutions y; = U; (£), | 
Te a oS n). of (8,8. wig bs | U: (x) || non-singular } 
on t S Py iron. eae © wal a continuous solution 
W(a) ofsth/ a z? “tion ” | 
J ` © ee 
(8.7) W4 Wat) 44 (2) Ú, a SaSay | 
} ~ 
Indeed, if y = Ui; (£), = ™2 6) with U(x) A 
non-singular on @ Sx S Tz { [Ço is a continuous i 
solution of (8. 7}; moreover, / DY conjugate | 


t) 


if and only if W (s) == V(x) 


For B, condition III is į Nens ee Ae 


be non-negative for arbitrary a = = Aistymg 


Jit’ is the condition Q iat #R(xz)xr > 0 for a \ing ` 
p (z)r = 0, (4 Ses »). From Radon [10]>6F aa, shat 
if Bə satisfies condition IIT’ then J2(é,7) > 0 for arb non-null admissible 
sets (€,9(x)) satisfying ép = 0, y2(2,) = 0 = mh nd only if there is 
a continuous symmetric solution of (8.7) on m, S i 5 
Corresn ig to the terminology used in more general variational 
problems, s said to involve separated end-conditions if upon suitable 


renumberin, 5f the és there is a W, (0S K Xk), such that if we set 
Bl Gl me #2) and. Shas Cas a ae sth 
2y is of tue form 2y*(&, n(21)) + 2y?(&, n(22)), while the end-conditions 
(8.3) may be written after possible re-ordering, as two systems of thè form 


(8.37) Wr(En(a1)) = 0, — Yor (€4,n(a2)) = 0, 
(v = 1,- i ‘pov =p +1,- i p). 


It is to be remarked that either of the sets é! or é may be non-existent, 
corresponding to k’ == 0 and K = k, respectively. 
For the general problem B, we introduce the notation 


(8.8) 2y(é (a1), y (čz) 56) = 2y (£, n (21), 9(22)) + ¢ | YE oer), n2) 3, 


with corresponding definitions of Ryt (Et, y(z:ı); c) and 2y? (E, y(22); c) for 
a problem with separated end-conditions. In particular, we set 


Ja(é, n5 e) = J2(é 0) + ¢ || YE, næ), (ee) l ?. 


koa 


b 
æ mii Ppt aaa 832 


wma Name 


ing” theorem is 3 


' anvolves patid eni 
Tent “on dition for J» & ™) to be 
“ing P3) (8.3) 


US wedge, -e S), == Vi; (2) 
fon n Srs < Tay dna which 


qualities 
— GU (#,)V(x,)a > 0, 


) + bU (22) V (£2)b > 0, 
(ép ai), (E7, b) = (Ep, bi). 


pn, Eru „5 of quadratic forms (see, for 

ers. equalities (seu ~ ‘and (8 (0) are equivalent to 
cor” _yualities used by Hes! .nes [3] and Bliss [2; 

p- d. a poth uao, Section 7, however, the proofs of these corresponding 
inequalities by Hest’ ind Bliss involve an additional hypothesis of non- 

tangency. From ti ak following equation (8.7) it follows that under 


the subs*itution at: __4,)a, a? == U(a2)b the result of os theorem 
is expressed in terms of solutions.of the Legendre matrix dif. 


(8. '7) as follows. 


a 


THEOREM 8.2. Under'the hypotheses of Theorem 8.1, a necessary and 
suficient condition for Jo(é,y) to be positive for arbitrary non-nul. admissible 
(En(z)) satisfying (8.2), (8.3) is that there exist on t, S £ S f, @ con- 
tinuous symmetric solution W(x) of (8.7) which satisfies with a surtable 
constant c= 0 the inequalities 


(8. 11) 2y'(é, at; c) —@W(2,)a1 > 0, 


(8. 12) ay? (€*, a; ¢) +- dW (22) a? > 0, 


for respective arbitrary non-null sets (&,a*), (°, a°). 


9. An auxiliary lemma. Preliminary to the proof of Theorem 8.1 we 
shall establish the following result, which holds for the general problem B, 
without the restriction of separated end-conditions. 


Lemma 9.1. If Be is non-singular, and Ja(&, q) > 0 for arbitrary non- 
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- m Mee e pa a ae i RS 
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eae T I in me —r r e e e ey e e aen G s Z 


~~ -e st ieee 


oe ree 


L, 
KE 4 
AS) r 
D eS 1i 


ł 
7 at mi x 


pi enables one to qs E 
the end&oaditions (8. 3). P= Zu 
that ther $. no 
(z) £ iS) Lon 
Lı ECA Tz is fo, and >and mÀ 
linearly Ha solutions 
S=1,---,7 ), then the 2n 


| 














. (9.1) ened | 
nit (T2) 

has rank 2n —r, In partic 

all non-null sets of constants (Èp. s ich we a a 
(9.2) Ep, ma (2) vie (2) 22, (p =- pP | 
satisfies | ¥(é, n(z1), 7(%2))|*=0 we haves re L 0. Hence by the | 
theorem on quadratic forms of Reid [14] there” is { nt c = 0 such that | 
J2(&,93¢) > 0 apr all (é „(z)) of the form (9.2,. sth non-nuly (ép, zt). ` 
Finally,. Ae hypotheses of the lemma, if (é, n(2)) is admissible and | 


(8.2) hol, As well-known (see, for example, Bliss [2], p. 233) that there | 
is a uniques ct of constants 2: such that ni(©) = naz (£) z: satisfies y”; (2) 


| 
= qi (21) (22) = qi (T2). Since y*i (xy, E“: (x) = ți (s)zt is a solution 
of (8.6) it then follows that i 





'Jalé nje) = Ja(é, 1*5 0) + Ja(0, 9—1"; 0) Z Jalé, 1*5 6), 


and the equality holds only if y(x) = ņn* (x) on z, S z S g} However, (é, n” (e)) A 
is of the form (9.2) and »*(a) satisfies (8.2), so that Ja (é, n”; c) = 0, and ! 


the equality. holds only if (é,7*(«)) is null. Consequently, the result of the ^ 
lemma holds for ¢ determined as above. - 

| 10. Proof of Theorem 8.1. Let c be a constant such that the result 
| of Lemma 9.1 holds for . i à 
(10.1) Ja(&956) =% (E, (2); 0) HAE, gle) mo 


A 
F f 2w (x, 9, 7°) da. \ 





a hd et £ is 
Arep), (=p + I, 
(£2) the system - 


(=p +41, - P); 
| following we shall suppose 
aaa which occur when 


~~ Z 

™~ : ae : (86. _——Lliss [2], let the columns of 

ramen Lex | Viy (s)| be solutis m, & of (8.6) such 
: | tha, an with corresponding aane Éo = Enz a set 

| of i "Laearly ly inp a of the algebraic equations 

es | 

| (10. 4) ane p’ (Eni z Eo == 3, — i (m) + yn (é, 9 (a1) 5.0) =0. 

It follows immediately that U*(x,) is non-singular, and tha, Ut (£), 


ĉi = Viy (e), (j= 1,::-,n), are mutually conjugate solutie /of (8.6). 
Also U*(x) is non-singular on z, Sa S a2, since otherwise there would exist 
t a solution 7*(x), €*(a) of (8.6) with * (sı) 40, which satis- (10. 4) 
| with suitable &*, and is such that ņ*(z) == 0, where £% < t & t} Then 
| n(x) = (£), (w= r SE z), y(z) = 0 on t STS tr Pe f", Pe 
| would be a non-null admissible set (é, „(x)) satisfying (8.2), and for 
which J2(& q; c) = 0, contrary to Lemma 9.1. Hence U(x) is non-singular 
on tı S22. Similarly, if the columns of U? (s), V?(x) are solutions of 
(8.6) whose end-values at za form with corresponding fp = ép»? a set of n 
linearly independent solutions of the algebraic system 





(10. 5) yp” (E, (Xe) ; c) = 0, Ei (a2) + yie (E, 9 (22) 3c) = 0, 


Í] then these solutions of (8.6) are mutually conjugate, and U(x) is non- 
singular on zı <<a. For brevity, we introduce the notation = for the 
k X n matrix || ép; |, and =? for the (4 —k’) X nm matrix || ép»; ||. 

If 2, < vs < Tz, and a== (ai), b == (b:) are such that 


TS ge ey ay E 
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s, 
Se ngrat vie me ony 











is admissible and satisfies 
Theorem 86.1 of Bliss [2]; 
equal to | 

(10. 7) al V*(a! 

and hence (10.7) is positiy 

Since +(x) and U?(xz) are no A 

— U*(x)V?(x), which is necessax... _ onstativ i 


OS nn al 


this interval. In pal \cular, for a suitable »’ iis 
N 


matrix reduces to the identity matrix, and we sia dice 
is made; of course, such a choice of U*(x), V*(¢  atails a corresponding 
choice of =°. With this choice .we now define ) = U*(z) + (2), 
V(x) = V(x) + V2(z). As in Bliss [2; p. 248, -t follows readily that 
the colup=~ T(z), V (s) are mutually conjugate solutions of (8.6), and 
that U (4, /hon-singular on tS sS T, If the constant matrix K is 
defined by # (zı) K = U(a,), and we set El* == 51K, then for arbitrary 
a= (a) we have y'p (Bi*a,0(a,)a;c) = 0, {P =1,---,k’), and hence 
for arbitrary (é, a) = (£p, ai), 


y (E, U(a1)a; ¢) =y (Bia, U (@,)a; e) + y (E — Bia, 05 ¢) 
= y (Ba, U (21) a; c), 


and the equality sign holds if and only if £ = =**a. Moreover, by the 
argument of Bliss [2; pp. 248, 249], 


n 


(10. 8) 2y (Et*a, U (x1)a; e) — ãU (2,)V (21)a = Ga. 


Indeed, in view of the non-singularity of U*(s,), the argument of Bliss may 
be replaced bya simple direct calculation to show that the left-hand member 
of (10.8) has the value da + da*, where a* is defined by U*(a,)a* — U?(a,)a, 
and hence at = 0. Consequently, (8.9) holds if (é,@) is a non-null set. . 
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Leo = U(x)h’(2). 


pa N n 
[Ny aan admissible set gee E (8.2), (8.3), 
| iaaa f(a) ; 050) + 2T? (E, h(2) 5 0; 22) 


i =a f “Ru de. 


O kj 
Since (8.2) holds we E =m0, and from III’ 1 ` that the 
integral in (10.12) is non-negative, and equal to zero if andoù, <(x) =0; 


; that is, if and only if W (s) ==0. Moreover, by (8.9) and (8) A), the first 
two terms of the right member of (10.12) are non-negative. and are 
~ equal to zero if and only if (€,h(2,)) = (0,0) and (&, h(z:)y= (0,0), 
respectively. That is, Ja(é x) = 0 for arbitrary admissible sets (é, n(£}) 
satisfying (8.2), (8.3), and the equality sign holds only if (&,y(z)) is null. 


| 11. Results related to Theorems 8.1 and 8.2. If B, involves separated 
i end-conditions, satisfies the non-singularity condition, and J2(é,) = 0 for 
arbitrary admissible (é,»(x)) satisfying (8.2), (8.8); then if (&(2)) is 
| such a set for which Ja(é, y) = 0 it is well-known that there exists a f(x) í? 
such that y, ¢ is a solution of (8.6); moreover, there are constants dy, dy, i 

A (7 = Lea oy ae p +1,- -,p), with which E; q(T), Els) and 

= g é, (x2), (z2) satisfy the “ transversality’ conditions ” ° 


y ¢ See, for example, Bliss [2; p. 232]; indeed, the transversality conditions (11.1) 
| 
2. 15 ms 


| 
i 
| 
| 
: 
will involve only p—r, parameters d,,, d,,, if the problem B, is abnormal or order r,. 
| 
| 





ages 
On the ,other 
J2(& 7) 50 for arbitrary ry 
(8.3), the definiteness of J, 
U(x), V(x) and c are detert 
quadratic forms (8.9), (8.1 
that 





ar (2, a; 


11.2 
oo 217 (é, b; 


Now, as already po out in Secued 3, in view 
L= 0 such that for 2a. t, y, 7/31) = 2w(a, n, ni te- 
sponding matrix R(«#;l) = R(x) +146(2)¢4(z) a fon 
@ =u T. Moreover, the replacement of w(2, q, oats 4, 7 34) leaves 
unaltered the coefficients of (8.6); in particular, he z siutons y == Ui;(2), 
ĉi = Vi; (£) ofthese equations determined in Theorem 8.1, and he corre- 
sponding jers pa = paj(©), are unaltered by this substitution. If u 
is defined in (10.11), then there is a «’>0 -such that @R(x;1)u 


Zr” || h’ (#77? on r Se Sa. Now by elementary inequalities, 


IGLE aD [wae 
<e h(a) Nt + (e—a) S TRON dt, 


and hence 


SIs 2@%—a)I ha eat f THO a, 


Finally, there exist positive constants xo, xa, dependent only upon U(x), U’(a), 
such that || n(x)? See h(a) I(E)? CR H PW (aI), 
(z1 Sa z). Considering (10.10), (10.12) for the corresponding 
Q(z, 7, 7’,4;1), a simple combination of the above inequalities results in the 
existence of a positive constant x such that for arbitrary admissible (&,7(2)), 


(11.3) By (E, n(a1) 5 c) + 2y°(@, n( 2) 5 c) 


+ f 29 (2, mn e(@5 n) 31) da = KI (é a). 
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Rs satisfies IIT’ 


it) ) satisfying (8.2), (8. 3), 
satisfying (8.2), (8.3), for 
C(x), dv, dy» is a solution of 
wsality conditions (11.1), or 
t (11.3) holds for arbitrary 


ye case, 
Se in wa 
I(E, q) 2x eS 
cn 1) or) ) 
for 4 fa(@)) satisfying (8.2), (8.3). 


If B, involves ¢ od end-conditions, satisfies III’, and J.(é,») > 0 
for arbitrary non-null-<dmissible (é, n(x) ) satisfying (8.2), (8.3), then for 
U(x), Ve), c determined as in Theorem 8.1 there is aX 0 such that 
U(x) remains non-singular on z, — 8) Sa S x, + 8, while it -æ | <8, 
| X2—ae.| <8 the inequalities 20*(f,a;¢;X,) = «(| $) + |a] 2), 
(E, b; c; X2) = «(|| 2 2+ 16] 7), corresponding to (1172), hold for 
a suitable positive «, Now if y(x), (i = 1,: - -, n), are arbitrar absolutely 
continuous functions on X, S S X, the corresponding functions h(s) 
defined by (10.9) are also absolutely continuous on this interval. If 


Pa == Ha (%3y) are defined by (10.11), and m; —-a;(z;%) = U's;(x)hj(x), 


clearly the integral 
Xe 
(11.6) J*2(1; Xi, X2) == 2 f&a mm p) + (fi — ri) On, (4, 9; m, p) jda 


exists. Indeed (11.6) is the Hilbert invariant integral for the problem Bz 
in the field determined by the mutually conjugate solutions y; = Ui; (£), 
t: =— Vi; (x) of (8.6). Moreover, since y'i = mi + ui, where u is defined by 
(10. 11), it is a consequence of the identity (10.10) that 


Xe 
J*3(9;.X1,X2) = h(x) U (£) V (£)h (2) a 


Consequently, we have the following result. 
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This fact will be utilized in eight 
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BOM, n(x) are 


| > on | pS 80; | Aea 
aa 
(11.7) BE aca, 
= «(| l W 


with h(x) defined by (10.9) 


It is to be remarked ; 
T*,(q;X1,X2) is equal to ? 


hence this coefficient is zero 


12. A problem involving isoperimetric toft eg [Ba 
not involving separated end-conditions, results anald to those of T'hedéfems 
11.1 and 11.2 may be obtained by reducing such al, _/lem, by a well-known 
type of transformation (see, for example, Bliss (21, Secs. 69, 88), to one 
involving ed end-conditions. For brevity, we consider immediately a 
more gen coblem involving isoperimetric conditions. The notation Bər 
will be ass. \ed to the variational problem involving the quadratic func- 
tional (921) subject to (8.2), (8.3), and the ʻisoperimetrie conditions 


(12. 1) È (é N3 is Ta) = xs (É 9 (21), n (Ze) ) 
+ ice (x) 7’; + 0° ajni) dx = 0, (s = l; n, q); 


where the x, are linear forms in ép, 7i(%1), yi(%2) with real coefficients, and 
the functions $*s;(z), 0*.;(%) are real-valued continuous functions on an 
interval containing z, = 7 S z in its interior. 


The Euler-Lagrange équations for Bar are 
(12.2)  (d/da) {Qx,(a, 9, 7, p) + esp*si} — {Qn, (2, n 1’, a) ++ 050% 08} = 0, 
Pa (z, Ys x) == 0, 


where the constants €s (s= 1,:: -,q), are “isoperimetric parameters.” 
The corresponding transversality conditions are 
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= ],°: a ; a Siefined as 


T 0* 2373) dz, tse Lay 


m B, in (é, n) = (p no) 
bial 


S A 2w (T, 4, 9) dx | 


St homogeneous differ’ dial equations 


‘ope x Ba (X; 1 0, . 

(12.7) gh’ = 0, ar ++ pen + Oem = 0, 
and the near homogeneous end-conditions 
(12.8) W(E nle) (2) ) 0, 


(12.9)  m(z2) — pi (T2) =0, 9s (a2) =0, 
X8 (é, q(T), q (z) ) + n° 3 (2) ) == Q, 


Q 


The problem B, clearly involves sepárated end-conditions ; moreover, for 
B, each of the conditions of non-singularity, III, or III, is equivalent to 
the corresponding condition for the initial problem B., or for the isoperimetric 
problem Bəz. For a non-singular problem the canonical form of the Euler- 
Lagrange equations for B, will be denoted by 


(12. 10) nf =A(x)n+B(c)t, Y=C(x)_-—-A(a)%. 


If (8.1) is positive for arbitrary non-null admissible (é, „(x)) satisfying 
(8.2), (8.3), (12.1), then (12.5) is positive for arbitrary non-null ad- 
missible (é,(x)) = (é, (2), 7 (£), n? (x) ) satisfying (12. 6), (12. 7), (12. 8), 
(12.9). Im this case we shall denote by Wo==Us,(2%), Bo = Vor(2). 
(r==1,-:-+,m—2n-+ p), a conjugate system of solutions of (12.10) with 


= On 
2) (8 


that \ 
e diferen 


tions of (12./ 
Ss 
(12.11) 4 al 


the equation i 


(12. 12) nz) = 


’ Mien epen e 


corresponding to (10.9), d 
admissible components. F 
(12.10) there are correspon: 
with: Uo,(2) satisfy the A 
B,; in particular, wir (E) ~ Pa 
constants. In terms of \he Euler equations fox B? . TS 
ua = War( T), es = Vents, are solutions of (I2) g) ! 
we shall denote by Wa == 'Wa(%37) the values pe) ae wheres eS is 
defined by (12.11), (12.12). In view of the auxi- 2 differential equations . 
and end-conditions for B, satisfied by an 4 of the form (12.11), and since 
n(x) | sI | y (2) | < | a (£) ||, the following result for Bar is an 
immediat a of Theorem 11.1 for Bə. 


Trrok.. 12.1. If Ber satisfies III’, and J2(é,4) = 0 for arbitrary 
admissible-(é, (x) ) satisfying (8.2), (8.3), (12.1), then either there is a l 
non-null admissible (éy(v)) satisfying (8.2), (8. 3), (12.1) for which e 
Ja (È, n) = 0, and which satisfies the differential equations (12.2) and trans- l 
versality conditions (12.8) with ‘associated pa(t), €s, dv, or there exist 
constants ¢ = 0, 1220, x > 0 such that for arbitrary admissible (é,(#)), 


2y(é, n21); (%2)) + c(| WE, (21), 9(Z2)) aF | X (E05 i T2) 1>) 


— ——— paenan m 





| 12. 13) A l 

Í ~s i + Í. 20(a, 9, 7/,%(23 9) 51) da = kI (É, a), i 
; | where e | 

“~" —(42,14) Ilé n) = NE? + Ia)? + aed? + ; 

GF 


+ ce 


In particular, in this latter case, J o(é,4) = xI (é, q) for arbitrary admissible : 
(£,(2)) satisfying (8.2), (8.3), (12.1). " 










tor B.. 
aeS > Of 
), (12.1), | 
) == || Uor (x)| oP -Lheorem 
T `y and “af the com- 
ond, where LX, —2, | 
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|X (£, 1; X1, Xe) || ?), 
\ is defined by 
k | = (2) Nate z)h, (2%) = 4i(X2) 
5 Śn(e), - 5 l 
i (ea , s l 
A err Ca f (b*e i + Os 5nj) da, 


t with Ti = ni (2; 9) =r (z)h, (1), Wa = Pa(T; 1) = Har(T)h, (2), where 


| Bar(T) are corresponding multipliers for the Uir(x), and 


X: A 
(12.17) J*a1; Xi, X2) = 2 f G1 T, w) + (i—i) Ja, a) do. 
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| 13. Concluding remarks. Theorem 12.1 is of use in the .ce~sideration 
. \S 
6: of self-adjoint boundary problems. For example, in the boundary problem 
| considered by the author [11] this theorem enables one to establish the 
i existence of characteristic values and corresponding characteristic solutions 
| possessing definitive extremizing properties. Such a proof is simpler in detail 
than that employed in [11], which utilized the Green’s matrix and generalized ) 
> Green’s matrix for differential systems. 
F For ordinary problems of Bolza involving separated E O 
Theorem 11.1 has the effect of allowing one to disregard in a certain sense ; | 
' the auxiliary differential equations and end-conditions. More precisely, \ 
A suppose’ F : y(x), Ao = 1, Aalt), 21 S£ S Ta is an extremal for such a ae 
problem of Bolza involving (2.1) subject to (2.3) and (2.4), and satisfying ! 
with constants ey the multiplier rule and conditions ITI’, IV’. If g is replaced | 
| 


by g+ cy, and f by f+ (a(t; y—y()) +1¢a)¢a, where c, l and 
"pa (@3y) are as in Theorem 11.1, then the resulting minimum problem has 
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have bee used in its deriva. 
ever, in a Manner similar to 
of [8] for his formulation © 
Indeed, for such a problem 
of the integrand function o 


given problem from the suffic 
no side differential equations, 


separated end-conditions, or fv. sri 

of Theorem 12. 1- does not lead in a dorrespond; = 
the original type for w uch the effect of the 48 
and end-conditions is eliminated for the second aon How is 


property is enjoyed by an equivalent formulation C general problem of 
Bolza, which may be described briefly as a hybrid of that et pioyed by 
Hestenes and Aa A Jue hére used, 
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